MULTIPLE L-VALUES OF LEVEL FOUR, POLY-EULER NUMBERS,
AND RELATED ZETA FUNCTIONS

MASANOBU KANEKO* AND HIROFUMI TSUMURA*

ABSTRACT. We present several formulas for some specific multiple L-values of conductor
four. This grew out from the study of zeta functions of level four of Arakawa-Kaneko
type. Closely related is a new version of multiple poly-Euler numbers and we briefly
discuss this too.

1. INTRODUCTION

This paper is in a sense a continuation of our previous work [18, 19, 20]. There we stud-
ied a certain type of zeta functions and their values at positive as well as negative integer
arguments, the prototype being the so-called Arakawa-Kaneko zeta function investigated
in [3], whose values at positive integers can be written in terms of multiple zeta values
and at negative integers in terms of poly-Bernoulli numbers.

Through our study in this context in the case of level 4, we are naturally led to the

investigation of a class of multiple L-values of level (or conductor) 4, which in our notation

is given by
(_1)(mrfr)/2
Lu(ky, kX oxa) = Y
1<mq <---<mp ml ...mrr

m;=j mod 2
We discovered that these L-values with special indices satisfy a notable linear relation
with combinatorial numbers (‘Entringer numbers’) as coefficients. Also we found a (con-
jectural) connection of double L-values to modular forms of level four, a relation of pre-
viously studied level 2 L-values (‘multiple T-values’) to our level 4 values, and a formula
for the generating function of ‘height one’ L-values in terms of the Appell hypergeometric
function F}, being in contrast to Gauss’s o} in the previous cases.

In the next section, we present these findings on the level 4 multiple L-values in detail.
Various iterated integral expressions are our basic tools. In Section 3, we introduce and
study the motivating Arakawa-Kaneko type zeta function of level 4 and the corresponding
multiple poly-Euler numbers (different from those introduced and studied in Sasaki [26]
and Ohno-Sasaki [23, 24, 25]). In the final Section 4 we connect the one variable multiple
T-function to the zeta function introduced in §3 and obtain several family of relations
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among multiple T-values. The formulas and the techniques used in these two sections are
more or less parallel to our previous studies.

Acknowledgements. The authors are very grateful to Minoru Hirose, who provided
a Pari-GP program to numerically compute T-values efficiently. They also express their
gratitude to him and Ryota Umezawa for pointing out the proof of Theorem 2.6.

2. SOME RESULTS AND CONJECTURES ON MULTIPLE L-VALUES OF LEVEL FOUR

2.1. Definition. In [4], Arakawa and the first named author defined two types of multiple
L-values as follows. Let f; : Z — C (j = 1,...,r) be some periodic functions (in the

sequel we only consider the Dirichlet character of conductor 4 and its square). For integers
kh e ]{IT S Zzl’ define

(1) Lu(ki,. ke fr,o0 fr) = Z fi(ma) fa(mg —my) - -+ fr(m, —m,_y)

k1, ko k
ml m2 ..-mTT

7
1<my <o <myr

O Lty E A )
1 My -

1<mi<--<my

If k. > 2, these series are absolutely convergent, and if k, = 1, these are interpreted as

: fl(m1>f2<m2 - ml) te fr(mr - mr—l)
Lw(kla---vkr;fla"'>fr):J\/l[gnoo Z mklmkl.,,mkr
1 2 r

)
1<my <o <myp <M

Lo(ky, ... ke fi,..., f,) = lim Z fi(my) fa(myg) - - - fr(m,.)

k k
M —o00 1 1., k'r
1<my<--<mp<M my My m,

)

when the limits exist. As the notation suggests, these values satisfy (under a suitable
condition, see [4]) shuffle and stuffle (or harmonic) product rules respectively.

Let x4 be the (unique) primitive Dirichlet character of conductor 4, and consider the
case of f; = x4 for all j. Then it is readily seen by definition that

_1)(me—r)/2
(3) Lm(k17"'7kr;x47"’7x4): Z %

my m.r

Y

1<my<---<myp
mjzj mod 2

which is convergent even when k. = 1. To ease notation, and introducing the factor 2"

for later convenience, we define the ‘multiple T-values’ for any tuple of positive integers
(ks k)

- (—1)(me=r)/2
(4 Tl k) =2"Lylkr, o kixas - oxa) =27 Y -

ook
mimemy T me
mjzj mod 2

This is in contrast to our previously studied object

1
(5) T(ky,... k) =2 Lu(ky, kX3, oxD) =27 Y ———

ook
1<my<---<mp 1 mT‘

'rnjEj mod 2
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which we called ‘multiple T-values.” For this, the last entry k, should be larger than 1.
More generally, we introduced in [19, 20] a level 2 analogue of the multiple polylogarithms
for ]{]1, .. .,kr € Zzli

(6) Al i) =2 e
O<m;<mr mlf e ka

r
m; =1 mod 2

Zmr

(2] < 1).

In particular,

O 2l 142 2 odt
7 A(l:2) =2 — 2tanh!(2) =1 = .
™ 15 =23 5o =) =g (1) = [0

As is easily seen (parallel to the case of usual multiple polylogarithms), the function

A(ky, ..., ky;z) satisfies the derivative formula (see [19, Lemma 5.1])

1

d _A(kla"'akr—lakr_]-;z) (l{:r22)7

(8) EA(kla"'va;Z) = “ 2

1_ 2 A(k’l,...,kr_l;Z) (k?T:l),
and hence A(ky, ..., k,;z) is realized as an iterated integral starting with

22
Al z) = / dt

as follows. We introduce a compact notation of writing an iterated integral. Let a and b
be points in the closed unit disk. For differential 1-forms €2¢, €, ..., Qx, we understand

by the expression

the iterated integral

/(/(/(/Q)Q) ...... Q)

where ; = Q;(t;)dt;. Here and in the following, every path of integration is considered
inside the unit disk. Under this notation, from (7) and (8), we immediately have

z

Ak, ... ke 2) = QroQyore-nnt o Oy,
0

where Q; = 2dt;/(1 —t3) if j € {1k +1,...,k + -+ + ke_y + 1} and Q; = dt;/t;
otherwise. Note that the total number k of differential forms is the weight ky + - -+ + k.
of the index (ky,...,k,), and the number of 2dt/(1 — t?) is the depth r, the total number
of components of the index.

Since

9) T(ky, ..., k) = Ak, ... k3 1) (ke >2),
we have an integral expression of multiple T-values (see also [20, Theorem 2.1])

(10) T'(ky,ko,... k)
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/1 2dt  dt dt  2dt dt dt 2dt  dt dt
= —————— 00— Q0+t 0O —O0————— 0O — O +++ O — Q¢+ le) O—O0O¢+++0 —
0o 1—12 t t o 1—t2 ¢ t 1—t2 ¢ t
———— ———— N————
k1—1 ko—1 kr—1
B / / 2ty dty dt 2dt dt di 2t dt  diy,
B 1—t2 tz t1—1¢2 ¢ t 1—2t
0<t1 <<t <1 — N———

k1 1 ka—1 kr—1
For simplicity, we have suppressed the subscripts of variables of most of the differential
forms.
In the same vein, the multiple T-values can also be given as integrals. This fact is
fundamental to almost all of our proofs of Theorems. First, as in the case of usual multiple
zeta values and T-values, by expanding 1/(1 + t?) into geometric series and integrating

term by term, we obtain:

PROPOSITION 2.1. For ky,...,k,. € Z>1, we have

(11)  T(ki, ko, ... k)

/1 2dt  dt dt  2dt dt dt 2dt  dt dt
= O—O0+++0 — O — O +++e QO — Qe o) O —O0O+++ 0O —
o 1412t t 142t t 1+ ¢ t
—— — —
k1—1 ko—1 kr-—1
B / / 2ty dty dt 24t dt  dt 2dt dt  dty,
- 1+ tQ t 14+t ¢ t 1+ ¢t 1
0<t;<---<tp<l 1 ‘,—’kz—l \T,l_/
l— —

A typical consequence, which we use later several times, is the following identity.

COROLLARY 2.2. For any n > 1, we have

(12)

If we make a change of variables t — (1 — u)/(1 + u) appeared in [20] for T-values,
we obtain from (11) another integral expression when £, > 1 (in the case of ‘admissible’
index). For the definition of the ‘dual’ of an index, see for instance [20, §3.1].

COROLLARY 2.3. Suppose k. > 1 and let (I1,...,ls) be the dual index of (ky,ka, ..., k).
Then we have

(13)  T(ky, ks .. k)

/ L 2du 2du 2du 2du 2du 2du
= (@] O-+-+0 O (@] O+ O ———0O
o 1—u? 14u? L+u? 1T—u? 1+4u? 1+u?
Lol loe1
2du 2du 2du

O o O...O—
1 — wu? \1+u2 1+u24
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/ / 2du,  2dus 2du 2du  2du 2du
1—u? 14 ul T+u? 1—wu? 1+ u? 1+ u?
0<uy <--<up<l ~ . ~
li—1 la—1

2du  2du 2duy,
1—u21+4+u? 1+ul

'

ls—1

Furthermore, by the series expressions (4) and (6), we see that

(14) Tk, ... k) =i Ak, ... ki) (i=+v—1),

and hence we have yet another iterated integral representation of T (k1y. .. k)
(15)
T(ky,. .. k)
, / 24t dt dt 2dt dt dt 2dt  dt dt
=1 O—O0-+++-0—O0O O — Q¢+ + O — O eees le) O—O0-+++0 —,
o 1—12 ¢ t 1—1¢t2 t t 1—t ¢t t
ki—1 ko—1 kr—1
1— 2 T

2.2. The space of multiple T-values. As usual, let us consider the Q-vector space
-7
k=0
spanned by all multiple T—Values, where

T=Q, T= Y Q- F(h.. k) (k21)

1<r<k
Kk1yeens kr>1
k1++kr=k

PROPOSITION 2.4. The space T is a Q-algebra under the usual multiplication of real
numbers.

PRrROOF. This is a standard consequence of the integral expression (11), the product
being described by the shuffle product rule. 0

EXAMPLE 2.5. By (11), the shuffle product of T-values takes exactly the same form as
in the case of multiple zeta (and 7-) values. In our case, the T-values for non-admissible
indices also converge and we do not need any regularization procedure. For instance, we

have
T(W)T(2) = 2T(1,2) + T(2,1),
T(2)* = 4T(1,3) + 27°(2,2).
The first natural question would be the dimension dj, over Q of each subspace ﬁ of

weight k& elements. We have conducted numerical experiments with Pari-GP, and obtained

the following conjectural table.
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E |0|1]2|3[4]|5|6 |78 |9]|10] 11
di [1]1]23|6]8|16(22|44|59|118]162
Arep | 110112348 [12|22(30| 59 | 84
deoa |01 11|34 8 [10[22[29] 59 | 78

It seems that the space of multiple T-values of even depth and that of odd depth are
disjoint. In the table above we also display the conjectural dimensions dj ¢, and dj o4 of
the spaces of even and odd depth multiple T-values of weight k respectively. As far as
the table made by numerical experiments up to weight 11 goes, the predicted relation
dy, = d ey + dioq holds. We can also read off the relation dj, = 2dj_1 and di ey, = dg oq if
k > 1 is even in this range, but we are not aware of any reason to believe that this holds
true in general.

Through the numerical experiments, we found it very likely that the multiple T-values
lie in the space T of multiple T-values and moreover in the subspace spanned by even depth
multiple T-values. This prediction, first announced as a conjecture in a conference, was
confirmed soon after (independently) by R. Umezawa and M. Hirose. They pointed out
that, essentially, this follows from the path-composition formula for the iterated integrals.

We give here seemingly the most direct proof using that formula.

THEOREM 2.6 (Umezawa [30]). Any multiple T-value can be written as a linear com-
bination of multiple T-values of even depth.

ProOF. We use the formula (10):

1
T(k17...,kr):/QloQ2O """" OQ]“
0

where Q; = 2dt;/(1 —3) if j € {Lki +1,... k1 +--- + k1 + 1} and Q; = di;/t;
otherwise. Now, by decomposing the path of integration into two paths, first from 0 to
i = +/—1 and from i to 1, and using the path composition formula for iterated integrals
(see for instance [5, Prop. 1.5.1]), we may write this as

k i 1
T(kl,...,kr):z:(/Qlo"-ij) (/ Qjﬂou'oﬂk).
=0 \Jo i

Suppose that fol Q0---0; has depth [, i.e., there are [ 2dt/(1 —t*)’s among Q. .., ;.
Then by (15), foz Q) 0---0; is equal to ¢ times a multiple T-value of depth [.

On the other hand, by changing the variables ¢ — (—iu + 1)/(u — i), we see that the
integral fil Q100 is equal to i~*=77"*) times a real iterated integral fol Q0
00, where Q) = 2du/(1—u?) if Qp, = 2dt/(1—t*) and ), = 2du/(1+u?) if Q) = dt/t.
Since the number of 2du /(1 —wu?) (depth) among €2} is r — [ and the total number (weight)
is k—j, by (13), we conclude that the integral fz.l Qjy10- 08, is equal to i~ K==+ times

a multiple T-value of weight k — 7 and depth & — j — r + [. Therefore, we conclude that
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the product (fol Qio---0 Qj) (le Q100 Qk> is 477" times a product of multiple

T-values of depths [ and k — j — r + [, which is by the shufle product i **/+" times a
sum of multiple T-values of depth k — j —r+2l. Since T'(ky, ..., k.) is real and the power

—k + j + r of i and the depth & — j — r + 2] have the same parity, we conclude that the

T-value T'(ky, ..., k,) is a sum of T-values of even depth.

O

ExAMPLE 2.7. Consider the ‘height one’ multiple T-values, i.e., T-values of the form
T(1,...,1,k+ 1) with r,k > 1. Starting with the iterated integral expression (10) and
——

r—1
proceeding as in the above proof, we have

1
2dt 2dt dt dt
T(l,...,l,k+1):/ 0ciio ' 56— .o —
A o 1—1 11— ¢ t
-t Y b
/i 2dt 2dt /1dt dt
= O-++0 — Q0 —
o 1 —t2 1—¢2 .t t

g
s

k

- / 2dt 2dt /1 2dt 2dt  dt dt
_|_Z O-+++0 O+«++Q—m 0 —Q-+++0 —
ol Jo 1222 -2/, 1-¢ 1—2 ¢ t
r‘—,j }, k
Y / 2dt 2dt  dt dt Lt dt
Q¢+ Q ——O0 — QO +++0 — — Qe O —
: 0 1—¢2 1—t2 ¢t t ot t
j=1 N ~ 7N ~ - SN—————
v j k—j
Now, by (15), we have
©o2dt 2dt ~
/—20-~-o 2:ir_JT(1,...,1),
o l—1 1 -1 ——
rtj "
bo2dt 24t dt dt .~
A}—ﬁo“”ftﬁf?“”o_:ZﬂL-JJ+U,
\Tr ‘j’ r—1
and by the change of variable t — (—iu+1)/(u — 1)
/1 2dt 2dt  dt - /1 2du 2du  2du 2du
0+«++0———0—0-++0— =1 0-+-0 o o o ——r0
g 1—12 112 t o 1 —u? 1—u? 1+u? 1+u?
be k 7 k

=i *T(1,. 1,5+ 1),
——

k—1
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L dt dt Y 2du 2du
—O--'O—Ilk+] 0O+¢++ O ——
i t t 0 \1 + U2 1 + UQJ
k—j ke j
=i *IT(1,. ).
AT
—j

Putting all these together and using the shuffle product formula

T(,..., D)T,... 1) = <r+k)f(1,...,1),

N—— —— r ——
T k r+k
we have
(16)
kE\ ~
T(,... 1,k +1) :z”‘—’“<r+ )T(l,...,l)
N—— r ——
r—1 r+k
r _ _ k _ _
+iEY iIT, )T L ) Y CPT(LL L DT+ ),
j=1 rj k1 J=1 k—j r—1

Taking the real and imaginary parts of this equation, we have the following set of relations.
When r 4 k£ is even,

E\ ~
()21, L,k + 1) = (” )T(l,...,l)
N——

r ——
r—1 r+k
o~ k o~ o~
+ Z 2T, )T, L+ 1)+ Y (1727, DT, L+ 1),
V T = 7,—/ \,1—/
] even r=J - jreven —J r—

Jt)dd " ko
S RIS T IR RSE)
N——
godd k=i T

and when r + k is odd,

(—D)ETDRTA Lk 1) =) (-DITET(L L DT, L+ 1)
&\,1_/ = ~—— 71_/
T jiodd r—J -

+Z YDA, DT, 1+ 1),
N——

J: odd k_] r—1
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(T+k)f(1,...,1)+ ET:(—1)j/2f(1,...,1)?(1,...,1,;’+1)

r —— = ——
r+k jieven r—j k—1
+Z /271, )T(1,...,1,j4+1) =0.
7eue'n kij r—1

For small values of r and k with » + k < 4, we obtain from these, together with the
shuffle product, the followings:

T(2) = 2T(1,1),
T(3) =T(1,2) = T(1,2) + T(2, 1),
T(3) = 37(1,1,1),
T(4) =T(1,1,2) = 2T(1,3) + T(2,2) + T(3,1) — 4T(1,1,1,1),
T(4) = 2T(1,1,2) +27(1,2,1) + T(2,1,1),
T(1,3) = —2T(1,3) + 67(1,1,1,1).

The particular case of r = 1 (multiplied by i*) of (16) will be used later in the proof of
Theorem 2.9:

k
(A7) T+ 1) =itk + DT, ) +T(1,....1,2)+ Y 7T, DT +1).
N—— —— — ——
k+1 k—1 J= k—j

2.3. Height one multiple T-values. As another application of the iterated integral
expression (11), we can compute the generating function of ‘height one’ multiple T-values.
Analogous results are known in the case of multiple zeta values as well as multiple T-values
(2, 7, 20)):

I'(l1-X)I'(1-Y)

1— | DHX"Y" = =, R (X,Y;1; 1)
an:lg ) 7m+ ) F(].—X—Y) 2 1( ) ) )
and
2T(1 — X)I(1—Y)
1 HXMY"™ = Fi(1-X,1-Y:1-X-Y; -1
mznzl ) n 17m+ ) F(l—X—Y) 2 1( ) 3 ) )7

where o F (a, b; ¢; z) is the Gauss hypergeometric function. In contrast to these cases, now
the Appell hypergeometric function F; emerges.

THEOREM 2.8. We have

> T 1m) XY =
——

m,n>1

1_XF1(1—X;l—iY,l—FiY;Q—X;Z’,—z'),

n—1
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where Fy stands for the Appell hypergeometric function

= a)m nb mb n m n
Fl(a;bth;C;I,y): Z ( )(C)Jrilgn'(n?) Y.

m,n=0

PROOF. From the integral expression (11), we have

f(l 1 ) / / thl thn du1 dum_1
- m) = PR PP —_ ..
i L ]_ + t% 1 + t% (U5} Um—1

n—1 0<t1 < <tp<ur <--<um—1<1

B /1 1 /tn 2t \"' 1 /1 du\" 24,
S \(n—=1)'\Jy 1422 (m—=1V\J;, u 1+t2
Here, by using

b 2dt 1 1+ ity
/ = —log ( all ) (principal value, 0 < ¢, < 1),
0

1+¢ 4 1—1t,
we obtain
~ j1-n 1 T+t \" " \N™! 2dt
T(1,...,1,m) = ! / log —H, log —
N (n—1D!(m—1)!J, 1 —it t 1+¢2
n—1
and hence
T, Lm)Xm Tty
m,n>1 —
= n—1
! 1+it\\"" 1 v\ "™t xml 2dt
L6 ) (50
/0 <n221( 1 —it (n—1)!\ 4 ng t (m—1!]1+1¢

1 N4
:/ 1+t Zt_X 2dt
o \1—it 1+ ¢2
1
= 2/ (1 —at)Y N1 i)Y .
0

Recall the integral expression of the Appell hypergeometric series Fy (see e.g. [32, Chap.14

(. 300))):
Fiaibybyciay) = 3 pelnlde gy (1o < 1,1y] <1

m,n=0

_ T ) /1 (1 — 1) N (L —at) (1 — yt)2dt (R(a) > 0, R(c—a) > 0).

['(a)(c—a
We put
a=1-Xc=a+1=2-X b1 =1-1Y,bo=1+Y,x =1,y = —i
and obtain

1
/ 5 — i)Y (1 4 it) T e
0
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ra-Xx)Ir(a . . .
:w}q(l—X71—2Y71+ZY,2—X,Z,—Z)
1
= 1_XF1(1—X;1—iY,l—l—z'Y;Q—X;i,—z’).
From this the result follows. O

2.4. A relation of multiple T-values involving Entringer numbers. To state the
next theorem, we review the ‘Entringer number’, which counts the number of ‘down-up’
permutations in the symmetric group S, 11 starting with j+1. Alternatively, the Entringer
numbers {E(n,j) | n,j € Zsp, 0 < j < n} are defined inductively by

E(0,0) =1, E(n,0)=0 (n>0),

E(n,j)=E(n,j—1)+En—-1n—j) (n>1,1<j<n).

Note in particular that E(n, j) € Zs>(. For more details, see Entringer [8] and also Stanley
27].

10 | 14 | 16 | 16
16 32 | 46 | 56 | 61 | 61
061|122 | 178|224 | 256 | 272 | 272
TABLE 1. E(n,j) (0 <n, j<T)

Tdol1] 2034|567
n

1

0] 1

0] 1

0] 1 2

o2 455

0] 5

0

N | OO | O W N~ O

Incidentally, let Ey = 1 and define

n—1

(18) E,=» E(n—-1) (=E(n,n) (n=>1).
=0
Then E, is sometimes called the ‘Euler number’ (see [27]) and is equal to the total number

of ‘down-up’ (or ‘up-down’) permutations in S,. A generating function of E,, is

n

> T
(19) secx—l—tanmzzoﬂinm



12 M. KANEKO AND H. TSUMURA

(see [27, Theorem 1.1]). Hence (—1)"Ey, = Es, is the usual Euler number defined by

o0

" 1

cosh z
n=0

(see Norlund [22, Chap.2], note that coshz is an even function) and the odd-indexed
Eon41 coincides with the ‘tangent number’ (see [22]).

n 0112345 |6 7 8 9 10
E, 1[1|1]|2|5]16|61]|272 1385|7936 | 50521
TaBLE 2. E, (0 <n <10)

Using E,,, the well-known formulas for Riemann zeta values as well as Dirichlet L-values
of conductor 4 (sometimes referred to as the Dirichlet beta values) can be re-written as

formulas for our T- and T-values in a uniform manner as

T(n+1) (n: odd) } _E, <ﬂ->n+l

1) -

T(n+1) (n: even) !
for any n € Z>o (see Comtet [6]).

Coming back to the Entringer number, we have the following curious and beautiful
relations. Note that the values on the right are not appearing in (21), i.e. the ‘difficult’

values presumably not rational multiples of powers of .

THEOREM 2.9.  For any n € Z>1, we have

n - i T(n+1 - odd),
(22) > Em,)T(A,...,1,2,1,...,1) = (n+1) (n: odd)
j=1 M

n

ExAMPLE 2.10. Examples in low weights are

T(3) =T(2,1) +T(1,2),

T(4) =T(2,1,1) + 27(1,2,1) + 2T(1,1,2),

T(5) = 2T(2,1,1,1) +47T(1,2,1,1) + 57°(1,1,2,1) + 57(1,1,1,2),

T(6) =5T(2,1,1,1,1) + 107°(1,2,1,1,1) + 147°(1,1,2,1,1)
+167(1,1,1,2,1) +167(1,1,1,1,2),

T(7) =167(2,1,1,1,1,1) + 327(1,2,1,1,1,1) + 467°(1,1,2,1,1,1)
+567(1,1,1,2,1,1) +617(1,1,1,1,2,1) + 617(1,1,1,1,1,2).

PrOOF. We give a proof by induction on n > 1. The case n = 1 becomes the trivial
identity 7'(2) = 7'(2). Let £ > 2 and assume that the assertions for n < k — 1 hold and
consider the case n = k. From the identity (17), by taking out the term with j = k on
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the right-hand side and noting (k 4+ 1)T(1,...,1) = T(1)T(1,...,1) corresponds to the

S~—— S~——
k+1 k
term j = 0, we have
k—1 N
FT(k+1) =T (k+1) =Y i T+ D)T(L,..., 1)+ T(1,...,1,2).
0 W S~——
J= k—j k—1
We use the real part of this identity:
(23)
Re (z’kT(k: +1) — F Tk + 1)) = S (U TG 4+ DT, ) + T L 2),
o 7,_/ jvl_/
j:odd —J -

By the induction hypothesis, we can substitute

y - h
=> EGWTA,...,1,2,1,...,1) (jiodd, 1<j<k—1)
h=1 ‘]’
into (23) and obtain
Re (ikT(k: 4 1) — FT(E + 1))
k—1 h _ "
=) (- <J+1/QZEJ, (L L2 0, DT, D)+ T(L, ., 1,2),
pa ~ " V ——
j:odd J k—j k—1

Since multiple T-values satisfy the same shuffle product formulas as the usual multiple

zeta values, we have the following relation:

= : = AN !
T(1,...,L2,1,... DT, 1) =Y T(1,...,1,2,1,...,1).
A > N / h

- I=h m—h ~ g
m n - m-+n

Therefore we obtain

Re (z’kT(k 1) — T+ 1)) ~T(,...,1,2)
——

k—1 k—j+h l k‘ l
1)U+D/2N " R( S\ T, 121001
Z Z ._77 Z (h)(—h) (\7 M ) ) b M )

j]:j;d I=h 7;
= ! N (k=1 = l
=S| S (=023 R b <h)( h> T(1,...,1,2,1,...,1)
=\ h=1 - Y
k k-1 k-1 I E_1 _ 1
=2 (=1 <h)( h)E( MT(QL. 1211
=1 h=1 g=h J Y g
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_ ii i(_l)(m)/z <;L) (f__fi)E(j T, ..., 1,% 1,...,1)

k
— Ok,0dd Z(—l)(kﬂ)/zE(k, l)f(}, o1

14

Bk

where 0 oqa = 1 (resp. 0) if k is odd (resp. even). By replacing j with h + j, the last

expression becomes
k l k-l . I E—_1 B £
Z Z (= 1)(h++0/2 (h) < , )E(h +5,MT(1,...,1,2,1,...,1)
=1 h=1 h+jj::00dd J v
k l
— Okodd Y _(—=D)"VPE(RDT(L,... 1,21, 1),
k

Here, we need
LEMMA 2.11.  For k,l € Z>,
k _l . e—1 .
E(h+j,h) =1 E(k,l)+5k712+5170,

o EEeOE

h=0 j=0
where Oy is the Kronecker delta.

Multiplying both sides of (24) by ¢ and taking the real part, we have

k—I1
- L\ (k=1
o <h) ( J )E<h 5.1 = Sven (=1 E (R, 1) = b

2. 2

l
h=1 Jj=0
h+ j:odd

where g even = 1 (resp. 0) if & is even (resp. odd). Therefore we obtain

Re (z”“T(k F1) = P+ 1))

k
=" (Skeven(—1)*E(k, 1) = 60) T(L, ... 1, .
=1 h g - ~——
k k—1
k _ !
— Ok 0dd Z(—l)(k+l)/QE(/€,l)T(1, 12,1001
=1 h M
k N l
= Okeven(—1)? Y E(k,DT(L,...,1,2,1,...,1)
=1 ‘k'

i ~ !
— Ok oaa(—1) VN B, DT(L, ..., 1,2,1,.., 1),
=1 ‘k’

This gives the desired identities when n = k for both even and odd &
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Proof of Lemma 2.11. We use the following generating function of the Entringer numbers

(see [27, (2.2)]):

o k okl ) :
Yy _ cosx+siny
(25) ZZ ]E _l ‘ l' o COS(I + ) ’
=0 I= Y

Let I1(x,y) be the generating function of the left-hand side of (24):
o k1 k-l
N (k=1 gLy
. . . Yy
na =SSt (,) (T re i g

By (25), we have

oo 0o ' oo I yl oo L—1 ‘,L,kfl
_ Bt -
Lw,y) =) i jE(h+Jah)Z(h)ﬂZ< ; )m
h=0 j=0 1=0 k=l
S ATy A
_ZZ h+JE (h+ j, )Z(h)FZ()E
h=0 j=0 1=0 " k=0 J ’
Y
=323 R >%i.
h=0 j=0
y" at
m y
—ZZZ ]Emh (m = h) h
m=0 h=0
_cos(iz) +sin(iy) .,
N cos(i(x + y))
et te el —ie™?
1+€—2x—2y

On the other hand, the generating function of the right-hand side of (24) is

k—1 l

co k
o) = 505 (B + s+ ) s

k=0 (=0
ok . .
_ (iz)*" (iy)’
=iy Y E(k 1)(k_l) el et
k=0 1=0

et +eT T +ieY —iem
—1
ety + e Ty
e’ +e " +ie¥ —ie?
- 1 + e—2:c—2y

)+i€y+6x

Hence [1(z,y) = I>(x,y), which gives the proof of (24), and now the proof of Theorem 2.9
is complete. 0
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2.5. Relation to modular forms. In this subsection, we present our experimental dis-
covery on a possible connection between double T- (as well as T-) values and modular
forms of level 4 (and 2), or precisely speaking, connection to some ‘period polynomials’
associated to those modular forms. This is certainly an analogous phenomenon to our
previously studied relations between double zeta values and modular forms on the full
modular group ([11]). We however could not give a proof and leave it to the interested
readers.

For N = 2 and 4, even integer k£ > 4, and 1 < j < (k — 2)/2, define the polynomial
S Nk, (X) with rational coefficients by

- Nk—2j-1 1 1
Snpj(X) = —=—X"7B)_,, <_) — 5-B5;(X)

k—2j NX 25 4
kBQjBk_Qj 1—27% inQ 1-— 27k+2j 1
2k —2/)By \1—2% N 1—2% N% )

where B, is the Bernoulli number and BY(X) is the usual Bernoulli polynomial with the

BYX)= Y (?) B; X",
0<j<n

We further define Py ;(X) and PNkJ(X) by using SN,”( ) as

term nB; X" ! removed:

0 X+1
Prpj(X) = (=2X +2)" %Sy, (m)

and

L (Pras (X) % Pygs(— X))

+
P](V,k),j(X) - 9

We can now state our conjecture.

CONJECTURE 2.12. 1) For N = 2 or 4, even integers k > 4, and integers j with
1 <j <(k—2)/2, write the polynomial PZ(\/Tlg,j(X +1) as

() . (F-2)
Py X+ = ai -~ 7)X"
1=0

(Each coefficient a; depends on N, k, and j.) Then we have the following relation among
the double T-values:

o

-2

a;T(i+1,k—i—1)=0.

I
=)

The Q-vector space V. spanned by P4(+) (X) (1 <5 < (k—=2)/2) is of dimension
[(k — 2)/4] which we congecture to be equal to the number of independent relations among
double T-values of weight k. The polynomials P2( k)j (X) are contained in Vyy, and span
the subspace of dimension [(k — 2)/6].
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2) For N = 2 or 4, even integers k > 4, and integers j with 1 < j < (k — 2)/2, write
the polynomial P](Vj,z’j(X +1) as

k—3
P( (X +1) Zbl( >
1=0

(Here too we suppress the dependence on N etc. in the notation of b;. Note that the degree
of the odd polynomial PJ(V*,C)J(X) is at most k — 3.) Then we have the following relation
among the double T-values:

k-3

> biT(i+1,k—i—1)=0.

=0

In this case, the Q-vector space Wy, spanned by Pi;’)j(X) (1 <j < (k—2)/2) is the

same as that spanned by Pz(;)J (X) (1 <j<(k—2)/2), and the conjectural dimension of
Wy is [k/4] — 1. The conjectural number of independent relations among double T-values
is k/2 — 2.

REMARK 2.13. i) The polynomial SN k,;(X) is the period polynomial 7" (Rry(n)k—2,2j—1) (X)
in the work of Fukuhara and Yang [9]. A period polynomial is a polynomial associated to
a cusp form whose coefficients are ‘periods’ of the given cusp form. They computed pe-
riod polynomials explicitly for some specific cusp forms Rpg(n)x—2,2j—1 on the congruence
subgroup I'g(N), and exhibited several properties of those. For more details, see their
paper [9] and the references therein. For basics of modular forms; see e.g. Miyake [21].

ii) The number [(k —2)/4] appeared in 1) of the above conjecture is equal to the
difference dim Si(I'9g(4)) — dim Sk(I'9(2)) of dimensions of the spaces of cusp forms of
weight k& on the congruence subgroups I'g(4) and I'g(2). And the difference [(k — 2)/4] —
[(k — 2)/6] is equal to the dimension of the space of new forms of weight k£ on I'g(4). Also,
the number [k/4] —1 in 2) is equal to dim Si(I'g(2)), whereas k/2—2 = dim S(I'g(4)). We
could not find how to produce the remaining k/2 — 2 — ([k/4] — 1) = [(k — 2)/4] relations
of double T-values via a similar procedure.

iii) By Fukuhara and Yang [10, Cor. 1.9] (resp. [9, Cor. 1.5]), the polynomials §4,k,j (X)
(resp. Spz (X)) span the k/2 — 2 = dim Sg(Lo(4)) (resp. [k/4] — 1 = dim S(T'(2)))

dimensional space.

EXAMPLE 2.14. i) For N =4, k =6, and j = 1, we have
1 1 1

Sie1(X) = —=X'+-X%—

: . 3 PI(X) = X1 —10X% +1

and

PUEL(X + 1) = =8 — 16X — 4X2 4 4X? 4 X*

) e (s
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1 4 4 4 4 4
=—= X +2 X? - X3 — X4,
Accordingly, we numerically (to high precision) have

24T(1,5) + 127(2,4) 4 2T(3,3) — 3T(4,2) — 3T(5,1) = 0.

ii) For N =2, k =8, and j = 2, we have
~ 1 1 1 1
Sogo(X)=——X04+ X+ X2+ —
282(X) TTa 3° T 136

2
P{EL(X) = = (5X° — 61X" — 61X* 4 5)

and

Pith(X +1) = 137(112 + 336X +352X2 4+ 144X% — 14X* — 30X° — 5X9)
2 6 6 352 (6 36 (6
=— (112 56 )X +—( ) X*+=—(.]|X?
17< (o) * (1) UST: (2) 3 (3)
B x5 (Y x5 (0) xe)
15 \4 5 6

-~ - 352 ~ 36 ~ 14 ~ - -
12T (L,7) +56T(2,6) + = T(3,5) + - T(4.4) = 1-T(5,3) = 57(6.2) — 57(7.1) = 0

We compute

to very high precision.
iii) For N =4, k=8, and j = 1, we have

- 208 16 7 19 ~
Sisi(X) = 5—1X6 _ ?X‘* + 6X2 - PEh(X) =

—% (X° —8X° + X)
and

- 640
P4(,8,)1(X +1) = I (6+ 18X +14X* — 2X° — 5X* — X7)

64 6 6 6 6 6 6
=— (1 X +2 X?=3(,)x*—10(, )X*—5(_)X°).
The corresponding conjectural relation is

180T'(1,7) + 907'(2, 6) + 28T'(3,5) — 3T(4,4) — 107'(5,3) — 5T(6,2) = 0.

At the end of this section, we mention a connection to our previously obtained ‘weighted
sum formula’.

If we start with the polynomials X*~2 or 1 instead of S Nk, (X), we obtain the weighted
sum formulas for double T- and T~ values. More precisely, for even k > 4, take the even
and odd parts of the polynomial

X +1

k—2
- - — (X 1 k—2
—2X + 2) (X417

(—2X +2)F2 (
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namely ((X 4+ 1)¥2 4 (=X +1)*?) /2 and make the shift X — X + 1 to obtain

((X + 2)k—2 + (_X)k—Q) — % <§ 2k—j (/ﬂ — 2) Xj + Xk:—2> )

3=0 J

DN | —

Then, this ‘corresponds’ to the weighted sum formula
k—2 N N
S ITT( 4+ Lk—1—j)+ T(k—1,1) = (k- 1)T(k)
j=0
proved in [4, Prop. 4.2] in the ‘4’ case, and
k—3
D I+ Lk —1—j) = (k= 1)T(k)
5=0
proved in [20, Th. 3.2] in the ‘—’ case. If we start with 1 instead, the resulting polynomial

is essentially the same.

3. CERTAIN ZETA FUNCTIONS AND POLY-BERNOULLI AND EULER NUMBERS

In our previous work [3, 19], we studied zeta functions

1 * L Li(ky, ... k1 —e)
26 ki, kys) = —— st SR LA dt
( ) f( 1 ) S) F(S)/; et — 1
and
1 * 1Ak, ... ke tanh(t/2))
27 kiy... kys) = ¢t D dt
( ) 1/}< 1, ) ’S) F(S) A sinh t )
both converge in Re(s) > 0 and are analytically continued to entire functions. Here,
Zmr
Li(ky, ...,k z2) = —_ (k1,..., k- €Z; |2 < 1)
0<m1<z~-~<mr mlfl T mffr

is the multiple polylogarithm and A(ky, ..., k,; ) is its ‘level 2’ analogue already appeared
in (6).

We now introduce a level 4 analogue of these zeta functions by using the level 4 vari-
ant o (ky, ..., k.; z) of multiple polylogarithm, which is defined by the iterated integral
as follows. The idea is just to replace the starting point 0 of the iterated integral of

A(ky, ... ke z) with @ = /—1.
DEFINITION 3.1. For ky,...,k, € Z>1, define
1
/ — (k.. k1, ke — Liu)du (k. > 2),
;U
22

(28) (K, ke z) =
/ b hegu)du (k= 1),
i — U

with &7 (0;u) = 1. In particular,

(29) %(1;z)z/z 2 A(12) — AL:4) = 2tanhi(z) — T

1 —wu? 2
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Note that if k. > 2, then we may consider the value of &7 (ky,...,k,;2) at z =1, and in
fact this was already appeared in the proof of Theorem 2.6. We state the formula again
as a proposition.

PROPOSITION 3.2. For ky,...,k, € Z>y with k. > 2, let (Iy,...,ls) be the dual index
of (k1,..., k). Then we have

(30) A (ky, . k1) =Ty, ).

PRrROOF. As already done in the proof of Theorem 2.6, this can be shown by the change
of variables t — (—iu+ 1)/(u — i) in the iterated integral

Jy(kl,...,/ﬂ«;l)

/1 2dt  dt dt 2dt  dt dt 2dt  dt dt

= —_— 00— Q0+ 0 —O0—————— Q0 — QO+ e QO — O o) O— Q+++0O+++0 —

P S 2 t 1—t t t 11—t t t

S——— ——— ~~ -~

ki—1 ka—1 fer—1
and by the formula (13). O
We also record here a formula of A(1,...,1,k + 1;2) expressed in terms of f—values,
-1

A (1,...,1,k+1;z) (1 <j <r), and log z. Specialization z = 1 gives (16).
i~1
s

ProrosITION 3.3. Forr k > 1, we have

AL, ., L k+1;2)
———

r—1

T k . :

. - log = — log i)k~

=S TOT D) (L LE L)+ Y T L 1)< 0g 2 — log1)

i=1 —~ =0 T (k= J)!
r—j j— r—

PRrROOF. This can be shown in the same manner using the path composition formula
as in the calculation of (16). We omit the detail here. O

Now we define the zeta function associated to our 7.

DEFINITION 3.4. For ky,...,k, € Z>4, set
1 < (k... k. tanh(t/2 + wi/4))
31) Mki, ... kys) = — 5! ARENALL dt (R 0).
B Moo i) = s s (Re(s) > 0)

Before discussing the convergence of the integral in Re(s) > 0, let us first explain
our motivation of introducing these functions, in other words, explain how we chose the
integrants of these. For this, we recall ‘poly-Bernoulli numbers’.

Poly-Bernoulli numbers, having two versions B and C’flk), were defined by the first

named author in [14] and in Arakawa-Kaneko [3] by using generating series. For an integer
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k € Z, the sequences {Bff)} and {01(119)} of rational numbers are given by

le 1—e™) t” Lig(1—e™) & tn
B A Sl A k) 2

where Lig(z) = Li(k; z) (in the notation above) is the classical polylogarithm function (or
rational function when k£ < 0) given by

o

: 2"
(32) Liy(z) = mZ::l — (<.
Since Lij(z) = —log(1 — z), we see that BY and €V are usual Bernoulli numbers, where

the only difference being BY =1 /2 and cV =1 /2. A multiple version OlFr-kr) o
C% is the multi-poly-Bernoulli numbers defined in Imatomi-Kaneko-Takeda [13] by the

generating series

Li(ky, ... k1l —e!) & tn
33 ) y vry — C(Igl ,,,,, kr)_'
(33) el —1 ; " n!
The function £(ky,. .., k.;s) was introduced as the one interpolating {C’,gk1 """ k’”)} at neg-

ative integer arguments:
E(kry .o ks —n) = (=1)"CFk) (€ Zsy).

Note that the left-hand side of the definition (33) is exactly the same as the function
appearing in the integral of the definition (26) of £(k1, ..., k,; s), and we observe that this

function can be realized as

Li(ky, ..., k1 —e?)  d 4
o1 _%Ll(kla--'akalakr—i_l;l_e )

and moreover that the function 1 — e~ is the inverse of Li(1;¢) = —log(1 — ¢):
Li(1;1 —e ") =t

Likewise, we see that the function appearing in (27) is

A(ky, ..., ky;tanh(t/2))  d '
sinh ¢ - EA(klv cty k?"—l? k?" + 17 tanh(t/Q))7
where tanh(t/2) is the inverse of A(1;t) (see (7)).

Our newly introduced function o7 (ky, ..., k,; z) satisfies, by definition (28), the same

derivative formula as (8) and therefore, if we follow the same line, it would be natural to

consider the function

%mkl, e B 1 h(E),

where h(t) is the inverse of @7 (1;1).
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LEMMA 3.5. The function

i

4 h(x) = tanh
(39) (#) = tanh(s) + — .
which is also equal to
T T
tanh [ = + —
(35) an (2 + 1 > ,
is the inverse of </ (1;x). We have
d i
—h(x) = — h
dx (z) cosh x (@),

and thus for ki, ... k. € Z>4,
%(kla"'vkr - 17h(l’))

_ ky > 2
(36) di%(kl, ok h(@) =4 cosh (kr 22)
v —iel (k1,... ke_1; h(2)) (k, =1).
PrROOF. We know from (29) that
4/ (1;z) = 2tanh ™ (z) — %,

and so tanh (z/2 + mi/4) is the inverse of &7 (1;x):

4 (1; tanh (f + 7T—Z>) = 2tanh~!(tanh (f + ”_2)) T

2 4 2 4 2
Using the duplication formulas, we compute
tanh(z) + i 2sinh(z/2) cosh(x2/2) + i(cqsh22(x/2) — sinh?(2/2))
cosh(z) cosh®(x/2) 4 sinh(x/2)

_ i(cosh(z/2) — isinh(x/2))?
(cosh(x/2) 4 isinh(z/2))(cosh(x/2) — isinh(z/2))
(1 ) 6:p/2 _ (1 _ ,L')ef:p/2 em/2+7ri/4 _ efac/2f7ri/4

)
(1414)er/2 + (1 —i)e~e/2  ex/2+mi/4 | g—a/2-mi/4

r T
=tanh { =4+ — ).
an (2—1—4)

The derivative formula follows from the definition (28). O

It is amusing to note that this h(x) is essentially equal to the generating function (19)
of the Euler numbers {E,} appeared in §2.4:
1
—h(iz) = secz + tan x.
i
By using (36), we may obtain the following estimate and the convergence of the integral

(31) in Re(s) > 0 follows.

LEMMA 3.6. For ky,... k. € Z’Zb
(37) A (ki, ... ks h(z)) = O (2P ) (2 — o0).
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ProOOF. We proceed by double induction on r and k, .
When r = 1 and k; = 1, the left-hand side is equal to x and the assertion is obvious.
For k; > 2, by (36) and coshz — 0o (z — o0), there exists C' > 0 such that

o1 N C
. < _1- < ki—1 — k1
|t (k1; h(x))| < /0 Tcosh ] |7 (k1 — 1; h(u))| du < C'/O u™ T du klx

for sufficiently large x > 0. Thus by induction we obtain the assertion when r = 1.
Consider the case r > 2. When k, = 1, then we immediately obtain the assertion from
(36) and the case r — 1 because

A1, i :—z/ﬁkl,... o1 () du.

Note that h(0) = ¢ and &7 (ky,...,k;h(0)) = 0. If k. > 2, then, again by (36) we may
argue similarly as in the case of r = 1 and we obtain the assertion by induction. 0

ExAMPLE 3.7. By the standard integral representation of L(s, x4),

I Rl A
L = dt (R 0
50 = 5707 [ @ (Rel) > 0)

we have

1 <t
A1;s) = dt = 2sL 1 .
(L:5) F(s)/o cosht sbis + 1)

As in our previous cases (of ‘level 1’ [13] and ‘level 2’ [17]), we may define multi-poly-
Euler numbers as follows and connect them to values of the function A\ at negative integer

arguments.
DEFINITION 3.8. For ky,...,k, € Z>1, define multi-poly-Euler numbers {5 (et M} by

(k1. ..k tanh (6/2 + 7i/4)) o= agpy oy 1"
9 9 ) — g Tyeeey r)
cosht Z

(38)

REMARK 3.9. The case of r = 1 and k; = 1 becomes

b _ g(l)ﬁ
cosht e "opl

namely 57(,}11 =(m+1)E, (m € Z>¢), E,, being Euler numbers defined in (20). Also it
should be noted that

13 X4
= _9 = -2 B,
cosh t e4t Z X1

where B, ,, is the generalized Bernoulli number associated to the character 4 of conduc-

tor 4. Hence & is also regarded as the generalized poly-Bernoulli number of conductor
4.
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REMARK 3.10. Sasaki [26], about a decade ago, defined the poly-Euler numbers by

using a different generating function as

Lip(1 —e™) & tn
39 A S A Bk 2
(39) 4t cosht Z
and studied their properties together with Ohno in Ohno-Sasaki [23, 24, 25]. When k = 1,
this is
L Ny polt
cosht " nl
n=0

and E\" coincides with the classical Euler number E,. Also Hamahata [12] defined the
poly-Euler polynomials along the same line.

In [25], Ohno and Sasaki further defined the zeta function of Arakawa-Kancko type by

1 [ Lig(1—e %)
L = s—17%\ - /7 7
k() F(S)/O t st (Re(s) >0, k€Zs)

which satisfies :
—1)"nE ]i
Lk(—n) = ()% (TL S Zzl>‘

However, as far as the authors realize, it is unclear whether Lj(s) connects poly-Euler
numbers and certain multiple series as ¢ and v functions did.

Poly-Bernoulli numbers {Bffk)} and {Cvg_k)} satisfy a kind of duality relations ([14, 15]),
while those for poly-Euler numbers {Effk)} (defined by (39)) are unknown. From the
viewpoint of the current paper, we shall define poly-Euler numbers with non-positive
indices {Sé_k)} (k > 0) and a related zeta function, and study their properties in our
forthcoming paper [16] with Komori.

REMARK 3.11. From (36) and
(ki ... ke h(0)) = o (ky,..., k1) =0,
we can show by induction that the identity
(40) A (ki ke h(—2)) = (=D g (kg ke h(z)

holds (take the derivatives of both sides). Hence, if n and k; + - -+ + k, are of different
. (k1 yooorker)
parity then &y = 0.

ExAMPLE 3.12. Consider the case of r = 1 and k; = 2. As in the proof of [14, Theorem
3.1], using (3.5), we have

o/ (2; h(t)) i /t A (L))

cosht - cosht coshv

7Sm—l 00 tn—i—l

=— Z eEMZ___ N e()
mo n !
— ml (n+1)!




MULTIPLE L-VALUES, POLY-EULER NUMBERS, AND RELATED ZETA FUNCTIONS 25
, (N ) e &t
=3 ()aw
J NI
N=0 j=0 J J+ 1 N

Hence N —
N EW £
£D = NI (N € Zsg).
Ve () vem
Since £ =0 and £ = NEy_1 (N > 1)
gV =1, &Y = -3, &Y =25, &Y = —407,

, we have 52(7172 =0 (m € Z>p) and

Therefore we have £ 411 =0 (m € Zxp) and
eW =0, &Y =—i, &P =9 &P =_145i

Using the well-known method of contour integration (see, for example, Washington [31,
Theorem 4.2]), and noting Lemma 3.6, we can easily establish the following.

PROPOSITION 3.13. For ky,... k. € Z>1, k1, ..., k.;s) can be analytically continued
to the whole complex plane and satisfies

Aky, .o ks —n) = (=1)"EFM) (0 € L),

4. RELATIONS BETWEEN THE A-FUNCTION AND THE ONE VARIABLE MULTIPLE
T-FUNCTION

As in [3], we consider the one variable function T (k1,...,kr_1,s) defined by replacing
k, with a variable s in (4):

» -1 (my—7)/2
T(kla"wk?“*lﬂs) =2 Z Scl ) kr—1
1<my<---<mp ml o mT 1 mS

ijj mod 2

Then, based on the following integral expression, we can obtain in an almost similar
manner as in the previous cases exactly the same relations among this function, A-function,
and the T-values. Since the proofs are similar, we only give brief outlines.

LEMMA 4.1 (cf. [3] Theorem 3; [19] Lemma 5.4). Forly,...,l,_1 € Z>1 and Re(s) > 1,

41 fl ...lrf = 111 . lr—1—1 s—1
( ) (17 ) 175) F(ll) / / T, 1 T,

T

dry---dx,.

X
11:[1 cosh(a:j +- )

PRrROOF. Exactly the same method as in the proof of [3, Theorem 3] using

1 2%~

cosh(xj + -+ a:r) - 1 + e 2(@j+ar) -

oo

m;=0

works, and the iterated integral can be computed to obtain the assertion. 0
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THEOREM 4.2 (cf. [3] Theorem 8; [19] Theorem 5.3). For r,k € Z>1,

(42) A1, ..., 1,k s)

1
—1\ ~
= (=pFhth Y (S T ) “T(ay +1,... ap_1 + 1,0, + 5)
ax

a1,y ap>0
aj+-tap=r

k—2 N N

+i Y (1T, Lr 4+ 1) - T(L,. . L s).
§=0 e —
—<=]

PRrROOF. The method of the proof is similar to that of [3, Theorem 8| and [19, Theorem
5.7] (see also [26, Theorem 7]). Given r, k > 1, introduce the following integral

* /(1 ...,1,y h($,, et xg))
_cosh(z; + -+ xp)

J(Tk xz_ldxl,---dxk (1<v<k).

We compute JlT’ (s) in two different ways. First, since

d(l,...,l;h(q}1+-.._’_$k)>:d(l;h(xl+""+$k)) _ (:1:14_..;_,_%)
N r! ol

r

by the shuffle product and Lemma 3.5, we have

T (5) / / (z1 4 +ap) diy - diy
' (S )r! Hl L cosh(z; + - +xk)

_ 1 ag—1 _s+ap—1
T T(s), 4 -yl / / B

dzy---dxy

X
lel cosh(:vl + -+ xg)

. F(S + ak) 1
B Z ['(s)ay! . D(a; + 1)+ T(ag_y + DI(s + az)

al+--tap=r

stap—1
/ / . xkk 1lxk+ E— dxl N dxk
Hl 1 cosh (xy 4+ zx)

Using Lemma 4.1 for the last integral, we obtain

, Yap—1\ ~
(43) I =Y (3 h )-T(a1+1,...,ak_1+1,ak—|—s).

a
a1+-tap=r k

Secondly, by Lemma 3.5, we compute

o0

J(rk

( / / ,...,1,1/+1h(x,, )

x,=0
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1 1
X xy dx, - day
Hle/—i—l COSh(xl +oeee $k) g
—idd(1,..., Lv+1;1)-T(1,...,1,8) — i J&
SN—— ——
r—1 k—v—1
:i%(l,...,l,l/—{—l;l).TV(L“"LS)
1 k—v—1
—i2~‘27(17--~717V+2%1)‘T(l,--.,l,s)ﬂ’?Jﬁ?.
r—1 k—v—2

Therefore, repeating this operation, we obtain

k—1

(44) SV (s) = ()t (1, Ly + 1) - T(L, . Ls) + (—1)FTHRL ()

v=1 -1 k—v—1

k—2 B

=Y (=) (1, L,k — 5 DT, s)
- ——— ~——
= r—1 7
+ (=D)L, L L ks s),
-1

by setting 7 = k — v — 1 and noting
J,ir’k)(s) =A1,...,1,k;s).
-1

Comparing (43) and (44), we obtain the assertion. O
THEOREM 4.3 (cf. [3] Theorem 9 (i); [19] Theorem 5.5). Forr,k € Z>y and m € Z>y,
(45) AL, L Esm+1)
——

— g1k Z (ak+r>-f(a1+1,...,ak1+1,ak—|—7’—|—1).
r

ap,..., ag >0
ay+-tap=m

Proor. By Lemma 3.5, we have

AL, L ksm 4 1)
-1

r—1

1o ot (1, 1k — 1 ()
_ (/ E / e DR T dty,_ydty
0 0

- omli cosh t;, cosht,_

I O A Pt
:m!i2/0 coshtk/o coshtk_l/o

r—1
—
A,k — 2 h(tho/2))
cosht;_o

dty_odty_1dty,
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to tm 1 h( ))
- dt, - dt
mlik— 1/ / / cosh( tk cosh( 1) ! b

tm 1]
_ dty - - - dty.
mlrl/ / / cosh(ty) - - - cosh(ty) ! g

By the change of variables

t1 =X, lo = Tp—1 +Tpy .oy b =21 + -+ - + T,
and using Lemma 4.1, we obtain

A1, L ksm+ 1)
\ﬁ,_/

/ / +xk> "l dry - - - dxy,
m‘r' Hl ) Cosh(xl + -+ )

1 ag +71\
zzl Z <kr ) T(a1—|—1 ,CLk,1—|—1,CLk—|—7’+1).

O

Setting s = m + 1 in Theorem 4.2 and comparing with Theorem 4.3, we obtain the
following®™ which corresponds to [3, Corollary 11].

THEOREM 4.4 (cf. [3] Corollary 11; [19] Theorem 5.7). For m,r > 1 and k > 2,

ap +r ~
(46) > (’“T )-T(al+1,...,ak_1—|—1,ak+r—|—1)

ap+m\
+ (—=1)F Z (k )-T(a1+1,...,ak_1+1,ak+m+1)

=N (=1)YT@A,....,1,r+1)-T(,...,1,m+1).
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