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Introduction

Dyson's Brownian motion model [JMP 62] is a one parameter family of
the systems of one dimensional Brownian motions with long ranged

repulsive interaction, whose strength is represented by a parameter § > 0.
It soves the stochastic differential equation

Xi(t) = x + B(t) + / <n (1)
' L 2, 1<k<n X (s) Xk( )

ki
where Bj(t),j =1,2,...,n are independent one dimensional Brownian

motions.We consider the case that 3 = 2 and call the model in the special
case Dyson model .
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Introduction

The Dyson model is realized by the following three processes:

(i) The process of eigenvalues of Hermitian matrix valued diffusion process
in the Gaussian unitary ensemble (GUE).

(ii) The system of one-dimensional Brownian motions conditioned never to
collide with each other.

(iii) The harmonic transform of the absorbing Brownian motion in a Weyle
chamber of type A,_1:

W, = {x: (X1, X0, + 3 Xp) i X1 < Xp < - <xn}.
with harmonic function given by the Vandermonde determinant:

ha(x)= ] (xk—x,-)zlgitS [xJk'-l]-

1<j<k<n

n
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Introduction

n x n Hermitian matrix valued process (n € N)

Mll(t) Mlz(t) cee Mln(t)
M(t) _ M21(t) M22(t) M2n(t) ’ Mgk(t) _ ng(t)T.
Ml(t) an(t) cee M,m(t)
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Introduction

n x n Hermitian matrix valued process (n € N)

Mll(t) Mlg(t) cee Mln(t)
M(t) _ M21(t) M22(t) M2n(t) , Mek(t) _ ng(t)T.
Ml(t) an(t) cee M,m(t)

(GOE) BR(t), L < k<< n: indep. BMs

1
V2

Mio(t) = —=Bi(t), 1< k <£<n, Mg(t)=Bg(t), 1<k <n,

8th World Congress in Probability and Statist
Hideki Tanemura (Chiba univ.) () SDEs related to Soft-Edge scalng limit /22



Introduction

n x n Hermitian matrix valued process (n € N)

Mii(t) Mia(t) -+ Min(t)
Mo1(t) Mao(t) -+ Moy(t
me) = | M) Mz W) ] ) = gt

Mi(t) Mpa(t) -+ Mpp(t)

(GOE) BR(t), L < k<< n: indep. BMs

Mio(t) = %Bi}(t), L<k<l<n Mu(t)=BE(t), 1<k<n,
(GUE) BR(t), BL,(t),1 <k <{<n: indep. BMs
1 v-1

Myo(t) = ﬁBkP}(t) + WB,Id(t), 1<k</t<n,

Mkk(t) = B,l(:}((t), 1<k< n,
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Introduction

(GSE) Bgy(t), « =10,1,2,3,1 < k< £ < n: indep. BMs

1
Mp,(t) = EBge(f)a 1<k<l<n, My(t)=Bx(t), 1<k<n,
Fora=1,2,3,
V-1
M?e(t) = WB?Z(t), 1 S k < 4 S n, Mﬁk(t) = 0, 1 S k S n,

2n x 2n self dual Hermitian matrix valued process

3
M(t) = M(t)@ 1+ M*(t)® e,

a=1
Here

=(50) as (i %) @=(58) A= (%))
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Introduction

In this talk we discuss the following problems:

(i) Conditions that (Xi(t), Xa(t), ..., Xn(t)) converges to some process,
say X(t), as n — oo.

(i)  Stochastic differential equation that the limit process X(t) solves.
(iii)  Invariant distributions of the limit process X(t).

The configuration space of unlabelled particles:

M = {§ : € is a nonnegative integer valued Radon measures in R}

= {5() = Z%(') t{jel:x € K} < oo, forany K compact}
Jjel

9 is a Polish space with the vague topology.
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Answer to (i)

For L > 0,a > 0 and &£ € 9N we put

1/a
§(dx) &(dx)
M€, L) = Mo (€, L) =
b /[—L,L]\{O} x (&5 </[—L,L1\{0} |X|“>

and

M(E) = fim M(E L),  Muf€) = lim My(&,0),
if the limits exist. We introduce the following two conditions:
(C.1) there exists Cp > 0 such that |[M(¢)| < G,

(C.2) there exist « € (1,2) and C; > 0 such that M, (§) < G,
(ii) there exist 5 > 0 and G, > 0 such that

My(m_26®) < Gy(la| v1)™®  Va e suppt.
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Answer to (i)

Examples. Put
= Gsgnois-

XEZ

In case k > 1/2, ™ satusfies the conditions (C.1) and (C.2).

THEOREM (Katori-T. CMP '10, Katori-T. arXiv:math.PR 1008.2821)
Suppose that £ € My = {£ € M : £(x) < 1 for all x € R} satisfies the
conditions (C.1) and (C.2). Then

(Z(t), Perj—r,7) — (Z(t),Pe), L — o0

weakly on C([0,00) — 9M). In particular, the process (=(t),P¢) has a
modification which is almost-surely continuous on [0, c0) with =(0) = &.
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Answer to (ii)

The distribution of eigenvalues of GUE with size n x n are given by

n

1 1
mg(dxn) = E H |Xi - X_/|2 exp _5 Z |Xi|2 dxp,

i<j i=1
on the configuration space W,_1.

(Bulk scaling limit)  For the eigenvalues {\],... A"}

{VnX], ... VALY — piing,  weakly as n — oo,
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Answer to (ii)

For 8 =2 (GUE) fisin,2 is the determinantal point process(DPP) , in which
any spatial correlation function p, is given by a determinant with the sine
kernel

sin{r(y —x)}
m(y —x)

Ksin,2(X7y)=Ksin(X7y) ) XayER‘

The moment generating function is given by a Fredholm determinant

/mexp { /R f(x)g(dx)},usin,z(df) = ( Det [5x(Y) + Ksin(x, y)Xx(¥) |

x,y)€ER?

for f € Cc(R), where x(-) = ) — 1.
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Answer to (ii)
THEOREM (Osada[PTRF: online first] )

There exists the diffusion process whose reversible probability measure
Hsin.2 Which solves the SDE

dt .
d)@(t)-d%(t)—i—%m, JEN, (2)

where Bj(t),j € N are independent one dimensional Brownian motions.
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Dirichlet spaces

A function f defined on the configuration space 9 is local if (&) = f({k)
for some compact set K.

A local function f is smooth if £(3°7_; dx) = F(x1,x2, ..

., Xn) With some
smooth function f on R” with compact support. Put

Do = {f : f is local and smooth}.
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Dirichlet spaces

A function f defined on the configuration space 9 is local if (&) = f({k)
for some compact set K.

A local function f is smooth if £(3°7_; dx) = F(x1,x2, .

.., Xp) with some
smooth function f on R” with compact support. Put

Do = {f : f is local and smooth}.

We put
§(K) % ~
1 of(x) 0
DIFB(E) = 5 Y o o
j=1

and for a probability measure ;1 we introduce the bilinear form

5“(f,g)=/ D[f,gldp, f,g € Do.
m
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quasi Gibbs measure

Let ® be a free potential, W be an interaction potential. For a given
sequence {b,} of N we introduce a Hamiltonian on I, = (—by, b,):

H(&) = HPY(E) = o)+ D Wlx.x)

x;i€lr Xj, Xk €lr j<k
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quasi Gibbs measure

Let ® be a free potential, W be an interaction potential. For a given
sequence {b,} of N we introduce a Hamiltonian on I, = (—by, b,):

H(&) = HPY(E) =Y o)+ D Wlx.x)

x;€lr Xj Xk €lr j<k

Definition A probability measure i is said to be a (¥, V)-quasi Gibbs
measure if there exists an increasing sequence {b,} of N and measures
{17k} such that for each r,m € N satisfying

Pk S ey, K €N, lim pfye = p(- N {E(l) = m}), weekly
and that for all r,m, k € N and for pr-as. £ €M

e MO (1) myNdC) < pli(m, € dCl&re) < ce POy _mpA(dC)

Here A is the Poisson random measure with intensity measure dx.
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quasi regular Dirichlet space

Theorem (Bulk) [Osada:to appear in AOP]

Let 3 =1,2,4.

(1) The probability measure psin 5 is a quasi Gibbs measure with

®(x) =0 and ¥(x) = —fFlog|x — y|.

(2) The closure of (E#sns, Dy, L2(IM, uisin ) is a quasi Dirichlet space,
and there exists a pgn-reversible diffusion process (=5"#(t), P) associated
with the Diriclet space.
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Log derivative

Let px be the Palm measure conditioned at x = (x1,...,xx € Rk

fix = 1 ( 25

Let 1% be the Campbell measure of

&(xj) >1forj=1,2,.. k).

J5(A x B) = / ix(B)pK(x)dx, A€ B(RY), B € B(N).
A
We call d* € L} (R x 901, ') the log derivative of u if d satisfies
[ dtemrtanditon = - [ Tartandid(xn),
Rx9M Rx9M

f € C2(R) ® Dy.
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ISDE

Theorem [Osada, PTRF (on line first)]

Assume that there exists a log derivative d* (and some conditions). There
exists Mo C M such that 1(Mo) = 1, and for any =3,y b € Mo,

there exists RN-valued continuous process X(t) = (Xj(t))j2, satisfying
X(0) = x = (x)22, and

dX;(t) = dBj(t) + = d“( ) > 6Xk(t)) t, jeN.

k:k#j
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ISDE

Theorem [Osada, PTRF (on line first)]
Assume that there exists a log derivative d* (and some conditions). There
exists Mo C M such that 1(Mo) = 1, and for any =3,y b € Mo,

there exists RN-valued continuous process X(t) = (Xj(t))j2, satisfying
X(0) = x = (x)22, and

1 .
dXj(t) = dB;(t) + d" (xj(t), > 5Xk(t)) dt, jeN.
k:k#j
Lemma (Bulk) [Osada, PTRF online first] Let 8 =1,2,4. For x € R and
n= Zéyj with n({x}) =0,

JjeN

1
dtisin. 6 (x, ,7) =3 LII—[T;o Z

X =Y
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Key lemma

The key part in the proof of Theorem 2 is to determine the log derivative
of u.

Key lemma (tacnode) Let =1,2,4. Forx€Rand =) 6,

JjeN
with n({x}) =0,

d"ais (x,n) = ﬁan Z L

. X =Y
Jilx=yjI<L J
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Key lemma

The key part in the proof of Theorem 2 is to determine the log derivative
of u.

Key lemma (tacnode) Let =1,2,4. Forx€Rand =) 6,

JjeN
with n({x}) =0,

diais (x, 1) = gan Z L

jylse X
Lemma (Bulk) [Osada, PTRF online first] For x € R and = 25}7

with n({x}) =0,

dsns (x,n) =2 Llim Z L _ / L qu

X =y —u
Jlxylst X Y <L

JEN
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Proof

To prove the key lemma, we use n particle sysytem:
n 1 B ﬂ - 2
mp(du,) = 2H jui =’ exp{ — > Juil® pdun,
i<j i=1

We put uj = 2/n+ == —75 and intrduce the measure defined by

Wy g(dxn) = < H\x,—le exp{——zp\/_—l—n 1/6x\2}dx,,,

I<J

The log derivative d” of the measure Nf’c\,@ is given by

— X —Yj 2

n—1 1 n—1/3
d’(x,n) =d" X,Z(Syj = {Z —n'/3 — x}.
j=1
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Proof

Lemma 3 is derived from the fact that

i 1 ~
& (x,n) = lim d"(x,n) = lim { > ——— _/ ) 4,
n—o0 L—oo |X—y_,-\<LX -y <L —Y

(3)
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Proof

Lemma 3 is derived from the fact that

i . . 1 Ply)
a-* x,n) = lim d"(x,n) =4 lim ——/ ——du
( ) n—o0 ( ) L—oo |X§<L X =Y lul<t =Y

(3)
To check (3) we divide d" /(3 into three parts:

1 P g (1)
gn(X,Tl) — _/ +du,
t Z |x—ul<L X — U

Ix—yjl<L XA
1 P g (U
D M
IX—YJIZLX_yJ beulzt XU
no(u ~1/3
u"(x) = / —pA’ﬂ’X( )du sl X.
R X—U 2
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Proof

The fact (3) is obtained if the following conditions hold:

lim g7 (x,n) = gL(x,n), in LP(u};4) forany L>0,  (4)
n—oo b

lim lim sup/ |W[’(x,y)\’3duf¢{1(dxdn) =0, (5)

L=o0 n—oo J[—r rAxm

lim u"(x) = u(x), in fo(R, dx) , (6)
with ) ()

PAi,B,x\U
gL(x,n) = Z . — v —/ %udua
Ix—yj|<L Yj |x—ul<L

and

u(x) = lim / pAL’X(u)du—/ @du EL‘,ﬁ (R, dx).
t=oo [ Jluse x—u PE >
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Proof

In the case 8 =2, u'y is the DPP with the correlation kernel

KZ(X, y) — i3 wn(x)wn—l(y)z : ;/Un—l(x)wn(y)

where W, (x) = n1/12@n(\/2n+ m> and ¢k (x) is the normalized
orthogonal functions on R comprising the Hermite polynomials Hy(x).
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Proof
In the case 8 =2, u'y is the DPP with the correlation kernel

1/3 \U,,(X)\U,,_l(y) — wn—l(x)wn(}/)
X—y

Kilx.y)=n

where W, (x) = nl/lzwn(m‘*‘ m> and ¢k (x) is the normalized

orthogonal functions on R comprising the Hermite polynomials Hy(x).
We also use the function

-~ 1 u 2/3
— — - — < <
P (U) \/ u<1+ n2/3), 4n u<o0

/Mdu =n'3 lim 5"(u) — p(u).
R

—Uu n—oo
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Thanks

Thank you for your attention!
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