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Introduction

The title of this paper refers to two very different “finite” versions of the classical multiple
zeta values!

() = ek = Y e €R (ko keeN), (1)

O<ny<--<my M1 T

LSome authors use the opposite convention, with nqy > .-+ > n, > 0 in the summation. As we will see in a
moment, in the finite case this becomes almost irrelevant since the two numbers are the same up to a sign.
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which are very interesting real numbers if k, > 2 (“k admissible”) but are infinite if &, = 1. The
first of these is the element (4(k) of the “poor man’s adele ring”

A= T] Z/pZ/ D z/pz 2)

p prime p prime

defined by (4(k) = (Cp(k) mod p) where (,(k) for each prime p is given by

p prime’

Gk, k) = > ﬁ : (3)

O<ni<-—<np<p't1 "M

The other is the symmetric multiple zeta value or finite real multiple zeta value defined by
T
Colky o ke) = > (=D)Fr 5l (kg k) C(kr, . Kgr1) mod 72 (4)
s=0

This is obviously finite if all ks are > 2, but turns out also to be finite if the ks are arbitrary
positive integers and any divergent multiple zeta values appearing in the right-hand side of (4) are
replaced by their regularized values as defined in §7. Actually, there are two versions depending
whether the multiple zeta values in (4) are replaced by their * or m regularizations, where % and m
are the well-known series and integral shuffle products satisfying ¢(k)((1) = ((k 1) = ((kml)
if both k and 1 are admissible (their definitions will be recalled in §7), but the two versions are
congruent modulo the principal ideal of 3 (the ring of real multiple zeta values) generated by 72,
so that we have a well-defined element (g(k) € 3/(n?) for every tuple k, admissible or not. Our
main discovery, based on extensive computer calculations and a number of theoretical results,
is the following conjectural isomorphism.

Main Conjecture. There exists an isomorphism
300 = 3= 3/
Calk) «— (s(k),
where 3 4 is the subring of A spanned by the (4(k). This isomorphism is compatible with both
the grading by weight and the filtration by depth of the two rings, where the weight of both {4(k)

and Cs(k) for k = (k1,..., k) is given by |k| = k1 + - - - + k;, while the depth filtration on 3 4 is
defined by the depth of (a(k) being < r — 1.

()

In particular, this conjecture says that the depth of (g(k) is < r — 1, i.e. (g(ki,..., k)
modulo 72 is always a rational linear combination of MZVs ((k}, ..., k.,) with ' < r.

Note that, although (3) is the natural Fp-analogue of ((k) and (4(k) therefore its natural
A-analogue, the number (4 (k) is not the image of ((k) under the conjectural isomorphism (5).
For instance, if » = 1, k = (k) the finite MZV (4(k) always vanishes, whereas the real MZV
¢(k) for k odd is conjectured not to belong to 723. We refer to §5 for more discussion of this
point.

If the isomorphism (5) holds, then the well-known conjecture that 3 is the direct sum @3
(where 3j is the Q-space spanned by all ((k) with weight |k| = k; + --- + &, equal to k)
and that the dimension of 3 is equal to the number dj defined by the generating function

> dpak = m, corresponds to the conjectural formula
> ? 1 x? >
. k7 - k
Z dlmQ (B.A,k) r = m =1+ Z dk—3 x, (6)
k=0 k=3
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where 34 denotes the Q-span of the (4(k) of weight k. This has been checked numerically
(and the upper bound checked theoretically) up to about weight 20. For instance, for k = 11
we find to high precision in 4, and then prove rigorously, that the space 3 4 is spanned by the
four numbers (4(1,10), C4(1,1,1,8), C4(1,1,2,7) and 4(1,1,5,4), a typical identity being
e CA(L,10) = G 1,8) — SPCA(L 1,2,T) + 22a(1,1,5,4), (7)
and the conjectural isomorphism (5) is illustrated by the fact that the same relation holds
numerically for the corresponding symmetric multiple zeta values, up to an element of the 5-
dimensional Q-vector space m23g.

We will discuss the A-multiple zeta values (henceforth often “AMZVs”) in Part I of the paper
(§81-6), and the symmetric multiple zeta values (SMZVs) and their conjectural relationship to
AMZVs in Part IT (§87-9). In more detail, the contents of the various sections are as follows.
In §1 we discuss the properties of the ring A and describe a number of its interesting elements,
as well as explaining how to do numerical computations to high accuracy in this ring. One of
the families of special elements that we define, the “harmonic moment sums” or “Sun sums,”
is then discussed in detail in §2. These sums turn out to be linear combinations of AMZVs,
to which the remaining sections are devoted. In §3 we list a number of known or conjectured
special identities among AMZVs (many of them found or proved by other authors; this section
has partially the character of a survey), including an interesting relation to cusp forms on the
full modular group SLy(Z). In §4, we introduce “multiple Seki-Bernoulli sums,” which span
the same space as AMZVs and will be used to construct conjectural “true” multiple zeta values
(meaning the elements that correspond to the real MZVs ¢ (k) € 34 under the isomorphism (5))
in A, which is the subject of §5. In §6 we show that the subspace 3 4 of A spanned by all AMZVs
is a ring having a depth filtration similar to the one for classical MZVs, but with the depth now
one less than the length of the argument, and prove a shuffle relation that can be considered as
the AMZV-analogue of the so-called double shuffle relations in the classical case. After recalling
shuffle relations and regularizations of classical MZVs in §7, we define and study the symmetric
multiple zeta values in §8. In particular, we prove the shuffle relation corresponding to the one for
AMZVs under the main conjecture. In the final §9, we present several conjectural isomorphisms
among the spaces of AMZVs, SMZVs, and some quotient algebras of formal space of indices
modulo various ideals.

Ca(2,3,1,2,3) =

Remark 1. In the interests of full disclosure, we should perhaps say here that it is not known
that even a single one of the AMZVs (4(k) studied in this paper is non-zero! (We of course
know that many of them have non-vanishing p-components for a large number of primes p, but
that does not prevent them from vanishing in A.) This is of course embarrassing, but a little
less so if we recall that even for the much more intensively studied classical multiple zeta values
¢(k), there is not a single one that is known not to be a rational multiple of the appropriate
power of .

Remark 2. The work described in this paper was begun in 2012, but for various reasons was
very slow to get written up. The conjectures and results it contains were widely disseminated
and are referred to and extended in many papers, several of which are listed in the bibliography,
and our main conjecture can now even be found in a Japanese manga ([27], p. 115).

Acknowledgments. The first author was supported in part by JSPS KAKENHI, Grant Num-
bers JP16H06336, JP21K18141 and JP21H04430.
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Part I: A-multiple zeta values and their variants

Part T of this paper is concerned with the ring A of “poor man’s adeles”. In the first sec-
tion we describe some of its interesting elements, and also briefly indicate how to do numerical
computations in it. The other sections concentrate on the finite MZVs, beginning with Sun’s
“harmonic moment sums,” which are special cases, discuss a number of proved or conjectural
special identities among finite MZVs, and discuss an alternative approach using Bernoulli num-
bers.

1. THE RING A AND SOME OF ITS SPECIAL ELEMENTS

In this preliminary section we describe a number of interesting special elements of the ring A.
Three of them (those defined in Examples 2., 5. and 7. below) will then be treated in more
detail in the remainder of the paper.

Example 1: Rational numbers. If z is a rational number, then for every prime p not dividing
the denominator of x one can consider the image of x in Z/pZ. This defines an element, also
denoted z, in A. (Here and from now on, when defining an element of A, we simply ignore
components that are not well-defined, since the definition of A allows us to omit finitely many
components.) This gives a canonical and injective ring homomorphism Q < A and makes A into
a Q-algebra. Note that we can also write A = Ay ®z Q = Ao/ (Ap)tors, where Ay = Hp 7/pZ .
We mention that the ring A is also a quotient of the adele ring of QQ in an obvious way.

Example 2: Harmonic moment sums. These sums, which the second author learned about
from a talk given by Zhi-Wei Sun in Taiwan in 2010, were the starting point for the current
paper. For i € Z and j € Z>¢, we define the harmonic moment sum or Sun sum V(i,j) € A by

p—1
V(i,5)p) = Z n'H? (mod p) , (8)
n=1

where H, = 1+ % +-- -—1—% denotes the nth harmonic sum. These sums were introduced by Sun,
who discovered numerically that, for example, V(2,2) = —4/9. (This formula, still conjectural at
the time of the lecture just mentioned, is proved in [45], but has been rewritten in our notation:
Sun does not consider the ring A, but rather studies each component V (i, j)(p) separately.) We
will consider these numbers in detail in §2, where we will show that many of the numbers V (i, j)
belong to the subring Q of A, typical examples being

76 g 3 17588 V(5 4 99

(6:2) 2205’ (83) 165375’ (5:4) 2250 ©)

More generally, we will see that the values of V' (i, j) with j fixed and ¢ running over all positive
integers belong to some finite-dimensional Q-vector subspace of A containing Q (for instance,
all of the numbers V(4,4) with 4 > 0 belong to the 2-dimensional® subspace of A spanned by 1
and the number Z4(3) defined in Example 5 below), while the numbers V' (i,7) for i < 0 are
homogeneous elements of the ring of finite multiple zeta values defined in Example 7 below.

2More properly, “at most 2-dimensional,” since one does not know the linear independence of 1 and Z4(3).
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Example 3: Fermat quotients. If z is a rational number, then Fermat’s “little” theorem
tells us that 2P~1 =1 (mod p) (if x is prime to p), so that we can consider the quotient
P~ — 1

L(z)p) = Y (mod p) € Z/pZ,

defining an element L(z) = (L(7)()p € A. This defines a map L : Q% — A. It is easy to
verify that L(zy) = L(z) + L(y) for all z, y € Q*, so that the Fermat quotient map L can be
considered as the A-version of the logarithm map.

Another natural choice for an A-logarithm would be the function L : Q — A defined by

ey = - ¥

0<n<p

However, this function does not behave well under multiplication. Instead, we have the nice
formula

Li(z) = zL(z) — (x — 1)L(z — 1),
whose easy proof is left to the reader. (Hint: expand (zP — (z — 1)» — 1)/p by the binomial
theorem.)

Example 4: Wilson quotients and the A-analogue of Euler’s constant. Similarly,
Wilson’s theorem tells us that we have a congruence (p — 1)! = —1 (mod p) for all primes p, so
that we can consider the quotient
p—1!+1

Vp) = EE— modp € Z/pZ, (10)
defining an element y4 = (7(p))p of A. According to a private communication of Maxim Kontse-
vich, who has considered the ring A in a different context [28],? this number should be considered
as the A-analogue of Euler’s constant v = lim (Hn —log n), whence the notation. We refer to [23]
for further discussion.

Example 5: Zeta values. Our next example involves Bernoulli numbers. Define Z4(3) € A
by

B,_
ZAB)p = 23 mod p ,

where B,, is the nth Bernoulli number. We think of this number as the .A-analogue of the
Riemann zeta value ((3) = 1.2020569--- € R. The motivation for this interpretation is that
¢(1 —=n) = —By/n for all n > 1 by Euler’s formula, and that the numbers B, /n modp (n # 0
(mod p — 1)) are periodic in n with period p — 1, so that extrapolating backwards we can think
of Z4(3)(p) as the mod p reduction of ((3) = ((1 - (-2)) (“="¢((1 - (p—3)) (mod p)).

More generally, we define Z4(k) € A for k > 1 by

B,_
Za(k)p) = 5+ modp, (11)

and consider this as the A-version of ((k). Notice that Z 4(k) vanishes identically for k = 2, 4, ...
because B, = 0 for n > 1 odd. In view of Euler’s formula ((k) € Q" for even k, this can be
interpreted as the statement that the A-analogue of 7, or at least of w2, vanishes, a statement
that is intuitively unsurprising because the A-analogue L : Q% /{£1} — A of the logarithm

3Hovvever7 the appearance of the ring A in the literature goes back at least, as far as the authors are aware, to
1968. See Theorem B in [3]
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map as defined above is presumably injective, and this suggests that the correct A-analogue
of 27mi should be 0. It is overwhelmingly likely, and would follow immediately from the widely
believed statement that there are infinitely many regular primes, that Z4(k) # 0 for every odd
k > 3, but this is currently not known for a single value. It can happen that individual values
of Za(k) vanish, but the expectation is that for each fixed value of & this happens only for
a very thin set of primes p (roughly loglog z primes less than = as x — o0), and certainly not
for all sufficiently large primes. In particular, in the case & = 3 the vanishing of Z4(3)y), i-e.,
the divisibility of B,_3 by p, is known to be equivalent to the strengthening of Wolstenholme’s
congruence (2;’) =2 (mod p?) to (25
is certainly most unlikely to be true for all large p. (The only two known occurrences, and the
only ones less than 12000000, are for p = 16843 and p = 2124679. See [27], p. 107.)

We remark that the idea leading to the definition (11) can be extended to give a definition of at
least double and triple zeta values in the ring A that are not just the A-multiple zeta values with
r = 2 or 3 introduced in Example 7 below and studied in this paper. These new values, whose
definition is completely heuristic, agree numerically with the “right” things according to our
main conjecture, and will be discussed in detail in §5.

) =2 (mod p*), a congruence that occasionally holds but

Example 6: Weighted sums of Bell numbers. The Bell numbers B,, (not to be confused
with the Bernoulli numbers with the same notation) are the numbers 1, 1, 2, 5, 15, 52, ... given
by the generating function ) B, 2" /n! = exp(e® —1) or by the “closed” formula > k" /k! = B, e.
It was discovered experimentally by Zhi-Wei Sun, and proved by him and the second author
in [46], that the numbers S,, € A (m =1, 2, ...) defined by

p—1 B
(Sm)p) = > 7= (mod p)

n=0 (—m)n
in fact always belong to the subring Z of A, an example being Sg = 14834.

Example 7: Finite multiple zeta values. Generalizing the values of the Riemann? zeta
function at integer arguments, one has the by now classical multiple zeta values (MZVs) defined
by (1), where the k; are positive integers with k, > 2. (We should warn the reader that in
many papers the same sum is denoted by ((k;,...,k1).) These numbers, originally introduced
by Euler in the special case r = 2, have been extensively studied in recent years in connection
with knot invariants, Feynman integrals, periods of mixed Tate motives, and other topics. We
define their A-analogues (4(k1,...,k-) € A, which we will call finite multiple zeta values or
A-multiple zeta values, by

Calkr, ... k) = (G(ki,... k) mod p)

where (p(k1,..., k) is the truncated MZV (3). These numbers will be studied in detail in
Sections 3, 4, and 6. Here are a few preliminary remarks.

(k1,...,kr > 1), (12)

p prime

1. The number {4(k) vanishes for all £k > 1, even or odd, because 22;11 n~% = 0 mod p for all

p > k + 1, so that the finite multiple zeta values give a different generalization of the classical
single zeta values (k) than the one considered in Example 5 above.

2. In fact, (12) makes sense and defines an element of A for any ki, ..., k, € Z, and we will use
these numbers also, but we reserve the name “finite MZV” for the case where all k; are positive.

4actually, Euler
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3. Here the issue of the direction of the inequalities in (3) mentioned in the first footnote
almost disappears, since by sending m; to p — m; we see immediately that (4(ki,..., k) =
(=1)ktthe ey ooy k).

4. Just as in the classical case, the space spanned by the AMZVs forms a ring with respect to
an appropriate shuffle product, to be discussed in detail later.

We also make some comments about terminology. The sums on the right-hand side of (3),
for a fixed prime number p, have been studied by several authors ([14], [52], [38], ...), some of
whose results will be quoted or discussed below. These sums are sometimes also referred to as
“finite multiple zeta values.” The symmetric multiple zeta values defined by (4) and studied in
Parts IT of this paper will also sometimes be called “finite multiple zeta values” (as in the title
of the paper!) to emphasize their parallel nature to the AMZVs, though we will then usually
use the full phrase “finite real MZVs” to avoid confusion.

The key fact about the classical multiple zeta values is that they satisfy a large number of
linear relations over Q. For instance, in weight 3 and weight 4 we have the proportionality
statements

C1,2) = €3, G112 = 4413 = 3622 = (@),

and more generally the dimension of the Q-vector space 35 C R spanned by the convergent
multiple zeta values of total weight k is conjecturally equal to, and provably (by [47] and [9])
bounded above by, the number d; defined by generating function

2k—2

o

1

g dy z* = 12 5= 1+a?+2% + 2% +20° + 228 4+ 327 428+ -0 (13)
-2 -z

k=0

A similar phenomenon happens also for the finite multiple zeta values. Here in weight 3 we find

Ca(3) =0, Ca(1,2)=3Z4(3), <Ca(2,1)=-3Z4(3), <a(l,1,1)=0

(so that, in particular, the A-zeta value Z4(3) defined above does occur in the ring of finite
multiple zeta values, even though the more obvious analogue (4(3) of {(3) is 0), and similarly
all finite multiple zeta values of weight 4 vanish and all finite multiple zeta values of weight 5, 6
and 7 are rational multiples of Z4(5), Z(3)? and Z4(7) respectively. More generally, based on
numerical experiments that will be discussed in §3 and theoretical considerations that will be
treated in the rest of the paper, we conjecture that the dimension of the Q-vector space 34 C A
spanned by the 2~! finite multiple zeta values of total weight k is given by equation (6),
corresponding to the conjectural isomorphism (5).

Example 8: Zeta derivatives. Our next example, which will be used in §5, combines the
ideas of Examples 3 and 5 to give the .4-analogues of the derivatives of ((s) at positive integers k.
We start with the first derivative ¢'(k) for k > 1, which we define by the heuristic

(k) = Z(— logn)n F « =7 Z 1(1 — )k

0<n 0<n p

1
“ =" Z (np—l—k: _ n2p—2—k)
p

0<n

- ;(g(k—p+1)—g(k+2—2p))

_ 1 _ p—k+ B2p—1—k
P -k 2p—1-k)’
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leading to the definition
1( Bpk , Bop 1%
Zh(k) = (-2 b d : 14
a0 = ({54 5ty ) modn) €4 (14)

Note that, just as the definitions of the A-analogues of log 2 and - used the mod p congruences
of Fermat’s little theorem and Wilson’s theorem divided by p, the definition of Z';(k) uses the
Kummer congruences.

Similarly, the second derivative Z’)(k) is defined by the heuristic

2
(k) = Z(—logn)ank “=7 Z(l(l —np1)> nk

0<n 0<n p
1 1 o _3_
“ = = § : (np 1-k 2n2p 2—k + n3p 3 k)

p 0<n
1
= P({(kﬂ—l—p)—2((k+2—2p)+§(k‘+3—3p))
_ L _ By 49 Bop—1-k  Bgp—2—k
PP\ p—k 2p—1—-k 3p—-2-k)’

ie.,

D p—k 2p—1—k 3p—2—k

Of course one could do the same also for the higher derivatives, although we will not use them.
We can also consider the Laurent expansion of ((s) at s = 1. This is given by

1 B, B, 1- Bsy,_ o
Zh(k) = <2<— pk 4 g 2pmlok  Tpo2ok )modp) cA.
P

((s) = == 471D -1+,

where ~ is Euler’s constant and (") is called the Stieltjes constant. Proceeding just as above,
we heuristically compute

—du>::§jh%”‘%=";§j"%“l — (- - )

n o n
o<n o<n

= ;(<(3—2p>—<(2—p>) -

We have ((1—m(p—1)) = Db g, > 1 by Euler, and the congruence p{(1—m(p—1)) =

m(p—1)
—-L (mod p) by von-Staudt-Clausen. Hence, we have
1 1 (Bunp-n 1-p
1— -1 — = L.
C-mlp- 1)+ = 1 (P P e g

By Kummer (see [20]), the congruence class modulo p of this is independent of m (and is equal
to the Wilson quotient modulo p), and so in particular

1 1 1 1
3-2p)—(C2—p) = — =By o—B, 1 ——+=
¢(3—2p) —C(2-p) 1_p<2 ap—2 — Bp-1 2p+2>
is divisible by p. We therefore adopt
1 _ (1 EB _ B R d )
YA p(2 2p—2 p—1 2p+2)m0 Pp
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as our definition of the A-analogue of the Stieltjes constant.

Example 9: Numbers coming from differential equations. Define monic polynomials

k—1
hi(t) = > P (k=0,1,...)
n=0

as the determinants of the upper k x k blocks of the infinite tridiagonal matrix having diagonal
entries {n(1 —n)(1 +t)},>1 and near-diagonals {n?t},>1 and {n?},>1, or equivalently by the
recursion hjy1(t) + k(k + 1)(t 4+ 1) hy(t) + k*t hp_1(t) = 0 for k > 1 together with the initial
values ho(t) = 1, hi(t) = 0. Then it was discovered empirically by Maxim Kontsevich some
years ago that the element ¢, = {cgp ) mod p} of A always belongs to the subring Q, with initial
values given by

n|0|1|2]3] 4| 5 6 7

e lolol 1| 2|00 | 239 | 19158 | _ 1516283
n 1| 24 | 576 | 17280 | 115200 72576000

and with the numbers ¢, for large n growing only exponentially in n but having numerators
and denominators that grow exponentially in n?. This was a special example of a deep theory
developed by Kontsevich [28] in which the ring A occurred in the context of D-modules; the
specific properties of the ¢, listed above were proved later by him and A. Odesskii [29] and were
also studied in detail by one of the present authors.

Non-Example 10: Algebraic numbers. In our first example, we saw that all rational
numbers can be considered as elements of the ring A. We now point out that no irrational
element of Q can be similarly considered. For instance, if the number /2 could be represented
by an element = € A, we would have x%p) = 2 (mod p) for all sufficiently large primes p, but this
congruence has no solutions for any prime congruent to £3 (mod 8). In general, if P(z) € Z[z]
is an irreducible polynomial of degree > 1, then a well-known and elementary argument shows
that there are infinitely many primes p for which P(z) has no linear factors modulo p, so no
root of P can be embedded into .A. (The argument is as follows: by standard Galois theory and
Chebotarev’s theorem, the non-existence of infinitely many such primes would be equivalent to
the statement that G is covered by the conjugates gHg~! of H in G, where G and H denote
the Galois groups of the normal closure of K = Q[z]/(P(x)) over Q and K, respectively. But
this is impossible, since H has at most [G : H] conjugates, each of cardinality |G|/[G : H], and
they have at least one element in common.) At first sight, this statement seems to say that “the
ring A contains no irrational algebraic elements” or that “the subring Q of A is algebraically
closed,”and to imply that if, for example, someone could prove an A-analogue of Apéry’s famous
result ((3) € Q, then it would follow that such an element is transcendental. This conclusion,
however, is not true: Q is algebraically closed in A in the sense that no irrational element of its
usual closure Q can be embedded into A, but not in the sense that elements of A\ Q cannot
be the roots of any polynomials with rational coefficients. The reason is that 4 has many
zero-divisors, so that these two statements, which are equivalent within (say) C, are not at all
equivalent here. For example, if we define @ € A by taking its p-component to be one of the two
square-roots of 2 (mod p) whenever p is congruent to +1 (mod 8) and to be 0 whenever p is
congruent to 3 (mod 8), then « is algebraic over Q in the sense that it satisfies the polynomial
equation a(a? — 2) = 0 in A, but it is not the root of any irreducible polynomial in Q[x]. We
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mention this just as a warning that more care must be taken when working with numbers in A
than when working over the complex numbers.

However, these problems can in fact be overcome and a correct analogue of algebraic numbers
in the ring A was defined by J. Rosen [41]. See also Rosen-Takeyama-Tasaka-Yamamoto [42].

Computing in the ring A. To find experimentally results such as equation (7) or (9), we need
an efficient algorithm to find linear relations over @ among given elements of the ring A. We
end this section with a brief discussion of how to do this. Recall that the corresponding problem
over R, i.e., the problem of finding numerically relations Zfil n;x; = 0 with integers n; of
reasonable size if one is given a collection of real numbers z; to sufficiently high precision, is solved
by the famous LLL (Lenstra-Lenstra-Lovasz) lattice reduction algorithm, which is efficiently pre-
programmed in many high-level mathematical software packages such as PARI-GP (where one
simply types “lindep(x),”z being the vector with components z;, and gets the vector of n; as
output). It turns out that one can solve the problem over A just as easily as an application of
the real version. The idea is very simple. We first compute the p-components (xz-)(p) of x; for all
primes p in some interval [A, B] which is not too long for computations but is sufficiently big
that the product P of all primes in the interval is very large. (Typical values might be A = 30,
B = 500, for which P =~ 2 x 10'%.) We then use the Chinese remainder theorem (which is also
efficiently pre-programmed in PARI and many other high-level mathematical software programs)
to lift these collections of residue classes to residue classes X; € Z/PZ , where we can represent
each X; by an integer in the interval [—P/2, P/2]. Usually, all of these integers will then be of
the same order of magnitude as P (unless, of course, one of the numbers on our list {z;} was 1,
in which case the corresponding X; will also be 1; this case must be treated separately). Now
assume that there is a relation Y n;z; = 0 in A with integral coefficients n; that are not too
large. We can assume that the corresponding congruence ) n;(z;)) =0 (mod p) holds for all
p € [A, B], either by assuming (after varying A if necessary) that the lower limit A of our chosen
interval is sufficiently large to avoid exceptional primes where the congruence fails or else by the
simple expedient of multiplying all n; by any prime p where it fails. We then have > n; X; = ngP
with an integer ng of the same order of magnitude as the coefficients n; of the (as yet unknown)
relation. Now we simply divide by P and write the relation as —ng + Y, n; (X;/P) = 0, so
by applying the real LLL-algorithm to the vector of numbers (=1, X1/P,..., Xn/P) one finds
the desired integers n;. (In the important already-mentioned special case X; = 1, the number
X1/P, being very close to 0, will be missed by the real LLL algorithm, but once one has the other
n; one finds n; from the relation.) This works extremely well in practice and the calculations
with, for example, A-multiple zeta values are actually much easier and quicker to carry out than
corresponding calculations with the more familiar real ones.
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2. SUN’S HARMONIC MOMENT SUMS

a gentle introduction to the general case, in this section we discuss the computation of

the numbers V' (4,j) defined for ¢ € Z and j € Z>o by the harmonic moment sums (8) and the

proof
calcul

of numerical relations like equation (9). Using the numerical method just described for
ating in the ring A, we find (numerically, but to very high precision) the values tabulated

in Table 1 in the range |i| <6, j < 6, with the trivial values V'(,0) = —d; ¢ omitted. Studying

these

(i

and many further values gave rise to the following observations:

) For i < 0, the value of V (i,j) is a homogeneous element of weight |i| + j in 3 4. For
instance, the number Z; = V(1 — k, 1) is always equal to kZ (k) with Z4(k) as in (11),
and the number Yy = V(2 — k,2) (k even) is always equal to 2¢4(1,1,k — 2).

ii) The subspace Uy, C 3 4, spanned by the k — 1 elements V(j — k,j) (1 <j <k —1) has

dimension smaller than k/2 for all k > 1.

ii) One has V(1,5) = —3V/(0,4) for all j > 1.

) The number V(i,1) for i > 0 equals B;, the ith Bernoulli number.

) The numbers V(i,2) and V(i,3) are also rational for all ¢ > 0, the numbers V (i,4)
and V(7,5) are rational linear combinations of 1 and Z 4(3), and the numbers V' (i, 6) are
rational linear combinations of 1, Z 4(3), and Z 4(5). More generally, the elements V (3, j)
for fixed j and all © > 0 belong to the finite-dimensional space Q + Uy + --- 4+ U;_;.

i) The degree j — 1 component of V (i, 7) for ¢ > 0 is proportional to B; for each j, e.g., the

weight 3 part of V' (i,4) is always 2B;Z3, the weight 5 part of V (i,6) is always 29 B; Zs,
and the weight 8 part of V(i,9) is always B; (987Z3Z5 — 2 Yj).

i\j| 1 2 3 4 5 6
—6 | Zr | Yo |397y4578 | X+ R2320 + 522
—5 0 Z7 SY8 305 Zg + 223 1155Y10 + 245 ZgZ7 + 135 22
4| 25 | -172 57 427Y8 + 112575 83228412 - 97 WLy + 1022327 + 3B 72
30| 74| -3 47z, Y+ 327, U557, - 323
-2 Z3 | 0 17 273 7 Yy + 1322375
-1 0 | Z 0 6Z5 372 9277
0| 1| -2 6 [—24, 2] [120, —10] [-720, 60, 29]
1| -3 1 -3 [12, —1] [—60, 5] (360, —30, —2]
9 1 4 23 [_m ;} [M _@] [_12160 112 29]
6 9 18 277 3 81 9 81’976
1 5 14 205 5 1220
310 5 1 5. 0] -5 ] (52, -5, 0]
4 |1 _T 217 [_ 4177 _L} [53906 _l] [ 1530311 142 29]
30 225 2250 168757 15 506257 45 253125 7 225° ~ 30
1 7 59 26 1 6563 T
51 0 | =5 ~ 150 [5355: 0] [~ 5375 —3] [ 337550 — 15 0]
6 1 76 11071 [7 1768957 i} [132639347 ﬁ] [726513619449 8108 E]
42 2205 308700 162067507 21 340341750 441 11911961250 15435° 42
1 1 1 [1, Zs] (1, Zs] 1, Z3, Zs)

TABLE 1. In this table Z; and Y} denote V(1 — k,1) and V(2 — k, 2), respectively.

We now prove each of these properties. Statement (i) is easy, because for h > 0 we have

1

s (modp).
J

V(=hj)p = Z

0<ny,...,n; <n<p
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By considering all possible combinations of equalities and inequalities among the numbers
ni,...,n;,n, we see that this is a weight i + j element of the ring 3 4.

For (ii), we note first that the subspace Uy C 34 defined there has dimension < k — 1 by
its very definition. The better dimension bound in (ii) will follow from the three identities

2r

g(—ly <j ’ T) V(j—kj) =0 ifkisodd,
2§(_1)j ((] e 1> + (; ’ i)) V(j—kj) = 0 if kis even "
and
:0(_2)j (7)rt = =0 itmz ko) (16)

all of which we found experimentally and will prove as corollaries to Proposition 2 below. Equa-
tion (15) gives the desired upper bound because reading it from the bottom up or from the top
down gives the two spanning sets

{(VG—Fkj)lk/2<j<k} or {V(i—kj)|0<j<k, j=k(mod2)} (17)

by using it recursively to write any V(j — k,j) with 0 < j < k as a linear combination of
V(i —k,j") with j/ > j if j = r < k/2 and as a linear combination of V(' — k, j') with j' < j
if 7 = 2r or 2r — 1 is different from %k (mod 2). Equation (16) will also give a third proof of (ii),
with a different spanning set of the same cardinality as those in (17) but with nicer properties.

We observe that for small values of k the upper bound [%] is too large (for instance, there

are no AMZVs of weight 4 in Table 1 and only one each of weights 5, 6 or 7), simply because
U, is contained in 3 4, whose dimension is smaller. Statement (i) and (ii) together imply that

dim34 if k<11,

(2] ifk>12.

dim Y, < min{dim 34k, [%} } - { (18)
We conjecture, and have checked numerically to high precision up to weight 30, that this in-
equality is in fact always an equality. In the same context, we should point out that the subspace
Q@) >0V of 3.4 looks like a subalgebra in the range contained in Table 1, but this is simply
because it coincides with all of 3 4 in weights up to 11. In fact, it is not a subring (or at least,
not numerically to very high A-precision), since for instance the product V(—4,2)V(—6,1) of
weight 13 is not (at least numerically) in the Q-span U3 of V(—12,1),...,V(-1,12).

The proof of (iii) is again easy, since from H,, = Hp—1—(—Hp—1-n) = Hp—1—r, (mod p) we get

V(L) = D, (nt+n)H, = > (m+(p-1-n)H = —V(0,j)-
0<n<p 0<n<p

For property (iv) we use Fermat’s little theorem, the Seki-Bernoulli formula® for the sum of fixed
powers of the first n integers, and the obvious formula (pzl) = (=1)¢ (mod p) for 0 < £ < p, to

5Both the “Bernoulli numbers” and the formula for the sum of the first n powers of any fixed degree were
discovered independently at about the same time by Takakazu Seki (1677-1708) and Jakob Bernoulli (1654-1705).
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see that the harmonic sum H,, for n < p is given modulo p by

Hn:1+%+---+% = P2 422y g P2
| P2 L (p—1 . p—2 B, (19)
= ﬁz:o(_l) < ’ )Benp = _;ngv
where all congruences are modulo p. It follows immediately that
p—1 p—1p—2 p—2
V(i, 1) = anHn = —ZZ Byn't = ZBE‘SM = B;
n=1 n=1¢=0 (=0

for 0 <i < p—2, and hence that V(i,1) = B; in A, as claimed.

For properties (v) and (vi), we further have found a considerable generalization. We now
state this together with all the properties already proven in a single theorem.

Theorem 1. (1) All Sun sums V(i,j) (i € Z,j > 0) belong to 3 4. Furthermore, the weight k
part V(i,7)*) of every V (i, j) belongs to a subspace By, of 34k of dimension < k/2 if k> 0.
(2) For i < 0, the elements V (i,j) are homogeneous of weight k = j + |i|, and the k — 1
elements V(j —k,j) (0 < j < k) span the space Uy.
(3) Fori >0, the weight k part V (i, j)*) of V (i, j) vanishes for k > j, while for k = j—r < j,
it is a rational linear combination of Xl(,k) with 0 < v < r/2, where Xl(,k) (0 <v < k/2) are
elements independent of v and j, that span the space By. More precisely, we have

VNP = S BIVXP (ri=j—h) (20)
J: 0<v<r/2

where the Bi(w) are rational numbers independent of k that vanish for i < 2v.

Remark. The last formula (20) is a very strong statement, in two different ways. On the
one hand, it says that the infinitely many elements V (i, k + 1)*) (i = 0,1,2,...) for fixed k are
rational multiples of a single vector X(()k) € Yy, the infinitely many elements V (i, k + 2)(k) are
rational multiples of the same vector, the infinitely many elements V (i, k+3)*) and V (i, k+4)*)
are rational linear combinations of that vector and a second vector X}k) € Yy, etc. The first
of these assertions is half of the first observation in (vi) at the beginning of the section, with
X = 2975 and X*) = 987 2375 — %3 ¥;. On the other hand, the second half of (vi) said that
the rational number V (i, k + 1)(k)/ X((]k) is equal to the ¢-th Bernoulli number B;, independent

of k. The generalization of this is that the coefficient of each basis element X,Ek) in V(i,k+r)®
(r

is a rational number B; V) depending on r, v and ¢ but not on k.

Proof. We have already proved (1) and (2) (under Proposition 2). The rest of this section is
devoted to the proof of (3), which will mostly depend on the following identity, which determines
the numbers V (4, j) recursively and which will be proved below as a consequence of Proposition 2.

Proposition 1. Fori >0 and j > 1, we have
i—1

j—1 . ‘
VGid) = — ( <—1>h(2)v<z'+1—h,j—h>—(—1>j51-+1,j—2(Zjl)vu',j)).<21>
1

i+1 h= =0
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In terms of the generating series
A .
=D V5 € Al (vi>0),

this is equivalent to the identity

(" — 1) Vj(z) = Z(—nh(-}i) 3 V(z’—h,j—h)%. (22)
1=0

h=1
Differentiating this j — 1 times with respect to x and replacing h by j— h, we obtain a differential
recursion for the power series V;(z):

41 J—1 G\ -
Sl =) Vi) = > (-1 <h> o) + (=) (23)
h=1
Before proceeding, let us now compute Vj(x) for small j using these equations. For j = 1,

equation (22) immediately gives
x

Vi) = o (24)
giving another proof of (iv). For j = 2, equations (23) and (24) give
d ., . - B e’ +1
@[(e — D) Wa(z)] = —2Vi(z) — = <— —:Uex_1>,
and integrating this we find
2
(€” — 1) Va(z) = —2Lig(1— ) — % (25)

where Lig(z) = >0°_; 2™/m? is the classical dilogarithm series. In terms of the “modified

poly-Bernoulli numbers” introduced in [2], which are the rational numbers ¥ defined by
Lig(1 —
u Z C(k (26)

(where Lig(z) = >_0°_, 2™ /mF is the kth polylogarithm), we can rewrite (25) as the formula
V(i.2) = =5 Biy — 207 (27)
for the numbers V'(¢,2). Note that, CZ.(Z) = —42pB; , if i is odd, as can be seen by writing the

generating series as
Lij(1 — et 1 t
ik(1—e™) _ / T
et —1 et—1Jy er—1
and expanding the right-hand side, so V(i,2) = B;_; if ¢ is odd, as we see for i < 6 in Table 1.
By (15) with » = 2 and k even, we have

1
V(i,3) = §V(i—1,2)+15i,3 = -3¢® 463 (i>0, odd).

This determines V( )( ), where V](-_) () and Vj(-+) (x) denote the odd and even parts of the power
series Vj(z). But Proposition 2 below (evenness of ¢/2V;(x)) implies that

V@) = -0 (28)
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This therefore determines V'(i,3) completely for all i, and shows that it is always a rational
number. Similarly, by (15) with » = 2 and k odd, we have

V( )( ) = 2V§+)(z)z—V§_)(z)22 — 73z,

where for any power series f(z) => 77, an‘%, we denote by f(z) its Laplace transform defined

by f(z) =3 02 anz". This and (28) determines V4(z) completely, and shows that every V' (i,4)
is a Q-linear combination of 1 and Z(3), as asserted in (v). The general statement of (v) (or
(3) of Theorem 1) that any V (i, 5) for ¢ > 0 is in the space spanned by AMZVs of weight strictly
less than j is seen either from the formula (21) using the induction on j (and on ), or directly
(as in the proof of (i)) from the expression

. n
V(i,5)p = Z R (mod p),
0<ny,...,n; <n<p J
and the Seki-Bernoulli formula.

To prove equation (21) and the formula (20) in the theorem, we introduce two other gener-
ating series

Up(z) = Y V(- jj € Alz]] (Vken),
e (29)
Wj(z) = Z V(i—hj)z™" e Alz7h2]] (v 20),

Note that Up(x) = Wy(z) = —1 (constant power series). The following two even/oddness
properties of Uy (z) and V;(x), although the proofs are very simple, are the core of our whole
investigation of Sun sums.

Proposition 2. The power series e_x/QUk(x) is even or odd if k is even or odd respectively.
The power series e*/?V;(x) is even for all j > 1.

Proof. By the congruence H, = Hp_1_, (mod p) used above, we have
V(Gi—kie = >, W/ "H = Y (—n)FH]_, (mod p),
0<n<p 0<n<p
from which it follows that
uk’(x)(p) _ Z (_n)—ke—an—wc _ (_l)k Z n—ke—n(Hn—l/n):c _ (_1)kuk(_x)(p)€z

0<n<p 0<n<p
and hence e=*/2Uy,(x) = (—1)*e*/2Uy(—x) as claimed. Similarly, we have
Z ”ZH; 1-n = Z (- )HrJL 1 (mod p),
0<n<p 0<n<p

and hence

Z eTTHI | = Z e MTTH) = e Vi(—x) (),

0<n<p 0<n<p

from which the evenness of e*/2V;(z) follows. [
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From the proposition, we can write

hE

e Uy (z) = U(k,m)x™

0

0 if m # k (mod 2). Equivalently,

IIﬁ

for some coefficients U(k, m) € A with U(k,m)

m—i

J
V(i—kJj) = jlz(jQ_T:L)'U(k:,m). (30)
m=0 ’

Conversely, the U(k,m) can be written in terms of V(5 — k, j) as
1 & mei (M, . :
Ukm) = o >--2m ()G - i) (31)

m)!
=0

from which the recursion (16) follows. Also, since we know the elements V(5 —k,j) (0 < j < k)
are homogeneous of weight £ > 0, the same is true for U(k,m) (0 < m < k,m = k (mod 2))
and we have the following corollary.

Corollary 1. The k—1 numbers V(j—k,j) € 341 (j=1,...,k—1) can be written as rational
linear combinations of [%] numbers

{Uk,m)|0<m <k, m=k (mod 2)}. (32)

In a different direction, by comparing the coefficients of 27/4! on both sides of the identity
(—=D)"Uy, (=) = e Uy (x), we get the following corollary.

Corollary 2. For alli € Z and j > 0 we have

J .
V) = SV VG- ni - ). (33)
h=

0

The identity (22) (and hence Proposition 1) follows immediately from this because we have

J N i

J . . €

Vi) = S0 (7) X v hi - w
h=0 i=0 ’

and the left-hand side of this is equal to e”V;(z) by Proposition 2, and thus we have (22).

We now prove the equations (15) stated near the beginning of this section. These identities
are equivalent (by comparing the coefficients of z=* on both sides) to the power series identities

r

Z(—U”(Z)W}:)V(z) —0 if j=2r>0,

v=0

%(—1)” ((Z) + (T;d)) Wj(f)y(z) =0 if j=2r+1>1.

v=0

(34)

Here are some examples.
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Ezample 1.
Wi (2) = o,
2 () - Wi (2) = o,
Wi (z) - Wi (z) = o,
WP (2) — 3P (2) + W () = o, (35)
Wi () — 27 () () = o,
W (2) — WY (2) + WP (2) - WP (2) = o,
W (2) = 3w (2) + 30 (2) - Wi (2) = 0

To prove (34), we use the formula (30). For j = 2r, we have

i(—l)"<y>wj( J(z) = i(—ﬂ”(;) > V(G-v—hj-v)"

v=0 hEZ
h:odd

B Z_h r - _V j—v 2m+1/] m

oy mmz ()(g;;).

h:odd

The innermost sum is equal to

1 dm

o By (x—2)"z"

— P 1Y

m! dy™

y=0

(here we have set * = y + 1) and this is 0 because (y? — 1)" is an even polynomial and m is odd.
Likewise, when j = 2r + 1, the left-hand side of (34) becomes

5 ,hz2m ImU (h, m>§< 2>”<<Z>+<le>><j;y>

hezZ m=0 v=0
h:even

and the innermost sum of this is equal to

1 dam
((l‘ _ 2)TIL‘T+1 + (l’ _ 2)7‘+1xr>

m! dx™

2 dm

- - 7 —1)
l dy y(y* = 1)

9

=1 y=0

which is 0 because this time y(y? — 1)” is odd and m is even. This completes the proof of (34)
and hence (15).

Now we prove (20), which, in terms of generating series, is equivalent to the formula

(k)
V; (x)

= Y Bu@XP (j=k+r>k>0), (36)

)

0<v<min(r,k)/2
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where B, ,(z) € Q[[z]] and X¥) € 9, are defined as follows. The power series B, ,(x) are
defined recursively for each fixed value of v > 0 by

r—1-2v n r—1 —2)r
("= 1)Bry(x) = > (_nl!) I"(Byr_p,(2)) + (4y+1)(2y)!(r(ff2)y T ( T!) : (37)
n=1

Here, I"(f(x)) for a power series f(z) =Y o _ amax™/m! is the n-times iteration of the formal
integration: I"(f(z)) = Y.o°_y amx™™/(m + n)!. In particular, the “initial value” Bg,41,(z)

m=0
is given by
1 22+l
B = — 38
20+1/(2) v+ 1)(4v) er — 1’ (38)
and each B, ,(x) begins
(_l)r x21/

Byo(z) = + e Q)] (r>0,0<v<r/2).

(4v)! (2v + 1)r—2
It is true, but not at all obvious, that each B, ,(x) is e%/2 times an even power series, the first
few cases being listed in the following table: This evenness is compatible with Proposition 2

(r,v) (—1)’"ex/zBr,y(w)

(1,0) 1 - 2*14332 + %9”4 - 96%803”6 + 154?%%800368 -

(2,0) 1 - 7%952 - 86149005“4 + 10116803614005“6 B 60211%3000:68 +-

(3,0) 1= 5*143'72 + 1232300 ' 53364738327000 % + 512(2)32322(1)000 i
(3,1) %IQ ~ ﬁfl + 41477205‘56 - 696%960$8 +

(4,0) L- %xz + 19224158005”4 - 1128313%28000956 +

(4,1) ﬁlj + 2551920m4 - 870599120956 + %xs -

(5,0) L— 2%3352 + 2991)238500 ' 5883141103534i30507000x6 e

(5,1) G}T8x2 - %3& + 457323800356 - 1975127248846136000 SRR
(5,2) Wlﬁoox4 - 48351;400956 + 1658%8000x8 o

and the formula (36) above, and would follow from them if we knew that X,Ek) are linearly

independent (apart from the relation (44)), but can also be proved directly. The sketch of proof
is as follows. For an arbitrary given sequence {a,},>1, consider the sequence of power series
Cy(x) (r > 1) determined uniquely by the recursion

(_1)?”L m’l‘

I"(Crn(@)) + ar 7. (39)

Suppose the C,(x) satisfies e*C,.(x) = C,.(—z). Then, by considering the Laplace transform, the
recursion (39) can be rewritten as

Cr(—2) = Y ) i R (40)
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Recall that, for a power series C'(z) = Y °_, cm%, we denote by g (2) = > ooy emz™ its Laplace
transform. In terms of the generating functions C'(z,t) = Y 2, Cr(2)t" and A(z) = > 2, a,2",
this is equivalent (since I"C/(z) = z"C(z)) to the identity

C(—z,t) = e *O(z,t) + A(zt). (41)

In particular, €%/ 2 A(z) must be an odd power series. Conversely, we can show that if this oddness
property holds for A(z), the power series C,.(x) have the desired property e*C,(z) = C,(—x).
(71) ('r l)

20! satisfies this property for all v > 0.

The following lemma shows that a, =

Lemma 1. For all v > 0, we have

e Z T‘—|—2l/ (212/)':,;<§>’

where f,,(z) is the renormalized I-Bessel function of index 2v + % and is given explicitly by

~ > 228 1 d \2vsinhz
I(2) = - ( ) .
(2) ;28 V(s—v)l(2s+2v 4+ 1! & zdz z

Proof. Both sides satisfy the same differential equation and start with (z2y+1 O

441!

Remark. The second identity for IA,,(Z) is Rayleigh’s formula. The first few examples are:

T R R U
0= 7 = 6 120 5040 ' 362880 39916800 ’
f()— (1+i)sinh2_3coshz _272+274+ 20 n 28 n

e = z 22 15 210 7560 @ 498960 ’
-~ 45 105\ sinh z 105\ cosh z 24 28

b = (14 5+ 7) 7 — (04 5) " = op

2(2) Tt 2 ) 2 015 T 20790

We now define a set of elements {Xﬁk) |0 <v<k/2} of Ty, by

SIS 2 U )
v’ = — —9; " 42
v<ioh/2 (1 —v)1(2i 4+ 2v + 1!

Here and in the following, U}f ) denotes the weight k part of U(k,m), which we only use for

m < k. This is equal to U(k,m) if 0 < m < k, but U is different from U(k, k), and can be
expressed by the basis elements by taking the weight &k part of (30) for j = k, in which case the
left-hand side is 0, as

2m—k

o = - 3 7(k—m)!U’('f)‘ (43)

o<m<k
m=k(2)
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Also we set Xéo) =—1and X, © — 0if v > 0. Here are examples of X ,Sk) for small v:
(k) (k) (k) Lo L 1 (k)
X = _ - - e
0 U™+ 24Lf -2 +'19206] —4 +’322560L%—6‘+ 92897280L%—8‘+
k), (k) (k). 1 k)
= U U —U, ——U, .
12 ( k= 4480 967680 * >
1 1
x® _ u®) UU Ly u®)
! 60( T 8064 T o12s896 k-8 T
(k) 1 k) Lk L (k)
X\ = — —
2 1512)(6%4‘+ ssVe-0 T 73300 Vk-s T GrggazoUe-10 T
(k) 1 (k) Lk L
X = _— o)
3 8648640 <l]k—6 T 120Uk T 3620 Uk-10
Note that the identity
> w+nx =0 (44)
0<v<k/2

holds. This can be seen from equation (43) and the definition (42) by comparing the coefficients
of U, lgli)% for each ¢, which reduces to the specialization = = 2i+1/2 of the identity (easily proved
by induction) Zfzo(m— 21)(7) = x(le) Hence, the coefficients B,.,,(x) in (36) should be unique
if the formula (36) holds true for all j and k because the first coefficient B, (z) is forced to be
my (x)/r! since Xéo) = —1and X" =0 for v > 0.

We finally prove (36). When k£ = 0 (r = j), the right-hand side becomes —Bj(x) as just
mentioned. On the other hand, by taking the weight 0 part of the identity (22), we obtain the

recursion ) V.](O)(m) ) ; (_l)n ) V;g)n(x)
@ -0 = R ()

This is the same recursion as the one for B;o(z) because I/ (V( )( )) = 27/5!. Since we know
from (24) that Vl(o)( )=z/(e"—1)=—B 0( ), we proved that (36) holds for £ = 0. Similarly,
(

when 1 < k < j, we take the weight k part of (22) to obtain
(k) T J (k) : of 7 (—z)*
r—1)V; = 1" I"(v; -1 —lk—1 .
@ =¥ = 3 r(?) mww»+£}>(h%y«, R

Using this, we can show that the both sides of (36) satisfy the same recursion, if we could show
the identity

ek 0 v+ 1
LA Lo E P XM, 45
I(k —2)! ( ) OSVZ<:7“/2 (r+2v)l(r—1-2v)! (45)

HPﬂw

where r = j — k. By writing V(—¢,k — ¢) and X% in terms of U using (30) and (42), and
looking at the coefficients of U,gli)% (0 < i < k/2) on both sides, this boils down (after some
simple manipulations) to the binomial identity

Se() - £ () (L)) w
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To prove this, we note the obvious recursion satisfied by the left-hand side L(m):

L(m)+2L(m—1) = (‘”)

m

If we can show the right-hand side of (46) (=: R(m)) satisfies the same recursion, we are done by
induction on m (the initial condition is L(0) = R(0) = 1, which trivially holds). Denote the nth
term of R(m) by R(m,n) and set Ri(m,n) = R(m,n)+2R(m —1,n—1) (R(m —1,-1) =0).
We have the identity

m—n+2 m—mn
m-ntT=2 —9) — 4
T R(m,n — 2) 2n+1R(m,n) (47)

because if we divide both sides by R(m,n)/(2n + 1), this becomes the trivial identity
22n —1)(m+n+1)(x —m) (m+n+1)(z—m+n)(x—m+n-—1)

2+ 1 - _ _
nh (x—m—-n+1)(z—m—n) (x—m—n+1)(z—m—n) men

Ri(m,n) =

By summing (47) over n = m (mod 2) and telescoping, we complete the proof. [

3. SPECIAL IDENTITIES AMONG A-MULTIPLE ZETA VALUES

Using the algorithms explained in §1 and below, we conducted numerical experiments (using
Pari-GP) and conjectured several identities among finite multiple zeta values, which we will
present in this section in a somewhat random order. A number of them were also found by
other people and/or have been proved in the interim, and this will be mentioned as appropriate.

We first say a few words about the rapid calculation of AMZVs. At the end of §1 we already
discussed how to find Q-linear relations among numbers in the ring A if these are known “to
high precision,” i.e., if we have their p-components for a fairly large number of primes p. These
individual primes used do not need to be very large, since if we use all primes even in some quite
modest interval A < p < B, like A =30, B = 300, then the number P = HA<p<Bp is still very
large and experimentally discoverd congruences modulo P with reasonably small coefficients are
extremely unlikely to be accidental. This still leaves the question of computing the individual
mod p multiple zeta values. Using the definition (3) directly would be very slow, since it contains
O(p") terms. However, there is a very easy algorithm that computes (,(k1,. .., k) in only O(pr)
steps. If we recall that (3) defines (pr(k1,...,kr) € Q for any M € N, not just for primes, then
we have the obvious recursion

1
CM+1(k17"'7k8) = CM(kl,...,k'S) + WCMUﬁa"-akS—l)

for any M and s. Applying this with M =1,...,p—1and s =1,...,r (where we must interpret

Crv(ki, ... ks—1) as 1 in the case s = 1), we get a recursion that allows us to compute each of
these numbers from its predecessors by a single multiplication and a single addition, resulting
in an O(pr) algorithm for (,(k1,..., k) as claimed. Of course in doing this calculation we do

all computations in Z/pZ, not in Q.

a. AMZVs of low weight; dimension conjecture. The most striking property of the
classical multiple zeta values (1) is that they satisfy so many linear relations over Q, e.g., that of
the 1024 MZVs of weight 12, only 12 (more precisely: at most 12) are linearly independent. As
we already said in the introduction, the same phenomenon happens also for the A-multiple zeta
values and we again find many linear dependencies over Q, a typical case being equation (7).
More precisely, using the numerical algorithms just described to compute all AMZVs of weight
up to 16 and many up to weight 20, we were led to the conjecture (6). Recall that the basic



22 MASANOBU KANEKO AND DON ZAGIER

conjectural statement stated in the introduction, says that the ring of AMZVs is isomorphic
to the quotient of the ring of usual MZVs by the ideal generated by 72, and that this gives
the conjectural dimension formula (6). Here is a complete list of the conjectural multiplicative
generators of 3 4 up to weight 16:

L. Za(3), Za(5), Za(T), Za(9), Za(11), ZA(13), Za(15).
. Ca(1,1,6), Ca(1,1,8), Ca(1,1,10), Ca(1,1,12), C4(1,3,10), Ca(1,1,14), Ca(1,3,12).
3. Ca(1,1,1,8), €a(1,1,1,10), €a(1,1,2,9), Ca(1,1,1,12), Ca(1,1,2,11).
4. Ca(1,1,1,1,8), Ca(1,1,1,1,10), Ca(1,1,1,1,12), C4(1,1,1,3,10), Ca(1,1,1,4,9).
5. Ca(1,1,1,1,1,10).
Finally, we also recall here the Broadhurst-Kreimer conjecture. Define dj,, = dim(3} /31(:_1))

= “number of Q-linearly independent MZVs of weight k and depth exactly n”. Then the B-K
conjecture is the generating function identity

de oy L 1+ &y
)TV -
k.n

[\)

1 -0y +Sy*—y*)’

where € = 22 + 2 + .-+ = % and O = 22 + 25+ ... = % correspond to the even and
odd simple zeta values, respectively, and S = Zkzo dim Sy (SLa(Z))2* = % is the
Hilbert-Poincaré series of cusp forms. The corresponding formula for the numbers di‘fg giving

the dimensions of the associated bigraded pieces of 3" = 3 /723 is then

1
dredxkyn ; ’
kzr; ko 1 -0y +Sy*—y")

which reduces to (6) if we set y = 1.

b. AMZVs of small depth

We already saw in Example 7 of §1 that the finite single zeta values (4(k) all vanish. The
next case is that of double zeta values. Here a simple calculation that will be discussed and
generalized in the next section gives the formula

0 if Kk =a+bis even,

(—1)" (¥) Za(k) if & is odd, (48)

C.A(a’ b) = {

where Z4(k) € A are the numbers defined in (11). For triple zeta values we have the formula
2Ca(a,b,c) = —Cala,b+c) — Cala+b,c) for k=a+ b+ c odd, (49)

where the right-hand side can also be written as an integer multiple of Z 4(k) by (48). The first
line of (48) and the formula (49) are special cases of the conjectural parity statement that any
Calki,... ky) with ky +-- -+ k, = r (mod 2) can be written as a linear combination of AMZVs
of shorter length. Unfortunately, we can prove only a weaker version of this. See Proposition 6
in §6.

Finally, there is a very interesting connection between triple AMZVs of even weight—so
those that cannot be reduced to double AMZVs by the parity statement—and modular forms.
Specifically, we experimentally found some concrete relations among triple AMZVs, given in
g. below. This also gives one more supporting piece of evidence for the definition given in the
introduction (Main Conjecture) of the depth of an AMZV as one less than the length of the
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argument, because for classical (real) MZVs there is a close link between double multiple zeta
values and period polynomials of modular forms [13].

c. The sum formula and its variants. Recall the classical sum formula (conjectured by
Hoffman and proved independently by Granville and by the second author), saying that the
sum of ((k) for all admissible k of fixed weight k and depth (=length) r is equal to {(k). The
corresponding statement for finite multiple zeta values is that, for any k£ and r, we have

S Gk k) = <1+(—1>T(’jj>>m<k>- (50)

R
kp>2

Note that without the restriction k, > 2 the sum on the left is symmetric in the indices and

becomes zero. This formula has now been proved by S. Saito and N. Wakabayashi [43] in a

slightly generalized form (putting the condition k; > 2 for any single i instead of k, > 2).

Generalizing the sum formula, it was shown in [35] that the sum of all classical MZVs ((k)
with k € I(k,r, s) is a polynomial in Riemann zeta values, where I(k,r, s) is the set of admissible
indices k of weight k, depth r, and height (= number of components greater than 1) s. We did
not find a corresponding statement for the AMZVs, but we did find the conjectural identity

k-1

S Y i Ly ) a2 ), 1)

r=1 kel(k,r,s)

which can be regarded as an analogue of Le-Murakami’s relation ([30, eq. (2)]). The identity (51)
and a similar analogue of “Aoki-Ohno” formula were then proved in [24].

d. Hoffman duality. As noted in the introduction, the symmetric relation

Calkr, .. k) = (=1)*Calkr, ... k1) (52)

holds trivially, where k is the weight. A less obvious duality was found by Hoffman. Its most
natural expression ([14, Theorem 4.6]) uses the “star” (or “Euler”) version of the AMZVs in
which the inequality sign < in (3) is replaced by <, but he also gave a non-starred version
([14, Theorem 4.7]) which we can express in our terminology as

Cak) = (=1)" ) Calk) . (53)

Kk
Here the relation k’ > k means that the index k is obtained from k' = (], ..., k.) by replacing
some of the commas by plus signs, e.g. (1,3,2,1) = (1+3,2+ 1) = (4,3).

We also found other AMZV relations involving Hoffman’s duality, like an A-analogue of
Ohno’s relation ([34, Theorem 1]), whose statement we omit, that was proved in a special case
by Yosuke Thara and in general by Oyama [36] using the shuffle relation explained below.

e. AMZVs with repeated arguments. Classical MZVs with repeated arguments are easy
to evaluate by the simple formula

3 T = ex 3 — "‘1M1’”
1+;C(k,k,;..,k) = p(Z( 1) p ) (54)

n=1
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The obvious analogue in the A-world is uninteresting. (It is true but both sides are equal to 1.)
A non-trivial conjectural A-version of the case k = 3 of (54) is given by

0o ) 0o "
ZCA(LQalv 7“.,172)1,1” = eXp(Z CA(173H_1) nz) . (55)
r=0 2r nnc:dld

In a different direction, for classical MZVs it was conjectured by the second author, and proved
by Broadhurst and others [6], that

27T4r

C(l,?),...,l,?)) - m

2r

for the classical multiple zeta values. Since 72 = 0 in A, the A-analogue of this would naturally
be

2r

This is a special case of an identity proved by J. Zhao [52, Theorem 3.18], which has been further
generalized by S. Saito and N. Wakabayashi [44].

Finally, as an analogue of an identity proved by the second author [51], we conjectured

Ca(2,...,2,3,2,...,2) = 2(=1)""(Ca(2a +1,2b+2) + Ca(2a + 2,2b + 1))
—— =

and

Ca(2,...,2,1,2,...,2) = 2(=1)*"T (1 - 27%) (Ca(2a,2b + 1) + Ca(2a + 1,20))

for any a, b > 0. (Of course, by (48) we can rewrite the right-hand sides of both formulas as
simple multiples of Z 4(k), where k is the total weight 2a 4 2b + 3 resp. 2a + 2b + 1.) These for-
mulas were independently discovered and proved by Hessami Pilehrood et al. ([38, Theorems 4.1
and 4.2]).

There are a lot more specific linear relations known for classical multiple zeta values, examples
being the cyclic sum formula [16], the derivation relation [17], the Bowman-Bradley relation [5]
and so on. Attempts of finding .4-analogues of various relations have been made by many
authors. For instance, analogues of those relations mentioned above were found and proved
respectively by Kawasaki-Oyama [26], Murahara [33], and Saito-Wakabayashi [44]. For many
more, we refer the reader to the web page [15] compiled by Hoffman.

f. Relation to multi-poly-Bernoulli numbers. The “modified poly-Bernoulli numbers”
were already defined (equation (26)) in §2 in connection with harmonic moment sums, but
they have other relations to finite multiple zeta values. For example, a result of Hoffman’s
([14, Theorem 5.4]) can be stated in terms of these numbers and in our setting as

. it (=1

(L, Li) = (~1)MCYSY, mod p),. (56)
j—1

In fact, it turns out that this statement can be generalized to express all finite multiple zeta

values in terms of appropriate “multi-poly-Bernoulli numbers”. See [18, Theorem 8| for the
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precise statement. Note that (56) includes the formula (4(1,...,1,2) = k Z4(k), since iV
——

k—2
coincides with the nth Bernoulli number.

g. Relation to modular forms. Our last topic again concerns AMZVs of low depth, but a
different aspect of them. In the classical case, depth 2 even weight MZVs have an intriguing
connection to the space of cusp forms on the modular group SLa(Z) (see [13] for details), so it
is now reasonable to look for a connection between triple AMZVs and cusp forms of the same
weight. We checked numerically up to weight 24 that the dimension of the space spanned by
the triple multiple zeta values of even weight k is equal to k/2 — 2 — dim S, where Sy is the
space of cusp forms of weight k& on SLy(Z). (Those of odd weight k& > 1 are always multiples
of Z(k), as was mentioned in b.)

Moreover, we also experimentally discovered that the (4(1,n,k —1—n) with0<n <k —1
span the space of all triple AMZVs of weight k and the following relations among them hold.
Fix an even integer k > 4. Then for every even integer 21 > k/3, we have the relation

k—2
D ay_jCa(ljk—1-j) =0, (57)
j=1

of triple AMZVs of weight k, where the numbers a,, = a,(k, () are the coefficients of the expansion
(1 — x4+ x2)3l—k/2

(1—xz)%
with a, = 0 for n < 0. These coefficients are given explicitly in terms of the “trinomial
coefficients” T(b, 1), defined as the coefficient of 2 in (1 + 2 + 22)®, and binomial coefficients by

= ap+ar +agx® + -,

"L (=2
ap(k,l) = (—=1)" ( >T(3lk/2,nm).
Equation (57) gives an infinite family of relations but of course only finitely many of them can
be independent, and we found the number of independent relations is [g] This looks not enough
to give the dimension of cusp forms. However, we make the following refined conjecture, also
based on the numerical data.

Conjecture 1. Let k be an even integer. Then

(1) The elements Ca(1,n,k—1—n) with0 < n < k/2—1 span the space of all triple AMZVs.
(2) Among these spanning elements, the relations (57) with k/6 <1 < k/6 + dim Sy, hold.

We note that the interval in (2) automatically contains exactly dim Sy integers [, and that
for such an [, the coefficients ag;—,, in (57) are zero if n > k/2 —2. Moreover, we can show by the
exact formula of a, above that these dim Sy relations are independent. Hence, if the conjecture
is true, the dimension of the space of triple AMZVs is bounded above by k/2 — 2 — dim Sy,

We also checked up to weight 24 that the AMZVs of the form (4(1,a,1,b) with a and b even
span the same space as the triple AMZVs. Note that the indices of this form with a +b = k is
k/2 — 2, and also that in the classical case the values ((a,b) with a,b odd span the double zeta
space of even weight and we have as many linear relations among them as the dimension of Sj.
A typical example of the relations that we found empirically is

327C(1,2,1,12) + 111C4(1,4,1,10) + 53¢a(1,6,1,8)
+59Ca(1,8,1,6) + 120(4(1,10,1,4) + 366 C4(1,12,1,2) = 0
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in weight 16 (where it is unique, since S is 1-dimensional). Note that this relation, and any
other specific one, can be (and in this case has been) proved by using the shuffle relations that
will be discussed in §7.

4. MULTIPLE SEKI-BERNOULLI SUMS
We already saw that the finite single zeta values (4(a) all vanish, and mentioned in b. in
the last section that the next case of double zeta values is given by the formula
b
catet) = 18 (“71) Zata+n) (van0) (58)

expressing the finite double zeta values in terms of the numbers Z (k) € A defined in (11).
Indeed, we can use Fermat’s little theorem and the Seki-Bernoulli formula for sums of powers
of integers in terms of Bernoulli polynomials and Bernoulli numbers to write

1 L By _o(n) — B,_ L | —a
Z ﬁ = Z mP l—a _ p CL() L Zp_a<pr >Bpa7'nr

—a
0<m<n o<m<n p r=1

for each sufficiently large prime p, where the congruence is taken modulo p. Now multiplying
by n~% and summing over 0 < n < p, and using that ZO<n<p O —0rp , we find

_ 1 1 (p—a _ p (a+b\ Bp_ap
Q.A(aab)(p) = Z manb = = a( b >Bp—a—b = (_1) ( b ) ;+b )

0<m<n<p P

which in view of the definition (11) of Z (k) is equivalent to (58). Equation (58) is also given,
with substantially the same proof, by Hoffman [14, Theorem 6.1] and Zhao [52, Theorem 3.1],
and the special case a = 1, b = k — 1 was already given by Vandiver [49, (63)]. Equation (58)
implies in particular that the finite double zeta values (4(a, b) vanish whenever the weight a + b
is even. Conversely, those of odd weight should never vanish, according to the conjectural
statement Z4(k) # 0 discussed in §1.

The same idea as was just used for the case of double zeta values shows that all {4(k1, ..., k)
can be expressed in terms of “multiple Seki-Bernoulli sums,” which we now define.

Forl > 0and ¢ > 1, set
. 1 l+1
b(l,1) = _l+1( ; >Bl+1—z (59)

(with B, = 0if n < 0), and for positive integers k1, ..., k. (r > 2) define an element B(k1, ..., k)
in A by
r—1

B(klv s 7k7‘)(p) - = Z H b(lha lh*l + kh) :

0=lo<li<--<lp_1=p—kr—1h=1

When 7 = 2, the right-hand side is —b(p — 1 — ko, k1) = (=1)F1 1 (k’lkﬁ]@)% and we have

Blkiks) = (1) ("",j’“?) Zathi+ k) (= Calkak)).

To express (4(k) in terms of B(k) by using the Seki-Bernoulli formula for sums of powers, it
turns out that the “Euler version” of (4(k), i.e., the non-strict version (often referred to as the
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“zeta-star” value) (k) = (¢¥(k) mod p)p, where

1
Gk, k) = Z Tam——r

0<ni<—<n.<p 'l T
is easier to compute.

For [ > 0, the Seki-Bernoulli formula can be written as

I+1

dooml =D (=D i) n

0<m<n i=1

with b(l,4) as above. A convenient form we shall frequently use of this formula modulo a prime
is the following. For k,k’ > 1 and a large enough prime p, we have

k' —1 p—1—Fk
Z mP—1-k = Z b(p—1—ik)n Z b(l, k) n?~ 1! (mod p) . (60)
0<m<n I=k—1

Here, we have used (—1)¥*b(p — 1 —k,i) = b(p—1—1i,k) (mod p).
To illustrate, let us compute (A(kzl, k2)(p) and CA(k:l, ka, k3)

C.Z(kla k?2)(p) = Z mzlﬂflfklmZ—k:Q

0<m1<ma<p

ko—1 p—1—ko
> (Zb —1—d,k)my "+ Y bl k)m ”’“2>

(p) for p sufficiently large:

0<ma<p l=k1—1

ka—1 p—1—ko (61)
= Zb —1—i,k1)Calk 2 — 1) + Z b(l, kq) Z mg_l_l_]”

i=1 I=k1—1 0<ma<p

= —b(p—1—ko, k1) (mod p)
= B(kl,kQ)(p)

(where we have used (4 (k2—1)(,) = 0 for p and Eo<m2<p mg_l_l_kz = 0 except for | = p—1—ks),

Ch(k, ka2, k3)p)
= Z m[f—l—kl m;k2 mng

0<mi <ma<m3z<p

ko—1 p—1—k2
3 (Zb — i k) my Pmgt N bl k) mb 5'“3)

0<ma<msz<p li—ky—1
ko—1
= 72 klv ’L',k‘g)(p)
p— 1— k2 k3 1 p—l—k3
+ > bk) Y (Zb —l—id k)3T bl k)b k)

l1=k1—1 0<ms3<p lo=l1+ko—1
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ko—1 ks—1
= — Z Bk, i) (ke —isks) ) — Y Bk, ka,1)(A(ks — 1))
=1

:le2 p—1—ks

S bl kbl k) S mp s

l1=k1—11lo=l1+ko—1 0<m3z<p
ko—1
= — Z B(ky, I)CZ(/{?Q — 1, k:g)(p) + B(ky, ko, k:g)(p) .
i=1

(Recall that b(m,n) = 0 if m < n — 1.) Continuing in the same way, we obtain the following
proposition.

Proposition 3. For any r > 2 and positive integers k; (1 <i <r), we have

Calky, ... k)
ko—1 k3—1
= - Z B(kl,l)(ﬁ(k@ - ivk?n . '7k77') - 2 B(khkj%z)(;(k:S - i7k4> . '7k7')
=1 =1
kr—1
— e - B(k‘h kr_1,% )C_A(k —Z)—i—E(]{l,...,k‘).

=1
Corollary 3. We have B(k1,..., k) € 34 (k=Fki + -+ k).

Proof. This can be seen by induction on the depth r, starting with B(kj, ko) = Ca(k1,ke) €
3A7k1+k2' U

Corollary 4. The B(ky,...,k.)’s span the space 3 4.

Proof. The corollary follows from the proposition by induction, since the (ﬁ(kl, ..., k;) span the
same space as the 3 4 as the (4(k1,..., k). O

The next corollary is equation (49) in §3.
Corollary 5 (Hoffman [14], Zhao [52]). For k = a + b+ ¢ odd, we have the formula
2¢a(a,b,c) = —Cala,b+c) — Cala+b,c)

Proof. From the congruence above the proposition, we have
b—1

Cila,b,c) = = B(a,i)Calb—1i,c) + B(a,b,c).
=1

If the weight a + b+ ¢ is odd, either B(a,i) = (4(a,i) or (4(b— i, c) has even weight and hence
vanishes, and thus

Cila,b,e) = Cala,bye) + Cala+b,¢) + Cala,b+¢) = B(a,b,c)
in this case. By definition, the p-component of B(a, b, ¢) is

p—c—1

B(avbvc)(p) = - Z b(]aa)b(picilvj+b)
7=0
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Recalling that b(m,n) is a multiple of the Bernoulli number By, 1y, and that the odd-index
Bernoulli number vanishes except By, we see that the only non-zero terms on the right are for
j=aand j=p—b—c—1because (j+1—a)+ (p—c—j—b)is odd. Hence we have

B(a,b,¢)p) = —bla,a)b(p—c—1,a+b)—blp—b—c—1,a)b(p—c—1,p—c—1)
= —%(b(p—c—1,a+b)+b(p—b—c—1,a))

— % (Cala+b,¢)p) + Cala, b+ c)p)

and obtain the desired formula. O

5. “TRUE” ZETA VALUES: HEURISTIC ARGUMENTS AND CONJECTURAL FORMULAS

In a different direction, we can ask whether there is a natural definition of numbers Z 4(a, b) € A
(or more generally Z 4(kq, ..., k,)) analogous to the definition of Z (k) in §1 that is a good ana-
logue of classical double (or multiple) zeta values. Under our main conjecture, these should

correspond to ((ky,..., k) mod w2 in 34 = 3/(7?).
Following the same idea of “backwards extrapolation” as was used in (11), where we argued
that the A-analogue of ((k) should be

Ck)“=" S mPIR = ((pr1k) = — 2R = Zu(k) g
o<m

we compute in the depth 2 case (using (60)) as

C*(a,b) _ Z mfanfb “« = Z mpflfanfb

o<m<n 0<m<n
b—1 p—1-b
= Z <Z bip—1—i,a)n'"+ Z b(l,a) np_l_l_b>
O<n “i=1 I=a—1
b—1 p—1-b
“=7" 3 bp-1-i,a)C(b—i) + Y b(l,a){(~p+1+1+D)
i=1 I=a—1

with b(l,a) as in (59). Based on this computation, we would like to be able to define an A-
analogue Z 4(a,b) of ((a,b) by

Z(a,b) = Zh(a,b) — Zla+b)
E a-+i ~
“«=7 —Z(—m( . >ZA(a+i)ZA(b—i)+B(a,b) — Zala+b),
=1

(62)

where we have set B(a, b) = (@(a, b)(p) mod p)p with

mod p) .

—1-b —-1-b
: ? (l + 1> Bit1—a Bpip
a

Bla,bly = Y. bla)((—p+1+1+b) (= — Y [+1 145
l=a—1 l=a-1
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(More generally, we define @(kl, vy k) = (@(lﬁ, <oy k) (py mod p)p with

r—1
B(ky,... k) = > LT b ths + kn)C(=p + bt + K + 1)
0=lo<l1 <-+<lp—1<p—kr—1h=1
Note that the previously defined B(ky, ..., k) can also be written in a parallel manner as
r—1
B(kla B kr)(p) = Z H b(lh, In—1 + kh)CA(_p + 1 + ke + 1)(;0) )

0=lo<l1 < <lp—1<p—kr—1 h=1
The problem is that (62) contains the divergent expression (—1)® (kgl)ZA(k—l)ZA(l) (k = a+b),
and we need to “regularize” this term to extract a finite quantity. We choose

0 (* 1) (O B+ ) Za = 1) - 2 )

as a regularized value, where v4 and Z';(k — 1) are the A-analogues of Euler’s constant and of
the derivative of ¢ as defined in Examples 4 and 9 of §1. Our argument is as follows. Since

(3;1) - (S;1> (6(s) — ¥(s —a)) <= (S;1><Hs-1—Hs—a—1> ifS€N>v

(1(s) is the digamma function) we have the expansion near ¢ = 0

G ECEEE

k—1 _ _
_ )k —1) + (k } 1) (v = Hg—1 + Hi—q—1)((k — 1) = {'(k = 1)) + O(e) .

€

So our choice of the regularized values is the “Kronecker limit” of (k;s)( (k —s)((s) at s = 1.
Based on this heuristic argument, we make the following definition.

Definition. For a,b > 1 we define Z 4

—~

a,b) € A by

b—

[\

Za(a,b) = B(a,b) —

i

() Zatat ) Zat0 - ) - Za)
(63)

+ (—1)° <k a

where ZA( - ) is as in (11), k =a+ b, and

S
—_
N—

(Hp—1 — Hi—1) Za(k — 1) + X,

k—1
X = (07" Cuzate - 1) - 24k - ).
with y4 and Z'y as in (10) and (14).

This rather complicated definition turns out to work perfectly! What do we mean by that?
Actually, several things:

i) The right-hand side of (63) should not just be in A, but in 3 4. We have verified this
numerically in low weights (up to around 20). For k = a 4+ b odd, we can prove it, because a
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simple calculation using the properties of Bernoulli numbers and Zy(k — 1) = Z4(k —1) =0
gives

Zatont) = ~5(1+ 02 () 2. (64)

Note that this also agrees modulo 72 with the formula (33) in [51] for real double zeta values of
odd weight. For k even we do not have a proof, but experimentally we found the formula

n .
k—
("> (k ]> Za(jk—j) = Caln =1L Lk—n) — Za(n)Za(k—n)  (2<n<k-1),
-n
j=1
and this (together with Z4(1,k — 1) + Zf;ll ZA(j,k — 7) = 0, which is also experimental) can
be solved to give the closed formula.
k—1
. . ; k—mn 1/k-1

zatih =) = (S ((375) =35 )) a1k = 2u) 2t m) (65
for all even k and all 0 < i < k, where Z4(1) is defined to be 0, in which all terms on the right-
hand side belong to 3 4. This formula is conjectural for the moment, but presumably could be
proved with some effort.

ii) Furthermore, as well as belonging to 3 4, the numbers defined by (63) satisfy all of the
relations among ordinary double zeta values, as studied in detail in [13].

iii) Finally, these numbers coincide numerically up to weight 18 with the element in .4 which
corresponds to ((a,b) under our “main conjecture” as stated in the introduction and discussed
in detail in §8.

For “modular relations” of the double zeta values, by using (65), we can translate relations
in [13] into those among (4(n—1,1,k—n)— Z4(n)Za(k—n). But this is not satisfactory. What
we want to obtain is a direct relationship between period polynomials and relations among
Cala,b,c)s, and we have not yet succeeded to do so. What we have found experimentally was
described in g. of §3.

Also, we expect that Z4(n)Z4(k —n) can be written in terms of length 3 (4(a,b,c), since
Z A(n) Z(k—n) should have depth 2. On this, we experimentally found the following. For even
k and odd j with 1 < j <k/2—2, put

Hyy = bl () (") 2t 20— .

n=j+2 J J

This can be solved in Z4(n) Za(k — n) with odd n > 3 since the coefficient matrix is upper
triangular with non-zero diagonal entries (however, we have not found an explicit formula of the
inverse matrix), and we also have the explicit conjectural formula

Hij; = (G+1)C0+ 15,k =2j—1)+ (k= 2j —1)Ca(j. . k — 2j)
+ @+ DG+ LE=2j—1).
For the case of depth 3, a similar heuristic argument suggests
Za(a,b,c) “="Bla,b,c) — Zala+b,c) — Za(a,b+c) — Zala+b+c)

b—1 c—1 (66)
Y Cala,i)(Zalb—iye) + Zalb+c—1i)) = > Bla,b,i) Za(c—1) .

i=1 i=1
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As in the case of depth 2, we need to regularize the term B(a,b,c — 1)Z4(1).
First, suppose the weight k = a + b + ¢ is even. In this case, B(a,b,c — 1) is equal to

%(CA(a,lH—c— 1)+ Cala+b,c—1)) = ;((—1)‘1(’“;1) + (—1)a+b<k+b>)z,4(/< 1).

(See Corollary 5 of Proposition 3 in §4.) With this we may use the same regularization as before
and define as follows (noting Z4(k) = 0 when k is even).

Definition. For a,b,c > 1 with a + b+ ¢ even, set

Za(a,b,¢) == Bla,b,¢) — Za(a+b,c) — Zala,b+c)

b—1 =2
=) Calai) (Zab—i,e) + Zab+c—i)) = > Bla,b,i) Zalc — i)
i=1 1=1
0 (* ) (Qa Hs 4 B Zat - 1) - 2 1)
+ ;(—1)C<]Z_i> ((’YA —Hi 1 + Hc_l)ZA(k — 1) — Zj4(k — 1)) .

We have checked numerically up to weight 18 that this coincides with the predicted value.
We should, however, note that this is very subtle. If we change (];J_rll)) Za(k —1)Z4(1) into

(kil)ZA(k‘ —1)Z4(1) and then normalize in the same way as was done above, then the resulting

(k 1) ((ya — Hi—1 + Hoqp)Za(k — 1) — Z4(k — 1)) is different and does not give the correct
value of Z4(a,b,c)!

As for the question whether this is in 344 (kK = a + b+ ¢), we found the following.

Conjecture 2. Let a,b,c > 1 and assume a + b+ c is even. Then

Za(a,b,c) = %(ZA(a+b ¢) + Za(a,b+c))
e
+(_21)b;<a+§—1><b+z— )ZA(QJr])ZA(bJrc—j)

The odd weight case is more complicated. To regularize the term B(a,b,c—1)Z 4(1) in (66),
we start with the empirically discovered formula

b—1

B(a,b,c — 1)( = C4(a,b,c—1) + ZCA((I, i)Ca(b—1i,¢c—1) (by Proposition 3))
i=1

" 12(‘2:1)(@“1) ) zatiib =15 (67)

+ <f1>b—1k 3(3;1> (b, )2 Zath~ 15
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for kK = a+ b+ c odd. To obtain the regularized value of B(a,b,c — 1)Z 4(1), one needs a finite
analogue of ('(a,s — a) |s=k. The same heuristic as before goes as

Clak—a) = Z m ™ *(—logn) « =7 Z mP~1=an ke (_logn)
0<m<n o<m<n
k—a—1 p—1—k+a

= Z ( Z b(p—1—1i,a) ni—k+a(_ logn) + Z b(l,a) np—l—l—k+a(_ log n)>

0<n N i=1 lI=a—1

k—a—1 p—1-Fk+a
“=" N bp—1—ia)(k—a—i)+ Y  bla){(-p+1+i+k—a).
i=1 l=a—1

From this and by b(p — 1 —i,a) = (—1)“(“;”) Za(a+ 1), we may set

k—a—1 .
Zylak—a) = Zj(a,k—a) “=" (—1)* <a : Z> Zala+i)Z'(k—a—1)
i=1
k

_pz_: 1 [a+1 B(—l)l Bp—k—14+1  Bap-
— a+l\ a T p—k—1+1 2p—k—1 ’

We still have the divergent term (—1)“(]“;1) Za(k —1)Z'4(1) in the first sum. To obtain the

regularized value of this, we may need Z’j(k — 1) as well as the “Stieltjes constant %(41) in A”
defined in Example 8 in §1.

First, by using as before (S;I)/ = (SEI)W(S) —Y(s —a)) and ¥(s) — (s — 1) = ﬁ, we

compute
k—e—1 k—1
a a

+ =((Hpr — Hya1)> —(HP, = HP ) + 0(63)) ,

N

where HY) =1 + 2% +-- 4 # Hence, the regularized (kgl) Za(k—1)Z'4(1) should be

(") (5o~ o = (2~ B2, ) Zath - 1)

a

1
- (Hior = o) 2= 1) = 32506 = 1) =10 Za(k - 1))
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The final form of Z4(a,b,c) when k = a + b+ ¢ is odd is:

Za(a,b,c)
= B(a,b,c) — Zala+b,c) — Za(a,b+c) — Za(k)
b—1 c—2
=Y Cala,i)(Zab—iyc) + Zalb+c—1i)) — > Bla,b,i) Za(c— i)
i=1 =1
k—2 . .
+ (- (‘Z i} 1) <k o ") ((v4 = Hio1 + Het)Za(ick = 1= ) = Za(i. b =1 = j)

1
k-3 ,. .
F 0 (T () a0 (O = e+ B Zalh =1 5) = Zu - 1= ).

6. THE RING OF A-MULTIPLE ZETA VALUES: STRUCTURAL THEOREMS

Structural theorems. For each integer k > 0, let 3 4 1 be the Q-vector subspace of A spanned
by the AMZVs of weight k:

k
SA,k‘:: Z Z QCA(kla"'akT)a

r=0 k1,.-- kr>1
k14 +kr=k

and set 34 = )~ 3.4k Here we set (4(0)) = 1,0 340 = Q.

Proposition 4. For any indices k and 1, we have the series shuffle multiplication

Cak)Ca(l) = Ca(k1). (68)

In particular, the space 3 4 is a Q-subalgebra of A.

Proof. This follows from the fact that the product of p-components (3) of two (4(k) and (4(1) is
equal to the p-component of (4(k*1), an example being (,(a)(y(b) = (p(a, b)+ (b, a) +(p(a+D).
O

We note that exactly the same argument applies to AMZVs with negative indices and the
formula (68) is always true. But the conclusion that the a priori larger space of AMZVs is also
closed under multiplication is not so interesting because it is the same space, as we then show
in Proposition 5.

Proposition 5. For any index set (k1,...,k,) with each k; € Z, we have {a(k1,..., k) € 34.

Proof. When all k; are positive, the assertion is obvious by definition. We proceed by induction
on the length of the index in general. If the length is 1, (4 (k) is simply zero except (4(0) = —1
and the proposition is true in both cases. When the length is larger than 1 and the ¢th index k;
is non-positive, we can sum up the partial sum zmi—l<mi<mi+1 m‘ik"|
formula and write it as a difference of polynomials in m;4; and in m;_1, which gives us lower

depth sums. 0O

by using the Seki-Bernoulli
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We remark that, if k;’s are not all positive, the expression of (4(k1,...,kr) as a linear
combination of positive-indexed ones has mixed weights in general, a typical example being

CA3,~2,-8,6) = Ca(1,6) ~ LCa(l,4) ~ £Ca(1,2).

The next result is an analogue of the “parity theorem” for classical MZVs proved in [48]
and [17]. Before giving it we formulate a lemma that will be used several times. Its formulation
uses the “non-strict” or “Euler” version of AMZV, which will be denoted by

1
*
CA(klu"'va) = ( Z W modp)(p)
0<ny<-<n,.<p ''1 r
Lemma 2. Let (ki,...,k.) € N" be any index of length r.
1) We have

Z C.A(klv ceey kl) : (_1)1"—i gj\(kjra cee >ki+1) = 0. (69)
i=0
2) Modulo the space of AMZVs of length less than r, we have

> Calkr,. ki) - (=1 Calkr, . Kig1) = 0.
=0

Proof. The first identity comes from the definition and a property of the antipode in the abstract
stuffle Hopf algebra ([14, Theorem 3.1]). As for the second, we note that the series shuffle
multiplication (68) modulo lower length is simply the naive shuffle of indices, hence the claim
reduces to the identity in [17, Lemma 2] in the group ring of the symmetric group. Alternatively,
we can deduce 2) from 1) because (4 (kr, . .., ki+1) is congruent to 4 (ky, . .., ki+1) modulo lower
length AMZVs. 0O

Proposition 6. When the weight k = k1 + - - - + k, and the length r have the same parity, the
AMZV Ca(kq, ..., k) is a linear combination of AMZVs having shorter length and products of
AMZVs the sum of whose weights is k and the sum of whose lengths is at most r.

Proof. From 2) of the lemma, we have, modulo lower length and products of lower weights (note
that (4(k) = 0 and so terms for 1 <i <r — 1 are products of AMZVs of weight and length less
than k — 2 and r — 2 respectively),

CA(kl, e k‘r) + (—1)TCA(/£‘T, ... ,]{,‘1) = 0.
From this and the symmetry C4(ky, ..., k1) = (=1)*Ca(k1,. .., k,) we obtain our assertion. [

Remark 1. According to the corollary of Theorem 4 in §7d and our main conjecture (5), we
expect a stronger parity statement that the AMZV (a(k1, ..., k) of weight k and length r with
k = r (mod 2) is a linear combination of AMZVs having shorter length. However we cannot
prove this yet.%

To illustrate, consider (4(a,b,c) with a + b + ¢ odd. Since any (4(k) vanishes, the iden-
tity (69) becomes —(%(¢c,b,a) + Ca(a,b,c) = 0. But the symmetry (4(c,b,a) = —C4(a,b, c) and
the definition of Cj give 2C4(a,b,c) + Ca(a + b,c¢) + Ca(a,b + ¢) = 0, which is Corollary 5 of
Proposition 3.

6For length 4, Risan proved the stronger parity statement by heavily using computer algebra in his master’s
thesis (2025, Nagoya University, unpublished).
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For usual MZVs there is a shuffle product m such that ((kml) = {(k){(1) in the convergent
case. (Warning: m is not the usual shuffle! See §7a for details.) We do not yet know any
m-product rule parallel to (68), but have the following shuffle relations. We conjecture that
these relations together with (68) give all relations (algebraic or linear) among AMZVs.

Theorem 2. For any index sets k and 1, we have
Calleul) = (=1)MCak, D), (70)

where |1] is the weight of 1 and 1 is the reversal of 1.

Proof. We use the multiple polylogarithm series

i) = 3

kr
0<my<--<my T4 my

myr

(k= (ki,..., k)

and the facts that the p-component of (4(k) is equal to the sum modulo p of the coefficient
of 2™ in Lik(z) for 0 < m < p and that the series Lix(z) satisfies the shuffle product rule:
Lix(z)Lij(z) = Likm(2). Hence, setting k = (ki,..., k) and 1 = (I1,...,ls) and working modulo
p, we have

(CA(kml))(p) = Z (coefficient of 2™ in Lik(z)Lii(z))

0<m<p
> (% 1 e
- k1 kr—1 -k Z 15 ls—1 -1
0<i,jitj<p 0<mi<--<mp_1<i 01" "My 1 V77 Nocpy<oocng 1< 01 7" Ts—1°°
( 1 (_1)l1+'"+ls
= Z Z ki o kr—1k Z denls—1 D
0<i<j<p “0<my<--<my_1<i "1 My 1 V77 Njeng g <o<m<p d " Ms—1 " 1
(_1)ll+"'+ls
- Z ki kr—1k. sl ts—1 D
0<m < <Mmyp_1<i<j<ng—1<--<n1<p my My V]9 Ns nq

= ((_1)‘1|€A(k’i))(p) s

where the third line is obtained from the second by replacing j by p — j and every n; by p—n; .
O

We end this section by stating three conjectures about the relations satisfied by AMZVs.
Conjecture 3. All algebraic and linear relations among AMZVs over Q can be deduced from (68)
and (70).

Note that the relation (68) becomes (Q-) linear if we restrict 1 to be of length 1 because then
Ca(l) =0.

Conjecture 4. All linear relations among AMZVs over Q can be deduced from (70) and
Catkx(£)) =0 for all £ > 1. (71)
Conjecture 5. It is even enough to use (70) and (71) for ¢ odd.
In fact, in the computation done so far, it always suffice to use only (70) and (71) for ¢ =1

and ¢ = 3, but this is probably just “the law of small numbers,” since up to weight 11 it was
even enough to use only £ = 1, but this fails in weight 12.
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Part II: Finite real multiple zeta values

As explained in the introduction, the word “finite” before “multiple zeta value” has two
different interpretations and the main theme of the paper is that there is a mysterious corre-
spondence between them. In Part I we studied the first one, based on the analogues of multiple
zeta values in finite fields. Now we turn to the second, based on the symmetrized zeta values (4),
which are finite even though the individual summands may not. To study them, one needs the
different notions of regularized multiple zeta values based on different product structures (naive
shuffle, stuffle, and shuffle products) on formal multiple zeta sums. This material, most of which
is well known, is reviewed in §7, and the symmetric multiple zeta values themselves are studied
in the following section. In the remaining two sections we discuss some conjectural or provable
properties of these finite real multiple zeta values and in particular their expected connections
with their A-analogues. A recurring theme here is the shift of depth as given in the statement
of the main conjecture in the Introduction and also discussed in points b. and g. of §3.

7. SHUFFLE MULTIPLICATIONS AND REGULARIZATION

There are two essentially different ways of multiplying classical MZVs that are called the
shuffle and stuffle products and whose equality, with divergent cases being suitably taken into
account, conjecturally gives all linear relations among MZVs. These were first noticed by Ecalle
and the second author and their properties were further explored by them and several authors
([7], [31], [20], [39], [17], [11)).

a. Three shuffle multiplications

We first begin by recalling the “shuffle” and “stuffle” multiplications of multiple zeta values
and the “extended double shuffle relations,” which conjecturally suffice to describe all linear
dependences of multiple zeta values over Q. We will work with the Q-vector space

R =P R" = P QN

r>0 r>0

of finite Q-linear combinations of symbols [k] = [k1, ..., k] withk = (k1,..., k) € N" for some r.
This space can be—and frequently is—identified either with the Q-vector space (21, 22, ...)g of
polynomials with integer coefficients in infinitely many non-commuting variables z1, z2, ..., by
sending k] = (ki,...,kr) to 2z, --- 2., or alternatively with the Q-vector space y(z,y)q of
polynomials with integer coefficients in two non-commuting variables x and y spanned by words
beginning with y, by sending [k] to yz*1~!...y2* =1 but in this paper we will not make any
use of non-commuting variables.

We will consider three commutative multiplications on R. The first, which we will call the
naive shuffle product, is the bilinear map III : R X R — R obtained by defining [K’|ii1[k"’] for
k' = (K,..., k) and X' = (kf,...,k)) to be the sum of all symbols k] = [ki,...,ky] with
n = r + s obtained by dividing the set {1,...,n} into disjoint subsets R and S of cardinality r
and s and putting the entries of k/ and k” without changing their order into the positions
labelled by R and S, respectively, a simple example being

[2,3]m[5] = [2,3,5] + [2,5,3] + [5,2,3].

With respect to this product, R becomes a commutative bigraded ring (graded by the weight
and depth, where [k1, ..., k,] has weight k; + - - - + k, and depth r).
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The second multiplication  : R xR — R, called the stuffle product” or the harmonic product,
sends ([k'], [k”']) to the sum of [k']1iT[k”] and lower depth terms obtained by allowing the sets R
and S in the above description to overlap and adding the corresponding indices, a simple example
being

23]« [5] = [2,3,5] + [2,5,3] + [5,2,3] +[7,3] + [2,8].

(2,3] I 5]

With respect to this product, R becomes a commutative graded and filtered ring (graded by the
weight and filtered by the depth), the difference being due to the fact that now the product of
elements of depth r and s is no longer depth-homogeneous but is a sum of terms of depth < r+s.
It is clear from the definitions that the A-evaluation map (4 : R — 3.4 sending [(}] to 1 and
[k] to Ca(k) is a ring homomorphism with respect to this product. The same is true (and,
of course, even more familiar) for the real-valued map sending [k] to the usual multiple zeta
value ((k), except that now we must restrict the map to the Z-submodule Ry of R spanned by
the admissible symbols, i.e., by [#] and the symbols [k1,...,k,] with k. > 2, in order that the
sum defining ((k) be convergent. We will see in the next subsection how to extend the map
(®: Ry — R to an algebra homomorphism from the full R to R[T].

As we just said, the evaluation map (¥ : Rg — 3 C R is a ring homomorphism, i.e., we have
C(k' K"’ = ((K')¢(K") for any two admissible indices k’ and k”. The same is not true for the
multiplication IIT on R or Rg, but it is true for a third product, the shuffle product m, which
we now define. The definition of m and the proof of the identity ((k'mk”) = ((k'){(k”) for
convergent MZVs is based on their relation to the Drinfel’d integral discussed in b below, but
there is also well-known purely algebraic definition that makes sense for any tuples of natural
numbers; Transform any such tuple k = (kq, ..., k,) into a sequence of 0s and 1s starting with 1
by replacing each k; by a 1 followed by k; — 1 0s, and then multiply the (0,1)-sequences by
the naive shuffle and transform back. The subring Ry corresponds to (0, 1)-sequences starting
with 1 and ending with 0, and is a subring of R with respect to the shuffle product m. (Details
can be found in many places, e.g.,[14,52].) The third interpretation of m is based on the multiple

polylogarithm
. z
le(z) = Z kl k!’r‘
0<my<---<myp my My

My

(k= (k1,.... k), (72)

(which make sense as formal power series for both the rings A and R), together with the identity
Lik(z) Li](z) = Likm1(2> . (73)

This identity holds for any index sets k and 1, admissible or not, in the sense of formal power
series but if both are admissible the series converges absolutely at z = 1, and since Liy (1) = ((k)
we immediately deduce the desired product identity

(k) CM) = ¢(kml)  (k, 1€ Ro). (74)

b. Integral representations of real MZVs

The usual definition of mr is based on the identity
k) = ¢(ky,..., k) = I1(1,0,...,0, ...,1,0,...,0), 75
((k) = ¢(k1 ) ( ) (75)

k1 ky

Ta term coined by David Broadhurst because thse are “shuffle products with some extra stuff”
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where I(e1,...,¢ex) for gq,...,e; € {0,1} with 1 = 1 and e}, = 0 is the Drinfel’d integral

Hevoe) = [ [ aatnnat (w0 = @)

L wn =), (1)
0<ty <-+<tp<1

Multiplying two such integrals simply shuffles thier arguments ¢;. (There is no “stuffle” issue
here since the sets of points where some arguments of the two integrands coincide has measure 0
and does not contribute to the integral.) This proves (74). If we are in the divergent case (where
the last ef is no longer required to be 0), then we should interpret all of the zeta values as their
shuffle-regularized values as explained in the next subsection. See also [17].

There is another way to define m using a different integral expression of ((k). To obtain it,
we start from (75), write 1, ..., x, for the variables ¢; in (76) for which ¢; = 1, and carry out
the integrations over the remaining variables t; by using the identity

/ / dt1'dth:(bg};'/X)h (h>0),

X<t1<--<tp<Y

obtaining the less well-known alternative integral representation

ki, k) = / / H(k’g "’“";“_/?) 1165_:”;) (77)

0<z1 < <zp<Tpy1=1 *= 1

which has the advantage over (75) of being r- rather than k-dimensional, where r is the depth
of k and k its weight. Now consider the generating series

F(X1,....X;) = Z C(kl,...,kr)Xfl_l...Xfrl (78)
k1ye.kr>1
and G,(Y1,...,Y,) == F,(Y1, Y1+ Ys,..., Y1 +---+Y,). Then (77) gives
-1 —-Y> -Y,
x x x, T
~(Y1,....Y,) = 1 R R S Y
Gr(Y1,...,Ys) / / o 12y 1z Mmde (79)

0<z1 < <xr<Trg1=1

Strictly speaking, equation (78) does not make sence since it includes the divergent integrals with
k, = 1, so we should replace {(k1, ..., k) by Lig(e™€) in (78) and the upper limit of integration
n (79) by e~ €, and iterpret all of the zeta values as their second regularization as explained
below. (See [17] for more details.) From this integral representation, it is clear that the relation

GY,....Y)G(Z1,...,Zs) = Grps((Y1,..., Y ) II(Z1,...,Z5)) (80)
holds, where 111 is the naive shuffle. Then the alternative way to define m is as follows. Let
Op(Xp,o, Xp) = > [k kXX € RIX,L L X
ki kr>1

be the formal generating power series of indices of length r, and define a QQ-linear map ¢ from
R to itself by (the collection of)

(X1, X1+ X, X+ X)) = Y (k. k)X X
kiyeekr>1



40 MASANOBU KANEKO AND DON ZAGIER

the first values being
ki—1

OISR SIS DY (i [ SRRV}

=0

ki+ko—2k1—1
ks —1414\ (ko — 1+
Ok, ko, k) = Y E(g >(2 i J)[kl—J,k2—Z+J,k‘3+Z]

=0 7=0 ¢
Then the shuffle product kml is equal to
knl = ¢~ (p(k)mg(1)),

or, since ¢ is an isomorphism, we can define the bilinear product m by this formula.

c. Regularized MZVs and the extended double shuffle relations

We recall briefly the two notions of regularized MZVs as discussed, in particular, in [17]. For
every index set k there are two polynomials with real coefficients (*(k; T) and (™ (k;T"). These
can be defined either axiomatically by the properties

e For k admissible both are constant polynomials (independent of T') and agree with (k).

e both take on the value T"if k = (1) (i.e., formally we are writing all divergent multiple
zeta values as polynomials in ((1)),

e they multiply according to the stuffle and shuffle rules, respectively,

or explicitly by the asymptotic formulas

1
Z S C*(k;log M + ) + o(1) as M — oo (81)
O<my<--<mp<M My My
and ) .
Lix(1 —¢) = > % = ("(k;log(1/€)) + o(1) ase—0, (82)

. . T
O<my<--<my T4 my

where 7 is Euler’s constant. These polynomials have the further properties:

(i) For k = (K/,1,...,1) with k" admissible and s > 0, ¢*(k;T) and ¢"(k;7T) both have
——

S
degree s with leading term ((k’)T%/s!.
(ii) For both e = % and m, we have the identity of generating functions

ZC‘(k,l,..., 7 = TIZg S 1)a, (83)
s=0 s s
where we define the regularized value ¢*(k) € 3 to be ¢*(k;0).
(iii) The two normalizations are related by (" (k;T") = p((*(k;T)), where p : R[T] — R[T] is
the R-linear map defined by

p(e™) = A(u)e™, (84)
where A(u) is the power series in R[[u]] defined by

Au) = Tl 4u) = exp(i (=1" g(n)u”>

= (85)

T G o L4U4 _ <7T2C(3) <<5)> T

=14+ — 29/
BT 3 T 160
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n n & u™
Explicitly, (84) says that p sends 7" to ) ( >amT"m, where A(u) = >° am—
m=0 m m=0 m.
In terms of the generating function in (ii), this can be written as
Mk, 1., )2t = A(z) Y (k1.0 1)t (86)

(iv) Each coefficient of the polynomials (*(k;T") and (™ (k;T') is an integral linear combina-
tion of multiple zeta values (k') with k’ admissible, and there is an explicit algebraic
algorithm to determine these coefficients.

d. Depth and parity

Recall that the depth of a multiple zeta value is usually defined as the length of its argument
(but sometimes defined as r if the value is the product of {(2)" times a multiple zeta value of
length r) and that it is subadditive but not additive, meaning that the ring of real multiple
zeta values is filtered but not graded by the depth. An important fact is the “depth-parity
relationship”, which says that the minimal depth of a multiple zeta value (meaning the minimum
of the maximum depth of the terms of any expression for it as a sum of other multiple zeta values)
always has the same parity of the weight. The weaker statement modulo products was proved
by Tsumura [48] and in [17] and can be found in many places, and the full statement was proved
in even more generality (for multiple polylogarithms rather than just multiple zeta values) by
Erik Panzer [37, Theorem 1.1], but for completeness and it is very short, we include the proof
of the strengthening here.

Proposition 7. Ifk has weight k and depth r # k (mod 2) then ((k) has depth < r—1 mod ©2.

Proof. We proceed by induction on the weight. The case k = 2 is trivial. Suppose the statement
holds for weight smaller than k. By the parity result just cited, we know that the depth of
¢(k) modulo products is < r — 1 if k # r (mod 2), and these products ((k’){(k”) have weight
and depth (K',7') and (K”,r") with ¥’ + k" = k and »' + " < r. If ¥/ + 7" = r, then either
k' # r (mod 2) or k" # r” (mod 2) holds because k and r have opposite parity. And then the
corresponding factor ¢ (k') or ¢(k”) is congruent modulo 72 to something of lower depth by the
induction hypothesis, and we are done. [

We note that Panzer [37, Eq. (1.12)] gives a complete reduction formula in the case of depth 3.
However, his formula, reduced modulo 72, looks more complicated than our conjectural formula
in Conjecture 2 in §5.

8. SYMMETRIC MULTIPLE ZETA VALUES

Definition. For any index (ki,...,k,) € N", we define the e-symmetric multiple zeta value by
S*(k1,..., k) = Z(—l)ki+1+"'+m§'(l€1, cos ki TYC (Bpy ooy ki1 T (87)
=0

where @ = % or m.

The symmetry S®(ki,...,k.) = (=1)f++krGe(k, .. ki) is obvious from the definition
(hence the name). These are a priori elements in 3[T] C R[T], but the following theorem says
that they are in fact independent of T, justifying the notation.
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Theorem 3. The sums defined by the right-hand side of (87) belong to 3 for both @ = x and m,
and their values agree modulo the ideal generated by w2 = 6((2).

Proof. If there are no 1’s in the index, this is clear and both values agree. Suppose k is of the
form k = (1,1,...,1,m) with 1 and m admissible and j > 1, where m is the reversal of m. We
N——

J
see that the partial sum

¢ L . LT (=) (m, 1, 1, T)  (jm| = the weight of m)
: N et SN——

i j—i

is already finite, because this sum is equal to the coefficient of z7 in

lleg Zg L LT (=)

11=0 11 i12=0 12
1) T’”ZC Lo Datts ‘T“’ZC Looh(-a)®
11=0 il 10=0 12
"“'ZC ZC LoD,
\,_/
11=0 12=0

i1 12

which is visibly independent of T'. For the first equality, we have used the identity (83) in §7.

The second assertion can be obtained from (86) in §7, which gives

ng Lol Zg 1) (—z)®

11=0 il i9=0 in

=T(1+z)I'(1—2z) Zg Zg )(—x)iz

11=0 12=0

i1 Z2

Since the coefficients of the Taylor series of I'(1 4+ z)T'(1 — z) = 7x/ sin7x are in the ideal (72),
we obtain the theorem. [

Corollary. If there are no consecutive 1’s in the index k, the two values S*(k) and S™ (k)
coincide.

Proof. This follows from the formulas in the above proof and the fact that the Taylor series of
I'(1 + z)I'(1 — ) contains only even powers of z. [

Set 3**d = 3/(72). Then Theorem 3 implies that we can define a map (s : R — 3¢ by
(s(k) = (S*(k) or S™(k) mod 7?) € 3. (88)

We call (g(k) the symmetric multiple zeta value or the finite real multiple zeta value.
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R

3 s 3

N1/

3/m?

Remark 2. One might ask if there are regularization maps from R to R in one or both directions
under which S* and S™ correspond in such a way that the following diagram commutes.

R%R

sm\ /
3

Ezample 2. For k > 1, the depth 1 value S®(k) for either ¢ = m or @ = x is computed as

0 if k is odd,

S*(k) = (D¢ (B T) + ¢ (s T) = {gg(k) if k is even.

Since ((k) € 723 for even k by Euler, we have (g(k) = 0.
For depth 2, we compute S*(a,b) as
S (a,b) = (~1)"¢ (b,as T) + (~1)'¢*(as T)C (0 T) + ¢ (a, b5 ).

First suppose a + b is even. If both a and b are even (and hence greater than 1), then the
right-hand side is equal to

¢(b,a) + ((a)((b) + ¢(a,b) = 2¢(a)((b) — ¢(a+b),
which is congruent to 0 mod 72. If both a and b are odd, then S*(a,b) is equal to
(b, a;T) = (a; T)C(0; T) + ¢ (a, b T) = —((a+b),

which is again 0 mod 2. Suppose a + b is odd. Then either a or b is even and so S*(a,b) is
congruent modulo 72 to ¢*(a, b;T) — ¢*(b,a;T). When both a and b are greater than 1, we see
from [51, Proposition 7] that

C(a,b) —((b,a) = (—1)b<a:b>C(a—|—b) (mod 7?).

Computation (which we omit) using the regularized polynomial shows that the same formula
holds for a =1 or b =1, and from all these we conclude

Cs(a,b) = (=1)° (a : b)((a + b) mod 72, (89)
Theorem 4. The depth of Cs(k1, ..., k) € 3% is at most r — 1.

Proof. By Proposition 7, we may replace the factor (—1)F+1t+kr¢®(k. .. k;y1) in the defi-
nition of S®(k1,...,k.) by (=1)""%C*(ks, ..., ki+1) when we work modulo lower depths and >
(note that the parity theorem holds true also for regularized values). Then, the conclusion
follows from exactly the same argument as in the proof of Proposition 6 in §6. [
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Corollary. If the weight k = k1 + --- + k, and the length r has the same parity, the symmetric
multiple zeta value (s(ki, ..., k) has depth at most r — 2. Moreover, (s(k1,..., k) is a linear
combination of (s(1)s with s of length at most r — 1.

Proof. The first statement follows from Proposition 7. The second follows from Yasuda’s refine-
ment (personal communication in 2016) of his theorem in [50], that for either ¢ = m or %, the
S®(k1,...,ky)s with fixed values of r and of k = k1 + --- + k, generate the space of MZVs of
weight k and depth r» — 1 modulo 72. O

Proposition 8. We have
S*(k)S*(1) = S*(k=x1) (90)

for any two index sets k and 1, so that the maps S* : R — 3 and (s : R — 3*4 are algebra
homomorphisms.

Proof. We can prove this purely algebraically, although rather tediously, by showing the map
T
L e N o B e PPN 1 [ [ Ay WY
i=0

is a *-homomorphism from R, = (R, *) to itself by induction on the sum of lengths of indices.
Or more conceptually, this is a consequence of the fact that the algebra R. becomes a Hopf
algebra with the deconcatenation coproduct

Fayo kel Y k] @ [ ]
=0

(see [14, §3]) and that the map [ki,...,k;] — (=1)""Fki[k; ... k1] is a *-homomorphism.
Another transparent way is to look at the expression of S*(k) as the limit of the sum with a
new ordering of non-zero integers, which we present as a proposition below. [

Proposition 9. We have

1
S*(k1y... k) = lim _ (91)
N—oo WL1<Z"<’WLT m]fl e mﬁr
0<|m; |<N
where the order < on non-zero integers is defined by
1<2<3< -+ <-3<-2<-1.
Proof.® For each positive integer N, we write C]“\—L,(kl, ..., k;) for the sum appearing on the right

of (91), which by definition is equal to

T

Co(kry . k) = Z(—l)ki+1+"'+erN(7€1,--~,7fi)CN(kr,~.-7ki+1)-
=0

Since we know from (81) that for each index k we have

(v(k) = "(k;log N + ) 4+ o(1) as N — oo,

8The proof here is simpler than our original one. We thank Shuji Yamamoto for the suggestion.
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we conclude that
Gk, oy ky)

T

= SRRy kislog N 4 4) (k- ki log N +7) 4+ o(1)
i=0
as N — co. We already know from Theorem 3 that the sum on the right is independent of N
and equals S*(k1,...,k,). Hence by taking the limit N — oo, we have

. + o
dim ki k) = S (ke k)

as desired. 0O

Theorem 5. For any index sets k and 1, we have
§ (kul) = (=1)15" kT, (92)

where |1] and 1 denote the weight and the reversal of 1 respectively.

Proof. For each i with 0 <1 < r, define a linear map Si(r) : RV = R by
SO [kr, . ky]) = (—D)Re T e [y kel ki),
and set S =377, Si(r) so that

SO ([ky, o ke]) = D (=DF o[y mlke, . K.
i=0
Since the shuffle regularization map ¢™ : R — R[T] defined by k — (" (k;T") satisfies the m-
product rule ¢"™ (kwl; T) = ¢" (k; T)¢™ (I, T) (see §7c), we have S" (k) = ¢"(S()(k)) if k has
depth r and the identity (92) in the theorem is equivalent (by replacing 1 by (—1)/!T and setting
k = [k1,..., k] and 1 = [k;;1,...,k,]) to the identity of maps ("™ o S() o Si(r) = ("o SM for
any i. In the following, we show the stronger statement that the identity S o SZ-(T) = S5 ig
already true at the level of maps of formal algebra R, by reducing this to a classical identity in
the group algebra of the symmetric group.
Proposition 10. Forr > 1 and 0 < i <r, we have the identity of linear maps
S o i(r) — 5™

on R(™).

Proof. Consider the generating function of indices of length r

F(x1,...,2,) = Z k1, kgl e Rizy, . a).

We use the same notations SZ-(T) and S for the coefficient-wise extension of these maps to
power series, and show the identity S(r) (SZ-(T)F) = S F for each i with 0 <4 < r. For this, we
introduce new variables y; such that z; = y; + - -- + y; and set

G(ylv"'vyr) - F(ylvyl +Y2,-..,0 ++y7")
Then, the shuffle product is encoded as the identity

G(y17 v 7?/1‘)G(yi+17 v 7y7“) = (G |Sh(.r))(y1’ s 7y7’) (93)
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in Ru[y1,-..,yr] (thisis a formal version of (80)), where the coefficient ring is the space of indices
R endowed with the commutative shuffle product m. Here, shgr) is an element in the group
algebra Z[&,] of the symmetric group &, (thought of as the permutation group of {1,...,r})

defined by shlm = ZUE%(T) o, where Shlm is the set of “(7,r — i)-shuffles”

SK = {oe&, | o(l) < <a(i),o(i+1) < - <a(r)}
The action of the group algebra Z[S,| on the power series ring is the right action (f|s)(y1,...,yr) =
fWo-1(1)s -+ > Ys—1(r)), €xtended linearly.
Now we introduce a new variable y,41 satisfying y; + -+ + y» + yr+1 = 0, and consider the

action of &, 1. Specifically, apply the element pzm =(1,...,4,7+1,...,i4+1) € &,41 on both
sides of (93). Then the left-hand side becomes

G(:‘/lv cee 7yi>G(yT+1ayT7 .- '7yi+2)
=F(yi,y1 +y2, -y + -+ U) Fret, Y1 + Yoo -3 Yrp1 + -+ + Yig2)
= F(:L'l,.%'g, . .,xi)F(—J}T, —Lp—1ye-ny _xi—i-l)

= (=1 ST F(y,. .., x,).

On the other hand, the right-hand side will be equal to (G]um)(yl, ..., Yr), where ul(.r) = shl(r) o

pzm = ZUGL{-(T) o and Z/{Z-(T) = Shzm o p(r) is the set of ‘unimodal’ elements in &, given by

)

U = (0€6G, | o)< - <a(i+1)> - >o(r+1)}.

)

Here, we have identified &, with the subset of &, fixing r + 1. We therefore have

STF = (Gl st W1, 91), (94)
and by summing over %
S(T)F = (G|u(?3)(y1>>y7")7 (95)

where uyy, = EZ:O(—l)T_iuZ(.T). Applying the linear map S(") on both sides of (94) and using (95)

on the right (note that the linear action of S(") commutes with changes and permutations

of variables), we obtain S(")(SZ.(T)F) = (G\u(r)o(_l)r,ium)(yl, ...,yr). From a classical result
alt i

) (—l)r_iu(r) ™ and hence

alt © i Uglgo

essentially due to Specht (see [40, Lemma 8.18]), we have u
the identity S® (S F) = SO F is proved. O

This concludes the proof of Theorem 5. [

Observe that (90) and (92) are identical in form to (68) and (70) in §6, which is at the root
of the conjectural isomorphism (12). We will discuss this in more depth in the next section.

Because of the conjectural identification of the two rings 3 4 and 34, any proven or conjec-
tural identities in the former ring is expected to hold in the latter one as well. In particular,
this should be true for each of the identities among AMZVs discussed in §3. Without going too
much into the details, we summarize the current state of knowledge for each of the identities in
b to e of §3.
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b: That (4(k) = 0 for all £ > 1 and the formula (48) for {4(a,b) correspond to the identities
in Example 2 under the correspondence Z4(k) <> ¢(k) mod 72. The next case, the relation

2¢s(a,b,c) = —(s(a,b+c) — (s(a+b,c) for a + b+ c odd,
which corresponds to (49), is also easily proved by direct computation of S*(a,b,c), using the
“antipode relation” (the identity (69) for ¢*).
c: The (g-versions of equation (50) was proved by Murahara [32] and of equation (51) by
Fujita-Komori [12].
d: As already mentioned, the symmetry (52) for (g is obvious from the definition. The (g-

counterpart of the duality (53) was proved by Jarossay [19]. A (s-analogue of Ohno’s relation
was proved by Oyama [36].

e: As far as the authors know, there seem to have been no attempt to establish identities
like (55) in the (g-setting.
As perhaps the strongest evidence for our Main Conjecture, we mention the work of Bachmann-

Takeyama-Tasaka [4], where they introduced a single object (g-series) which specializes both to
AMZV and symmetric MZV.

9. CONJECTURAL ISOMORPHISMS

Let R, be the Q-algebra of the space of indices equipped with the stuffle product *. In the
following, we discuss conjectural structures of the Q-algebras 3 4 and 3¢9,

Consider the Q-linear map (4 : R« 2 k — (a(k) € 34 which is an algebra homomorphism,
and let 34 be the kernel of (4. Let J be the Q-vector subspace of R, spanned by the elements
kml — (—1)U[k,1]:

J = <kml (D) T k1 e R>Q ,

and J be the x-ideal of R, generated by J. We know by (70) that J, and hence J, is contained
in JA. We conjecture that J is the exact kernel.

Conjecture 6. We have 3* = J and hence an isomorphism of Q-algebras

In §6, we conjectured in Cojecture 4 that the kernel 34 is spanned by J and all k * [I]
(Vk and [ > 1). The following shows the latter elements are indeed contained in J.

Proposition 11. The ideal J contains [l] for alll € N.

Proof. When k = () and 1 = [1], the element kml— (—1)1[k, 1] becomes 2[1], thus [1] is contained
in J C J (the same argument shows [/] € J for any odd [). We proceed by induction. Take
k=[l—1] and 1 = [1] to get

kul — (-1 = 20— 1,14+ [1—2,2] + -4+ [2,1— 2] +2[1,l — 1] € J.
On the other hand, for 1 < i <[ — 1, we have by induction hypothesis and the stuffle product
that

=il x[i] = [l—did+[,l—i+[]e].

These two together imply [[] € 5. O
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We remark that J and J are different already at weight 2. The element [2] is contained in J
but not in J. Consider the following intermediate subspaces Ji, Jo, J3 between J and J:

o= J+(kx[1][keR),,
Jo = J+(kx[] | kE€R, lodd)y,
Js = J+ (k=[] |[keR, LeN),

so that J C J; C Jo C J3 C J. The conjectures at the end of §6 say that the last two of these
inclusions are in fact equalities.

Next consider the case of 374 = 3/(7?). Let s* and s™ be the two Q-linear maps from R to
Ro given by
s (ks k) = ) (DRt ey ki e [k, ki) (0= % or m),
=0

of which s* is a *-homomorphism (see the proof of Proposition 8). The maps S* and S™ in §8
are therefore S* = (o s* and S™ = ( o s™. Proposition 10 shows that J C ker(s™). The next
proposition says that this is in fact an equality:

Proposition 12. The kernel of s™ is equal to J.

Proof. Proposition 10 says that the map H%s”l on the space R(") of depth r indices is an

idempotent. Thus ker(s™) N R = (Id — h%lsm)(R(T)). Since J()| the depth r subspace of .J,

is spanned by (Si(r) —1d)(k) for 0 < i <r and k € R("), the proposition follows. [

Let ¢ : Ro — 3™ be the composition of the evaluation Rg > k — ((k) € 3 and the natural
projection 3 — 3'd = 3/723. We know by Theorem 3 that both ¢ o s* and ¢ o s™ give the
same Q-linear map (g from R to 39, which is an algebra homomorphism with respect to the
s-product on R.,. Let 3° be the kernel of (g.

Conjecture 7. We have 3° = J, and hence an isomorphism of Q-algebras

R*/J ~ 3red.

Here is a different conjectural description of the algebra 3™4. Consider the restriction of ¢
to the subalgebra s*(R) C Ry, and let J5 be its kernel. We know by Theorem 3 and Theorem 5
that (s* —s"™)(R)Ns*(R),s*(J), and s*(J) are all contained in 35 . Our next conjecture is that
all these coincide, in particular s*(J) is already a *-ideal of s*(R).

Conjecture 8. We have s*(J) = s*(J) = (s — s"™)(R) N s*(R), and an isomorphism of Q-
algebras

s*(R)/s*(J) ~ s*(R)/((s* —s")(R)Ns*(R)) ~ 3™I.

Since s™(J) = {0}, we have an inclusion s*(J) C (s* — s"™)(R) N s*(R) and also an obvious
inclusion s*(J) C s*(J). We however do not know if s*(J) C (s* —s")(R)Ns*(R) holds, because
we are not able to show that (s* — s™)(R) N s*(R) is a *-ideal of s*(R).
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