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Abstract. We prove the convergence of N-particle systems of Brown-
ian particles with logarithmic interaction potentials onto a system described
by the infinite-dimensional stochastic differential equation (ISDE). For this
proof we present two general theorems on the finite-particle approximations
of interacting Brownian motions. In the first general theorem, we present a
sufficient condition for a kind of tightness of solutions of stochastic differential
equations (SDE) describing finite-particle systems, and prove that the limit
points solve the corresponding ISDE. This implies, if in addition the limit
ISDE enjoy a uniqueness of solutions, then the full sequence converges. We
treat non-reversible case in the first main theorem. In the second general the-
orem, we restrict to the case of reversible particle systems and simplify the
sufficient condition. We deduce the second theorem from the first. We ap-
ply the second general theorem to Airyg interacting Brownian motion with
B8 =1,2,4, and the Ginibre interacting Brownian motion. The former appears
in the soft-edge limit of Gaussian (orthogonal/unitary/symplectic) ensembles
in one spatial dimension, and the latter in the bulk limit of Ginibre ensem-
ble in two spatial dimensions, corresponding to a quantum statistical system
for which the eigen-value spectra belong to non-Hermitian Gaussian random
matrices. The passage from the finite-particle stochastic differential equation
(SDE) to the limit ISDE is a sensitive problem because the logarithmic po-
tentials are long range and unbounded at infinity. Indeed, the limit ISDEs are
not easily detectable from those of finite dimensions. Our general theorems
can be applied straightforwardly to the grand canonical Gibbs measures with
Ruelle-class potentials such as Lennard-Jones 6-12 potentials and and Riesz
potentials.

1. Introduction.

Interacting Brownian motion in infinite dimensions is prototypical of diffusion pro-
cesses of infinitely many particle systems, initiated by Lang [12], [13], followed by Fritz
[3], Tanemura [30], and others. Typically, interacting Brownian motion X = (X*);en
with Ruelle-class (translation invariant) interaction ¥ and inverse temperature 8 > 0 is
given by
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dX{=dB! - = Z V(X! — X))dt (i € N). (1.1)
3,375%

Here an interaction W is called Ruelle-class if ¥ is super stable in the sense of Ruelle,
and integrable at infinity [28].

The system X is a diffusion process with state space So C (R%)Y, and has no natural
invariant measures. Indeed, such a measure fi, if exists, is informally given by

i = E e Plics Y (@imT;) H dxy, (1.2)
keN

which cannot be justified as it is because of the presence of an infinite product of Lebesgue
measures. To rigorize the expression (1.2), the Dobrushin-Lanford-Ruelle (DLR) frame-
work introduces the notion of a Gibbs measure. A point process p is called a W-canonical
Gibbs measure if it satisfies the DLR equation: for each m € N and p-a.s. £ =), d¢,

ﬁ{Zz<J 54,5€5p (511—5.7‘)+Z$esr,§_7»esg \P(Si_&‘j)}HdSk, (1.3)

k=1

/i:?g(d@ Zm

where s = >, 05, Sr = {|z| < r}, m(s) = s(- N S,), and ¢ is the outer condition.
Furthermore, p;"; denotes the regular conditional probability:

pre(ds) = p(mr(s) € ds|s(Sy) = m, m(s) = m(£)).

Then p is a reversible measure of the delabeled dynamics X such that X; = >, 0 Xi
If the number of particles is finite, N say, then SDE (1.1) becomes

dXtN,z':de 5{V(I>N Zv\y NZ—XtN’j)}dt (1<i<N), (14)
Jig#i

where ®% is a confining free potential vanishing zero as N goes to infinity. The associated
labeled measure is then given by

N
iy o= Z e PAE BN @I )iy Voimas)) H dzy. (1.5)

k=1

The relation between (1.4) and (1.5) is as follows. We first consider the diffusion pro-
cess associated with the Dirichlet form with domain D" on L2((RH)N, i), called the
distorted Brownian motion, such that

o= [ 3 2ZVf Vig i (dx),

where V; = (8/83%)?:1, xy = (z1,...,zn5) € (RY)Y, and - denotes the inner product
in RY. The generator —LA" of " is then given by
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Er (f,9) = (*L’l fvg)LQ((Rd)N,ﬁN)~

Integration by parts yields the representation of the generator of the diffusion process
such that

-

{jz_:{vw zi)+ Y VI(z; —xj)}-vi,

J; j#i

l\D\>—~

which together with It6 formula yields SDE (1.4).

For a finite or infinite sequence x = (z;), we set u(x) = >, d,, and call u a delabeling
map. For a point process u, we say a measurable map ¢ = £(s) defined for p-a.s. s with
value S°° U {Uxy—, SV} is called a label with respect to u if uo ¢(s) = s. Let £x be a
label with respect to u~. We denote by £, and £y ,, the first m-components of these
labels, respectively. We take ®V such that the associated point process uV = ¥ ou=!
converges weakly to pu:

lim xN =p  weakly. (1.6)
N—o0
The associated delabeling XV = va 1 0x~.i is reversible with respect to uN. The labeled
process X = (X?) and X» = (X¥:?) can be recovered from X and XV by taking suitable
initial labels ¢ and ¢, respectively. Choosing the labels in such a way that for each
meN

lim p 87 =pol ! weakly, (1.7)

N—o0

we have the convergence of labeled dynamics XV to X such that for each m

A}gnoo(XN Lo XNmy = (XY ..., X™)  inlaw in C([0, 00); (RY)™). (1.8)
We expect this convergence because of the absolute convergence of the drift terms in (1.1)
and energy in the DLR equation (1.3) for well-behaved initial distributions although it
still requires some work to justify this rigorously even if ¥ € C3(R) [12].
If we take logarithmic functions as interaction potentials, then the situation changes
drastically. Consider the soft-edge scaling limit of Gaussian (orthogonal/unitary/
symplectic) ensembles. Then the N-labeled density is given by

N
B _
MAlryB(dXN {H|xl—x]|ﬁ}exp{ Zkz_l|2\/N+N 1/6$k|2}dXN (1.9)

1<)
and the associated N-particle dynamics described by SDE
al 1

N, ; ,6’
dX' = dB + Z oy
X, X,
] 1,5#4

g{Nl/3 + xNyat. (1.10)

2N1/3

The correspondence between (1.9) and (1.10) is transparent and same as above. Indeed,
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we first consider distorted Brownian motion (Dirichlet spaces with pﬁim 5 s a common
time change and energy measure), then we obtain the generator of the associated diffusion
process by integration by parts. SDE (1.10) thus follows from the generator immediately.

It is known that the thermodynamic limit pairy,s of the associated point process
[i\ipy g €Xists for each 8> 0 [27]. Tts m-point correlation function is explicitly given as a
determinant of certain kernels if 5 = 1,2,4 [1], [15]. Indeed, if 8 = 2, then the m-point
correlation function of the limit point process piairy,2 is

Pas2(Xm) = det[Kaio(wi, ;)] 1,

where K ;2 is the continuous kernel such that, for = # y,

Ai(z)Al'(y) — Al'(z) Ai(y)

Kaia(r,y) = v —y

We set here Ai'(z) = dAi(x)/dz and denote by Ai(-) the Airy function given by

Ai(z) = L / dk e’ GFHR/3) e R
21 Jr

For f = 1,4 similar expressions in terms of the quaternion determinant are known

1], [15).

From the convergence of equilibrium states, we may expect the convergence of solu-
tions of SDEs (1.10). The divergence of the coefficients in (1.10) and the very long-range
nature of the logarithmic interaction however prove to be problematic. Even an informal
representation of the limit coefficients is nontrivial but has been obtained in [26]. Indeed,
the limit ISDEs are given by

dX! =dB! + B lim { Z # —/ o(z) dx}dt (i € N). (1.11)
2 r—oo ) ) th — Xt] lo|<r —%F
| X7 |<r,j#i
Here o(x) = 1(_oo,0)(2)v/—2, which is the shifted and rescaled semicircle function at the
right edge.

As an application of our main theorem (Theorem 2.2), we prove the convergence
(1.8) of solutions from (1.10) to (1.11) for {ufiryﬁ} with 8 = 2. We also prove that the
limit points of solutions of (1.10) satisfy ISDE (1.11) with 5 =1,2,4.

For general 8 # 1, 2,4, the existence and uniqueness of solutions of (1.11) is still an
open problem. Indeed, the proof in [26] relies on a general theory developed in [18], [19],
[20], [21], [25], which reduces the problem to the quasi-Gibbs property and the existence
of the logarithmic derivative of the equilibrium state. These key properties are proved
only for 8 =1,2,4 at present. We refer to [20], [21] for the definition of the quasi-Gibbs
property and Definition 2.1 for the logarithmic derivative.

Another typical example is the Ginibre interacting Brownian motion, which is an
infinite-particle system in R? (naturally regarded as C), whose equilibrium state is the
Ginibre point process figin. The m-point correlation function pgj, with respect to Gauss-

ian measure (1/7)e~1"I°dz on C is then given by
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Piin (Xm) = det[e™ ],

The Ginibre point process figin is the thermodynamic limit of N-particle point process
ug{n whose labeled measure is given by

2 xi|?
ugm (dxn) = H|xl—x |2e™ 2i= Saleil® gx .

’L<]

The associated N-particle SDE is then given by

XNz x N
dX\ = dB} — XN'dt + Z Tt (L<i<N). (1.12)
j=1j#i | Xt X~
We shall prove that the limit ISDEs are
) ) Xi— Xj
dX! = dB! + lim Y. —L—dt (ieN) (1.13)
T—00 1 _
|Xi—X]|<rj#i [Xi = X7
and
i i i . Xi-x} .
dX{=dBj -~ X{dt+ lim Y —f——Lodt (ieN). (1.14)
| X — X{ |

| X7 |<r,j#i

In [19], [25], it is proved that these ISDEs have the same pathwise unique strong solution
for pgin of~'-as. s, where £ is a label and s is an initial point. As an example of applica-
tions of our second main theorem (Theorem 2.2), we prove the convergence of solutions
of (1.12) to those of (1.13) and (1.14). This example indicates again the sensitivity of
the representation of the limit ISDE. Such varieties of the limit ISDEs are a result of the
long-range nature of the logarithmic potential.

The main purpose of the present paper is to develop a general theory for finite-
particle convergence applicable to logarithmic potentials, and in particular, the Airy and
Ginibre point processes. Our theory is also applicable to essentially all Gibbs measures
with Ruelle-class potentials such as the Lennard-Jones 6-12 potential and Riesz poten-
tials.

In the first main theorem (Theorem 2.1), we present a sufficient condition for a
kind of tightness of solutions of stochastic differential equations (SDE) describing finite-
particle systems, and prove that the limit points solve the corresponding ISDE. This
implies, if in addition the limit ISDE enjoy uniqueness of solutions, then the full sequence
converges. We treat non-reversible case in the first main theorem.

In the second main theorem (Theorem 2.2), we restrict to the case of reversible par-
ticle systems and simplify the sufficient condition. Because of reversibility, the sufficient
condition is reduced to the convergence of logarithmic derivative of u”¥ with marginal
assumptions. We shall deduce Theorem 2.2 from Theorem 2.1 and apply Theorem 2.2
to all examples in the present paper.
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If U(z) = —log|z|, B =2 and d = 1, there exists an algebraic method to construct
the associated stochastic processes [7], [8], [9], [10], and to prove the convergence of
finite-particle systems [24], [23]. This method requires that interaction ¥ is the loga-
rithmic function with § = 2 and depends crucially on an explicit calculation of space-time
determinantal kernels. It is thus not applicable to 8 # 2 even if d = 1.

As for Sineg point processes, Tsai proved the convergence of finite-particle systems
for all 8 > 1 [31]. His method relies on a coupling method based on monotonicity of
SDEs, which is very specific to this model.

The organization of the paper is as follows: In Section 2, we state the main theorems
(Theorem 2.1 and Theorem 2.2). In Section 3, we prove Theorem 2.1. In Section 4, we
prove Theorem 2.2 using Theorem 2.1. In Section 5, we present examples.

2. Set up and the main theorems.

2.1. Configuration spaces and Campbell measures.

Let S be a closed set in R? whose interior Siy is a connected open set satisfying
Sint = S and the boundary 05 having Lebesgue measure zero. A configuration s = > 0s,
on S is a Radon measure on S consisting of delta masses. We set S, = {s € S; |s| <r}.
Let & be the set consisting of all configurations of S. By definition, & is given by

6= {5 = Zési; 5(S;) < oo for each r € N}.

By convention, we regard the zero measure as an element of &. We endow & with the
vague topology, which makes & a Polish space. & is called the configuration space over
S and a probability measure p on (&, B5(S)) is called a point process on S.

A symmetric and locally integrable function p™ : S™ — [0, 00) is called the n-point
correlation function of a point process p on S with respect to the Lebesgue measure if
p" satisfies

o s(A)!
p”x,...,xndx---dxnz/ —————du
/AAm (1) UG

for any sequence of disjoint bounded measurable sets Ay, ..., A,, € B(S) and a sequence
of natural numbers kq,...,k,, satisfying k1 + -+ 4+ k,, = n. When s(4;) — k; < 0,
according to our interpretation, s(A;)!/(s(A4;) — k;)! = 0 by convention. Hereafter, we
always consider correlation functions with respect to Lebesgue measures.

A point process pu, is called the reduced Palm measure of p conditioned at x € S' if
1z is the regular conditional probability defined as

pa = (- — Sz |s({a}) > 1).
A Radon measure ! on S x & is called the 1-Campbell measure of p if ul¥ is given by

N (dads) = pt(z) e (ds)dz. (2.1)
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2.2. Finite-particle approximations (general case).

Let {1} be a sequence of point processes on S such that u™ ({s(S) = N}) = 1. We
assume:
(H1) Each pV has a correlation function {p™"} satisfying for each r € N

Nlim pV"(x) = p"(x) uniformly on S” for all n € N, (2.2)
—00

sup sup pV"(x) < Pnem, (2.3)
NeNxeSn

where 0 < ¢1(r) < 0o and 0 < ¢3(r) < 1 are constants independent of n € N.
It is known that (2.2) and (2.3) imply weak convergence (1.6) [20, Lemma A.1]. As
in Section 1, let £ and ¢ be labels of 1 and v, respectively. We assume:

(H2) For each m € N, (1.7) holds. That is,

lim N oty =pol,t  weakly in S™. (1.7)

N —o0 m

We shall later take N o EJ_VI as an initial distribution of a labeled finite-particle sys-
tem. Hence (H2) means convergence of the initial distribution of the labeled dynamics.
There exist infinitely many different labels ¢, and we choose a label such that the initial
distribution of the labeled dynamics converges. (H2) will be used in Theorem 2.2 and
Theorem 2.1.

For X = (X%)2°, and XV = (XVH)N || we set

00 N
, N.oi
362”:25)(5, and X OZ:Z(SXtN,j,
J#i J#i

where XV°" denotes the zero measure for N = 1. Let oN,0 : S x & — R and
6N, b : S x & — R? be measurable functions. We introduce the finite-dimensional SDE
of XV = (XN:4)N | with these coefficients such that for 1 <i < N

dx = oN (X[ 2 )dB] + 6N (X X dt, (2:4)

We assume:

(H3) SDE (2.4) and (2.5) has a unique solution for pV o £y '-a.s. s for each N: this
solution does not explode. Furthermore, when 95 is non-void, particles never hit the
boundary.

We set a¥ = o™VtoN and assume:

(H4) o are bounded and continuous on S x &, and converge uniformly to o on S, x &
for each r € N. Furthermore, a” are uniformly elliptic on S, x & for each » € N and
V.a" are uniformly bounded on S x &.
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From (H4) we see that a® converge uniformly to a := oo on each compact set
S, X &, and that a” and a are bounded and continuous on S x &. There thus exists a
positive constant c3 such that

llallsxe, [|Vzallsxs, sup |[a¥||lsxe, sup |[|[Via||lsxe < ca. (2.6)
NeN NeN

Here ||-||sx s denotes the uniform norm on S x &. Furthermore, we see that a is uniformly
elliptic on each S, x &. From these, we expect that SDEs (2.4) have a sub-sequential
limit.
¢ ¢
lim {XN" - XM = lim [ V(XL xNdB] + lim / oV (XN, 2NN du
N—o0 N—oo Jg N—oo Jg
t

t
= / o lim XM lim xNV°dBL + lim [ 6N (X 2NN du.
0 N —o0 N —oc0 N—oo Jj
To identify the second term on the right-hand side and to justify the convergence, we
make further assumptions. As the examples in Section 1 suggest, the identification of
the limit is a sensitive problem, which is at the heart of the present paper.

. . <N .
We set the maximal module variable X " of the first m-particles by
—=N,m

m Ni
X =max sup |X; |
=1 ¢el0,17]

and by LY the maximal label with which the particle intersects S,; that is,

LN = max{i e NU {oc}; |XV'*| < r for some 0 < ¢ < T}.

r =

We assume the following.
(I1) For each m € N

lim liminf P*" % (XY™ < a) = 1 (2.7)

a—00 N—oo

and there exists a constant ¢4 = ¢4(m, a) such that for 0 < ¢t,u <T

sup ZE“NOGI [1xF— x N 4;XN’m <a] < eyt —ul (2.8)
NeNGo
Furthermore, for each r € N
lim liminf P#"°n' (N < L) = 1. (2.9)

L—o0 N—oo

Let p™'[U be the one-Campbell measure of p/V defined as (2.1). Set cz(r, N) =
(S, x &). Then by (2.3) supy cs(r, N) < oo for each r € N. Without loss of
generality, we can assume that c¢; > 0 for all 7, V. Let uiv’[l] =M N{S, x &}). Let
ﬂf_\’,[ll be the probability measure defined as ﬁf-v’[l](-) =V M(N{S, x &})/c5. Let w, 4
be a map from S, x & to itself such that @, s(z,8) = (2,30, _,, <5 0s;), Where s = 37, &,
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Let F, s = 0wy s] be the sub-o-field of B(S, x &) generated by w, ;. Because S, is a
subset of S, we can and do regard F, ; as a o-field on S x &, which is trivial outside
S, X 6.

We set a tail-truncated coefficient bfv , of b and their tail parts bﬁ\f Jtall hy

b, = B4 6N F, ), Y = b, 4 by, (2.10)
We can and do take a version of b)Y, such that

b (z,9) =0 forz &S, (2.11)
bfs(x,l)) = b,J,VJrLS(x,t)) for x € S,. (2.12)

We next introduce a cut-off coefficient b, ,

Fr s-measurable function on S x & such that

of bY,. Let bY, , be a continuous and

b, p(z,0) =0 forz ¢S, (2.13)
bg&p(%n) = b7{v+1,s,p(x7n) for z € S, (2.14)

and that, for (Sx&),, = {(z,n) € S, x&; |[x—y,;| < 1/2P for some y;}, wherey =", d,,,

bfﬂ\,fs’p(x,n) =0 for (z,9) € (S X &) pt1, (2.15)
b, o (z,9) = b (z,9)  for (z,9) & (S X &), (2.16)

The main requirements for b and b2 are the following:

T,8,p

(I2) There exists a p such that 1 < p and that for each r € N

N—00

limsup/ 16N Pdp™ 1 < oo, (2.17)
Srx&

Furthermore, for each r,i € N, there exists a constant cg such that

T
sup sup B* o0~ [/ |62, p(XtN’Z,XéV’M)Wdt < cg. (2.18)
peN NeN 0 o
We set & = {5;5(S,) = m}. Let || - |[sxem denote the uniform norm on S x &}"

and set Lﬁ(,ufnv’m) = LP(S, x &, ™M), For a function f on S x &7 we denote by
Vf=(Va.f,V,, f), where f is a function on S, x S™ such that f(x, (y;),) is symmetric

in (y;)72, for each x and f(z,Y;6y,) = f(x, (yi)i~;). We decompose b, as

bi\,]s = br]*v,sm + bi\,{s - [’i\,}sm (2.19)
and we assume:
(I3) For each m,p,r, s € N such that r < s, there exists b, , such that
. N
1\/1E>noo ans,p - bTv&P' Sxer = 0. (220)
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Moreover, b, are differentiable in 2 and satisfying the bounds:

r,8,p

sup IIbeYS,pllsXegn < o0, (2.21)
Ne
pll>rr<f}o Sup ||brs o ||Lp 1]) (222)

Furthermore, we assume for each i,7r < s € N

lim lim sup B*" %" U {62, , — }(Xi”ﬁi““)lﬁdt] —0, (223
P20 Nooo ’

1 T . PN
i £ | [y - b b3t =0 (224)
p—oo 0

where b, 5 is such that
b,s(z,9) = lim bY (x,p) for each (z,y) € U (S x6)p - (2.25)
N5oo et ’

REMARK 2.1.  We see that (J,cn(5 x &)7, = {S7 x &} U {(2,9);2 # y; for all i}
by definition and b, s(z,9) = 0 for = € S, by (2.11). The limit in (2.25) exists because
of (2.15), (2.16), and (2.20).

(I4) There exists a b*! € C(9;R?) independent of r € N and s € & such that

. . N,tail _ (tail _
Jim_Tim sup [[o75" = " 5, vy = 0. (2.26)

Furthermore, for each r,i € N:

5700 Nooo

T
lim lim sup E# °4~' [ / (o2l —ptaily(x V7 x 0N Pat| = o. (2.27)
0

We remark that b*! is automatically independent of 7 for consistency (2.16). By
assumption, b2l = p'ail(z) is a function of z. From (2.10) and (2.19) we have

b _ brs » + btail + {bi\,[s TS p} + {bl\’fétail _ btail}. (2.28)

In (I3) and (I4), we have assumed that the last two terms {b), — bY, |} and {b]';"!! —
6t} in (2.28) are asymptotically negligible.

Under these assumptions, we prove in Lemma 3.1 that there exists b such that for
eachr € N

Shﬁfgo ||br,s — bHLIS(,uf.V’[l]) =0. (229)

We assume:
(I5) For each i, € N
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T
lim Ere¢ U (b, — b) (X}, X59)|Pdt| = 0. (2.30)
S$—r00 0

We say a sequence {X™} of C([0,T]; SV)-valued random variables is tight if for
any subsequence we can choose a subsequence denoted by the same symbol such that
{XN:mY s is convergent in law in C([0, T]; S™) for each m € N. With these prepara-
tions, we state the main theorem in this section.

THEOREM 2.1.  Assume (H1)-(H4) and (I1)-(I5). Then, {XN}yey is tight in
C([0,T); SN) and, any limit point X = (X%);en of {X™ }nen is a solution of the ISDE

dX} = o(X], X)dBi + {b(X}, %5%) + 6™ (X])}dt. (2.31)

REMARK 2.2. If diffusion processes are symmetric, we can dispense with (2.8),
(2.18), (2.23), (2.24), (2.27), and (2.30) as we see in Subsection 2.3. Indeed, using the
Lyons-Zheng decomposition we can derive these from static conditions (H4), (2.17),
(2.20), (2.22), (2.26), and (2.29). We remark that we can apply Theorem 2.1 to non-
symmetric diffusion processes by assuming these dynamical conditions.

2.3. Finite-particle approximations (reversible case).

For a subset A, we set m4 : & — & by ma(s) = s(- N A). We say a function f on
G is local if f is o[rk]-measurable for some compact set K in S. For a local function f
on &, we say f is smooth if f is smooth, where f(zy,...) is a symmetric function such
that f(z1,...) = f(x) for t = 3, 8,. Let D, be the set of all bounded, local smooth
functions on &. We write f € LE (ult)) if f € LP(S, x &, plt)) for all € N. Let
C§(S)® Dy = {Zfil fil®)gi(n); fi € C§°(S), gi € Do, N € N} denote the algebraic
tensor product of C§°(S) and D..

DEFINITION 2.1. A Revalued function o* € L} (ulM)) is called the logarithmic
derivative of p if, for all p € C§°(S) ® Do,

/ o (. ) (. p)ul (dwdy) = — | Vop(w,9)ul (dzdy).

Sx& Sx&

REMARK 2.3. (1) The logarithmic derivative d* is determined uniquely (if ex-
ists).

(2) If the boundary 0S5 is nonempty and particles hit the boundary, then 9* would
contain a term arising from the boundary condition. For example, if the Neumann
boundary condition is imposed on the boundary, then there would be local time-
type drifts. We shall later assume that particles never hit the boundary, and the
above formulation is thus sufficient in the present situation.

(3) A sufficient condition for the explicit expression of the logarithmic derivative of
point processes is given in [19, Theorem 45]. Using this, one can obtain the log-
arithmic derivative of point processes appearing in random matrix theory such as
sineg, Airyg, (8 = 1,2,4), Bessely o (1 < ), and the Ginibre point process (see
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Examples in Section 5). For canonical Gibbs measures with Ruelle-class interac-
tion potentials, one can easily calculate the logarithmic derivative employing DLR
equation [25, Lemma 10.10].

We assume:

(J1) Each pV has a logarithmic derivative 9V, and the coefficient b is given as
1
bV = 5{vgcaN +aVoN}. (2.32)
Furthermore, the vector-valued functions {V,a”" }; are continuous and converge to V,a

uniformly on each S, x &, where V,a'V is the d-dimensional column vector such that

d d

Vza (Z ulz (z,v),

) (2.33)

REMARK 2.4. From (J1) we see that the delabeled dynamics XV = vazl Oxi
of X is reversible with respect to pV. Thus (J1) relates the measure ¥ with the
labeled dynamics X. For each N < oo, X"V has a reversible measure. Indeed, the
symmetrization (p” OE;,l)sym of uv oéj_\,l is a reversible measure of X as we see for iV
in Introduction, where (™ o 3" )sym = (1/N1) > esymy (N © (3" oo~ and Sym(N)
is the symmetric group of order N. When N = oo, X does not have any reversible
measure in general. For example, infinite-dimensional Brownian motion B = (B%);cy on
(RN has no reversible measures. We also remark that the Airys (8 = 1,2,4) interacting
Brownian motion defined by (1.11) has a reversible measure given by piairy,g 0 ¢~ with
label ¢(s) = (s1, 82, . . .) such that s; > s;11 for all i € N because £ gives a bijection from
(a subset of) & to RY defined for iy g-a.s. 6, and thus the relation X; = ¢(X;) holds
for all ¢.

We prove that convergence of the logarithmic derivative implies weak convergence
of the solutions of the associated SDES Each logarithmic derivative 9%V belongs to a
different LP-space LP(p™N'1), and ™Y are mutually singular. Hence we decompose 2V
to define a kind of LP-convergence.

Let u, v, w: S — R and ¢, ¢V, v, vV : §2 — R? be measurable functions. We
set

2.) = [ xule = ey + 3 (e~ wae.).

g3 (2,9) = /st(:v =)o (@ y)dy + 3 xs(@ =y (@, 9:),
W) = [ (1= = b @nd+ S0 -l =) @), (23

where y = ). 0, and x5 € Cg°(S) is a cut-off function such that 0 < x5 <1, xs(z) =0
for |x] > s+ 1, and xs(z) =1 for |z] < s. We assume the following.
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(J2) Each p?V has a logarithmic derivative 9V such that
0¥ (z,9) = u” (2) + g (z,9) + w0 (z,1). (2.35)

Furthermore, we assume that

(1) uY are in C1(S). Furthermore, u"Y and Vu® converge uniformly to u and Vu,
respectively, on each compact set in S.

(2) For each s € N, [qxs(z — y)o™(z,y)dy are in C'(S). Furthermore, func-
tions [¢ xs(z — y)vN (z,y)dy and V, Js xs(z — y)olV(
s(x —y)v(x,y)dy and V, s(x — y)v(x,y)dy, respectively, on each compact
Js Xs(z — y)v(z, y)dy % y)v(z, y)dy, resp y p
set in S.

x,y)dy converge uniformly to

(3) gV are in C'(S? N {x # y}). Furthermore, g"¥ and V,¢"V converge uniformly to g
and Vg, respectively, on S? N{|x —y| > 277} for each p > 0. In addition, for each
reN,

lim lim sup / xo(@ = 9)lg" (@, 9) P P L (y)dady =0, (2.36)
z€S, |lz—y|<2-P

P=© Nooo

where p'1 is a one-correlation function of the reduced Palm measure p2.

(4) There exists a continuous function w : S — R such that

lim limsup/ N (z,9) — w(z)]Pdp™ M =0, we L (S dr). (2.37)
Srx&

500 N_ss0 loc

Let p be such that 1 < p < p. Assume (H1) and (J2). Then from [19, Theorem
45] we see that the logarithmic derivative 9" of p exists in L} (ul!l) and is given by

o"(z,9) = u(z) + g(z,9) + w(x). (2.38)

Here g(z,1) = lims_o gs(2, ) and the convergence of lim g, takes place in LY _(p!1).
We now introduce the ISDE of X = (X%);en:

dX; = o(Xy, X )dB; + S {V,a(Xy, X7") + a(Xy, 7)ok (X7, X77) pt (2.39)
Xo = S. (240)

Here V,a is defined similarly as (2.33). If o is the unit matrix and (J2) is satisfied, we
have

_ 1 A . S
dX; =dB; + §{U(XZ) +w(Xy) + g(X7, X7°) tdt. (2.41)

In the sequel, we give a sufficient condition for solving ISDE (2.39) (and (2.41)).
Let D be the standard square field on & such that for any f,g € D, and s =), ds,

DIf.gl(s) = {3 Vif - Vig} (),
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where - is the inner product in R?. Since the function 3>, V; f(s)- V;g(s), where s = (s;);
and s = >, ds,, is symmetric in (s;);, we regard it as a function of 5. We set L?(u) =
L?(&, 1) and let

£ (f.g) = /C DI/, g)(s)pu(ds),
Dt = {f € Do L2 () £°(/. f) < 0.

We assume:

(J3) (&+, DY) is closable on L2(u).

From (J3) and the local boundedness of correlation functions given by (H1), we
deduce that the closure (E#, D*) of (E#, DY) becomes a quasi-regular Dirichlet form [16,
Theorem 1]. Hence, using a general theory of quasi-regular Dirichlet forms, we deduce
the existence of the associated G-valued diffusion (93, X) [14]. By construction, (B, X)
is p-reversible.

If one takes p as Poisson point process with Lebesgue intensity, then the diffusion
(P, X) thus obtained is the standard G-valued Brownian motion B such that B; =
>ien i, where {B%};en are independent copies of the standard Brownian motions on
R?. This is the reason why we call I the standard square field.

Let Cap” denote the capacity given by the Dirichlet space (¥, D*, L?(u)) [4]. Let
Gsi ={s€6; s(x)<lforallzes, s(5)=o0}
and assume:
(J4) Cap"({65:.}°) = 0.

Let Erf(t) = (1/v2m) [, e~12*/2 4z be the error function. Let S, = {|z| < r} as before.
We assume:

(J5) There exists a @ > 0 such that for each R > 0

r
lim inf sup {/ PNt (x dw}Erf() =0. 2.42
T—00 NeN S7~+R ( ) (T+R)Q ( )

We write s; = £ (s); and assume for each r € N

. . 3i|—7“) N
lim limsu /Erf( ds) = 0. 2.43
Jim N%Ong : T )" (ds) (2.43)

We remark that (2.43) is easy to check. Indeed, we prove in Lemma 4.6 that, if
s; = fn(s); is taken such that

[s1] < lso| <o+, (2.44)

then (2.43) follows from (H1) and (2.45) below.
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s || — 7") N,1
lim limsu / Erf( “(x)dz = 0. 2.45
Jim lim sup s, et )’ () (2.45)

Let ¢ be the label as before. Let X = (X?%);en be a family of solution of (2.39)
satisfying X = s for pro ¢ '-a.s. s. We call X satisfies u-absolute continuity condition if

e < p forall £ >0, (2.46)

where pu; is the distribution of X, and p; < p means p; is absolutely continuous with
respect to p. Here Xy = >,y 0y;, for Xy = (X})ien. By definition X = {X;} is the
delabeled dynamics of X and by construction Xy = p in distribution.

We say ISDE (2.39) has u-uniqueness of solutions in law if X and X’ are solutions
with the same initial distributions satisfying the p-absolute continuity condition, then
they are equivalent in law. We assume:

(J6) ISDE (2.39) has p-uniqueness of solutions in law.
Let X" be a solution of (2.4). From (2.32) we can rewrite (2.4) as

) . . 1 ) .
dx =N (X ) dB] + 7 {Vaa™ + aVo (X, 2 at. (2.47)

We set XV = (XML XN2 0 XNm) 1 <m < Nand X™ = (X! X2 ..., X™). We
say {XN} is tight in C([0,00); SV) if each subsequence {XN'} contains a subsequence
{XN"} such that {XN" "} is convergent weakly in C([0,00); S™) for each m € N.

THEOREM 2.2.  Assume (H1)—(H4) and (J1)—(I5). Assume that X} = puN oly}!
in distribution. Then {XN} is tight in C([0,00); SY) and each limit point X of {XN} is
a solution of (2.39) with initial distribution o f=t. Furthermore, if we assume (J6) in
addition, then for any m € N

A}im XNm = XM weakly in C([0,00), S™). (2.48)
bde el

REMARK 2.5. To prove (2.48) it is sufficient to prove the convergence in
C([0,T7; S™) for each T' € N. We do this in the following sections.

REMARK 2.6. (1) A sufficient condition for (J3) is obtained in [20], [21]. In-
deed, if p is a (P, ¥)-quasi-Gibbs measure with upper semi-continuous potential
(®,U), then (J3) is satisfied. This condition is mild and is satisfied by all exam-
ples in the present paper. We refer to [20], [21] for the definition of quasi-Gibbs
property.

(2) From the general theory of Dirichlet forms, we see that (J4) is equivalent to the
non-collision of particles [4]. We refer to [6] for a necessary and sufficient condition
of this non-collision property of interacting Brownian motions in finite-dimensions,
which gives a sufficient condition of non-collision in infinite dimensions. We also
refer to [17] for a sufficient condition for non-collision property of interacting Brow-
nian motions in infinite-dimensions applicable to, in particular, determinantal point
processes.
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(3) From (2.42) of (J5), we deduce that each tagged particle X* does not explode [4],
[18]. We remark that the delabeled dynamics X = ), 0x: are p-reversible, and
they thus never explode. Indeed, as for configuration-valued diffusions, explosion
occurs if and only if infinitely many particles gather in a compact domain, so the
explosion of tagged particle does not imply that of the configuration-valued process.

(4) Tt is known that, if we suppose (H1), (J1)—(J5), then ISDE (2.39) has a solution
for o ¢~l-a.s. s satisfying the non-collision and non-explosion property [19].
Indeed, let X = (X?%) be the SN-valued continuous process consisting of tagged
particles X of the delabeled diffusion process X = > ien Oxi given by the Dirichlet
form of (J3). Then from (J4) and (J5) (2.42) we see X is uniquely determined
by its initial starting point. It was proved that X is a solution of (2.39) in [19].

REMARK 2.7. Assumption (J6) follows from tail triviality of u [25], where tail
triviality of © means that the tail o-field 7 = (2, o[mge] is p-trivial. Indeed, from tail
triviality of ;1 and marginal assumptions ((E1), (F1), and (F2) in [25]), we obtain (J6).
Tail triviality holds for all determinantal point processes [22] and grand canonical Gibbs
measures with sufficiently small inverse temperature 5 > 0.

3. Proof of Theorem 2.1.

The purpose of this section is to prove Theorem 2.1. We assume the same assump-
tions as Theorem 2.1 throughout this section. We begin by proving (2.29).

LEMMA 3.1.  (2.29) holds.
PrROOF. From (H1) and (2.20), we obtain

lim br,sm by, for M[r] -a.s. and in Lp( [1]) (3.1)

N—oc0

We next prove the convergence of {b, s ,} as p — co. Note that

s =l

S ||bT7S,P r p”Lp(u + ”brep rs q||Lp(M + ||brsq 7”757q||Lp"(ﬁ£}])' (32)

From (2.22) for each e there exists a po such that for all p,q > po

buP Hbr5p rsq”Lp 1y <€ (3.3)
By (3.1) there exists an N = N, 4 such that
”br,S,p - bﬁe,p”m@ﬁh <€ ||br,s7q - bf«\,[s,qHLﬁ(ﬂ[Tl]) <€ (3.4)

Putting (3.3) and (3.4) into (3.2), we deduce that {b, s ,}pen is a Cauchy sequence in
Lﬁ(ﬂ[rl]). Hence from (2.16), (2.22), and (2.25) we see

; — Pl
plg{)lobm,p b5 in L?(alt). (3.5)
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N, [1]
Recall that b, = E#r" " [bV|F,. ] by (2.10). Then, because Fy.s C Fr,s41, we have
N N, (1]
br,s = [ T s+1|‘FT 9] (36)
N a0 N
From b,', = E#»" [b™|F, ;] we have

103, vty < 16V vt -

From this and (2.17) we obtain

- N
jligl%nEUPIIBTS\ILP(fN[11) < hjlvnjllopllb [l Lo vy < 00 (3.7)
Combining (2.25), (3.6) and (3.7), we have

. =N, [1] ]
brs = ngnoo br,s = ]\}gnoo Eftr [bgs+1|]:r75] =E* (b 51| Fr o] (3.8)

From (H1), (2.25), (3.7), and Fatou’s lemma, we see that
sup ||br7s||L@ oy < sup hmlnf |62 S||Lp ~.gy < 00, (3.9)

r<s

From (3.8) we deduce that {b,,}32,,; is martingale in s. Applying the martingale
convergence theorem to {b, ,}22,,; and using (3.9), we deduce that there exists a b,
such that

by = B [b,]Fr ] (3.10)
and that

lim b, =b, for gll-as. and in LP(al!).

L de el

By the consistency of {ﬂ[rl]}reN in 7, the function b, in (3.10) can be taken to be inde-
pendent of . This together with (3.5) completes the proof of (2.29). O

We proceed with the proof of the latter half of Theorem 2.1. Recall SDE (2.4). Then
xN - x = / oN (XN xNehdBi 4 / pN (XN N0 gy, (3.11)
0 0
Using the decomposition in (2.28), we see from (3.11) that

t
XtN,z_X(J)V,z :/ (XNz xNoz de /{brsp btail}(XiV’i,xuN’oi)du
0

+ / {6, =B, ,} + {0 — by (XN, 2N du. (312)
0
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Let 8;; = 0/0xij, x; = (2i5)-, € RY, and X, = (z)]2, € (RH)™. Set V; =
(0i5)f=1- Let ¢ € Cgo(S™) and aY V;Vith(x,n) = Ei,l:l apy (i) 0; x0i 19 (Xm). Applying
the It6 formula to ¢ and (3.12), and putting X" = (X"',..., X}¥'™), we deduce that

m

t
oY) = o)) = Y ([ T o (X kY
i=1 70
t
1 iy . )
+ /0 SaN VLV (XA + {6, + 0N XN ) - V(X du )
m ot
#30 [Ty - (o, — B, X 2 du
i=170
mo ot
#30 [ Taxm)  (u p 6 2 du, (313)
° 0

We set

m

al, - Z/ (o, — b, (X2 )

du,

Z/ ‘{bNtaﬂ btail}(XIZLV,i,%QJLV,oi> du

LEMMA 3.2.  For each m,r < s € N

lim limsup B ° [(QY, ,)?] =0,

P—=0 Nooo

lim lim sup Er ol [(mﬁs)ﬁ] =0.

S§—=0 N _s00

PROOF. Lemma 3.2 follows from (2.23) and (2.27) immediately. O
Let Z = §™ x (R?)™ x (R))™ and ¢ € C5°(S™). Let F : C([0,T);E) — C([0,T]; R)
such that

F(&n.0)(t) = $(E(t) — 0(£(0)) - / > G(0) Vet
/ A(E() + 6 (w) - Vo (E(w) ), (3.14)

where & = (&)1, 1= (0:)i%1, 1 = ig)f =15 € = (G)72y, and A; = Z] L 075
As ¢ € C5°(S™) and bl € C(S™) by definition, we see that F' satisfies the follow-
ing.

(1) F is continuous.

(2) F(&m,C) is bounded in (&,n) for each ¢, and linear in ¢ for each (£, 7).
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Let AN™ = (AN and BR,% = (Br:)7, such that

7,8,p

AVI(t) = N (XX, BRI () = b)Y, (XX, (3.15)

758,

Then we see from (3.13)—(3.15) that for each m € N

FXNm AN BT~ /0 Vi (Xm) - o M (X, X0 dB,
i=1

< cr{Ql, , + RN}, (3.16)

T,8,p

where ¢; = ¢7(1) is the constant such that ¢c; = max™, ||[V;¢||sm (|| - || is the uniform
norm over A as before). We take the limit of each term in (3.16) in the sequel.

LEmMA 3.3, { XV yen, {AV ey and {%ﬁ’ép}NEN are tight for each i,r,s,
peN.

PROOF. The tightness of { X} yey is clear from (I1).

We note that {V,a"}x is uniformly bounded on S, x & for each r € N by (H4).
Hence from this and (I1) there exists a constant cg independent of N such that for all
0<u,v<T

B [N () — AN ()[4 sup | XN < a] < eslu — o]
t€[0,T)

By (I1) we see that {2A"*(0)} yey is tight. Combining these deduces the tightness of
{2} ven.

Recall that 8,5, (t) = bY

r,s,p(Xt]V)iaxiv70i) and that []N
sumption. By construction

rs,p 18 Frs-measurable by as-

P (XN e S forall 1 < j<m, 0<t<T| LN, <m)=1. (3.17)
Let cg = supyey ”Vbi\,fs,pns’xG;"’l' From (3.15), (2.21), (3.17), and (2.8) we see

Nop<lrimNyi N, N
BN 1B (u) = Bl () sup [ X <a, LY <m]

T,8,p

t€[0,T]
= B [l , (N XN — o, (XL sup XV < a, £, < m
te[0,T)
N -1 m .
< EFON Y el X = X sup | X < a, LY, < m
J=1 t€[0,T]
< 0306|u - 11|2 forall 0 <wu,v<T.
From this, (2.7), and (2.9), we deduce the tightness of {%ﬁ[;fp}NeN. O

LemMa 3.4, {(XN4,aAN 8N N2 Yven ds tight in C((0,T],E™) for each
m,r,s,p € N.
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PROOF. Lemma 3.4 is obvious from Lemma 3.3. Indeed, the tightness of the
probability measures on a countable product space follows from that of the distribution
of each component. a

Assumption (I1) and Lemma 3.4 combined with the diagonal argument imply that
for any subsequence of {((X ™, AN:¢, %Z«Yip));ll}N’ pEN, r<s<oo, there exists a convergent-
in-law subsequence, denoted by the same symbol. That is, for each p,s,r,m € N,

lim (XN QN4 gy = (X B!

N —00 T8 p)m

in law. (3.18)

We thus assume (3.18) in the rest of this section.
Let A™ = (A, BY% = (BY),)m,, and X™ = (X)), for X = (X);en in
Theorem 2.1.

LEMMA 3.5. For each m € N

Jim FXNm AN™ BN = F(X™, A™ Bl ) in law. (3.19)
—00
Moreover, 2" and %ﬁ,s p are given by

QU@) = a(Xti’:{gi)’ %; s p( )= brs,p (XZ7 }:gi)_ (3'20)

PROOF. Recall that F'(§,7,(¢) is continuous. Hence (3.19) follows from (3.18). By
(H4) we see {a"} converges to a uniformly on each S, x &. Then, from this, (2.20), and
(3.15) we obtain (3.20). O

LEMMA 3.6. For each m € N
ngnooZ/ Vi (XN m) oV (XN xNetyg Bl
-y [ Vi) ol xaB;, in lo,
i=170

where (B is the first m-components of a (R®)N-valued Brownian motion (B');cx.

ProOOF. By the calculation of quadratic variation, we see

d

</ ai7kw(XuN7m Z XNz xNoz B’Ln / ajlw XNm Zaln XN,J xNOJ)dB]n>
0 u

n=1 n=1

_py / Al (XN XN, (X3, 1 (X,

From (H4), we see that a’V converges to a uniformly on S, for each r € N. Hence we
deduce from (I1) and ¢ € C5°(S™) the convergence in law such that
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N,i AN,0% N,m N,m
ngnooz / af} (X0, X0, 1 (X ™) 0 1o (XN ) du
- Z / axt (X X50)0, s (X0, 10 (K1)
Then the right-hand side gives the quadratic variation of 7", [/ Vi(X7) -
o(X1,x%)dBY. This completes the proof. O

We are now ready for the proof of Theorem 2.1.

PROOF OF THEOREM 2.1. From Lemma 3.2 and (3.16) we deduce that

. N_,—1
limsupE# °‘~ | sup
N—oo 0<t<T

F(XNm AN™ BYI()

m t p

- / Vi (X ™) - oM (X, X dB,, ]
i=170

< lim sup g oty [(Qf«\;’p)ﬁ + (%i\;)ﬁ] =: c10(s,p),

N—o00

where 0 < ¢19(s,p) = c10(s,p, %) < o0 is a constant depending on s,p,1. Applying
Lemma 3.5 and Lemma 3.6 to (3.16), we then deduce that

m + D
FX™, A™ B ()= / Vi (Xm) - o(Xi, X0
— Jo

p
. | <ewton

0<t<T

From this and (3.14), we obtain that

—1
Erot [ sup
0<t<T

(XY — w(Xy) Z/ Va(Xy) - o(X, X5 dB,
—Z / 58X X ViV (X) + 6 (X)) - Vit (X du

j2
=3 [ btz v |
i=1"0

S CIO(Sap)'
Take ¢ = g € Co(S™) such that Y(x1,...,zn) = z; for {|z;| < R;j=1,...,m}
while keeping |V;1| bounded in such a way that

(3.21)

010(]3’5) = Slll%pclt)(vaaR) = 0(]3,8).

Then we deduce from (3.21) that
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gt [ sup

) . tATR ) ) o
Xiy, — Xi - / o(X1, X5 dB]
0<t<T 0

tATR ) ) . ) 13
- / (610 (X1 250) 4+ 6997 (X)}du ] < c1o(s,p), (3.22)
0

where 75 is a stopping time such that, for X™ = (X, X°)™, € C([0,T]; (S x &)™),
Tp = inf{t > 0;|X}| > R for some i = 1,...,m}.

As R > 0 is arbitrary, (3.22) holds for all R > 0. Taking R — oo, we thus obtain

Eret [ sup

t
Xi - X [ ol x0)dB;
0<t<T 0

t
o [ a6 220 + 09X
0

|

B B t/\TR . B A .
Xipr — Xi— /0 o(XE, X2 B!

tATR ) ) ) )
[ b (XL 6 X }
0

< cio(s,p) /7. (3.23)

. . -1
< lim inf E#°¢ sup
R— o0 0<t<T

We note here that the integrands in the first and second lines of (3.23) are uniformly in-
tegrable because of (3.22). Taking p — oo, then s — oo in (3.23), and using assumptions
(2.24) and (2.30) we thus obtain

|0

t
X; - Xt~ /0 o(XE, X5 dB, — / {o(X7, %)) + 6" (X1 ) }du = 0. (3.24)

gt { sup

t
X} — X}~ / o(X:, x50 dB: — / {b(X:, 250 + 6™ (X)) du
0<t<T 0

This implies for all 0 <t < T

We deduce (2.31) from (3.24), which completes the proof of Theorem 2.1. O

4. Proof of Theorem 2.2.

Is this section we prove Theorem 2.2 using Theorem 2.1. (H1)—(H4) are commonly
assumed in Theorem 2.2 and Theorem 2.1. Hence our task is to derive condition (I1)-
(I5) from conditions stated in Theorem 2.2. From (J2) we easily deduce that

J\}i_r)noouN =u in LIOC(S, dx), (4.1)
lim g =g, in Llpoc( [1]) for all s. (4.2)

N —oo

LEMMA 4.1.  p has a logarithmic derivative 0% in Lf’oc(,um), where 1 < p < p.
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PROOF. We use a general theory developed in [19]. (H1) corresponds to (4.1)
and (4.2) in [19]. (4.1), (4.2), (2.35), and (2.37) correspond to (4.15), (4.30), (4.29),
and (4.31) in [19]. Then all the assumptions of [19, Theorem 45] are satisfied. We thus
deduce Lemma 4.1 from [19, Theorem 45]. O

Let {X¥} yen be a sequence of solutions in (2.4) and (2.5). We set the m-labeling
N
XNl — <XN’1, XN N 5XN,J-). (4.3)
j=14+m

It is known [18], [19] that X ™[] is a diffusion process associated with the Dirichlet form
en™™ on L2(S™ x &, ™V Iml) such that

myd 2

& (f,9) = /S : { S oVif- vig} + DIf, gldp™ ", (4.4)
i=1

where the domain D™ is taken as the closure of D([)m] = C§°(S™) ® D,. Note that the
coordinate function z; = z; ® 1 is locally in D™, From this we can regard {th\u} as
a Dirichlet process of the m-labeled diffusion X” associated with the Dirichlet space as
above. In other words, we can write

X=X = [ = fXE) = A

where fi(x,8) = 2; ® 1, z; € R?, and x = (;)7, € (RY)™. By the Fukushima decom-
position of XtN ', there exist a unique continuous local martingale additive functional
MmNt = (M} and an additive functional of zero energy MN-* = {9} such that

N,i N,i N,i N,i
XN XN = Nt o

We refer to [4, Chapter 5] for the Fukushima decomposition. Because of (2.4), we then
have

t t
' = oM xd s, = [V 2
0 0

LEMMA 4.2.  Let rp : C(]0,T);S) — C([0,T];S) be such that ro(X): = Xr—+.
Suppose that Xév’[m] =y in law. Then

. 1 1 , ,
xN o x = isz” + 5(9)2?’_2(7“71) - WII]Y’I(TT)) almost surely. (4.5)

PRrROOF. Applying the Lyons-Zheng decomposition [4, Theorem 5.7.1] to additive
functionals Alfil for 1 < i < m, we obtain (4.5). O

LEMMA 4.3.  (I1) holds.
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PROOF. Although MY+ is a d-dimensional martingale by definition, we assume
d = 1 here and prove only this case for simplicity. The general case d > 1 can be proved
in a similar fashion. Let ¢3 be the constant in (2.6) (under the assumption d = 1). Then
we note that for v > v

0 < (MmN, — (MY, = /“ AN () dt < e3(u — ) (4.6)

v

We begin by proving (2.8). From a standard calculation of martingales and (4.6),
we obtain

O Y — ] = B (| By, — B,

u v

N =1 i .
= 37O [ o), — (N ]

<enlu—vf,

]

where c1; = 3¢5 and {B;} is a one-dimensional Brownian motion. Applying the same
calculation to MY, (rp) — MY (rr), we have

E“N(’e;fl“imgft(rq«) — Y ()Y < enlt —uf*  foreach 0 < t,u <T. (4.7)
Combining (4.5) and (4.7) with the Lyons-Zheng decomposition (4.5), we thus obtain
okl XN — XN < 2¢qp |t —ul?  for each 0 < t,u < T. (4.8)

Taking a sum over 4 = 1,...,m in (4.8), we deduce (2.8).
We next prove (2.7). From (4.5) we have

21XV — XU < |V 4 |9 () — MY (rp)| almost surely.
From this and a representation theorem of martingales, we obtain
P”N"ZTVI( sup | XV — xV
te[0,T]

< PEUO (Csup [N > a) PR (sup [N (rp) — MY (rp)| > a)
te[0,T] te[0,T]

= 2P (sup || > a)
t€[0,T)

N _p—1
= 2P" N (sup | Bionn.iy,| > a). (4.9)
te[0,7]

> a)

A direct calculation shows

N _,—1 N _,)—1 a
proly sup |Bpw.ay,| > a) < PH oly sup |B¢|>a) < Erf( ) 4.10
(te[O)T]I (mniy, | > a) (te[m\@ﬂl t| > a) NGy (4.10)

From (4.9), (4.10), and (H2), we obtain (2.7).
We proceed with the proof of (2.9). Similarly as (4.9) and (4.10), we deduce
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N -1 . .
POt (inf |XN1|<7“)<P“ ofn ( sup |XNz X(])V”|2|Xév’l|—r)
t€[0,77] t€[0,7]

<2Pr o (Csup || > (X )
te[0,T7]

/E f('iﬁT >,ﬂ(dg), (4.11)

where s; = £(s);. We note that X' = s; by construction. From (4.11) and (2.43), we
deduce

limsupP“NOéEl(ﬁ >L) < hmsupZP“ oy ( inf | XN <)

N—oo N—oo 7 t€[0,T]
sil —
< 2limsu /Ef(l ) N(ds
N_mp; NGTs (ds)
—0 (L — o0).
This completes the proof. O

LEMMA 4.4.  (I2) holds.

Proor. (2.17) follows from (4.1), (4.2), and (2.37). For each i € N we deduce
that

N
E/LNOZN1|:/ |brsp( Nz xNoz)lﬁdt] SZEHNOZNI[/ |brsp( Nz xNoz>|ﬁdt:|

i=1
_ pers [Z/ o2, 6 X P
_EMN‘“]U oY, (X ﬁv’[l])|ﬁdt} (4.12)

Diffusion process X!l in (4.3) with m = 1 given by the Dirichlet form en™ M in (4.4)
is ™ [-symmetric. Hence we see that for all 0 <t < T

Pl < [ el
Sx&
This yields
T
/Oth“ 167, (X N[”)H<T/S 6, P, (4.13)
><

From (4.12) and (4.13) we obtain (2.18). O
LeMMA 4.5.  (I3)—(I5) hold.

ProoOF. Conditions (2.20), (2.21), and (2.22) follow from (J1), (J2), (I1), (I2),
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and (2.34). Similarly, as Lemma 4.4, we obtain for each i € N
ot [ [T eN N N,i N,0iyp N N g, N1
prot M (62, — b, (XN 2 )|pdt} < T/S o =B P (4.14)
X

Hence (2.23) follows from (4.14) and (2.22). (2.24) follows from (3.5) and an inequality
similar to (4.14). We have thus obtained (I3). Condition (2.26) follows from (J1) and
(J2). Similarly, as Lemma 4.4, we obtain for each i € N

T
g | [ e P <7 [ e - g,
0 Sx6&

This together with (2.26) implies (2.27). Hence we have (I4). Similarly as Lemma 4.4,
we obtain (2.30) from (2.29). We have thus obtained (I5). O

PrROOF OF THEOREM 2.2.  (I1)—(I5) follows from Lemma 4.3-Lemma 4.5. Hence
we deduce Theorem 2.2 from Theorem 2.1. O

We finally present a sufficient condition of (2.43).

LEMMA 4.6.  Assume (H1) and (2.45) for each r € N as Section 2. We take the
label N as (2.44). Then (2.43) holds.

PROOF. Let ¢12 = ¢12(N) be such that

x| =7 N,1
= | Erf| — ’ dx.
c12 /s r ( T p (z)dz

Let ¢13 = limsupy_, o c12(N). Then from (H1) and (2.45), we see that for each large r

: |x|—r> N,1 : / <m|—r> N,1
c13 < lim Erf| ——— (x)dx + lim su Erf Hx)dx
we g [ ( S LRy M G =

< . (4.15)

From (H1) we see that {u” }nen converges to p weakly. Hence {u¥} yen is tight.
This implies that there exists a sequence of increasing sequences of natural numbers
a, = {a,(m)}>>_; such that a,, < a,4; and that for each m

lim limsup p? (5(S,) > an(m)) = 0.
n—o0 N_00
Without loss of generality, we can take a,,(m) > m for all m,n € N. Then from this, we

see that there exists a sequence {p(L)}Len converging to co such that p(L) < L for all
L € N and that

lim lim sup ,uN(s(SP(L)) >L)=0. (4.16)

L—=oo Nooo

Recall that the label £y (s) = (s;)sen satisfies |s1| < |sa| < ---. Using this, we divide
the set & as in such a way that
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{51 € Spry} and {sp & Sp(r)}-

Then s € {51, € Sy} if and only if §(Sy(z)) > L. Hence we easily see that
|sil =7 n
Erf d
> [ et )

< cio(N) N ({s(Sp(ry) > L}) + /S\S Er f<|m| )pN’l(x)dx,
p(L)

Ve

Taking the limits on both sides, we obtain

lim lim sup Z/ Erf(w),uN(ds) <

L—0oo N_soo .y

c13 hm hmsup,u ({s(S (L)) = LY+ hm hmsup/ Erf<|$| _T>pN’1(SL‘)d$.
S\Sp (L)

L—oo Noo L—oco Noo

Applying (4.15) and (4.16) to the second term, and (2.45) to the third, we deduce (2.43).
O

5. Examples.

The finite-particle approximation in Theorem 2.2 contains many examples such as
Airyg point processes (8 = 1,2,4), Bessely o point process, the Ginibre point process,
the Lennard-Jones 6-12 potential, and Riesz potentials. The first three examples are
related to random matrix theory and the interaction ¥(z) = —log|z|, the logarithmic
function. We present these in this section. For this we shall confirm the assumptions in
Theorem 2.2, that is, assumptions (H1)—(H4) and (J1)—(J6).

Assumption (H1) is satisfied for the first three examples [15], [29]. As for the last
two examples, we assume (H1). We also assume (H2). (H3) can be proved in the same
way as given in [25]. In all examples, a is always a unit matrix. Hence it holds that
(H4) is satisfied and that (2.32) in (J1) becomes b" = 9V /2. From this we see that
SDEs (2.47) and (2.39) become

. 1 ) .
X" =B+ N X dt (1<i<N), (5.1)
) o1 ) )
dXj = dB; + S0 (X[, X7 dt (i €N), (5:2)

where 0# is the logarithmic derivative of p given by (2.38). Assumption (J6) for the first
three examples with 8 = 2 can be proved in the same way as [25] as we explained in
Remark 2.7. Thus, in the rest of this section, our task is to check assumptions (J2)—(J5).

5.1. The Airyg interacting Brownian motion (8 = 1,2,4).
Let Mgiry,ﬁ and pairy,3 be as in Section 1. Recall SDEs (1.10) and (1.11) in Section 1.
Let XV = (XMH)N and X = (X%);cn be solutions of
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N
Ni _ pi . é /3 4 N,i
dX;"” =dB; + 2 E XNZ—X ,]d 2{N 2N1/3X }d (1.10)
Jj=1,j#1 °t
; B { 1 / o(x) } .
dX! =dB! + = lim - - —2dx dt (i€ N). 1.11
t t 2 ryoo Z X’L—th Pp—— ( ) ( )

|x]|<r i

PROPOSITION 5.1.  If B = 1,4, then each sub-sequential limit of solutions XN of
(1.10) satisfies (1.11). If B = 2, then the full sequence converges to (1.11).

Proor. Conditions (J2)—(J5) other than (2.36) can be proved in the same way
as given in [26]. In [26], we take xs(z) = 1g_(x); its adaptation to the present case is
easy.

We consider estimates of correlation functions such that

e NI

K{Ig\l PAiry,,@(fE) >cyy forallzeS,, (5.3)

;u%pg{fyﬂ(%y) <cislz—y| forall z,y € Sy, (5.4)
€

where c14(r) and ¢15(r) are positive constants. The first estimate is trivial because pﬁi’rl V.5
converges to P}my, s uniformly on S, and, all these correlation functions are continuous
and positive. The second estimate follows from the determinantal expression of the cor-
relation functions and bounds on derivative of determinantal kernels. Estimates needed
for the proof can be found in [26] and the detail of the proof of (5.4) is left to the reader.
Equation (2.36) follows from (5.3) and (5.4). Indeed, the integral in (2.36) is taken
on the bounded domain and the singularity of integral of ¢™¥(x,y) = B/(z — y) near
{z =y} is logarithmic. Furthermore, the one-point correlation function pgi’rly’ 5. Of the
reduced Palm measure conditioned at z is controlled by the upper bound of the two-point
correlation function and the lower bound of one-point correlation function because

N,1 pglI‘QV (.’,E y)
() = =5

pAlry,Bx N,1 :
pAlry B( )

Using these facts, we see that (5.3) and (5.4) imply (2.36). O

5.2. The Bessel, . interacting Brownian motion.

Let S = [0,00) and « € [1,00). We consider the Bessels o, point process fibes 2,o and
their N-particle version. The Bessely o point process fihes,2,o iS & determinantal point
process with kernel

Jo(V2) V3o (VY) — Vo (VE) Ja(VY)

ﬁbes,2,oz(xa y) =

2(z —y)
_ \/Eja-i-l(\/i)b]a(\/g) - Ja(ﬁ)ﬂja+l(ﬂ) (5 5)
2(z —y) ’ '

where J,, is the Bessel function of order o [29], [5]. The density m% (x)dx of the associated
N-particle systems Nllg\i;s,z,a is given by
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N N
L s~ o, a
mY (x) = zye AN TT 2o ] e — . (5.6)
a j=1 k<l

It is known that s, , is also determinantal [29, p.945] and [2, p.91] The Bessels o
interacting Brownian motion is given by the following [5].

N

; ) 1 « 1
dXtNﬂ:dBZ—i-{——i—i—k i,}dt (1<i<N), (5.7)
SN 2X§V7 j:lX,j:;éi XtN’ _XtNJ
oo
. . « 1
X! :dBl—i-{.—‘r }dt 1 € N). 5.8
i (g e D o Gem 69

This appears at the hard edge of one-dimensional systems.
PROPOSITION 5.2.  Assume a > 1. Then (2.48) holds for (5.7) and (5.8).

PROOF. (J2)—(J5) except (2.43) are proved in [5]. We easily see that the assump-
tions of Lemma 4.6 hold and yield (2.43). We thus obtain (J5). O

REMARK 5.1.  There exist other natural ISDEs and N-particle systems related to
the Bessel point processes. They are the non-colliding square Bessel processes and their
square root. The non-colliding square Bessel processes are reversible to the Bessels
point processes, but the associated Dirichlet forms are different from the Bessel; o in-
teracting Brownian motion. Indeed, the coefficients a” and a in Section 2 are taken to
be a¥(z.y) = a(z.n) = 4z. On the other hand, each square root of the non-colliding
Bessel processes is not reversible to the Bessel , point processes, but has the same type
of Dirichlet forms as the Bessels o, interacting Brownian motion. In particular, the coef-
ficients a”¥ and a in Section 2 are taken to be a’(z.y) = a(z.y) = 1. That is, they are
constant time change of distorted Brownian motion with the standard square field.

We refer to [10], [11], [24] for these processes. For reader’s convenience we provide
an ISDE describing the non-colliding square Bessel processes and their square root. We
note that SDE (5.10) is a constant time change of that in [11], [24]. Let YV = (YN,
and Y = (Y%),;en be the non-colliding square Bessel processes. Then for 1 <i < N

) - y Vi a+1 N y N
N,i N,i 7 t t
Ayt =24/Y; dBt+4{ v T T Z _M}dt, (5.9)
J=1lj#i "t t
i P a+1l &« Y} .
ayy =2 Y;dBt+4{ : +§M}dt (i € N). (5.10)
VE2

Let ZV = (ZNY)N | and Z = (Z%);en be square oot of the non-colliding square Bessel
processes. Then applying It6 formula we obtain from (5.9) and (5.10)
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: . Nt (12) & 27N
dZtN’ZdBZJr{ t_ 4 =4 ¢ : }dt (1<i<N),
4N ZtN7 j;j;éi (ZtN7 )2 - (ZtN’])2
(5.11)
, , 1/2) & 27N
dz;:dBH{O‘H/ S A }dt (i € N). (5.12)
Zt j#i (Zl) (th)2

We remark that Theorem 2.2 can be applied to the non-colliding square Bessel
processes because the equilibrium states are the same as the Bessel interacting Brownian
motion and coefficients are well-behaved as a® (z.y) = a(z.n) = 4z.

5.3. The Ginibre interacting Brownian motion.
Let S = R?. Let u, and jigin be as in Section 1. Let ®V = || and ¥(z) = — log |z].
Then the N-particle systems are given by

N ) N N XNZ XN]
dXN" =dBi — X'dt + Z W—Mdt (1<i<N). (1.12)
=15 Xy
The limit ISDEs are
i i . X{ - X] .
dX{ = dB} + lim > Wdt (i € N) (1.13)

|Xi—X7|<r,j#i X
and

) Xi_ Xj
dX{ = dB; - X{dt + lim > ;7)(;2& (i € N). (1.14)
X7 |<r,ji X — X3

PROPOSITION 5.3.  (2.48) holds for (1.12) and both (1.13) and (1.14).

PROOF.  (J2)—(J5) except (2.43) are proved in [20], [19]. (2.43) is obvious for a
Ginibre point process because their one- correlation functions with respect to the Lebesgue
measure have a uniform bound such that p ! < 1/m. This estimate follows from (6.4)
in [19] immediately. Let 91 and 92 be the logarlthmlc derivative associated with ISDEs
(1.13) and (1.14). Then d; = 93 a.s. [19]. Hence we conclude Proposition 5.3 O

5.4. Gibbs measures with Ruelle-class potentials.

Let x? be Gibbs measures with Ruelle-class potential ¥(z,y) = ¥(x — y) that
are smooth outside the origin. Let ®Y € C°(S) be a confining potential for the N-
o w satisfy bounds
supy p¥'™ < % for some constants ci6; see the construction of [28]. Then one can
see in the same fashion as [25] that p¥ satisfy (J2)—(J5) except (2.43). Under the con-
dition supy p™V'™ < %, (2.43) is obvious. Moreover, if u¥ is a grand canonical Gibbs
measure with sufficiently small inverse temperature 3, then ¥ is tail trivial. Hence we

particle system. We assume that the correlation functions of pu
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can obtain (J6) in the same way as [25] in this case. We present two concrete examples
below.

5.4.1. Lennard-Jones 6-12 potentials.
Let S = R3 and B > 0. Let Wg_12(z) = |2|7'% — |2|7% be the Lennard-Jones
potential. The corresponding ISDEs are given by the following.

N,j N, N,j
Ni _ apt 4 B L gan (x 12(X" - xM) 6 - XM
dxNt = dB! + {W (XN + § X XM T X XN dt

Hfl
(1<i<N),

: ; 2 (12(Xi—- X)) 6(Xi— X))
X} = dBi + 2 3 { M) 0L
etz U il | X7 — X{|

}dt (i € N).

5.4.2. Riesz potentials.
Let d < a € Nand 8 > 0. Let U,(z) = (B/a)|z|~* the Riesz potential. The
corresponding SDEs are given by

axi = agi + L {vav (xN) + i N (I<i<N)
t Tab Ty t s |XN,i _ xNVi|24a - =7
J=1,j#i 1t ¢
) ) XJ .
dX! = dB! + Z |XZ XJ|2+adt (i € N).
] 1,j#i
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