International Workshop on Special Functions Hong Kong Asymptotics, Harmonic Analysis, and Mathematical Physics June, 1999

Abstracts

Quasi hypergeometric functions and a few problems related to them Kazuhiko Aomoto

Department of Mathematics, Nagoya University, Japan Email: aomoto@math.nagoya-u.ac.jp

Let be given r + s complex numbers α^′_1, ..., α^′_r; α_1, ..., α_s and two real matrices (β^′_{i,j})_{1≤i≤r,1≤j≤n} and (β_{i,j})_{1≤i≤s,1≤j≤n}. We assume the following condition of regular singularity. For each j, we have r∑ i=1 β^′_{ij} = s∑ i=1 β_{ij} + 1 (1)

Quasi hypergeometric functions are defined to be the following power series in z_1, ..., z_n,

F (z) = ∑ ν1≥0,...,νn≥0 ∏_r i=1 Γ(α^′_i + ∑_n j=1 β^′_{i,j}ν_j) ∏_s i=1 Γ(α_i + ∑_n j=1 β_{i,j}ν_j) z^{ν1}_1 · · · z^{ν1}_1 ν_1! · · · ν_n!

. (2)

Because of the condition (1) and (2) converge at the origin at least if β^′_{i,j} are all positive. Typical examples of quasi hypergeometric functions (we shall abbreviate by QHGF) are given as follows. (1) Lambert series.

F (z) = ∞∑ ν=0 ( α + βν ν ) z^ν (3)

for α ∈ C,a positive β and z ∈ C such that |z| < β^{−β}(β −1)^{β−1} or |z| < β^{−β}(1−β)^{β−1} according as β > 1 or β < 1.

(2) Single variable QHGF.

F (z) = ∞∑ ν=0 Γ(α^′_1 + β^′_1ν) · · · Γ(α^′_r + β^′_rν) Γ(α_1 + β_1ν) · · · Γ(α_s + β_sν) z^ν ν! (4) where β^′_j, β_k ∈ R such that β^′_j > 0 with the identity

β^′_1 + · · · + β^′_r = β_1 + · · · + β_s + 1

(3) Quasi algebraic functions(see [2],[5],[7]).

Let λ_0, λ_1, · · · λ_n, be positive real numbers. Consider the following quasi algebraic equation with respect to w

w^{λ0} + z_1w^{λ1} + · · · + z_nw^{λn} − 1 = 0. (5)

This has the unique solution w = F (z_1, ..., z_n) which has the power series expansion in z_1, ..., z_n w = 1 λ_0 ∑ ν1≥0,...,νn≥0 (−1)^{|ν|} Γ(A_ν) Γ(A_ν − |ν| + 1) z^{ν1}_1 · · · z^{νn}_n ν_1! · · · ν_n!

where A_ν and |ν| denote

A_ν = 1 λ_0

(1 + λ_1ν_1 + · · · + λ_nν_n) |ν| = ν_1 + · · · + ν_n respectively.

Similarly we have for an arbitrary real ρ

w^ρ = ρ λ_0 ∑ ν1≥0,...,νn≥0 (−1)^{|ν|} Γ(A_ν +^{ρ−1}_{λ0} ) Γ(A_ν +^{ρ−1}_{λ0} − |ν| + 1) z^{ν1}_1 · · · z^{νn}_n ν_1! · · · ν_n! (6)

(4) Solutions to the Wu’s equations (see [13], [19]).

Let an n th order square real matrix (β^′_{i,j})^n_{i,j=1} be given. Wu’s equations can be represented by the use of affine coordinates w = (w_1, ..., w_n) as w_i − 1 = z_iw^{β′1,i}_1 · · · w^{β′n,i}_n for 1 ≤ i ≤ n (7) There exists the unique solution to (7) w_i = F_i(z_1, ..., z_n), which has the power series expansions in z_1, ..., z_n at the origin. These can be obtained as follows.

We denote by f_i(w) = f_i(w_1, ..., w_n) the functions f_i(w) = w_i − 1 − z_iw^{β′1,i}_1 · · · w^{β′n,i}_n Then the Jacobian J =^{∂(f1,...,fn)}

∂(w1,...,wn) at a point w where the equalities hold

f_1(w) = · · · = f_n(w) = 0

is given by J = φ(w_1, ..., w_n) w_1 · · · w_n where φ(w) = φ(w_1, ..., w_n) denotes the determinant of the n th order matrix (δ_{i,j}w_j − β^′_{i,j}(w_j − 1))^n_{i,j=1}. φ(w) is a polynomial of n th degree which can be expressed as

φ(w) = B + n∑ r=1 ∑ 1≤i1<...<ir≤n C_{i1,...,ir} w_{i1} · · · w_{ir}

where B equals the determinant of the matrix (β^′_{i,j})^n_{i,j=1}.

We denote by F (α_1, ..., α_n; z) the power series in z_1, ..., z_n F (α_1, ..., α_n; z) = ∑ ν1≥0,...,νn≥0 ∏_n i=1 Γ(α_i + ∑_n j=1 β^′_{i,j}ν_j) ∏_n i=1 Γ(α_i + ∑_n j=1 β_{i,j}ν_j) · z^{ν1}_1 · · · z^{νn}_n ν_1! · · · ν_n! (8)

where β_{i,j} denotes β_{i,i} = β^′_{i,i} − 1 and β_{i,j} = β^′_{i,j} for i ≠ j. Then the following identity holds. F (α_1, ..., α_n; z) = [ w^{α1}_1 · · · w^{αn}_n φ(w) ] f1=···=fn=0 (9) the function w^{α1}_1 · · · w^{αn}_n itself has the power series w^{α1}_1 · · · w^{αn}_n = BF (α_1, ..., α_n; z) + n∑ r=1 ∑ 1≤i1<···<ir≤n C_{i1,...,ir} F (α_1, ..., α_{i1} + 1, ..., α_{ir} + 1, ..., α_n; z) QHGF have recently appeared both in mathematics and physics litteratures (see [2],[8],[13]). They are analytic functions of z = (z_1, ..., z_n) satisfying linear fractional differetial equations in z and also satisfying difference-differetial equations in z and α^′_1, ..., α^′_r, α_1, ..., α_s.

In this talk, we want to discuss the following problems (some of these problems have been discussed in [3].)

(1) Analytic integral representations of QHGF.

(2) Singularities of QHGF when they are prolonged as an analytic continuation. (3) The structure of monodromy of QHGF.

(4) The symmetry related to QHGF, especially in the case of 2 dimensional Wu’s equations.

References [1] P. Appell et Kampe de Feriet, Fonctions hypergeometriques et hyperspheriques, Polynomes d’Hermite, Paris, Gauthiers Villars, 1960.

[2] K. Aomoto and K. Iguchi, On quasi hypergeometric functions, preprint 1998, to appear in Methods and Appli. of Anal.

[3] K. Aomoto and K. Iguchi Singularity and monodromy of quasi hypergeometric functions, preprint 1998, to appear in Contemporary Math.

[4] K. Aomoto and M. Kita, Theory of Hypergeometric Functions, in Jpanese, Springer-Verlag, Tokyo, 1994. [5] G. Belardinelli, Fonctions Hypergéométriques de Plusieures Variables et Resolutions Analytiques des Equations Algébriques Générales, Mem. des Sci. Math., Gauthiers Villars, 1960.

[6] B.C. Berndt, Ramanujan’s Notebooks, Part I, Chap 3, Springer-Verlag, 1985. [7] G. Erfving, The History of Mathematics in Finland 1828-1918, “R.H.Mellin”, Helsinki, 1981. [8] I. M.Gelfand and M.I. Graev, GG-functions and their relation to general hypergeometric functions, Russian Math. Surveys, 52:4(1997), 639-684.

[9] F.D.M. Haldane, “Fractional Statistics” in arbitrary dimensions : A generalization of the Pauli Principle, Phys. Rev. Lett. 67(1991), 937-940.

[10] G. Herglotz, Über die Würzeln trinomischer Gleichungen, Gesammelte Schrichten, Gottingen, 1979, 423-428.

[11] P. Humbert and R.P. Agarwal, Sur la fonction de Mittag-Leffler et quelques-unes de ses généralisations, Bull. Sci. Math., 77(1953), 180-185.

[12] K. Iguchi, Equation of state and virial coefficients of an ideal gas with fractional exclusion statistics in arbitrary dimensions, Modern Physics Lett. B, 11, No.18(1997), 765-772.

[13] K. Iguchi, Generalized Lagrange theorem and thermodynamics of a multispecies quasiparticle gas with mutual fractional exclusion statistics, Phys. Review B, 58, No.11(1998), 6892-6911.

[14] K. Iguchi and K. Aomoto, Quasi-modular symmetry in the Wu’s equation for fractional exclusion statistic, preprint 1999.

[15] F. Pham, Formule de Picard-Lefschetz généralisées et ramification des intégrales, Bull. Soc. Math. Fr., t93, 1965, 333-367.

[16] F. Pham, Introduction à l’étude topologique des singularités de Landau, Gauthiers Villars, 1967. [17] G. Polya and G. Szegö, Problems and Theorems in Analysis I Part III, Chap 5, Problems Numbers 211-216, Springer-Verlag, Berlin, Bd.193(1972) [18] B. Sutherland, Quantum many-body problem in one dimension: Thermodynamics, Jour. Math. Phys., 12(1971), No.2, 251-256.

[19] Y.-S. Wu, Statistical distribution for generalized ideal gas of fractional statistical particles, Phys. Rev.

Lett. 73(1994), 922-925.

Comparisons between Dirichlet and Neumann eigenvalues Mark S. Ashbaugh

Department of Mathematics, University of Missouri, USA Email: mark@a2.math.missouri.edu

For bounded domains in Euclidean space, various inequalities between the Dirichlet and Neumann eigenvalues of the Laplacian are known. The main contributions are due to Payne (1955), Aviles (1986), and Levine and Weinberger (1986), culminating in the 1991 proof by Leonid Friedlander that the (k + 1)th Neumann eigenvalue is always less than or equal to the kth Dirichlet eigenvalue. We will report on our recent progress toward extending some of these prior results to bounded domains in homogeneous spaces (such as the sphere S^n).

Another look at linear first order q-difference equations Richard Askey

Department of Mathematics, University of Wisconsin, USA Email: askey@math.wisc.edu

The simple linear first order q-difference equation (1 − ax)f(qx) = (1 − bx)f(x) seems so simple that one would not expect surprises in its solutions. Yet, if one has not seen this before, Ramanujan’s solution is a surprise, and contains a lot of deep information. I was surprised when reading a paper of Hahn about a new class of solutions he found. There are others, which will be described.

Combinatorics of symplectic Schur functions Tim Baker

Research Institute of Mathematical Sciences, Kyoto University, Japan Email: tbaker@kurims.kyoto-u.ac.jp

The Schur function s_λ(x_1, . . . , x_n) in n variables can be defined as the character of the irreducible representation of the Lie algebra gl(n) labeled by its highest weight λ. This gives rise to the combinatorial definition s_λ(x) = ∑ T x^T where the summation is over all semi-standard tableaux of shape λ. The characters of the irreducible representations of the other classical Lie algebras have similar interpretations in terms of generalized tableaux. Here, we focus on the symplectic case and discuss the combinatorics of the sp(2n) tableaux defined by King and those defined by Kashiwara and Nakashima, the latter tableaux being intimately connected with the theory of crystal bases.

For the usual semi-standard (gl(n)) tableaux, important combinatorial operations include insertion and jeu de taquin, which involve bumping and sliding (respectively) boxes around the tableau, while maintaining the tableau properties. For the sp(2n) tableaux of King, Berele (1986) defined an insertion scheme which involves bumping and sliding. Here we define an insertion scheme for the sp(2n) tableaux of Kashiwara and Nakashima. Although it is more complicated than Berele’s insertion scheme, it turns out to be a crystal isomorphism.

Inequalities and special functions Grahame Bennett

Indiana University, USA

We describe several new applications of special function theory.

Families of discrete and absolutely continuous solutions to some indeterminate moment problems Christian Berg

Department of Mathematics, University of Copenhagen, Denmark Email: BERG@math.ku.dk

If (s_n)_{n≥0} is an arbitrary indeterminate moment sequence, it is well-known that the set V of solutions to the corresponding moment problem contains measures of a very different nature: There are measures μ ∈ V with a C^∞-density, discrete measures and measures which are continuous singular. By a result of Christensen and the author from 1981 each of these classes of solutions is dense in V in the weak topology. Since V is a compact convex set, we get:

Let t → μ_t be a continuous mapping of an interval I into V . For any probability measure τ on I the vector integral κ = ∫ μ_tdτ(t) belongs to V .

The first part of the talk will be based on a recent paper [1], and we shall show how the statement above can be used in concrete examples. It will be like a climbing tour from relatively easy ground to more difficult territory.

The starting point will be the well-known log-normal distribution with density on ]0, ∞[

d_σ(x) = (2πσ^2)^{− 12} x^{−1} exp ( − (log x)^2 2σ^2 ) . (1)

The moment sequence is given as

s_n(d_σ) = q^{− 12 n2} , n ≥ 0, (2)

where 0 < q < 1 is defined by q = e^{−σ2} .

For a > 0 we follow Chihara in defining the discrete probability

λ_a = 1 L(a) ∞∑ k=−∞ a^kq^{12 k2} ε_{aq}k , (3) where L(a) = ∞∑ k=−∞ a^kq^{12 k2} . (4)

(Here ε_a denotes the unit mass at the point a.)

It is easy to see that all measures in this family have the log-normal moments (2). We shall see how this family in a simple way can be used to generate absolutely continuous solutions with the same moments. These solutions were found earlier by Askey and Askey-Roy.

We also consider families of discrete solutions to other indeterminate moment problems and show how they can be used in a similar way to generate absolutely continuous solutions. The following cases are considered: generalized Stieltjes-Wigert, q-Laguerre and discrete q- Hermite II.

In a second part we consider convolution semigroups (μ_t)_{t>0} of probability measures on the real line, i.e. μ_s ∗ μ_t = μ_{s+t} and lim_{t→0} μ_t = ε_0 in the weak topology.

Assuming that all the measures μ_t have moments of any order, we shall show that the n’th moment s_n(μ_t) is a polynomial in t of degree n. We shall further discuss questions of indeterminacy for these measures.

References [1] C. Berg, From discrete to absolutely continuous solutions of indeterminate moment problems, Arab J. Math.

Sc., Volume 4, Number 2 (1998), 1–18.

One-sided Tauberian theorems for Dirichlet series methods of summability David Borwein

Department of Mathematics, University of Western Ontario, Canada Email: dborwein@julian.uwo.ca

Suppose that {λ_n} is an unbounded and strictly increasing sequence of positive numbers, that {a_n} is a sequence of non-negative numbers, and that the Dirichlet series

a(x) := ∞∑ n=1 a_ne^{−λnx} has abscissa of convergence σ < ∞. Let {s_n} be a sequence of real numbers. The Dirichlet series summability method D_{λ,a} is defined as follows: s_n → s (D_{λ,a}) if ∞∑ n=1 a_ns_ne^{−λnx} is convergent for x > σ, and

σ(x) := 1 a(x) ∞∑ n=1 a_ns_ne^{−λnx} → s as x → σ + through real values. It is well known that if a(x) → ∞ as x → σ+ when σ > −∞, or if a_n ≠ 0 for infinitely many n when σ = −∞, then D_{λ,a} is regular, i.e., s_n → s implies s_n → s (D_{λ,a}).

The primary purpose of the talk is to discuss theorems (established in work done together with W. Kratz and U. Stadtmüller) concerning one-sided Tauberian conditions on {s_n} under which s_n → s (D_{λ,a}) implies s_n → s. These theorems generalize known two-sided or O- Tauberian results. Suppose in addition that

a_n ∼ e^{−g(n)} as n → ∞, and λ_n = λ(n) for n ≥ x_0 ∈ N

where g and λ are real functions in C_2[x_0, ∞) satisfying certain monotonicity conditions, and that

L(x) := λ^′(x) ( g^′(x) λ^′(x) )_′ , ℓ(x) := 1 √ L(x) . One of the one-sided Tauberian conditions considered is:

lim_{ϵ→0+} lim inf n→∞ min n≤m≤n+ϵℓ(n) (s_{m+1} − s_n) ≥ 0.

The q-Wronskian and Rubel’s n-nomial theorem Douglas Bowman

Department of Mathematics, University of Illinois, Urbana-Champaign, USA Email: bowman@math.uiuc.edu

We develop the basic properties of q-Wronskians and as an application give a q-analogue of the theorem of Lee Rubel which constructs a differential equation of order 2n that annihilates all polynomials with exactly n terms. Here we obtain analogous results with q-difference equations.

Harmonic analysis on the quantum Lorentz group, hierarchy of continuations of su_q(2)’s 6j−symbols and Askey-Wilson scheme Eric Buffenoir

Laboratoire de Physique Mathematique, Universite Montpellier, France Email: buffenoi@LPM.univ-montp2.fr

We will describe the recent progress in the study of Harmonic analysis on the quantum Lorentz group. The representation theory, Plancherel theorems, and Fusion theory are explicitely given in terms of a hierarchy of complex continuations of usual quantum su(2)’s 6j−symbols and identities verified by these new objects are deduced from representation theoretic arguments. The askey-Wilson scheme enters this construction as a particular case.

Extended incomplete gamma functions with applications M. Aslam Chaudhry and S.M. Zubair

King Fahd University of Petroleum and Minerals, Saudi Arabia Email: maslam@kfupm.edu.sa

An extension of the generalized inverse Gaussian density function is proposed. Analogous to the recent useful generalization of the incomplete gamma functions, extensions of the generalized gamma functions are presented for which the useful properties and representations are naturally and simply extended. Several classical functions including, Abromowitz,s functions, Dowson,s integral function, Goodwin and Stalon’s function,and astrophysical thermonuclear functions are proved to be special cases of these extensions.

In addition, extended Meijer G- functions and Fox’s H- functios are defined. The decomposition formulae of these functions are developed as well. The present work provides a uniform approach to the study of the special functions.

Hypertranscendental quantum group C. H. Chin

National Center for Theoretical Sciences and Department of Electrophysics, National Chiao Tung University, Taiwan

The hypertranscendental quantum group is calculated by “hypertrans or O∗ ”. The nonhopfian groups are in the subvariety of the hypertrans cendental fundations. The reformulation of harmonicity has been obtained by a hypertranscendental Laplacian analysis. The example is extended to hypertranscendental zeta function.

References

[1] Baker A., “Transcendental Number Theory”, Camb. Univ. Press, London, (1975). [2] Baker A. and Masser D.W., “Transcendency Theory: Advances and Applications”, Proc. of Conf. in Camb., Acad. Press, London, (1977).

[3] Chin C.H., “Quantum Field Theory under Hypertranscendental Action”, Proc. of the 7th Nankai Workshop on Symmetry, Statistical Models and Applications, Eds. Ge M.L. and Wu F.Y., World Sci., Singapore, (1995), pp.370–377.

[4] Faltings G., “Diophantine Approximation on Abelian Varieties”, Annals of Math., Vol. 133, (1991), pp.549–576.

[5] Hardy G.H. and Littlewood J.E., “Some Properties of Fractional Integral II”, Math. Z., Vol.34, (1932), pp.403–439.

[6] Griffiths Ph. and King J., “Nevanlinna Theory and Holomorphic Mappings between Algebraic Varieties”, Acta Math., Vol. 130,(1973), pp.145–220.

[7] Ross B., Ed., “Fractional Calculus and Its Applications”, Lect. Notes in Math., No. 457, Springer Verlag, Berlin, (1975).

[8] Waldschmidt M., “Nombres Transcendents”, Lect. Notes in Math., No. 402, Springer Verlag, Berlin, (1974). [9] Vaught R.L., “Set Theory, An Introduction”, 2nd Ed., Birkhuser, Boston, (1999).

Generating orthogonal polynomials for exponential weights on a finite interval Raymond C. Y. Chin

Department of Computer and Information Science, Indiana University - Purdue University Indianapolis, USA Email: rchin@cs.iupui.edu

Generating orthogonal polynomials given a positive weight is simple in theory but difficult in practice. The actual construction of the polynomials is fraught with numerical instabilities.

In theory, the process of constructing orthogonal polynomials is the Gram-Schmidt orthogonalization process applied to a subspace of polynomials, called the Stieltjes procedure. The sequence of orthogonal polynomials satisfies a three term recurrence whose coefficients are the weighted centroids and the ratios of the weighted norms of the successive polynomials. From another perspective, it is also a multiple scales problem. The scales are the inherent scale of the weight and the polynomials and the interval length.

In practice, the calculations involve integrating a 2nth degree polynomial for each nthorder coefficient and marching forward via the three term recurrence relation. This process is extremely delicate and is susceptible to numerical perturbations. Numerical stability is a major concern.

In this presentation, we will discuss an alternative formulation that focuses directly on a set of nonlinear recurrence equations governing the coefficients of the three-term recurrence and the values of the orthogonal polynomials at the end points. This set of algebraic equations is redundent with a core of linearly independent equations. We will subject these equations to an asymptotic analysis to extract their local behaviors and to select the final set of four nonlinear recurrence equations. We will discuss the resulting asymptotics induced domain decomposition method to the orthogonal polynomial generation problem.

The spectral geometry of polynomial hypergroups William Connett

Department of Mathematics, University of Missouri, St.Louis, USA Email: connett@arch.cs.umsl.edu

A number of families of orthogonal polynomials can be thought of as the characters associated with discrete and continuous hypergroups or more general measure algebras. For discrete polynomial hypergroups, the support of the orthogonality measure is contained in the real spectrum which is contained in the maximal ideal space, and both of these inclusions may be proper. This and other geometric inequalities will be described, and their consequences for the harmonic analysis associated with the family of polynomials will be developed.

Powers of Euler’s product and related identities Shaun Cooper

Institute of Information and Mathematical Sciences, Massey University, New Zealand Email: S.Cooper@massey.ac.nz

Let (q)^r_∞ = ∑ n≥0 a_r(n)q^n where (q)_∞ = ∏_∞ j=1(1 − q^j). A theorem of M. Newman (1955) says that if r = 2, 4, 6, 8, 10, 14 or 26 and p > 3 is a prime satisfying r(p + 1) ≡ 0 (mod 24), then a_r ( np + r(p^2 − 1) 24 ) = (−p)^{r/2−1}a_r ( n p )

where a_r(n/p) is defined to be zero if n is not a multiple of p. The cases r = 4, 6 and 10 of Newman’s theorem imply the Ramanujan partition congruences p(5n + 4) ≡ 0 (mod 5), p(7n + 5) ≡ 0 (mod 7), and p(11n + 6) ≡ 0 (mod 11), respectively.

We shall give explicit, elementary proofs of all cases of Newman’s theorem except r = 26, several new results for products of the form (q)^r_∞(q^a)^s_∞ and some conjectures. The proofs utilise Macdonald identities of ranks 1 and 2.

This is joint work with M. Hirschhorn and R. Lewis.

Entropy-like functionals for orthogonal polynomials: asymptotic and applications Jesus S. Dehesa

Instituto ’Carlos I’ de Fisica, Teorica y Computacional, and Departamento de Fisica Moderna, Universidad de Granada, Spain Email: dehesa@goliat.ugr.es

The study of the internal disorder of the physical systems by means of quantum mechanics and information theory often reduces to the analysis of the functional

E_n(w(x)) = − ∫ Δ p_n(x)^2 log[p_n(x)^2] w(x) dx (1)

where p_n(x) = p_n(w(x); x) is the nth-polynomial orthonormal with respect to a weight w(x) on an interval Δ ⊆ R. It is called, for obvious reasons, information entropy of the (orthonormal) polynomial p_n(x).

In this talk we will review the knowledge of this analytical notion (and some related functionals) from its birth [1,2,3] up to now. The asymptotic behavior of these entropic integrals, which is intimately related to that of the polynomial norms in the space L^p_w(Δ), will be considered for general weights with compact and non-compact supports, as well as for varying weights. Also, the difficulties to obtain closed formulas for these objects in the classical orthogonal polynomials will be discussed. Indeed, only in the two Chebychev cases an explicit, closed and simple formula has been found.

Finally, some specific quantum-mechanical problems (prototypic potentials, entropic uncertainty relations,...) are shown to require the determination of the information entropies of all classical orthogonal polynomials.

References [1] A.I. Aptekarev, J.S. Dehesa and R.J. Yanez, J. Mathem. Phys. 35 (1994) 4423–4428. [2] A.I. Aptekarev, V.S. Buyarov and J.S. Dehesa, Russ.Acad. Sci. Sbornik Math. 82 ( 1995) 373–395. [3] J.S. Dehesa, W. Van Assche and R.J. Yanez, Meth. Appl. Analysis 4 (1997) 91–110.

Multi-variable orthogonal polynomials of types A and B Charles F. Dunkl

Department of Mathematics, University of Virginia, USA Email: cfd5z@virginia.edu

In the analysis of orthogonal polynomials of several variables there is a much more detailed structure when there is an action by a group of symmetries. Two important examples are the group of permutations of coordinates (type A) and the group generated by permutations and sign-changes (type B). An important problem is the construction of orthogonal bases for the L^2-spaces of the measures A : ∏ 1≤m<n≤N | exp(iθ_m) − exp(iθ_n)|^{2k}dθ_1 . . . dθ_N , (θ_1, . . . , θ_N ) ∈ T^N

B : ∏ 1≤m<n≤N |x^2_m − x^2_n|^{2k} ∏ 1≤n≤N |x_n|^{2k1} exp(− N∑ n=1 x^2_n/2)dx, x ∈ R^N

on the torus T^N , and on Euclidean space; where k and k_1 are arbitrary positive parameters. The commutative algebra of differential-difference (“Dunkl”) operators, which is analogous to the algebra of partial derivatives, provides crucial tools for the analysis. The construction of these orthogonal polynomials and formulas for norms and special values will be discussed. There will be an overview of related inner-product structures, some algebraic while others are of L^2−type. The L^2−space of the measure of type B above can be analyzed in two different ways, by generalized Hermite polynomials and by products of harmonic polynomials with Laguerre polynomials in the argument |x|^2. Some special cases of harmonic polynomials are now explicitly known. These measures occur in exactly solvable quantum-mechanical Calogero-Sutherland models.

Uniform asymptotic expansions for the generalised Bessel polynomials T. M. Dunster

Department of Mathematical Sciences, San Diego State University, USA Email: dunster@math.sdsu.edu

This paper provides a comprehensive asymptotic picture of the Bessel polynomials, which are generalisations of the well-known Modified K Bessel functions. A general turning point theory for ordinary differential equations is applied to obtain asymptotic expansions as the degree n of the polynomials tends to infinity. The results, involving Airy functions, are uniformly valid for the argument z lying in unbounded subdomains of the complex plane, and are complete with explicit error bounds. Moreover, there is a parameter a involved, and the results are valid for real or complex a, the only restriction on this being that a = O(n) as n tends to infinity, and that a must not be close to the value −n.

Orthogonal matrix polynomials Antonio J. Duran

Universidad de Sevilla, Spain Email: duran@cica.es

During the last few years, orthogonal matrix polynomials on the real line are receiving an increasing amount of interest due to the applications of matrix orthogonality to solve some problems of scalar orthogonality, but also because of the extension of some important results in the classical theory of orthogonal polynomials to orthogonal matrix polynomials. We will show a survey of that results concerning matrix orthogonality (properties of zeros, quadrature formulae, asymptotic properties, etc.) with especial emphasis on examples and relevant applications to solve scalar problems.

Computations and open problems for the Scorer functions B. Fabijonas, D.W. Lozier and F.W.J. Olver

Mathematical and Computational Sciences Division, National Institute of Standards and Technology, USA Institute for Physical Science and Technology and Department of Mathematics, University of Maryland, USA Email: bruce.fabijonas@nist.gov

We have recently completed a Fortran 90 package which computes the Scorer functions for complex arguments. These functions are solutions of the inhomogeneous Airy differential equation

d^2f dz^2 − zf = 1 π , where z is a complex variable. The general solution f(z) is a linear combination of the Airy functions Ai(z) and Bi(z) together with one of the Scorer functions Hi(z) or −Gi(z) (the minus sign is a historical consequence of Scorer’s original work). These functions are computed by either summing their respective asymptotic expansions or by integrating their defining differential equation given above in the framework of a boundary valued problem. We discuss the challenges in writing such a code, emphasize some recently discovered functional identities, and state some open problems which we encountered, e.g., the lack of error bounds in truncating the asymptotic expansions and the lack of knowledge about the zeros of the Scorer functions in the complex plane.

A modified Reiter P_1-condition for hypergroups Frank Filbir

Institute for Biomathematics and Biometry, GSF, National Research Center, Munich, Germany Email: filbir@gsf.de

For a commutative hypergroup K we denote by Υ_b(K) the set of all characters of K. The multiplicative functionals of the Banach algebra L^1(K, μ) are given by

h_α(f) = ∫ K f(x) α(x) dμ(x) , f ∈ L^1(K, μ) , α ∈ Υ_b(K) , where μ is the Haar measure on K. The Fourier transform of a function f ∈ L^1(K, μ) is defined by Ff(α) = h_α(f).

We will give a sufficient and necessary condition for the existence of a bounded approximate identity in the maximal ideal I(α) := ker(h_α) with help of a modified Reiter P_1-condition. This condition is defined as follows.

Definition. We say that the Reiter P_1-condition with bound M > 0 is satisfied in α ∈ Υ_b(K), if for each ε > 0 and every compact set C ⊂ K there is some g ∈ L^1(K, μ) with the following properties:

(i) Fg(α) = 1

(ii) ‖g‖_1 < M

(iii) ‖L_{~y}g − α(y) g‖_1 < ε for all y ∈ C.

Finally we will apply the general result to polynomial hypergroups and discuss some problems.

References [1] F. Filbir, R. Lasser, Reiter P2-Condition and the Plancherel Measure for Hypergroups, to appear in Illinois J. Math.

[2] H. Reiter, Classical Harmonic Analysis on Locally Compact Groups, Oxford University Press, 1968 . [3] M. Skantharajah, Amenable Hypergroups, Illinois J. Math., vol. 36 (1992) pp.15–46 .

Phase space and path integral methods in classical elliptic wave propagation modeling Louis Fishman

Naval Research Laboratory, Stennis Space Center, USA Email: Shidi53@aol.com

The analysis and fast, accurate numerical computation of direct and inverse wave propagation problems are often quite difficult for rapidly varying, multidimensional environments extending over many wavelengths. The atmosphere/earth and complex, multiscale material environments provide just such examples. The application of classical, “macroscopic” methods has resulted in direct wave field approximations, derivations of approximate wave equations, and discrete numerical algorithms. In the last several decades, however, developments in Fourier analysis, partial differential equations, asymptotic analysis, and mathematical physics, among others, have been synthesized into what is now called harmonic analysis in phase space. This analysis has produced sharp, “microscopic” tools (pseudodifferential and Fourier integral operators, wave packets) appropriate for attacking wave propagation problems in extended inhomogeneous environments. In conjunction with global path integral techniques, the multidimensional, fundamental wave field solutions can be represented explicitly and computed directly. The phase space methods and path (functional) integral representations provide the appropriate framework to extend homogeneous Fourier methods to extended inhomogeneous environments, in addition to providing the basis for the formulation and solution of the corresponding multidimensional (nonlinear) inverse problems.

In the context of fixed-frequency (elliptic) wave propagation problems, modeled at the level of the scalar Helmholtz equation, for example, the application of the above modern methods results in the exact reformulation of the two-way equation in terms of one-way equations which are well-posed for marching. This reformulation has obvious application for (1) large-scale, deterministic, direct wave propagation modeling, (2) the construction of computational boundary conditions, (3) the development of layer-stripping inverse algorithms and their corresponding regularization methods, (4) the incorporation of the exact inverse methods into optimization/iteration algorithms to account for realistic, noisy and limited data, and (5) the reformulation of stochastic wave propagation modeling. The one-way wave equations are constructed in terms of appropriate square root Helmholtz and Dirichlet-to-Neumann (DtN) operators, which are explicitly represented in terms of their operator symbols in a pseudodifferential operator calculus. The fundamental wave equation solutions (propagators) are expressed as path integrals, directly in terms of the operator symbols, which immediately result in explicit, marching (oneway) computational algorithms. Essentially, the uniform characterization over phase space and subsequent exploitation of the (singularity and oscillatory) structure of the operator symbols provide the focus for the direct and inverse analysis. Since the relevant (frequency-domain) operators lie outside of the well-developed theory of elliptic pseudodifferential operators and the corresponding asymptotic analysis, new, uniform, high-frequency asymptotic operator symbol expansions are developed. This analysis uniformly incorporates the usual algebraic terms associated with the elliptic calculus and the terms of exponential order, corresponding to the contributions from the infinitely-smooth part of the kernel, lying outside of the standard theory.

Both low-frequency and multiscale, high-frequency asymptotic results are also obtained. These asymptotic results are compared with several exact operator symbol constructions incorporating canonical features and including (1) both the defocusing and focusing quadratic profiles, (2) a class of hyperbolic function profiles incorporating symmetric and asymmetric wells and large-gradient effects, (3) the delta profile, and (4) piecewise-constant profiles such as the discontinuity and rectangular well. Both the exact and asymptotic operator symbol constructions make extensive use of special function theory.

Combinatorics of Affine and Virasoro highest weight modules Omar Foda

Department of Mathematics and Statistics, The University of Melbourne, Australia Email: foda@ms.unimelb.edu.au

I would like to survey some of the recent developments in our understanding of the combinatorics of highest weight representations of affine and Virasoro algebras.

Jacobi, Laguerre, and Hankel multipliers George Gasper

Department of Mathematics, Northwestern University, USA Email: george@math.nwu.edu

A survey of the theory of multipliers for Jacobi and Laguerre expansions and for Hankel transforms is presented. The various methods employed to derive necessary conditions and sufficient conditions for multipliers are discussed, along with some important open problems.

Incomplete gamma functions: the last 50 years Walter Gautschi

Department of Computer Sciences, Purdue University, USA Email: wxg@cs.purdue.edu

The theory of the incomplete gamma function was consolidated in the early 1950s by F.G. Tricomi as part of the theory of confluent hypergeometric functions. Here we review progress made since then. This includes work on uniform asymptotics, the generalized exponential integral, inverse functions and zeros, inequalities and monotonicity, as well as computational methods.

Asymptotics of eigenfunctions on type A affine buildings P. Gérardin

Théorie des Groupes, Institut de Mathématiques UMR 7586, Université Paris 7-Denis Diderot, France Email: gerardin@math.jussieu.fr

Hall polynomials appear as the structure constants for the algebras of spherical functions on the general linear groups over local fields. The spherical functions correspond to invariant kernels on the set of special points of the associated affine building. The asymptotic behavior of the eigenfunctions are described, and a Poisson formula is given for an unramified eigenvalue, for all type A affine buildings with rank ≥ 2.

This is a joint work with King Fai Lai, University of Sydney.

Electrostatics and the Darboux process F. Alberto Grunbaum

Department of Mathematic, University of California, Berkeley, USA Email: grunbaum@math.berkeley.edu

More that 100 years ago Stieltjes found a nice and simple electrostatic interpretation for the zeros of the certain families of orthogonal polynomials, including those of Jacobi. I will show how a small modification of his method allows one to give in some cases a simple electrostatic interpretation of the polynomials obtained from those of Jacobi by repeated applications of the Darboux process.

Contractions, De Leeuw’s theorem and asymmetry of Fourier multipliers Sanjiv K. Gupta

Department of Mathematics and Computing Science, University of the South Pacific, Fiji Email: gupta s@usp.ac.fj

Two physicists, Inönu and Wigner pointed out that Mehler-Heine type of formulas relating special functions, arise from a notion of a continuous deformation (known as contraction) of one Lie group into another. Using contractions, it has been shown in several articles in the literature that:

(i) the matrix coefficients of the starting Lie group can be recovered from that of the deformed group

(ii) De Leeuw kind of Fourier multiplier transference between the two groups.

Recently, in joint work with Dooley, I have shown that:

(a) matrix coefficients of the Heisenberg group H^{p−1} can be approximated by the matrix coefficients of the unitary group U(p) using a contraction between the groups H^{p−1} and U(p)

(b) De Leeuw kind of Fourier multiplier transference from U(p) to H^{p−1}.

Our results (a) and (b) generalise the earlier results of Ricci-Rubin. Our methods for the proof of (a) and (b) also yield a strong converse of De Leeuw’s tranference result for the pair (H^{p−1}, U(p)), which, so far has not been known in the noncommutative set up. Our results resolve a conjecture of Herz (1977) regarding the asymmetry of Fourier multipliers on compact nonabelian Lie groups. In other joint work with Dooley and Ricci, I have proved a very general result using contractions regarding the transference of Fourier multipliers which again resolve the Herz conjecture.

q-Statistics and perfect matchings with forbidden edges James Haglund and Jeffrey B. Remmel

Penn State University, USA University of California at San Diego, USA Email: haglund@math.psu.edu

We apply methods from the theory of q-rook polynomials to develop a q-analog of the number of k-edge matchings in a threshold graph. This leads to a q-analog of a result of Reiner and White, as well as closed form expressions for these q-matching numbers. We then introduce a version of the q-hit polynomial from rook theory involving a family of statistics on perfect matchings which satisfy an analog of the Mahonian property.

Partitions into squares Mike Hirschhorn

Department of Mathematics, University of New South Wales, Australia Email: mikeh@maths.unsw.EDU.AU

Jacobi’s four-square theorem says that the number of representations of the number n as a sum of four squares is eight times the sum of those divisors of n not dvisible by four. Thus, for example, 30 has 576 representations. However, 30 has only two partitions into four squares! We find the generating function for p_4�(n), the number of partitions of n into four squares, and show that p_4�(n) satisfies certain arithmetic relations.

Asymptotics of Gl(3, R) Whittaker functions and applications Jonathan Huntley

Department of Mathematics, City University of New York, USA Email: huntley@gursey.baruch.cuny.edu

This work is joint with Nam Jong Moh and is an extension of previous work witth Dan Bump.

In the paper “Unramified Whittaker functions for Gl(3, R)” (Journal D’Analyse Mathematicque, 65), Bump and Huntley study the properties of the decaying Whittaker function for the group Gl(3, R). This function is a generalization of the K-Bessel function (and in fact may be written as an integral of such functions) and is important in the study of the symmetric space associated to Gl(3, R),which we denote by H. It is a function of two positive real numbers and is an eiegenfunction a two differential operators that are derived from studying the ring of invariant differential operators on H. One operator is second order and the other is third order. The Whittaker function thus also depends on two parameters λ and μ, corresponding to the eigenvalues. For simplicity we will supress this and denote the Whittaker function by W (y_1, y_2).

It is shown by Bump and Huntley that on any curves of the form y_1 = y^α_2 (or y_2 = y^α_1 ) with α > −1/2 and y_2 (Resp. y_1) tending to infinity, the Whittaker function has an aymptoitc expansion. Given the irregular singularities of the differential equations at infinity this is the most that one would expect.

The first term of the expansion is y^{13}_1 y^{13}_2 (y^{23}_1 + y^{23}_2 )^{−1}4 exp(−(y^{23}_1 + y^{23}_2 )^32 ). The second term in the expansion depends on λ but not μ. The later tems depend on both parameters.

In this talk, recent work of Huntley and Moh is discussed. Error estimates for the expansion will be considered. We will also describe work on extending the range of validity of the expansion and applications to harmonic analysis on H. In particular we will discuss problems in the theory of automorphic forms.

Symmetry classification for Jackson integrals associated with irreducible reduced root systems Masahiko Ito

Graduate School of Mathematics, Nagoya University, Japan Email: mito@math.nagoya-u.ac.jp

We use notation (ξ; q)_∞ := ∏_∞ i=0(1 − ξq^i) and ϑ(ξ; q) := (ξ; q)_∞(q/ξ; q)_∞(q; q)_∞.

Let R be an irreducible reduced root system, spanning a real vector space E of dimension n, and let ⟨·, ·⟩ be a positive definit scalar product on E under the Weyl group W of R. We denote by R^+ the set of positive roots relative to a fixed basis {α_1, · · · , α_n} of R. For each α ∈ R, let α^∨ = 2α/⟨α, α⟩. Let P be the coweight lattice {χ ∈ E; ⟨α, χ⟩ ∈ Z for any α ∈ R} and let Q be the coroot lattice of R defined by Q = Zα^∨_1 + · · · + Zα^∨_n ⊂ P . Let L be any sublattice of P of rank n. The scalar product ⟨·, ·⟩ is uniquely extended linearly to E_C = E ⊗_R C ≃ C^n.

For each α ∈ R, let q_α be a complex number such that q_α = q_β if |α| = |β|. We assume |q_α| < 1. For x ∈ E_C, we define Φ_R(β_1, · · · , β_s, γ_1, · · · , γ_l, x) = Φ_R({β_i}, {γ_j }; x) = s∏ i=1 ∏ α>0 α:short q^{( 12 −βi)⟨α,x⟩} α (q^{1−βi+⟨α,x⟩} α ; q_α)_∞ (q^{βi+⟨α,x⟩} α ; q_α)_∞ · l∏ j=1 ∏ α>0 α:long q^{( 12 −γj )⟨α,x⟩} α (q^{1−γj +⟨α,x⟩} α ; q_α)_∞ (q^{γj +⟨α,x⟩} α ; q_α)_∞

where s, l ∈ Z_{≥0}, β_i, γ_j ∈ C and α > 0 means α ∈ R^+. If all roots α ∈ R have same length, we regard the roots as all short. We denote by Δ_R(x) the Weyl denominator as

Δ_R(x) := ∏ α>0 (q^{12 ⟨α,x⟩} α − q^{−1/2}_α ⟨α, x⟩). For z ∈ E_C, we define the Jackson integral associated with R as J_R({β_i}, {γ_j }; L; z) := ∑ χ∈L Φ_R({β_i}, {γ_j}; z + χ) Δ_R(z + χ).

Theorem 1. Assume that q_α = q for all α ∈ R. For any sublattice L ⊂ P of rank n, the sum J_R({β_i}, {γ_j}; L; z) is expressed as

C_R({β_i}, {γ_j }; L) ∏ α>0 α:short q^{((s−1)/2−∑si=1 βi)⟨α,z⟩}ϑ(q^{⟨α,z⟩}; q) ∏_s i=1 ϑ(q^{βi+⟨α,z⟩}; q) · ∏ α>0 α:long q^{((l−1)/2−∑lj=1 γi)⟨α,z⟩}ϑ(q^{⟨α,z⟩}; q) ∏_l j=1 ϑ(q^{γj +⟨α,z⟩}; q) where C_R({β_i}, {γ_j }; L) is a constant not depending on z ∈ E_C, if and only if s = 1 for A_n, E_6, E_7 and E_8-type, (s, l) = (1, 1) or (2n − 1, 0) for B_n-type, (s, l) = (1, 1) or (^{n+1}_2 , 0) for C_n-type if n is odd, (s, l) = (1, 1) or (4, 0) for G_2-type, (s, l) = (1, 1) or (3, 0) for F_4-type.

In [1, 3, 5], the Jackson integrals with (s, l) = (1, 1) are investigated and an explicit form of the constant C_R(β_1, γ_1; L), which is written as a product of q-gamma functions, is obtained when L = P and Q. The cases (s, l) = (2n − 1, 0) for B_n-type and (s, l) = (4, 0) for G_2-type are investigated by Gustafson and explicit forms of the constants C_R({β_i}; P ) of them are known (See [2]). For the case (s, l) = (3, 0) for F_4-type and its constant C_{F4} ({β_i}; L), see [4].

References [1] K. Aomoto, J. Alg. Combi. 8 (1998), 115–126. [2] R. A. Gustafson, SIAM J. Math. Anal. 25 (1994), 441–449. [3] M. Ito, J. Math. Anal. Appli. 216 (1997), 122–163.

[4] M, Ito, A product formula for Jackson integral associated with the root system F4, Preprint 1999. [5] I. G. Macdonald, A formal identity for affine root systems, Preprint, 1996.

The little q-Jacobi functions of complex order Kevin W. J. Kadell

Department of Mathematics, Arizona State University, USA

We use Ismail’s argument and an elementary combinatorial identity to prove the q-binomial theorem, the symmetry of the Rogers-Fine function, Ramanujan’s_1ψ_1 sum, and Heine’s q- Gauss sum and give many other proofs of these results. We prove a special case of Heine’s_2ϕ_1 transformation and write Ramanujan’s_1ψ_1 sum as the nonterminating q-Chu-Vandermonde sum. We show that the q-Saalschütz and q-Chu-Vandermonde sums are equivalent to the evaluations of certain moments and to the orthogonality of the little q-Jacobi polynomials; hence the q-Chu-Vandermonde sum implies the q-Saalschütz sum. We extend the little q-Jacobi polynomials naturally to the little q-Jacobi functions of complex order. We show that the nonterminating q-Saalschütz and q-Chu-Vandermonde sums are equivalent to the evaluations of certain moments and, using the Liouville-Ismail argument, to two orthogonality relations. We show that the nonterminating q-Chu-Vandermonde sum implies the nonterminating q-Saalschütz sum.

Raising operators of row type for Macdonald polynomials Yasushi Kajihara and M. Noumi

Department of Mathematics, Kobe University, Japan Email: kaji@math.s.kobe-u.ac.jp

This is a joint work with Prof. M. Noumi (Kobe University).

We consider the raising operators B_m of row type for the integral forms J_λ(x; q, t) of Macdonald polynomials of type A with partition λ = (λ_1, . . . , λ_n). These are a dual version of the raising operators of column type by A.N. Kirillov and M. Noumi. The oprators B_m have the following property, B_mJ_λ(x; q, t) = { J_{(m,λ)}(x; q, t) if ℓ(λ) < n, 0 if ℓ(λ) = n. (1) Macdonald symmetric polynomials are characterized as the joint eigenfunction of a certain family of commuting q-difference oerators. The uniqueness and existence of the q-difference operators B_m can be proven by analysing the action of the commuting family of q-differnce operators on the generating function of dual type for Macdonald polynomials. Theorem 1. For each m = 0, 1, 2, . . . , there exists a unique q-difference operator

B_m = ∑ |γ|≤m b^{(m)}_γ (x)T^γ_{q,x} (2)

of order ≤ m satisfying the condition (1), where b^{(m)}_γ (x) are rational functions in x with coefficients in Q(q, t). Furthermore, the operator B_m is invariant under the action of the symmetric group S_n of degree n.

We can also determine the explicit form of B_m. In caluculation of explicit forms, there arises a special case of_6ψ_6 Bailey summation formula in SU(n) due to R.A. Gustafson. Lowering operators can be constructed similarly.

References [1] Y. Kajihara and M. Noumi, Raising operators of row type for Macdonald polynomials, to appear in Compos. Math.

Algebraic aspects of quantum Calogero models Saburo Kakei

Department of Mathematical Sciences, Waseda University, Japan Email: skakei@mse.waseda.ac.jp

Among quantum integrable models in one dimension, Calogero-Sutherland type models catch renewed interests.

A typical example of such models is the Sutherland model:

H_s = − N∑ j=1 ∂^2 ∂θ^2_j + 1 2 ∑ j<k β(β − 1) sin^2 [(θ_j − θ_k)/2]

. (1)

From algebraic viewpoint, this model is related to a degenerate version of the double affine Hecke algebra introduced by Cherednik.

The Calogero models of A-type and B-type,

H_a = 1 2 N∑ j=1 ( − ∂^2 ∂x^2_j + x^2_j ) + ∑ j<k β(β − 1) (x_j − x_k)^2

, (2)

H_b = 1 2 N∑ j=3D1 { − ∂^2 ∂x^2_j + x^2_j + γ(γ − 1) x^2_j } + ∑ j<k { β(β − 1) (x_j − x_k)^2 + β(β − 1) (x_j + x_k)^2 } , (3)

share the same algebraic structure; that is, these three Hamiltonians are connected to individual representation of the degenerate double affine Hecke algebra. To construct the representations, the Dunkl operators play a crucial role.

Wavefunctions of these Hamiltonians are written in terms of multivariable orthogonal polynomials. The Jack polynomials appear in the case of the Sutherland model. In the cases of the Calogero models (2) and (3), the polynomial part of the wavefunctions can be regarded as a multivariable generalization of the Hermite and Laguerre polynomials and has been studied by several authors [1–4].

We will discuss several applications of the algebraic structure to the properties of these multivariable orthogonal polynomials, such as the shift operators, the norm formula. We also give a new differential formula for the Jack polynomials J_λ:

e_n(D)J_λ(x) = ∑ |μ|=|λ|−n f^μ_{nλ}J_μ(x), (4) where e_n(D) denotes the n-th elementary symmetric function whose arguments are the Dunkl operators. We will give the coefficients f^μ_{nλ} explicitly.

References [1] T.H. Baker and P.J. Forrester: Commun. Math. Phys. 188 (1997) 175. [2] J.F. van Diejen: Commun. Math. Phys. 188 (1997) 467. [3] S. Kakei: J. Math. Phys. 39 (1998) 4993.

[4] H. Ujino and M. Wadati: J. Phys. Soc. Jpn. 65 (1996) 2423.

Special functions and black holes E.G. Kalnins and W. MILLER Jr.

Mathematics Department, University of Waikato, New Zealand School of Mathematics, University of Minnesota, USA Email: math0236@math.waikato.ac.nz

The occurrence of spheroidal type special functions arises naturally when the linearised equations for metric perturbations of a Black Hole space time are considered. It is somewhat of a surprise that these perturbations are explicitly solvable using Spheroidal type functions as a corresponding Debye potential. This is a consequence of the fact that the corresponding Debye potential equations can be solved by the method of separation of variables. This in turn is related to the fact that the Spacetime of a Black hole is known to admit a so called Killing Yano symmetry tensor. From this tensor one can construct an angular momentum type constant of the geodesic motion as well as the corresponding symmetry operator of the corresponding Klein Gordan equation. The separability mechanism can be extended to the case of metric perturbations (spin2). Black Hole space time as well as electromagnetic perturbations (spin1). We discuss the state of completeness of these problems an give some indication of how to deal with the case of perturbations of a charged rotating black hole. Associated with the discussion will be some ideas on the mathematical significance of the existence of a Killing Yano tensor.

References [1] Recent advances in the use of sparation of variables methods in general relativity. E.G. Kalnins, W. Miller Jr. and G.C. Williams. appearing in Classical General Relativity. Edited by S. Chandrasekhar. Oxford University Press (1993) [2] The Mathematical theory of Black Holes. S. Chandrasekhar. Oxford University Press. (1984).

On a nonlinear recurrence related to Nevai polynomials David Kaminski

Department of Mathematics and Computer Science, University of Lethbridge, Canada Email: kaminski@cs.uleth.ca

Orthogonal polynomials on the real line corresponding to the weight function w(x) = exp(−x^4) have been studied by Freud and, most notably, Nevai. These “Nevai” polynomials {p_n(x)} have been shown to satisfy the recurrence relation

x · p_n(x) = a_{n+1}p_{n+1}(x) + a_np_{n−1}(x),

where the coefficients {a_n} in the recursion in turn can be generated from the nonlinear recurrence

n = 4a^2_n(a^2_{n+1} + a^2_n + a^2_{n−1}) (1)

for n = 1, 2, 3, . . . , with starting values for the sequence of a_0 = 0 and a^2_1 = Γ(^3_4 )/Γ(^1_4 ). Efficient iterative schemes have been developed for computing the sequence {a_n} numerically, but a closed form representation of the {a_n} suitable for use in developing a generating function has proven elusive.

In this talk, I will describe work underway towards the construction of a generating function for the {a_n} and related nonlinear recurrences. In particular, I will show how a simple transformation of the three-term recurrence (1) can yield a nonlinear recurrence involving just two terms, which is solvable in closed form.

Forrester’s contant term identity II Jyoichi Kaneko

Gaduate School of Mathematics, Kyushu University, Japan Email: kaneko@math.kyushu-u.ac.jp

The Forrester’s conjectural constant term identity, in the form of integral evaluation, is ∫ [0,1]^N N∏ i=1 t^{x−1}_i (1 − t_i)^{y−1} N∏ i,j=N0+1 i≠j ( 1 − t_i t_j ) ∏ N0+1≤i<j≤N (t_i − t_j)^2dt_1 · · · dt_N

= N0−1∏

l=0 Γ(y + kl)Γ(x + k(N − 1 − l))Γ(1 + k(l + 1)) Γ(x + y + k(N − 1 + l))Γ(1 + k) × N1−1∏ j=0 (j + 1)Γ(y + (k + 1)j + kN_0)Γ(x + k(N − 1 − N_0 − j) − j)Γ((k + 1)(j + 1) + kN_0) Γ(x + y + k(N − 1 + N_0 + j) + j)Γ(1 + k)

where N = N_0 + N_1.

The special cases of k = 1 (general x, y, N_0, N_1) and N_1 = 2, 3 (general x, y, k, N_0) have been verified so far. In this talk we shall report progress including the proof of N_1 = 4 case (general x, y, k, N_0).

On the non-commutative neutrix product B^{(s)}(x_+, n) ∘ x^r_+ ln x_+ Adem Kilicman

Department of Mathematics, University Putra Malaysia, Malaysia Email: akilic@fsas.upm.edu.my

In the following we let D be the space of infinitely differentiable functions with compact support and let D^′ be the space of distributions defined on D.

Let f, g be distributions in D^′ and let f_n = f ∗ δ_n, g_n = g ∗ δ_n, where {δ_n} is a certain sequence converging to the Dirac delta-function, see Fisher [1]. The non-commutative neutrix product f ∘ g is defined as the neutrix limit of the sequence {fg_n}, providing the limit h exists in the sense that N⟨fg_n, ϕ⟩ = ⟨h, ϕ⟩, for all ϕ in D, where N is the neutrix, see van der Corput [2], having domain N^′ = {1, 2, . . . , n, . . . } and range N^{′′} the real numbers, with negligible functions finite linear sums of the functions

n^λ ln^{r−1} n, ln^r n (λ > 0, r = 1, 2, ...)

and all functions which converge to zero in the usual sense as n tends to infinity.

In this work, the Beta function B(x, n) and the associated Beta functions B(x_±, n) are defined as distibutions and neutrix product B^{(s)}(x_+, n) ∘ x^r_+ ln x_+ is evaluated, from which other neutrix products are deduced.

References [1] Fisher, B.: The product of distributions, Quart. J. Math. Oxford (2), 22 (1971), 291–298. [2] van der Corput J.G.: Introduction to the neutrix calculus, J. Analyse Math., 7 (1959–1960), 291–398.

A decoding scheme for the lexicodes S_{9,3} with base 4 D.G. Kim

Department of Mathematics, Korea Advanced Institute of Science and Technology, Korea Email: CODEKIM@chollian.net

Let S_{n,d} be the lexicographic codes with length n, minimum distance d and q = 4. For the q-ary S_{9,3}, 6 basis vectors are obtained. These vectors are used in decoding scheme of S_{9,3}. So we propose a simple decoding algorithm for this code.

Inversion formulas involving orthogonal polynomials and some of their applications Roelof Koekoek

Department of Technical Mathematics and Informatics, Delft University of Technology, The Netherlands Email: koekoek@twi.tudelft.nl

We derive inversion formulas involving orthogonal polynomials which can be used to solve different kind of problems involving these orthogonal polynomials. We show how they can be used to find connection coefficients in some very special cases. Further we show how they can be used to find coefficients of differential equations satisfied by generalizations of the classical orthogonal polynomials. As an example we consider special symmetric generalizations of the Hermite and the ultraspherical polynomials.

Harmonic analysis on the quantum SU(1, 1) group Erik Koelink

TWI, Technische Universiteit Delft, The Netherlands Email: koelink@twi.tudelft.nl

The spherical Fourier transform on SU(1, 1) gives the Legendre function transform, and consideration of other K-types gives rise to the Jacobi function transform. For the quantum group case we can parametrise the subgroup K by a parameter, and this gives rise to a two-parameter analogue of the Legendre function transform. For this purpose we have to describe the analogue of the Haar functional as a weight on a C^∗-algebra. We consider two-cases: (i) the Haar functional as a Jackson type integral over [−1, ∞), (ii) the Haar functional as an Askey-Wilson type integral with unbounded support. The asssociated spherical Fourier transforms give rise to the definitions of the big q-Jacobi function transform and the Askey-Wilson function transform. See also Jasper Stokman’s lecture at this conference for the discussion of the analytic aspects of the Askey-Wilson function transform.

This is joint work with Jasper Stokman, and in the course of this work we have received essential help from Mizan Rahman.

A convolution product associated with a pair of q-Fourier transforms Tom H. Koornwinder

Korteweg-de Vries Institute for Mathematics, University of Amsterdam, The Netherlands Email: thk@wins.uva.nl

The speaker introduced in [1, §8] a q-Fourier transform pair which has a quantum group interpretation on the braided line. This has later been extended by Giovanna Carnovale [2] to the case of the braided A_n quantum space. In the lecture definition and properties of a q-convolution product on the braided line will be given which is mapped by the q-Fourier transform to the pointwise product. This is joint work with Giovanna Carnovale.

References [1] T. H. Koornwinder, Special functions and q-commuting variables, in Special Functions, q-Series and Related Topics, M. E. H. Ismail, D. R. Masson & M. Rahman (eds.), Fields Institute Communications 14, American Mathematical Society, 1997, pp. 131–166.

[2] G. Carnovale, On the braided Fourier transform in the n-dimensional quantum space, xxx archive preprint math.QA/9810011, 1998.

On certain Gegenbauer polynomial sums Stamatis Koumandos

Department of Mathematics and Statistics, The University of Cyprus, Cyprus Email: skoumand@pythagoras.mas.ucy.ac.cy

We prove that for all λ ≥ 0, n∑ k=0 a_k C^λ_k (cos θ) C^λ_k (1) cos(k + 1 2 )ϕ > 0, n = 1, 2, . . . , 0 ≤ ϕ ≤ θ < π, if and only if ∑_n k=0 a_k cos kx > 0, for all n ≥ 1 and 0 < x < π, where C^λ_k (x) is the Gegenbauer polynomial of degree k and order λ. This result enables us to show that, for λ ≥ 0, the polynomials P^λ_n (z; x) := ∑_n k=0 a_k^{Cλk (x)}_{Cλk (1)} z^k have no zeros for z in the unit disk D, if and only if ∑_n k=0 a_k cos kx > 0, for all n ≥ 1 and 0 < x < π.

The method of the proof of these results uses several integral representations for Gegenbauer polynomials. In a similar way, we are able to prove that for all positive integers n, we have n∑ k=0 C^λ_k (x) z^k ≠ 0, |z| ≤ 1, when −^1_2 < λ < 0 or 0 < λ ≤^1_2 .

This result is best possible and extends in the complex plane some old results of Fejér and Szegő.

All the above results can be extended to sums of Jacobi polynomials P^{(α,β)}_n (x), which include the C^λ_n(x) as the special case where α = β = λ −^1_2 .

Bochner-Krall orthogonal polynomials K. H. Kwon, L. L. Littlejohn, and G. J. Yoon

Department of Mathematics, KAIST, Korea Email: khkwon@jacobi.kaist.ac.kr

Let τ = σ + ν be a point masses perturbation of a classical moment functional σ, which is quasi-definite. We find conditions for orthogonal polynomials {Q_n(x)}^∞_{n=0} to be Bochner-Krall orthogonal polynomials, that is, {Q_n(x)}^∞_{n=0} are eigenfunctions of a finite order linear differential operator of the spectral type with polynomial coefficients. For example, we show that σ cannot be the moment functional for Bessel or Hermite polynomials and supp(ν) contains at most two points. These solve partially Magnus’ conjecture and explain completely the phenomena for infinite order differential equations (found by J. Koekoek and R. Koekoek), which have generalized Jacobi polynomials {P^{α,β,M,N}_n (x)}^∞_{n=0} and generalized Laguerre polynomials {L^{α,M}_n (x)}^∞_{n=0} as eigenfunctions.

Backlund transformations and product formulas for special functions Vadim B. Kuznetsov

University of Leeds, UK Email: vadim@amsta.leeds.ac.uk

We review the theory of Backlund transformations (BT’s) for finite-dimensional integrable systems and construct new BT’s for several families of such systems, like Toda lattice, sl(2) Gaudin and Heisenberg magnet. Quantum Backlund transformations are studied and applied to special functions theory. They are linked to (integral) product formulas and to their multi-variable generalisation. As a result, we find several new product formulas for classical special functions and orthogonal polynomials. Their generalisation to the multi-variable case are also studied.

Proof of a conjecture on the gamma function A. Elbert and A. Laforgia

Dipartimento di Matematica, Universite di Roma 3, Italy Email: laforgia@matrm3.mat.uniroma3.it

Anderson and Qiu [1] proved that the function h(x) = log Γ(x + 1)/(x log x) strictly increases from 1 − γ to 1 as x increases from 1 to ∞, where γ = 0.577 · · · denotes the Eulero Mascheroni constant. Moreover they conjectured that h(x) is concave for x > 1.

A. Elbert and A. Laforgia proved this conjecture. The proof is based on the infinite product formula for the gamma function and on some bounds for log Γ(x), Ψ(x) and Ψ^′(x), where Ψ(x) = Γ^′(x)/Gamma(x) and^′ = d/dx. References [1] G.D. Anderson and S.L. Qiu, A monotonicity property of the Gamma function, Proc. Am. Math. Soc. 125 (1997), 3355–3362.

The fine stucture of Jack polynomials Michel Lassalle

Centre National de la Recherche Scientifique, Paris Email: lassalle@chercheur.com

Fifty years ago the great chinese mathematician Hua Loo-Keng set the problem of obtaining an explicit expression for the “zonal polynomials”, familiar to statisticians. This problem kept open in spite of many attempts.

Zonal polynomials are now understood as a special case of Jack polynomials. We present results showing that an explicit expression for Jack polynomials might be within reach, thus giving some (yet very partial) answer to the Hua’s problem.

Jack polynomials J^α_λ form a basis of the algebra of symmetric polynomials in N independent variables, with coefficients rational in a parameter α. Another (explicit) basis of this algebra is given by the “power sums” p_λ. Both basis are indexed by partitions λ = 3D(λ_1, . . . , λ_N ).

We investigate the structure of θ^λ_μ, the transition matrix between these two basis defined by J^α_λ = 3D ∑ θ^λ_μp_μ.

First we (explicitly) define new combinatorial quantities d_ρ(λ). They form a basis of the algebra of “shifted symmetric” polynomials in λ, that is polynomials with coefficients rational in α and symmetric in the “shifted” variables λ_i − i/α. Then we expand θ^λ_μ upon these quantities and obtain

θ^λ_μ = 3D ∑ i≥0 r−2i∑ j=3D0 α^{i+j}(1 − α)^{r−2i−j} ∑ |ρ|=3Dj c^ρ_i (μ)d_ρ(λ).

Here n is the common weight of λ and μ, r = 3Dn−l(μ). The coefficients c^ρ_i (μ) are polynomials in the variable n, with degree 2i, dependent on μ but independent of α and λ: c^ρ_i (μ) ∈ Q[n].

This formula gives the explicit dependence of the Jack polynomial J^α_λ with respect to the parameter α and to the partition λ. It reduces the Hua’s problem to the knowledge of a collection of polynomials in one variable. Being independent of α and λ, these polynomials c^ρ_i (μ) can be considered as the “structure constants” of Jack polynomials.

It is remarkable that the most elementary of these coefficients can be expressed in terms of Stirling numbers of the first kind.

Our results are new even in the particular case α = 1, corresponding to Schur functions. In that case they lead to new combinatorial problems linked with the Littlewood-Richardson rule.

Kernel functions for orthogonal polynomial approximation L^p(μ)- and C-spaces Rupert Lasser

Technical University Munich and GSF Research Center, Germany

Pollard, Muckenhoupt, Bavinck and many more have studied orthogonal polynomial approximation in L^p(μ)– and C–spaces especially in the case of Jacobi polynomials. After a short overview of their results we introduce two classes of kernel functions for general orthogonal polynomials. One class has nonnegativity properties (hence we call it Fejér-type kernel) and the other class has properties as the de la Vallée Poussin kernel. We can derive sufficient conditions such that the corresponding Lebesgue constants are bounded. Thus we can apply approximation processes not only for Jacobi polynomials but also for generalized Chebyshev polynomials, Bernstein-Szegö polynomials and some further families of orthogonal polynomial sequences.

Boundedness of Fourier operators for exponential weights D. W. Lee

Topology and Geometry Research Centre, Kyungpook National University, Korea Email: dwlee@gauss.kyungpook.ac.kr

Let W = e^{−Q} be a Freud weight and {P_n(x)}^∞_{n=0} be the corresponding orthonormal polynomials with respect to W^2. For a given function f, S_n[f](x) denotes the n-th Fourier expansion of orthonormal polynomials for f. Let 1 < p < ∞. Then we find a sufficient condition that for fW_B ∈ L^p(R), ‖S_n[f]W u_b‖_p ≤ C‖fW u_B‖_p, (1) and for f^{(r−1)} ∈ AC_{loc} and f^{(r)}W u_B ∈ L^p(R), ‖S_n[f]^{(r)}W u_b‖_p ≤ C‖f^{(r)}W u_B‖_p, k = 0, 1, 2, . . . , r, (2) where ‖ · ‖_p is the L^p-norm and u_b(x) = (1 + |x|)^b. We also give a sufficicient condition for the inequality

‖S_n[f]W (1 + Q)^{−b} ≤ C‖fW (1 + Q)^B‖_p (3)

when W is an Erdös weight.

Left-definite spectral theory with applications to differential equations and orthogonal polynomials Lance L. Littlejohn

Department of Mathematics and Statistics, Utah State University, USA Email: lance@math.usu.edu

If A is a a self-adjoint operator in a Hilbert space H that is bounded below by a positive constant, we show that there is a continuum of Hilbert spaces H(r) (for r > 0) and a continuum of self-adjoint operators A(r) in H(r), generated by A. These spaces and operators are called left-definite Hilbert spaces and left-definite operators associated with (H, A); the origins of leftdefinite theory can be traced to H. Weyl’s 1910 treatise on second-order differential equations. We apply our general results to some of the classical second-order equations of Laguerre and Hermite. This is joint work with R. Wellman.

Mean convergence of rational functions interpolating on the unit circle Xin Li

Department of Mathematics, University of Central Florida, USA Email: xli@pegasus.cc.ucf.edu

Let A denote the disc algebra. Assume α_j, j = 0, 1, 2, ..., are (not necessarily distinct) points in the open unit disc. Then there are n + 1 distinct points z_{n,k}, k = 0, 1, ..., n, on the unit circle such that w_n(z_{n,k}) = w^∗_n(z_{n,k}), where w_n(z) = ∏_n j=0(z − α_j) and w^∗_n(z) = ∏_n j=0(1 − α_jz).

We study the mean convergence of the rational functions of the form p_n(z)/w^∗_n(z), with p_n being a polynomial of degree at most n, that interpolates a function from A. In particular, we establish that the mean convergence is guaranteed by the Blaschke divergence condition: ∑_∞ j=0(1 − |α_j|) = ∞.

Preserving properties of (Jacobi) conjugate functions and multipliers of Zygmund’s type for Jacobi expansions Zhongkai Li

Department of Mathematics, Capital Normal University, China

One of the preserving properties of classical conjugate functions is that if f belongs to Lipα for α ∈ (0, 1), so does the conjugate function. This is called Privalov’s theorem. The multiplier theorem of Zygmund, which can be viewed as a generalization of Privalov’s theorem, states that for α ∈ (0, 1), a necessary and sufficient condition for that ∑ λ_nc_ne^{inx} belongs to Lipα whenever ∑ c_ne^{inx} does, is that ∑ (in)^{−1}λ_ne^{inx} is a Fourier series of a function in Λ^1_∗ (Zygmund’s class in L^1-norm).

In the present paper, we study the preserving properties of (Jacobi) conjugate functions and also the multiplier theorems of Zygmund’s type for Jacobi expansions and conjugate Jacobi expansions. For this purpose, a new translation operator in terms of the conjugate Jacobi system will be introduced and the characterizations of the corresponding Lipschitz classes by the (Jacobi) Poisson and conjugate Poisson integrals will be used.

Five asymptotic expansions for the three symmetric standard elliptic integrals Jose L. Lopez

Dpto Matematica Aplicada, Universidad de Zaragoza, Spain Email: jllopez@posta.unizar.es

Symmetric standard elliptic integrals are considered when one of their parameters is larger than the others. Distributional approach is then used for deriving five convergent expansions of these integrals in inverse powers of the respective five possible asymptotic parameters. Coefficients of these expansions are obtained by recurrence and, most of times, they involve nothing but elementary functions. Error test is used for providing the approximation supplied by any of these expansions of an error bound at any order. Numerical experiments show that this bound is considerably accurate. Convergence speed of any of these expansions increases for increasing difference between the asymptotic variable and the remaining ones.

The DLMF project: A new initiative in classical special functions Daniel W. Lozier

National Institute of Standards and Technology, Gaithersburg, USA Email: dlozier@nist.gov

The National Institute of Standards and Technology has started an ambitious project that aims to produce a successor to Abramowitz and Stegun’s Handbook of Mathematical Functions [1].

This Handbook was published by the National Bureau of Standards in 1964, and was reprinted by Dover in 1965. Errata were corrected through the 10th government printing in 1972. However, having never been revised, the basic information is current only up to about 1960.

The Handbook has been a great success. The government and Dover editions have been in print continuously since their original appearance, and they continue to sell briskly in technical bookstores and the technical sections of general bookstores. Total government sales approach 150,000. Because of superior marketing and lower price, Dover’s total sales are estimated to be two or three times this number. The amazon.com sales rank of the Dover edition falls consistently in the top 10,000 in its stock of over 4.5 million titles. For comparison, on a recent day the sales rank of Gradshteyn and Ryzhik’s Tables of Integrals, Series, and Products was 62,400. Another measure of success is the record of citations. According to a study of Science Citation Index data, the Handbook was cited more than 7000 times in 1992–96, and the trend of citations relative to the index as a whole is increasing.

In view of the many advances in the theory, computation and application of special functions in recent decades, this trend cannot continue. The current project is intended to meet the need for a new standard reference. With the help of a distinguished board of associate editors, the project leaders at NIST have constructed an outline for the new work. The plan of work calls for engaging leading researchers to write and validate the new reference material.

The project will result in a Digital Library of Mathematical Functions, published on the Web and in a book with CD-ROM. The DLMF will provide many capabilities that are impossible in print media alone. These include advanced search for formulas, downloading of formulas into programs and documents, links to software descriptions and source code, user-controllable visualization of functional surfaces (with rotation, zoom and animation), and support of auxiliary Web sites that link to the DLMF site for basic information on special functions. For a prototype, see http://www.nist.gov/DigitalMathLib. Project background is provided in [2].

References [1] M. Abramowitz and I. A. Stegun (eds.), Handbook of mathematical functions with formulas, graphs and mathematical tables, National Bureau of Standards Applied Mathematics Series, vol. 55, U. S. Government Printing Office, Washington, D. C., 1964.

[2] D. W. Lozier, B. R. Miller, and B. V. Saunders, Design of a digital mathematical library for science, technology and education, to appear in Proc. IEEE Advances in Digital Libraries Conference, Baltimore, Maryland, May 19–21, 1999. Preprint: Technical Report NISTIR 6297, February 1999.

Symmetry constraints and separation of variables of soliton equations Wenxin Ma

Department of Mathematics, City University of Hong Kong Email: mawx@cityu.edu.hk

Symmetry constraints are imposed on soliton equations, which transforms Lax pairs into integrable finite-dimensional Hamiltonian systems. The constrained Lax pairs provide a kind of separated variables for soliton equations and Jacobi inversion problems of the constrained Lax pairs exhibit integrability by quadratures for soliton equations. The idea is illustrated by the KdV and AKNS hierarchies.

On a semiclassical sequence of Electrostatic interpretation of their zeros J. Arvesú and F. Marcellán

Departamento de Matemáticas, Universidad Carlos III de Madrid., Spain Email: jarvesu@math.uc3m.es, pacomarc@ing.uc3m.es

Semiclassical linear functionals Ũ are introduced as the solutions of distributional differential equations D ( σŨ ) = τŨ where σ, τ are polynomials and degree τ ≥ 1.

In this paper we consider the linear functional

δ(−1) + M_1δ^′(1) + N_1δ^′(−1)

where J_{α,β} is the Jacobi one, and M_i, N_i, i = 0, 1 are real numbers.

First, we give necessary and sufficient conditions in order Ũ be quasi-definite, i.e. there exists a sequence of monic polynomials Q_n orthogonal with respect to Ũ.

Next, we prove that such polynomials are hypergeometric functions_6F_5 and we deduce in an explicit way a second order differential equation

A(x; n)Q^{′′}_n(x) + B(x; n)Q^′_n(x) + C(x; n)Q_n(x) = 0

that such polynomials verify. Here A(x; n), B(x; n) and C(x; n) are polynomials of degree independent of n.

Finally, we use the above equation in order to establish an electrostatic interpretation of the zeros of Q_n.

Zeros of classical polynomials with varying non-classical parameters A. Martínez-Finkelshtein, P. Martínez-González and R. Orive

University of Almería and Instituto Carlos I de Física Teórica y Computacional, Granada University, Spain University of Almería, Spain University of La Laguna, Canary Islands, Spain

Email: andrei@ualm.es, pmartine@ualm.es, rorive@ull.es

There are several tools suitable for the study of the zero distribution of the classical polynomials, like Jacobi, Laguerre or Bessel. Nevertheless, much less is known when the parameters defining these families vary together with the degree of the polynomial, and may take negative and even complex values.

We study the (weak) zero asymptotics of some classical families in this non-classical setting, establishing that the limit distribution of zeros is related with trajectories of quadratic differentials on a Riemann surface. Along with the positive results, some open problems are presented.

Geometric phase factor of Stark-Wannier resonance Fumitsuna Maruyama

University of Paris, Nord, France

In a uniform electric field, a crystal has a localization of energy called Stark-Wannier resonance. The resonance points are located periodically in the complex plane along the real axis with a very small imaginary part. Though this phenomenon was found after the mathematical prediction, a precise explanation was first given by Buslaev-Dmitrieva [1] using the multiple scale method.

The equation we treat is (− d^2 dx^2 + V (x) + εx)Φ(x) = EΦ(x),

where V is a periodic potential, ε is a small parameter which tends to 0, and E is an energy parameter. Tajima [2] developed a geometric phase factor in the first term of its asymptotic formal solution, as well as the Berry phase. The solution itself is obtained using the Bloch solution at a certain energy level. In Maruyama [3], the factor is calculated explicitely in the case where V is a Lamé potential, which is a finite–gap potential. The factor is devided into two parts; one depends only on the gap structure, and the other is a normalization part of the Bloch solution.

We calculate the phase factor for more general finite–gap potentials using the theta function after the Akhiezer and Its–Matveev formulae to verify its structure.

References [1] Buslaev-Dmitrieva, Leninglad Math. 1 (1990), 287–320 [2] Tajima, in First Korean-Japanese Colloquium on Finite or Infinite Dimensional Complex Analysis (1993), pp55–61 [3] Maruyama, J. Math. Sci. Tokyo. 4 (1997), 453–468

A celebration of the Erdélyi-Kober operators Adam McBride

University of Strathclyde, UK

The Erdélyi-Kober operators of fractional calculus have many uses. The lecture will survey some of these, including connectons with

• hypergeometric and Bessel functions

• dual integral equations of Titchmarsh

• fractional powers of Bessel-type differential operators

• Riesz potentials, via spherical harmonics.

Nonterminating q-Whipple transformations for basic hypergeometric series in U(n) Stephen Milne and John W. Newcomb

Department of Mathematics, Ohio State University, USA Email: milne@math.ohio-state.edu

The purpose of this talk is to discuss our multivariable generalizations of the classical nonterminating q-Whipple and q-Saalschütz transformations. We work in the setting of multiple basic hypergeometric series very well-poised on unitary groups U(n + 1). We derive these transformations from our previous U(n + 1) generalizations of the classical very well-poised_{10}ϕ_9 transformation. This is joint work with my former PhD student John W. Newcomb.

A duality of the Macdonald-Koornwinder polynomials and its application to the integral representations Katsuhisa Mimachi

Department of Mathematics, Kyushu University, Japan Email: mimachi@math.kyushu-u.ac.jp

A formula representing a duality of the Macdonald-Koornwinder polynomials will be presented. The formula induces several integral representations of the Macdonald-Koornwinder polynomials, of Heckman-Opdam’s Jacobi polynomials of type BC_m, etc.

Zeros of derivatives of cylinder functions of negative order Martin E. Muldoon

Department of Mathematics and Statistics, York University, Canada Email: muldoon@yorku.ca

The zeros of Bessel and other cylinder functions of positive order and their derivatives have been well studied [7]. There are fewer results on functions of negative order, when some of the zeros are complex, though some of them date back more than a century [1] and some recent extensive numerical and analytic work has been done [2].

L. Lorch and the speaker [5] have studied the real x–zeros of the derivative C^′_ν(x) of the cylinder function C_ν(x) = C_ν (x, α) = cos αJ_ν (x) − sin αY_ν(x) for ν < 0. For fixed α, 0 ≤ α < π and n = 1, 2, . . . , we have shown the existence of a number ν_n in the interval −n+α/π−1 < ν < −n + α/π such that the first positive zero of C^′_ν(x) occurs after the first positive zero of C_ν(x) when −n−1+α/π < ν < ν_n and before the first positive zero of C_ν(x) when ν_n ≤ ν < −n+α/π. In case ν_n < ν < −n−α/π, C^′_ν(x) has two zeros which precede the first positive zero of C_ν(x, α). The first is decreasing and the second is increasing as ν increases. Moreover, we show that in the case α = 0, for ν_1 = −1.117 · · · ≤ ν < −1, J^′_ν(x) has exclusively real zeros. The present results and earlier ones ([3,4,6] and unpublished work with Á. Elbert) on the zeros of J^{′′}_ν (x), J^{′′′}_ν (x) lead to some conjectures on the zeros of J^{(n)}_ν (x).

This research is supported by NSERC, Canada.

References

[1] A. Hurwitz, Math. Ann. 33 (1889), 246–266 [=Mathematische Werke, v. 1, 266–286]. [2] M. K. Kerimov and S. L. Skorokhodov, U.S.S.R. Comput. Math. and Math. Phys. 24, no. 5 (1984), 131–141; U.S.S.R. Comput. Math. and Math. Phys. 25, no. 6 (1985), 101–107; Soviet Math. Dokl. 33 (1986), 651–653.

[3] L. Lorch, Methods Appl. Anal. 2 (1995), 147–159.

[4] L. Lorch, M. E. Muldoon and P. Szego, Canad. J. Math. 43 (1991), 1309–1322. [5] L. Lorch and M. E. Muldoon, The real zeros of the derivatives of cylinder functions of negative order, submitted.

[6] M. E. Muldoon, J. Comp. Appl. Math. 57 (1985), 261–269.

[7] G. N. Watson. A Treatise on the Theory of Bessel Functions, 2nd ed., Cambridge University Press, 1944.

The WKB method for 3rd order O.D.E. Minoru Nakano

Department of Mathematics, Keio University, Yokohama, Japan Email: nakano@@math.keio.ac.jp

We consider a third order linear ordinary differential equation containing a small parameter:

ε^3y^{′′′} + 3(ax + b)ε^2y^{′′} + 3(cx + d)εy^′ + (ex + f)y = 0, 0 < ε ≤ ε_0, |x| ≤ x_0, (1)

which is classified by using the discriminant D of (1)’s characteristic equation:

λ^3 + 3(ax + b)λ^2 + 3(cx + d)λ + (ex + f) = 0. (2)

D = ( −3b^2d^2 + 4d^3 + 4b^3f − 6bdf + f^2 )

+ ( −6b^2cd − 6abd^2 + 12cd^2 + 4b^3e − 6bde + 12ab^2f − 6bcf − 6adf + 2ef ) x + ( −3b^2c^2 − 12abcd + 12c^2d − 3a^2d^2 + 12ab^2e − 6bce − 6ade + e^2 + 12a^2bf − 6acf ) x^2 + ( −6abc^2 + 4c^3 − 6a^2cd + 12a^2be − 6ace + 4a^3f ) x^3 + a^2 ( −3c^2 + 4ae ) x^4.

By defining constants appropriately, we get the following typical examples. The symbol ‘∘’ represents a number of n-ple zeros of D. There exists no case where D has only one simple zero or a 4-ple zero.

type 1ple 2ble 3ple characteristic equation discriminant D turning points Ia ∘∘ λ^3 − 3λ − 2x = 0 4(x^2 − 1) −1, 1 Ib ∘ ∘ ∘ λ^3 − 4xλ − 2 = 0 4{1 − (4x/3)^3} 3/4, 3ω/4, 3ω^2/4 Ib^0 ∘ ∘ ∘ λ^3 − 3xλ + 2 = 0 4(1 − x^3) 1, ω, ω^2 Ib^{00} ∘ ∘ ∘ λ^3 − 3xλ^2 + 4 = 0 16(1 − x^3) 1, ω, ω^2 Ic ∘ ∘ ∘∘ λ^3 + 3axλ^2 − 3aλ + x = 0 4a^3(x^4 − 1), a := q_{1 + 2/√3 −1, 1, −i, i} IIa ∘ λ^3 − x = 0 x^2 0,0 IIb ∘ ∘ λ^3 − λ^2 − xλ + x = 0 −4x(x − 1)^2/27 0,1,1 IIc ∘∘ ∘ λ^3 + 3xλ^2 − 4x = 0 16x^2(1 − x^2) −1, 1, 0, 0 IId ∘∘ λ^3 − xλ^2 − λ + x = 0 −4(x^2 − 1)^2/27 −1, −1, 1, 1 IIIa ∘ λ^3 − xλ = 3D0 −4x^3/27 0,0,0 IIIb ∘ ∘ λ^3 + xλ^2 + xλ + 1 = 0 −(x − 3)^3(x + 1)/27 −1, 3, 3, 3 The equation coming from type Ib with ε = 1 :

y^{′′′} − 4 x y^′ − 2y = 0 (3)

has the solutions Ai(x)^2, Ai(x)·Bi(x) and Bi(x)^2, where Ai(x) and Bi(x) are the Airy functions, the solutions of the Airy equation Y^{′′} − xY = 3D0. Three independent solutions of (3) are given by the integrals:

Ap(x) := ∫_{+∞} 0 1 √ s e^{xs−s3/12} ds, Bp(x) := ∫_{∞ω} 0 1 √ s e^{xs−s3/12} ds, (4) Cp(x) := 3D ∫_{∞ω}2 0 1 √ s e^{xs−s3/12} ds. References [1], [6] and [8] give no name to them, and so we propose here to name the equation (3) the Pairy equation and three functions Ap, Bp and Cp Pairy functions. The name “Pairy” is originated from Pairy=(Products+Airy)/2.

References [1] Abranowitz, M., and I .A. Stegun, Handbook of mathematical functions, Dover. [2] Berk, H. L., W. M. Nevins and K. V. Roberts, New Stokes line in WKB theory. J. Math. Phys. 23.

988-1002, 1982.

[3] Fedoryuk, M. V., Asymptotic Analysis, Springer Verlag. 1993.

[4] Nakano, M., On products of the Airy functions and the WKB method, J. of Tech. Univ. at Plovdiv. 1, 27-38, 1995.

[5] Nakano, M., M. Namiki and T. Nishimoto, On the WKB method for certain third order ordinary differential equations, Kodai Math. J. 14. 432-462,1991.

[6] Olver, F. W. J., Asymptotics and special functions. Academic Press, 1974.

[7] Reid, E.H., Integral representations for products of Airy functions. Z. Angew. Math. Phys. 46, 159-170, 1995.

[8] Zwillinger, D., Handbook of differential equations. Academic Press, 1989.

Knot invariants and new quantum field theory Sze Kui Ng

Department of Mathematics, Hong Kong Baptist University, Hong Kong Email: skng@math.hkbu.edu.hk

Recently Witten derived knot invariants such as the Jones polynomial from quantum field theory based on the Chern-Simon Lagrangian. Inspired by Witten’s work in this paper we derive knot invariants from a new quantum field theory. Our approach will be simpler and more rigorous and we can derive new knot invariants which extend the Jones polynomial.

Similar to the Wiener measure based on an integral ∫_{t1} t0 (_{dx} dt )_2

dt we propose the following integral for constructing a measure of quantum electrodynamics (QED): − 1 2 ∫_{s1} s0 [ 1 2 ( dA_1 ds − dA_2 ds )_2 + 2∑ i=1 ( dz ds − ieA_iz )_∗ ( dz ds − ieA_iz ) ]ds (1)

where s denotes the proper time in relativity; e denotes the electric charge and the complex variable z, real variables A_1, A_2 represent one electron and two photons respectively. By extending ds to (ih + β)ds (h, β > 0) we get a quantum model of QED. We remark that (1) is not formulated with the space-time. In this new QED model the space-time is clarified as a statistical concept which is not as fundamental as the proper time. For statistics of many electrons and photons we introduce space-time to write ds^2 in the form ds^2 = dt^2 − dx^2 which is the Lorentz metric. By this space-time statistics we can derive the results of the conventional QED theory and this new theory is free of difficulties of the conventional theory such as ultraviolet divergences. The integral (1) has a U(1)-gauge symmetry. We may extend it (as a nonabelian example) to a SU(2)-gauge symmetry with the following integral: L := − 1 2 ∫_{s1} s0 [ 1 2 Tr(D_1A_2 − D_2A_1)^∗(D_1A_2 − D_2A_1) + (D_1Z)^∗(D_1Z) + (D_2Z)^∗(D_2Z)]ds (2)

where Z = (z_1, z_2)^T is a two dimensional complex vector; A_j =

∑_3 k=1 A^k_j t_k (j = 1, 2) where t_k denote generators of SU(2) and D_j =^d_{ds} − igA_j (j = 1, 2) where g is the charge. (2) has a SU(2)-gauge symmetry. From it we can develop a QCD type quantum theory. Since (2) is not formulated with the space-time, the following partition function will be a topological invariant for knots:

⟨TrW_R⟩ := ∫ DA_1DA_2DZe^LTrW_R(C) (3)

where W_R(C) := W (r_0, r_1) := P e^{i ∫}C^{Aj dxj} which may be called a Wilson loop as analogous to the usual Wilson loop where C denotes a closed curve of the form: C(s) = (x^1(r(s)), x^2(r(s))), s_0 ≤ s ≤ s_1 where r is a real valued function such that r_0 := r(s_0) = r(s_1) = r_1. This closed curve C is in a two dimensional phase plane (x^1, x^2) dual to (A_1, A_2). P denotes a path-ordered product and R denotes a representation of SU(2). Then under a gauge transformation we have a quantum chiral symmetry W (z_0, z_1) → U(z_0)W (z_0, z_1)U^{−1}(z_1) where U(z_i) denotes an element of the SU(2) gauge group and we extend r to a complex variable z. Then the quantum current J(z) of this symmetry satisfies an affine Kac-Moody algebra with a central extension k > 0.

If we cut a knot we get two pieces of curves crossing (or not crossing) each other once. This gives two primary fields W (z_1, z_2) and W (z_3, z_4). Let us write W (z_i, z_j) = W (z_i, w^′)W^{−1}(z_j, w^′). Then from the Kac-Moody algebra we can derive the Knizhnik-Zamolodchikov equation for the correlation ⟨W (z_1, w^′_1)W^{−1}(z_2, w^′_1)W (z_3, w^′_2)W^{−1}(z_4, w^′_2)⟩. This KZ equation has two independent conformal block solutions forming a two dimensional vector space. From this we can derive the skein relation for the Jones polynomial. On the other hand the correlation ⟨W (z_1, z_2)W (z_3, z_4)⟩ satisfies the KZ equation for z_1, z_3 and satisfies a dual KZ equation for z_2, z_4 from which we can derive a quantum group structure for W (z_i, z_j) by the monodromy of the KZ equation. From this quantum group we can derive new knot invariants for which (3) is the knot invariant for the trivial knot. These new knot invariants extend the Jones polynomial and give a classification of knots.

Algebraic construction of the nonsymmetric Macdonald polynomials Akinori Nishino and Ujino Hideaki

University of Tokyo, Japan Email: nishino@renoir.phys.s.u-tokyo.ac.jp

The Macdonald operators form a commuting family of difference operators and have the simultaneous eigenfunctions which are called the symmetric Macdonald polynomials. Cherednik reconstructed the Macdonald operators in terms of the representation of the affine Hecke algebra, that is, the symmetrization of the commuting elements in the affine Hecke algebra provide the Macdonald operators through the restriction of their operands to the Weyl-group-invariant ring of polynomials. These commuting elements are called the Cherednik operators which have the simultaneous eigenfunctions, i.e., the nonsymmetric Macdonald polynomials. Introducing the raising and lowering operators, we algebraically construct the nonsymmetric Macdonald polynomials. The raising and lowering operators are provided from the representation of the double affine Hecke algebra. By use of the algebraic expressions of the nonsymmetric Macdonald polynomials, Cherednik’s scalar products are calculated.

Generating functions of m-simple branched covers and quasimodular forms Hiroyuki Ochiai

Department of Mathematics, Kyushu University, Japan Email: ochiai@math.kyushu-u.ac.jp

We show that the generating functions of m-simple branched covers of the elliptic curve are quasimodular forms in the sense of Kaneko-Zagier. For m = 2, this has been proved by Douglas, Dijkgraaf.

Resurgence in difference equations, with an application to Legendre functions Frank W.J. Olver

Institute of Physical Science and Technology, University of Maryland, USA Email: olver@ipst.umd.edu

Resurgence is the phenomenon in which the “late” coefficients and remainder terms in a Poincare asymptotic expansion can be re-expanded as generalized asymptotic expansions whose coefficients are the “early” coefficients in the original expansion. An extensive theory, with applications, has been developed for linear differential equations during the past decade. This lecture describes analogous results that have been obtained recently for linear difference equations of the second order.

New re-expansions of the remainder terms in asymptotic expansions of Legendre functions of large order are derived by way of illustration.

Using methods of classical analysis to solve new problems in singular perturbations Robert O’Malley

Department of Applied Mathematics, University of Washington, USA Email: omalley@amath.washington.edu

Singular perturbation problems have traditionally been solved by applied mathematicians and engineers using asymptotic matching and other relatively ad hoc techniques. In this time of exponential (and other more precise) asymptotic analyses, complex variable and other classical approaches can effectively provide the more careful results needed to successfully solve the more subtle problems of current interest and importance. This will be demonstrated using relatively simple boundary value problems.

Harmonic analysis for Hecke algebras Eric Opdam

Department of Mathematics, University of Leiden, The Netherlands Email: opdam@wi.leidenuniv.nl

We discuss various aspects of the analytic theory of Hecke algebras as was developed systematically by Cherednik, based on pioneering work of Dunkl. We will concentrate on the impact of this theory on some problems in classical representation theory.

On kernel polynomials and their zeros Suk-Bong Park

Korea Military Academy, Korea Email: parkmath@hanmail.net

Given an orthogonal polynomial system {Q_n(x)}^∞_{n=0}, define another polynomial system by P_n(x) = Q_n(x) − α_nQ_{n−t}(x), n ≥ 0 where α_n are complex numbers and t is a positive integer. We find conditions for {P_n(x)}^∞_{n=0} to be an orthogonal polynomial system. When t = 1 and α_1 ≠ 0, it turns out that {Q_n(x)}^∞_{n=0} must be kernel polynomials for {P_n(x)}^∞_{n=0}.

New asymptotic formulas for the Riemann zeta function on the critical line Richard B. Paris

Division of Mathematical Sciences, University of Abertay Dundee, United Kingdom Email: R.PARIS@mail1.tay.ac.uk

The classical means of computing the Riemann zeta function ζ(s) on the critical line s =^1_2 + it (t ≥ 0) are the Gram and the Riemann-Siegel formulas. Both these formulas consist of a finite main sum ∑_N n=1 n^{−s}, corresponding to the first N terms of the Dirichlet series, together with asymptotic correction terms. The essential difference between these two expansions is that the Gram formula is characterised by N = O(t/2π), whereas the more powerful Riemann-Siegel formula has N ∼ (t/2π)^{1/2} which represents a considerable saving in computation time for very large values of t.

During the last 5 years, other methods have been discovered which consist of the finite main sum replaced by a convergent sum with the sharp cut-off after N ∼ (t/2π)^{1/2} terms ‘smoothed’ by an error function or an incomplete gamma function. Term-for-term these new expansions are found to be more accurate than the Riemann-Siegel formula. In this lecture we shall present the details of one of these expansions: this relies on the connection between ζ(s) and the incomplete gamma function, together with use of the uniform asymptotics of Γ(a, z) for complex values of the variables. It is shown how other properties of the uniform asymptotics of Γ(a, z) (bounds on the remainder and the behaviour of the late terms) enable us to obtain some insight into the asymptotic character of this new expansion for ζ(s).

We shall also mention a formula corresponding to a Gram-type expansion where the smoothing of the main sum is via a Gaussian exponential rather than an error function.

Fourier analysis on the unit sphere and its Lipschitz perturbations Tao Qian

School of Mathematical and Computer Sciences, The University of New England, Australia Email: tao@turing.une.edu.au

The talk will concentrate on introducing a complex structure in Euclidean spaces using Clifford algebras. We show that, in this frame, usng Fueter’s and Sce’s methods we can establish a corresponding relationship between the unit sphere and the unit circle. By means of this relationship, we are able to treat Euclidean spaces just as we treat the space of complex numbers. As example, we develop a theory of singular integral operators that form an oprator algebra on the unit sphere and its Lipschitz perturbations. It includs the Hilbert transform in the context as a particular case.

Uniform asymptotic formula for orthogonal polynomials with exponential weight W.-Y. Qiu and R. Wong

Mathematics Department, FuDan University, China Department of mathematics, City University of Hong Kong, Hong Kong

Let {p_n(x)}_{n≥0} be the set of orthogonal polynomials with respect to the exponential weight w(x) = e^{v(x)}, where v(x) = x^{2m} + · · · is a monic polynomial of degree 2m with m ≥ 2 and is even. An asymptotic approximation is obtained for p_n(x), as n → ∞, which holds uniformly for 0 ≤ x ≤ O(n^{1/2m}). As a corollary, a three-term asymptotic expansion is also derived for the zeros of these polynomials.

A q-analogue of a product formula of Bailey and related results Mizan Rahman

School of Mathematics and Statistics, Carleton University, Canada Email: mrahman@math.carleton.ca

We find a q-analogue of Bailey’s product formula F ( a, b; c; 1 − x 2 ) F ( a, b; a + b − c + 1; 1 − y 2 )

= F_4 ( a, b; c, a + b − c + 1; (1 − x)(1 + y) 4 , (1 − y)(1 + x) 4 )

where F (a, b; c; t) is the Gaussian hypergeometric function and F_4 is an Appell function. The analogue of the F function that we consider here is the very-well-poised_8ϕ_7 series that corresponds to the quadratic lattice. It turns out that the resulting analogue of the F_4 function is not just one double series but a sum of six infinite double series containing very-well-poised 10ϕ_9 series. We also find a product formula in an integral form and discuss some special cases.

Elliptic integrals of the first and second kind — comparision of Bulirsch’s and Carlson’s algorithms for numerical calculation Klaus-Dieter Reinsch and Winfried Raab

Zentrum Mathematik, Technische Universität München, Germany Email: kladire@mathematik.tu-muenchen.de

Numerical calculations of elliptic integrals of the first and second kind are usually done using algorithms of R. Bulirsch [1] or B.C. Carlson [4]. These algorithms are based on the descending Landen transformation and the duplication theorem [3,4] respectively.

The algorithms will be compared concerning the number of floating point operations and computing time. The comparision is done in single precision with a given tolerance and leads to a rating concerning the range of the arguments.

A modification of Bulirsch’s algorithm will be presented for calculating the elliptic integral of the second kind ∫_x 0 1+k2_c ξ2 (1+ξ2)

√_{(1+ξ2)(1+k2c ξ2)} dξ avoiding cancellation occuring for arguments 0 < x ≪ 1 and values of the complementary modulus k_c ≫ 1.

The duplication theorem will be interpreted in the sense of the addition formula for the elliptic integral of the first kind or the Jacobian elliptic function sinus amplitudinis and in the sense of Weierstraß.

References [1] Bulirsch, R.: Numerical Calculation of Elliptic Integrals and Elliptic Functions, Num. Math. 7 (1965) [2] Carlson, B.C.: Elliptic Integrals of the First Kind, SIAM J. Math. Anal. 8 (1977) [3] Carlson, B.C.: Short Proofs of Three Theorems on Elliptic Integrals, SIAM J. Math. Anal. 9 (1978) [4] Carlson, B.C.: Computing Elliptic Integrals by Duplication, Num. Math. 33 (1979)

Positiviy of Dunkl’s intertwining operator Margit Röesler

Zentrum Mathematik, Technische Universität München, Germany Email: roesler@ma.tum.de

Dunkl operators are parametrized differential-reflection operators on a Euclidean space which are associated with a finite reflection group and generalize the usual partial derivatives. They are, for example, very useful in the analysis of certain exactly solvable quantum many particle systems of Calogero-Moser-Sutherland type. For a fixed reflection group and multiplicity parameters, the associated Dunkl operators generate a commutative algebra which is – under weak assumptions – intertwined with the algebra of partial differential operators by a unique linear and homogeneous isomorphism on polynomials.

In this talk we report on results concerning the structure of Dunkl’s intertwining operator in case of nonnegative multiplicity parameters, and discuss some of their implications. Our main result, which proves a conjecture of Dunkl, states that the intertwining operator is positivity-preserving on polynomials. The proof of this result uses semigroup techniques for linear operators on spaces of polynomials. Moreover, Dunkl’s interwining operator allows a positive integral representation on certain algebras of analytic functions. This in particular implies that the generalized exponential kernel of the Dunkl transform is positive-definite. We sketch some applications of these results and finally discuss ray asymptotics of the generalized exponential kernel.

References

[1] M. Röesler: Positivity of Dunkl’s intertwining operator. Duke Math. J., to appear.

r^{th}-Associated Orthogonal Polynomials, classical with respect to the operators Δ and D_q A. Ronveaux

Facults Universitaires de Namur, Belgium Email: Andre.Ronveaux@fundp.ac.be

For the operator D =^d_{dx} Classical Orthogonal Polynomials P_n(x) are defined from a weight ρ(x) solution of the Pearson equation D(σρ) = τρ (σ of degree ≤ 2, τ of degree 1). Then the r^{th} associated orthogonal polynomial P^{(r)}_n (x) satisfy the coupled differential relations (r integer)

L_{2,r}[P^{(r)}_n (x)] = K_r[P^{(r+1)}_{n−1} ]^′ , L^∗_{2,r}[P^{(r+1)}_{n−1} (x)] = K^∗_r [P^{(r)}_n ]^′ ,

with L_{2,r} and L^∗_{2,r} second order differential operators, K_r and K^∗_r constants.

When

D ≡ Δ Δf(x) = f(x + 1) − f(x) or D ≡ D_q D_qf(x)) = f(qx) − f(x) (q − 1)x , the corresponding Classical Orthogonal Polynomials defined from Δ(σρ) = τρ or D_q(σρ) = τρ , have r^{th}-associated polynomials which satisfy coupled difference or q-difference equations similar to the one obtained when D =^d_{dx} . From these equations a 4^{th}-order difference and q-difference equations are given. Situations for which the first associated Polynomials P^{(1)}_n belong to the P_n(x) family are also examined.

References

[1] M. Foupouagnigni, A. Ronveaux & W. Koepf, Fourth order q-difference equation for the first associated of the q-classical orthogonal polynomials, Journal of Computational and Applied Mathematics, 101, 231–236, 1999.

[2] M. Foupouagnigni, A. Ronveaux & M.N. Hounkonnou, The fourth-order difference equation satisfied by the Associated Orthogonal Polynomials of the Δ-Laguerre-Hahn class, Journal of Symbolic Computation, in print.

Coupling coefficients and multivariable orthogonal poltynomials Hjalmar Rosengren

Department of Mathematics, Lund University, Sweden Email: hjalmar@maths.lth.se

Some of the earliest explicit examples of multivariable orthogonal (and biorthogonal) polynomials were given by Appell in the late 19th century. These include polynomials expressible in terms of Lauricella functions and polynomials that factor as products of one-variable orthogonal polynomials. Related polynomial systems have since been studied by many authors, and they have also appeared in applications such as statistics and quantum physics.

One should point out that these polynomial systems are close to their one-varia ble special cases in the sense that their weight functions factor as products of elementary parts. In recent years several more “genuinely” multivariable polynomial systems have been discovered, such as the Koornwinder-Macdonald polynomials.

In this talk we provide group-theoretic interpretations of Appell’s polynomials and their relatives. We show that they arise as coupling coefficients (generalized Clebsch–Gordan coefficients) for the simplest Lie groups. For the Lie group SU(1, 1) one obtains multivariable generalizations of the Jacobi, Hahn and continuous Hahn polynomials, for the Heisenberg group multivariable Krawtchouk and Hermite polynomials. For the SU(1, 1) quantum group, one may obtain multivariable q-Racah and Askey–Wilson polynomials as coupling coefficients. The group-theoretic interpretation leads to simple and unified proofs of various formal properties of these polynomial systems.

Analytical study of 3 point Lotka-Volterra map Satoru Saito

Department of Physics, Tokyo Metropolitan University, Japan Email: saito@phys.metro-u.ac.jp

A particular Lotka-Volterra system is known equivalent to the discrete time Toda lattice, hence it is completely integrable. We would like to know explicitly the behaviour of solutions of such systems. We are particularly interested in what is implied by the complete integrability of this system.

In this talk we consider a 3 point Lotka-Volterra map whose orbits we can follow explicitly. We will argue how the integrability is attained when it was viewed from nonintegrable regime.

Radon perfectness of conelike ∗-semigroups in Q^{(∞)} K. Furuta and N. Sakakibara

Musashi Institute of Technology, Japan Ibaraki University, Japan Email: sakaki@base.ibaraki.ac.jp

Let S = (S, +, ∗) be an abelian ∗-semigroup with the identity. The semigroup S is called Radon perfect if every positive definite function on S has a unique representing measure on the dual semigroup of S (cf.[1]). For example, the abelian ∗-semigroup

Q^{(∞)} := {(x_1, x_2, · · · ) | x_n ∈ Q, x_n = 0 eventually}

is Radon perfect for any involution ∗. In this talk, we characterize the structure of involutions on an abelian ∗-semigroup in Q^{(∞)}, and show that any conelike ∗-semigroups in Q^{(∞)} are Radon perfect. Furthermore, we present some corollaries for positive definite and related functions (cf. [2],[3]).

Theorem 1. For every abelian ∗-semigroup S in Q^{(∞)}, there exist an abelian ∗-semigroup T in Q^{(∞)} and an infinite diagonal matrix E = diag{ε_1, ε_2, · · · }, where ε_i = 1 or −1, such that (S, +, ∗) is ∗-isomorphic to (T, +, E). Here the involution of T is given by (x_1, x_2, · · · )^∗ = (ε_1x_1, ε_2x_2, · · · ).

Definition. Let S be an abelian ∗-semigroup which is a subset of Q^{(∞)}. S is called conelike if for every s ∈ S there is a nonnegative rational number α(s) such that αs ∈ S for all rational numbers α ≥ α(s).

Theorem 2. Every conelike ∗-semigroup in Q^{(∞)} is Radon perfect.

Corollary 1. Let S be a conelike semigroup in Q^{(∞)} with the identical involution. Then every positive definite (resp. negative definite) function on S is completely positive definite (resp. completely negative definite).

Corollary 2. Let S be a conelike semigroup in Q^{(∞)} with the identical involution, ψ a function on S. Then the following conditions are equivalent: (1) ψ is negative definite;

(2) ψ fulfils Hoeffding’s inequality of order n for any n ≥ 2; (3) ψ is a Schur increasing function of order m for any m ≥ 2.

References [1] C. Berg, J. P. R. Christensen and P. Ressel, Harmonic analysis on semigroups. Theory of positive definite and related functions, Springer-Verlag, New York - Berlin - Heidelberg - Tokyo, 1984.

[2] K. Nishio and N. Sakakibara, Perfectness of conelike �-semigroups in Q^k, Math. Nachr. to appear. [3] K. Furuta and N. Sakakibara, Radon perfectness of conelike �-semigroups in Q^{(∞)}, preprint.

Remarks on the inner product formulas of Debnath and Grum Ken-ichi Sato

Depertment of Mathematics, Nihon University, Japan Email: ken-sato@ht-net21.ne.jp

In 1988, L. Debnath and W.J. Grum discussed an interesting property of Riemann-Liouville fractional integral operator D^{−α} and Weyl fractional integral operator W^{−α}. Using the inner product notation, they obtain (D^{−α}f, g) = (f, W^{−α}g). They stated that D^{−α} and W^{−α} behave like adjoint operators. We apply the formulas of Debnath and Grum to obtain the following results.

D^{−α}t^{−1} = 1 Γ(α) t^{α−1}(log t)u(t) − ( γ + Γ^′(α) Γ(α) ) t^{α−1} Γ(α) u(t), α > 0 (1) where u(t) is a Heaviside unit-step function and γ is the Euler’s constant.

D^{−α}t^{−2} = ( γ(α − 1) − 1 + (α − 1)Ψ(α) − 1 ) Pf t^{α−2} Γ(α) u(t) − (α − 1)Ψ(α)Pf log t t^{α−2} Γ(α) u(t), 0 < α < 1 (2)

where Pf is a pseudofunction and Ψ is the digamma function.

D^{12} t^{− 12} = √ πδ(t) D^{2n+12} t^{− 12 −m} = (−1)^{n+m}Γ ( 1 2 − m ) (m + n)!δ(t)t^{−n−m}, (3) where δ(t) is the Dirac delta function.

D^{3n+13} t^{− 23} = n!(−1)^nΓ ( 1 3 ) δ(t)t^{−n} D^{3n+23} t^{− 13} = n!(−1)^nΓ ( 2 3 ) δ(t)t^{−n} Here the Riemann-Liouville fractional integral D^{−α} of the power function f(t) = t^ν is D^{−α}t^ν =

Γ(ν+1) Γ(α+ν+1) t

ν+α, (α > 0, ν > −1) and the Weyl fractional integral of f(t) is defined by

W^{−α}[f(t)] = 1 Γ(α) ∫_∞ x (t − x)^{α−1}f(t)dt

References [1] Debnath, L. Integral Transforms and Their Applications CRC Press, Inc., Boca Raton, New York, 1995. [2] Debnath, L., and Grum, William J., (1988). The fractional calculus and its role in the synthesis of special functions: Internat. J. Math. Edu. Sci. & Technol, 19, 215–230; 19, 347–362.

[3] K.S. Miller and B.Ross, An introduction to the fractional calculus and fractional differential equations, A Wiley-Interscience publication.1993.

[4] Podlubny I. Fractional Differential Equations, Academic Press, 1999.

Solitons and Coulomb plasmas, similarity reductions and special functions V.P. Spiridonov

Bogoliubov Laboratory of Theoretical Physics, JINR, Dubna, Russia Email: svp@thsun1.jinr.ru

Two applications of integrable nonlinear partial differential and difference equations, appearing from the compatibility conditions of two linear problems, are outlined.

First, tau-function of the N-soliton solution of the Korteweg-de Vries (KdV) equation is shown to describe fixed temperature partition functions of the specific Coulomb gases or Ising magnets on lines. A similar relation holds for Coulomb plasmas on the plane with some boundaries and soliton solutions of the Kadomtsev-Petviashvili (KP) equation. Partition functions are calculated exactly for the cases when the KdV and B-type KP soliton amplitudes form a number of geometric progressions (this is a joint work with I. Loutsenko).

Second, a (1+1)-dimensional discrete-time chain associated with the three-term recurrence relation of the R_{II} -type (Ismail and Masson, 1995) and some of its similarity reductions are described. The latter lead to large classes of biorthogonal rational functions including an eleven parameter family based upon the very-well poised, balanced_{10}φ_9 basic hypergeometric series. This is a joint work with A. Zhedanov.

Gaussian quadrature rules with simple node-weight relations E.X.L. de Andrade and A. Sri Ranga

DCCE, IBILCE, Universidade Estadual Paulista (UNESP), Brazil Email: RANGA@nimitz.dcce.ibilce.unesp.br

Here we consider the Gaussian quadrature rules associated with the orthogonal polynomials {Q^{(p)}_n } that satisfy the recurrence relations

Q^{(p)}_{n+1}(z) = zQ^{(p)}_n (z) − α_{n+1}Q^{(p)}_{n−1}(z) n ≥ 1,

with Q^{(p)}_0 (z) = 1 and Q^{(p)}_1 (z) = z, where

α_2 = pα_0, α_{2n+1} = α_1 and α_{2n+2} = α_0, n ≥ 1.

Here 0 < p, α_0, α_1 < ∞. The associated measure dϕ_p is

ϕ_p(x) =

Δ(α_1 − α_0) A(p) δ(x) + Δ ( (p − 1)^2α_0 − α_1 ) (p − 1)A(p) [δ(x + ξ(p)) + δ(x − ξ(p))] + 1 2πA(p) ∫_x −∞ √ b^2 − t^2 √ t^2 − a^2 |t|(1 + q(p)t^2) I_B(t)dt, where a^2 = ( √ α_0 − √ α_1)^2, b^2 = ( √ α_0 + √ α_1)^2, A(p) = (p − 1)α_0 + α_1, q(p) = −(p − 1)/(pA(p)), (ξ(p))^2 = −1/q(p), Δ(x) = xδ(x), I_B(x) = δ(x + b) − δ(x + a) + δ(x − a) − δ(x − b) is the indicator function of the set B = [−b, −a] ∪ [a, b] and δ(x) is the Dirac delta function.

We show that the weights (Christoffel numbers) of the quadrature rules can be given as simple rational functions in terms of the corresponding nodes.

Applications of q-Hermite polynomials Dennis Stanton

Department of Mathematics, University of Minnesota, USA Email: stanton@math.umn.edu

The q-Hermite polynomials are orthogonal polynomials with a parameter q which generalize the Hermite polynomials. As with the Hermite polynomials, their generating function is closely related to their measure. This allows for efficient integral evaluations, with applications to integer partitions. For example, the Rogers-Ramanujan identities follow immediately from an integral, as does a new quintic transformation. Many new multisum Rogers-Ramanujan identities are naturally motivated and follow from the q-Hermite polynomials, along with addition theorems for the quadratic q-exponential function. Some related combinatorial questions will be discussed.

On connections between Hankel, Laguerre, and Jacobi transplantation Krzysztof Stempak

Politechnika Wrocławska, Instytut Matematyczny Politechniki Wrocławskiej, Poland Email: stempak@ulam.im.pwr.wroc.pl

We prove two results showing connections between the Hankel transplantation and a transplantation for a certain kind of Laguerre and Jacobi expansions. An asymptotic formula of Hilb’s type for Laguerre and Jacobi polynomials is used. As an application of this link we obtain an extension of Guy’s transplantation theorem for the Hankel transform to the case α, γ > −1 also with more weights allowed. This is done by transferring a corresponding transplantation result for Jacobi expansions which was proved by Muckenhoupt. In the case when α, γ ≥ −1/2 the same is obtained by using Schindler’s explicit kernel formula for the transplantation operator H_α ∘ H_γ.

The Askey-Wilson function transform and its degenerate cases Jasper V. Stokman

Université Louis Pasteur, Strasbourg, France Email: stokman@irmast1.u-strasbg.fr

In this talk we discuss the spectral analysis of the Askey-Wilson second order q-difference operator as a formally symmetric operator on a one-parameter family of L^2-spaces. We define the associated Askey-Wilson function transform, which depends, besides q, on five parameters. The additional fifth parameter is related to the different choices of (non-compact) measures. We furthermore present the Plancherel formula and inversion formula for the Askey-Wilson function transform. In particular, it is shown that the Askey-Wilson function transform is self-dual, in the sense that its inverse is again a Askey-Wilson function transform, but with a different (“dual”) choice of parameter values. In Erik Koelink’s talk at this conference it is shown that the Askey-Wilson function transform is closely related to harmonic analysis on the SU(1, 1) quantum group.

The big and little q-Jacobi function transform, as well as several types of q-Hankel transforms, are presented as degenerate cases of the Askey-Wilson function transform. This leads to the interpretation of the self-dual Askey-Wilson function transform as a four parameter extension of the self-dual little q-Hankel transform. Furthermore, the Plancherel formula and inversion formula for the big q-Jacobi function transform give detailed information about orthogonality relations for the continuous dual q^{−1}-Hahn polynomials with respect to a one-parameter family of non-extremal orthogonality measures.

The degenerate cases which will be discussed in this talk are all related to harmonic analysis on the quantum SU(1, 1) group or to harmonic analysis on the quantum group of plane motions.

This talk is based on joint work with Erik Koelink.

Brahmagupta polynomials with two parameters and their application to crystallography R. Rangarajan and E.R. Suryanarayan

Kuvempu University, India University of Rhode Island, USA Email: sury@math.uri.edu

Let M denote the set of matrices of the form B = [ x y ty x + sy ]

where t and s are fixed reals number and x and y are real variables. Define B to be the Brahmagupta matrix. It is easy to check that M is a commutative algebra over the reals. Let β = det B = x^2 + sxy − ty^2. Define α_{pm} =^{−s±} √ s2+4t 2 and

B^n = [ x y ty x + sy ]_n = [ x_n y_n ty_n x_n + sy_n ] = B_n. Using the eigenrelations of B, we obtain the following Binet forms for x_n and y_n:

x_n = 1 α_+ − α_−

[α_+(x − α_−y)^n − α_−(x − α_+y)^n], y_n = 1 α_+ − α_−

[(x − α_−y)^n − (x − α_+y)^n]

and x_n − α_±y_n = (x − α_±y)^n. Notice that x_0 = 1 and y_0 = 0. x_n and y_n are homogeneous polynomials in x and y satisfying the following difference equations:

x_{n+1} = (2x + sy)x_n − βx_{n−1}, y_{n+1} = (2x + sy)y_n − βy_{n−1}.

If s = t = y = 1 and x = 0 then B reduces to the Fibonacci matrix F = [ 0 1 1 1 ] generating

Fibonacci sequence and Penrose tilings with 5-fold symmetry; If s = 0, x = y = 1 and t = 2,

then B becomes the Pell matrix P = [ 1 1 2 1 ] , which generate the Pell sequence and quasi-

periodic tilings with 4-fold and 8-fold symmetries.

In the Brahmagupta matrix if we put √ ty = x^2 − 1, we find that

x_n = 1 2 [(x + √ x^2 − 1)^n + (x − √ x^2 − 1)^n], ty_n = 1 2 [(x + √ x^2 − 1)^n − (x − √ x^2 − 1)^n].

Writing x_n = T_n and √ ty_n = √ x^2 − 1U_{n−1}, we see that T_n and U_n are Chebychev polynomials of the first and second kind respectively.

The polynomials x_n and y_n satisfy a host of other relations; to name a couple, they both satisfy the wave equation: ( ∂^2 ∂x^2 − 1 t ∂^2 ∂y^2 ) U = 0 and ∞∑ k=1 1 x_{k+1} ( 2x + s x_{k−1} − β + 1 x_k ) = 1 x .

Basic Fourier series Sergei K. Suslov

Department of Mathematics, Arizona State University, USA Email: suslov@math.la.asu.edu

The study of Fourier series has a long and distinguished history in mathematics. They were introduced in order to solve the heat equation, and since then they have been frequently used in various applied problems. Much of modern real analysis including Lebesgue’s fundamental theory of integration had its origin in some deep convergence questions in Fourier series. An interesting extension of Fourier series was discovered recently. In this talk we intend to lay a sound foundation for this study. We introduce basic Fourier series, investigate their main properties, and discuss some applications. Interesting open problems and further extensions of the theory will be given.

An operator theoretic characterization of the raising formula for Hermite polynomials F.H. Szafraniec

Instytut Matematyki, Uniwersytet Jagielloński, Poland Email: fhszafra@im.uj.edu.pl

We propose a characterization of the aforesaid formula, or rather the related formula which defines the creation operator of the quantum harmonic oscillator, in terms of some invariance property of weighted shifts. The same refers to Charlier polynomials and to still another class of special functions.

Integral equations, special functions and decomposition of some probability distributions Katsuo Takano

Department of Mathematical Science, Ibaraki University, Japan Email: ktaka@mito.ipc.ibaraki.ac.jp

The speaker will talk on an integral equation and analytical property of some probability distributions which are like the student t distributions and the F distributions. The speaker is interested in the analytical property of kernel function of an integral equation of the following type: For a given probability density function g(x), it holds that xg(x) = ∫_x 0 g(x − y)k(y) dy, x > 0. If we can transform the above integral equation to an integral equation of the second kind we can show that there exists a kernel function of the above integral equation and furthermore we can know the analytical property of k(y) if the density function g(x) is simple. In case of the t distribution with degree of freedom 5, there appears a function given by the following formula,

v^4 π(3^2 + 3v^2 + v^4) = 2 π^2v(J^2_{5/2}(v) + Y^2_{5/2}(v)) , v > 0,

where J_{5/2}(v), Y_{5/2}(v) are the Bessel functions of first kind and second kind with order 5/2. From this concrete function, the convolutional decomposition of the t distribution can be obtained and we can find a clue to study the heigher dimensional case of similar probability density. The speaker will also report a formula of confluent hypergeometric functions and results obtained from it.

On Fourier-Laplace transforms of distributions with compact support Tai-Man Tang

Department of Mathematics, University of Hong Kong Email: mattang@submaths.hku.hk

Let T be a distribution with compact support on R. We prove that there is a positive function g ∈ C^m_0 (R) with m sufficiently large such that T ∗ g is positive if and only if T̂ , the Fourier- Laplace transform of T , never vanishes on the imaginary axis. Here, positive means nontrivial and nonnegative. If T is supported at one point, g can be chosen with arbitrarily small support. We discuss the implications of these statements, including those on the Beurling-Malliavin Multiplier Theorem.

The role of Hermite polynomials in asymptotic analysis Nico M. Temme

CWI, Amsterdam, The Netherlands Email: Nico.Temme@cwi.nl

Hermite polynomials show up in several problems of asymptotic analysis. We consider three different instances where these classical orthogonal polynomials can be used as main approximants:

1. As limits of other polynomials such as Laguerre and Jacobi orthogonal polynomials, but also of Bernoulli polynomials. We consider a rather elementary approach based on the generating functions of the polynomials.

2. In turning point problems for second order linear differential equations. In particular the Hermite polynomials can be used when two nearby turning points are present.

3. For functions defined as an integral in which the saddle points follow a certain pattern for certain values of the parameters

In all three cases, the results can be used for describing the asymptotic behaviour of polynomials. Several concepts of asymptotic analysis will be introduced, in particular those needed for uniform asymptotics. We briefly discuss that the Hermite polynomials are special cases of another set of special functions, the Weber parabolic cylinder functions, which can be used in similar and more general problems of asymptotic analysis.

Statistics of graph spectra for some finite matrix groups Audrey Terras

Mathematics Department, University of California, San Diego, USA Email: ir152@sdcc3.ucsd.edu

Physicists have long studied spectra of Schroedinger operators and random matrices, thanks to the implications for quantum mechanics. Analogously number theorists and geometers have investigated the statistics of spectra of Laplacians on Riemannian manifolds associated to arithmetic groups. This has been termed ”arithmetic quantum chaos” by Sarnak. Equivalently one studies the zeros of Selberg zeta functions. Parallels with the statistics of the zeros of the Riemann zeta function have been evident for some time. Here we survey what may be called ”finite quantum chaos” - seeking connections with the continous theory and with special functions. The results can also be formulated in terms of Ihara zeta functions of graphs.

Two linear transformations each tridiagonal with respect to an eigenbasis of the other Paul Terwilliger

Department of Mathematics, University of Wisconsin, Madison, USA Email: terwilli@math.wisc.edu

Let F denote a field, and let V denote a finite dimensional vector space over F. In this paper, we consider pairs of F-linear maps A : V → V and A^∗ : V → V satisfying both conditions below:

1. There exists a basis for V with respect to which the matrix representing A is diagonal, and the matrix representing A^∗ is irreducible tri-diagonal.

2. There exists a basis for V with respect to which the matrix representing A^∗ is diagonal, and the matrix representing A is irreducible tri-diagonal.

We call such a pair a Leonard pair on V . We give a complete classification of Leonard pairs. In the process, we show that for any Leonard pair A, A^∗, there exists a sequence of scalars β, γ, γ^∗, ϱ, ϱ^∗ from F such that the commutators

0 = [A, A^2A^∗ − βAA^∗A + A^∗A^2 − γ(AA^∗ + A^∗A) − ϱA^∗], 0 = [A^∗, A^{∗2}A − βA^∗AA^∗ + AA^{∗2} − γ^∗(A^∗A + AA^∗) − ϱ^∗A]. The sequence is uniquely determined by the Leonard pair if the dimension of V is at least 4. For β = 2, γ = 0, γ^∗ = 0 the above relations are known in statistical mechanics as the Dolan-Grady relations. We discuss how Leonard pairs are related to the q-Racah polynomials and other polynomials from the Askey scheme.

Convolution semi-groups and Calderon’s formulas for compact k-variables continuous polynomial hypergroups Khlifa Trimeche

Department of Mathematics, Universite des Science, Tunisia Email: Khlifa.Trimeche@fst.rnu.tn

We present results on convolution semi-groups on compact k-variables continuous polynomial hypergroups H, and we characterize some of them by Levy-Khintchine formulas.

Next we consider the Calderon’s formula f = ∫_∞ 0 f ∗ μ_a da a , where ∗ is the convolution product on H and {μ_a}_{a>0} a family of complex-valued Borel measures supported in H, satisfying some conditions. We study the convergence of this formula and of its discretization, and we give links between the family {μ_a}_{a>0} and convolution semi-groups.

Conserved operators and their simultaneous eigenfunctions for the quantum Calogero models with distinguishable particles Hideaki Ujino and Akinori Nishino

University of Tokyo, Japan Email: ujino@monet.phys.s.u-tokyo.ac.jp

Due to the large degeneracy of their energy eigenvalues, the A_{N−1}- and B_N -Calogero models respectively have two inequivalent sets of conserved operators. One is given by the Dunkl- Cherednik operator formulation, and the other is given by a similarity transformation method. Two sets of conserved operators include, by definition, the Hamiltonians of the quantum Calogero models. However, the conserved operators of one set and those of the other do not commute. Thus the simultaneous eigenfunctions of each set of conserved operators are different. The simultaneous eigenfunctions of the Cherednik operators for the A_{N−1}- and B_N -Calogero models respectively are the nonsymmetric multivariable Hermite and Laguerre polynomials. We shall present the Rodrigues formulas for both polynomials. The simultaneous eigenfunctions of the conserved operators given by the similarity transformation method are algebraically constructed in completely parallel way to the construction of the Fock space of the quantum Harmonic oscillators.

Integrable systems, special functions and alagebraic combinatorics Luc Vinet

CRM, Universite de Montreal, Canada

I shall discuss examples that illustrate aspects of the fruitful interplay that has developed recently between these three areas.

Harmonic analysis and Markov processes associated with Dunkl operators Michael Voit

Department of Mathematics, University of Tuebingen, Germany Email: michael.voit@uni-tuebingen.de

Dunkl operators are parametrized differential-difference operators on R^N which are related to finite reflection groups. They can be regarded as a generalization of partial derivatives and play a major role in the study of Calogero-Moser-Sutherland-type quantum many-body systems. Dunkl operators lead to generalizations of various analytic structures, like the Laplace operator, the Fourier transform, Hermite polynomials and the heat semigroup.

The purpose of this talk is to present some probabilistic aspects of this theory. In particular, stochastic processes on R^N associated with Dunkl’s Laplace operators and heat semigroups will be introduced. These processes may be regarded as generalizations of classical Brownian motions; these processes may however admit jumps (coming from spin exchanges) and form, after symmetrization with respect to the underlying reflection groups, diffusions on the Weyl chambers. A major part of the talk will be devoted to connections of these processes with special functions like generalized Hermite polynomials. Moreover, related evolution semigroups and stochastic processes like generalizations of Cauchy and Ornstein-Uhlenbeck processes will be discussed. The results of this talk are joint work with Margit Rösler.

Hypergroups and special functions N.J. Wildberger

School of Mathematics, University of NSW, Australia

We will give first an overview of some of the connections between hypergroup theory and special functions, spherical hypergroups associated to symmetric spaces and wrapping maps. Then we will discuss work with N. Obata on generalized hypergroups and connections with orthogonal polynomials.

Uniform asymptotic expansions for orthogonal polynomials R. Wong

Department of Mathematics, City Univetsity of Hong Kong Email: mawong@cityu.edu.hk

Asymptotic behaviors of the classical orthogonal polynomials such as Hermite H_n(x), Laguerre L^{(α)}_n (x) and Jacobi P^{(α,β)}_n (x) are now well-known. The same can not be said about the more recent orthogonal polynomials such as Charlier C^{(a)}_n (x), Meixner m_n(x; β, c), Pollaczck P_n(x; a, b), Meixner-Pollaczek M_n(x; δ, η) and Krawtchouk polynomials. In this lecture, I shall make a brief report on the development of uniform asymptotic expansions for these polynomials as well as those which are orthogonal with respect to an exponential weight function on the real line.

Classical and generalized classical orthogonal polynomials in several variables Yuan Xu

Department of Mathematics, University of Oregon, USA Email: yuan@darkwing.uoregon.edu

The classical orthogonal polynomials (OP) in several variables are polynomials orthogonal with respect to the Jacobi type weight functions on the cube [−1, 1]^d, the unit ball B^d and the simplex T^d in R^d , as well as multiple Hermite polynomials and multiple Laguerre polynomials.

We define the generalized classical OP on B^d as polynomials orthogonal with respect to weight functions that are invariant under reflection groups, and define the generalized classical OP on T^d by a relation between orthogonal structure on T^d and that on B^d. The classical OP on B^d and on T^d correspond to the rotation group and the abelian group Z^d_2, respectively. A connection between orthogonal structure on B^d and that on S^d allows us to connect these polynomials to Dunkl’s h-harmonics associated with reflection groups. In particular, the generalized classical OP on B^d or on T^d associated with the group G are eigenfunctions of a second order differential-difference operator which is derived from the h-Laplacian associated to the G × Z_2. Moreover, under proper limit of the Z_2-parameter, the generalized OP on B^d are shown to converge to the generalized Hermite polynomials on R^d and the generalized OP on T^d converge to the generalized Laguerre polynomials on R^d_+ . In the case of Weyl group of type A and B, the latter two cases are associated to the Calogero-Sutherland models, which have been studied by many authors.

The connection between generalized OP and h-harmonics allows us to study the Cesàro summability of the Fourier orthogonal expansion on B^d and on T^d. In the case of classical OP, it yields sharp convergence results for the Cesàro summability and remarkable compact formulae for the reproducing kernels. We will also report results on the Cesàro summability in the case of [−1, 1]^d, which requires separate treatment.

Schur’s Q-functions and twisted affine Lie algebras Hiro-Fumi Yamada

Department of Mathematics, Hokkaido University, Japan Email: yamada@math.sci.hokudai.ac.jp

This talk deals with the weight vectors of the basic representations of the twisted affine Lie algebras A^{(2)}_{2l} and D^{(2)}_{l+1}. The weight vectors are expressed in terms of Schur’s Q-functions. The up and down motion along a string of the fundamental imaginary root is described as a combinatorial game on an abacus. As a consequence one can determine the homogeneous polynomial solutions to the reduced BKP hierarchies as the maximal weight vectors. The results obtained will be applied to the case of A^{(1)}_1 . The embedding of A^{(1)}_1 into D^{(2)}_4 gives rise to a modified realization of the basic representation of A^{(1)}_1 . The isomorphism between the standard and this non-standard realizations of the basic representation induces a funny identity of Schur’s S-functions and Q-functions indexed by certain partitions. In fact this identity reflects a nature of decomposition matrices of the modular spin representations of the symmetric groups with characteristic two.

Although the results presented in the talk might be known to experts, I could not find descriptions in the literature, at least in this form. Hence I decide to give a talk on this occasion. This is a joint work with Tatsuhiro Nakajima (Meikai University).

Finite element method for multi-dimensional hyperbolic systems of conservation laws Lung-an Ying

School of Mathematical Sciences, Peking University Email: yingla@sxx0.math.pku.edu.cn

The application of numerical simulation to fluid dynamics requires the scheme to be flexible and highly accurate. Unstructured grids are suitable to complicated geometry, so they are frequently used. We present here a new explicit finite element scheme, which is of first or second order and defined on unstructured grids, for the numerical computation to multi-dimensional hyperbolic systems of conservation laws. We obtain three basic estimates for the scalar cases: maximum norm estimate, discrete entropy inequality, and energy estimate, then based on these estimates we prove strong convergence in Lp of approximate solutions to entropy solutions. Moreover it is proved that if the mesh is uniform and the exact solution is smooth, then the order of convergence in L2 is exact two for the second order scheme. Numerical experiments show that the approximate solutions are in very good agreement with the exact ones.

Asymptotic zero distribution of solutions of oscillatory second order differential equations A. Zarzo, P. Martínez and A. Martínez Finkelshtein

Instituto Carlos I de Física Teórica y Computacional, Universidad de Granada, Spain, and Depto. Matemática Aplicada, ETSII, Universidad, Politécnica de Madrid, Spain Depto. Estadística y Matemática Aplicada, Universidad de Almería, Spain Email: azarzo@etsii.upm.es, andrei@ualm.es, pmartine@ualm.es Let P (x, n)y^{′′}(x) + Q(x, n)y^′(x) + R(x, n)y(x) = 0 (1) be a sequence of second order differential equations, whose coefficients are polynomials in x of fixed degree and rational functions in n. For each n, let P_n be a solution of (1).

For several applications (orthogonal polynomials theory, special functions, mathematical physics) the problem of asymptotic distribution of zeros of {P_n} (as n → ∞) is of great interest (see e.g. [1, 2, 3]).

In this talk we present a general method which allows explicit computation of the absolutely continuous component of this distribution directly in terms of the coefficients of (1). Furthermore, this method also handles an eventually necessary scaling of the variable x, i.e. {P_n(a_nx)}, in order to obtain nontrivial densities. This method is based on recent results obtained in [4, 5], and is suitable to be implemented in any computer algebra system, such as Mathematica [6].

Our results are illustrated by considering the Lame differential equation, i.e. an equation as (1) with polynomial coefficients P , Q and R of degree p + 1, p and p − 1. A detailed discussion is done for the cases p = 0 and p = 1.

References [1] W. Gawronski, Strong asymptotics and the zero distribution of Laguerre polynomials L^{(an+α)}n and Hermite polynomials H^{(an+α)}n , Analysis 13 (1993) 29.

[2] Li-Chen Chen and M.E.H. Ismail, On a symptotics of Jacobi polynomials, SIAM J. Math. Anal. 22 (1991) 1442.

[3] A. Martínez, A. Zarzo and R.J. Yáñez, Two appraoches to the zero asymptotics of a class of hypergeometric type polynomials, Mat. Sbornik 185 (1994) 65; English Transl. Russian Acad. Sci. Sb. Math. 83 (1995) 483.

[4] “Complex Methods in Approximation Theory”; A. Martínez Finkelshtein, F. Marcellán, J.J.

Moreno-Balcázar, Eds.; ISBN: 84-8240-046-0; Universidad de Almería, 1997.

[5] A. Zarzo, Hipergeometric-type Differential Equations, PhD. Thesis (In Spanish), Universidad de Granada, Granada, Spain; and Preprint Depto. Matemática Aplicada, ETSII, UPM (In preparation).

[6] Wolfram Research Inc., Mathematica version 2.2 (Champaign, Illinois, 1993).

About the Jackson’s q-Gamma function Changgui Zhang

Maître de Conférences in La Rochelle Univ, France Email: czhang@univ-lr.fr

Let q ∈]0, 1[; let us denote [x] = (1 − q^x)/(1 − q) and (x; q)_∞ = ∏ n≥0(1 − xq^n) for x ∈ C .

Let A = {x ∈ C : ℜx > 0}. The Jackson’s Gamma function, defined on A by Γ_q(x) =

(q; q)_∞(1 − q)^{1−x}/(q^x; q)_∞, satisfies the functional equation

y(x + 1) = [x]y(x), y(1) = 1. (1)

Following a paper of R. Remmert for the Γ-function, we show how to obtain an integral representation of 1/Γ_q using the fact that Γ_q is the unic analytical solution of (1) on the half-plane

A , bounded on the vertical strip {x ∈ C : 1 ≤ ℜx ≤ 2}. We introduce then the solution g_q :

g_q(x) = ∫_{+∞} 0 (−t; q)_∞(−qt^{−1}; q)_∞ (−q^xt; q)_∞(−q^{1−x}t^{−1}; q)_∞((q − 1)t; q)_∞ dt t , which corresponds to a divergent formal solution for (1). By establishing a relation between g_q and Γ_q, we show that our function g_q converges to Γ when q tends to 1.

On a new special function in a wave-beach problem Jin Zhang

Department of Economics and Finance, City University of Hong Kong, Hong Kong Email: EFJZHANG@cityu.edu.hk

We present a new special function, which arises from a wave-beach problem in Geophysics. For some special cases, the new special function can be reduced to known functions, such as Bessel function, hypergeometric function and confluent hypergeometric function. For general case, the function, being solved with Frobenius’ theory, can be written as a Taylor series, in which the coefficients can be computed with a recursive formula. The asymptotic expansion of the new special function is derived with WKB expansion technique.

Smoothing of Stokes discontinuity for the generalized Bessel function R. Wong and Y.-Q. Zhao

Department of mathematics, City University of Hong Kong, Tat Chee Avenue, Hong Kong Mathematics Department, ZhongShan University, China

A modification of the steepest-descent method, as introduced recently by Berry and Howls, is used to re-investigate the asymptotic expansion of the generalized Bessel function ϕ(z) = ∞∑ l=0 z^l Γ(l + 1)Γ(ρl + β)

where −1 < ρ < ∞ and β is any number, real or complex. Through this modified method, a uniform exponentially improved expansion is obtained, as well as the smooth transition across the Stokes lines is achieved, for the function ϕ(z).