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Supersingular j-invariants, hypergeometric series,
and Atkin’s orthogonal polynomials

M. Kaneko and D. Zagier

1 Introduction.

An elliptic curve E over a field K of characteristic p > 0 is called supersingular if the
group E(K) has no p-torsion. This condition depends only on the j-invariant of E and
it is well known (cf. §2 for a review) that there are only finitely many supersingular
j-invariants in Fp. We are interested in computing the polynomial

sss ()= [ (G-i®) e Bl
EJF,
E supersingular

The polynomial describing supersingularity in terms of the A-invariant of E (defined
by writing E over K in Legendre form y?> = z(z — 1)(z — A)) has a well-known and
simple explicit expression, but a convenient expression for the polynomial expressing
the condition of supersingularity directly in terms of the j-invariant (i.e., in terms of
a Weierstrass model over K, without numbering the 2-torsion points over K) is less
easy to find. In this (partially expository) paper, we will describe several different ways
of constructing canonical polynomials in Q[j] whose reductions modulo p give ssp(j).
These will be of three kinds:

A. polynomials coming from special modular forms of weight p — 1,

B. the Atkin orthogonal polynomials, and

C. other orthogonal polynomials coming from hypergeometric series.
In the rest of this introduction, we will describe in more detail these various ways of
getting the supersingular polynomials.

A. For any even integer k > 2, let M} denote the space of modular forms of weight
konT = PSL(2,Z). We can write k uniquely in the form

k=12m+46+6:  with m€Zsy 6&€{0,1,2}, e€{0,1}, (1)
and then dim My = m + 1 and any modular form in M} can be written uniquely as
f(r) = A(m)™ Ey(r)? Es(7)° f(i(7)) )

for some polynomial f of degree < m in j(r), the coefficient of ™ in f being equal
to the constant term of the Fourier expansion of f. (Here A, E4, Eg and j have their
standard meanings, recalled in §3.) On the other hand, if k¥ = p—1 for a prime number
p > 5, then deg ss, = m + 6 +¢ and the polynomial ss,(j) is divisible by j°(j — 1728)¢.
We will describe for each k four (three if ¥ = 2 mod 3) modular forms Ey, Fy, Gy,
and Hj of weight k such that if £ = p — 1 then the corresponding polynomial in j,
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98 M. KANEKO AND D. ZAGIER

multiplied by j°(j — 1728)¢, reduces modulo p to the supersingular polynomial. These
forms are defined as follows:

E is the normalized Eisenstein series of weight & ;

Gy is the coefficient of X* in (1 — 3E4(7)X* + 2E¢(r) X%)~1/2,

H} is the coefficient of X* in (1 — 3E4(1)X* + 2Es(7) X6)¥/2,

Fy, for k Z 2 (mod 3) is the unique normalized solution in M} of the differential
equation V420 Fp = ﬂﬁ"ig)-E4Fk. Here 9 : My — Mpyo is the derivation f
f' — kEyf /12 where f' = (2mi)~ldf/dr = qdf /dgand B, = A'/A=1—-24g—--- is
the “nearly modular” Eisenstein series of weight 2; the existence and uniqueness of F
will be shown in §3. The first result is then:

Theorem 1 Let k = p— 1 where p > 5 is prime and let f be any of the four
modular forms Ey, Fy., Gy, Hy described above. Then the coefficients of the associated
polynomial f are p-integral and

ssp(j) = £5°(j — 1728)° f(j) (mod p).

Of these four descriptions of ssp(j), the ones in terms of Hx and Ej are well-
known, the former being a classical result of Hasse and Deuring and the latter a result
apparently first noticed by Deligne (cf. [8]). We will give self-contained and elementary
proofs of all four in §§2-3. We will also give alternate descriptions of G as the residue
at 0 of the %ﬁl-th power of the Weierstrass p-function and of Fj as a hypergeometric

function. As a numerical example, for £ = 28 the polynomials f(4), related to the
corresponding modular forms by f(7) = A(7)? E4(7) f(j(1)), are given by

s\ _ 2 5699870640000 ; , 1180807372800000
Ex(G) =7 3392780147 J T — 3392780147  °
A [\ _ 3304503 ;2 _ 83094435

G(j) = 2304503 j2 _ 8304435 ;| 176350680,

Hi(j) = 6608316 j2 — 23558895360 j — 1434705592320,
Fi(j) = 381 j2 — 11424 j + 4644864

and with p = 29 we indeed find

Ev(j) = Fe(G) = -G (4) = —Hr(j) = > + 25 + 21 = 55,(j)/j  (mod p).

B. The second, and even more beautiful, description of the supersingular polyno-
mials was found about ten years ago by Atkin, who was inspired by a paper of Rankin
[7] on the zeros of Eisenstein series. However, Atkin’s proofs were apparently never
published and are not well-known. One main purpose of this paper is to popularize
and to provide simpler proofs of his discoveries.

Atkin defines a sequence of polynomials A,(j) € Q[j], one in each degree n, as
the orthogonal polynomials with respect to a special scalar product. Recall that, if
V is the space of polynomials in one variable over a field K, and ¢ : V — K a
linear functional, then one can consider the scalar product on V defined by (f,g) =
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¢(fg) and the family—which for generic ¢ exists and unique—of monic polynomials
which are mutually orthogonal with respect to it. The study of such polynomials,
which we will review briefly in §4, is an old subject and is important in many parts of
mathematics. In our context, we take V' to be the space of polynomials in j; thinking
of j as the modular invariant j(7) = ¢~! + 744 + - - -, we can identify V with the space
of holomorphic I'-invariant functions in the upper half-plane # which are meromorphic

at infinity, i.e. f(253) = f(7) for all (2%) € T and f has a Laurent series expansion

f(r) = 2 eng™-

n—-co

Theorem 2 (Atkin) There is a unique functional ¢ on V (up to a scalar
multiple) for which all Hecke operators Tp, : V — V (n € N) are self-adjoint with
respect to the associated scalar product (f,g) = &¢(fg), and a unique family of monic
polynomials A,(j) of degree n = 0,1,2,... which are orthogonal with respect to this
scalar product.

We will prove this theorem, and at the same time give several explicit descriptions
of the scalar product, in §5. We mention only one here. Take the weight 12 cusp form
A(7) = q — 24q® + 252¢° + - -+ (rather than g or j~!) as a local parameter for /T at
infinity. Then

(f,9) = constant term of f(7) g(r) as a Laurent series in A(7). (3)

The polynomials A4,, can be found by the Gram-Schmidt orthogonalization procedure
or by the explicit formulas given in Theorem 4 below. The first few are

AO(]) = 17
Al(]) 23-7207
Az(j) = 7 — 16405 + 269280,

As(j) =3 - -1—?-2—7—@ 3% + 15269585 — 107765856,

Aq(j) = j4 — 33845% + 35285522 — 11332636805 + 44184000960 .

The coefficients of A, are rational numbers in general, but they are p-integral for
primes p > 2n. In particular, if n, (=~ p/12) is the degree of the supersingular polyno-
mial ssp, then A,, has p-integral coefficients, and we have:

Theorem 3 (Atkin) Let p be a prime number. Then ssp(j) = An,(j)
(mod p).

The form of this theorem is a little surprising: unlike the descriptions in Theorem 1,
where the polynomials depended separately on m, § and £ and we therefore had four
polynomials of each degree, here the polynomial depends only on n = m + § + €.
Thus a single Atkin polynomial A, may have to do duty for as many as four different
supersingular polynomials, if the four numbers 12n - 13, 12n -7, 12n -5 and 12n + 1
are all prime, e.g. the supersingular polynomial for each of the four prime numbers
p = 23, 29, 31, 37 is the mod p reduction of the same polynomial Az(j). For instance,
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for p = 29 we find A3(j) = 73 + 252 + 215 (mod p), in accordance with the numerical
examples given in A above.

Theorem 4  The polynomials A,, are determined in each of the following ways:
i) Recursion relation:

} . 144n2 - 29 )
Anna(j) = (J -24 @n+ D(2n— 1)) An(])
12n - 13)(12n - 7)(12n ~ 5)(12n + 1)

n(n —1)(2n - 1)2

4)
~ 36

An—l(j)

for n > 2, with initial values Ao, A1, A2 as given above;
it) Closed formula:

An(j) = zn: 12% [i(—l)m (1"_11‘;) (l:%n) (n ';”ilé') (n :n{%) (2nn: 1) "1] i

=0 m=0
iii) Differential equation:

32 — ¢)? (n?j — 144) A" + j(j — c) [6n?j® — 144(36n® + 7)j + ¢* /3] ALY
— [(2n* — Tn?);® — 48(72n* — 245n? — 30)52 — 4¢(240n? + 413)5 + 320c%] ALl
— [(2n* — n?)j% — 24(72n* — 13n? — 12)j + 2¢(192n% — 107)] A,

+ [n%j — 24(18n* —n?)] 4, =0

where ¢ = 1728, and A, is the unique monic polynomial solution of this equation.

We will give a proof of Theorem 3 from the point of view of modular forms theory in
§6 and a second proof, from the point of view of the theory of hypergeometric functions
and with the recurrence (4) as the definition of the Atkin polynomials, in §7. (Atkin’s
original proof also used modular forms and hypergeometric functions, but involved
higher hypergeometric functions ,F, and was considerably more complicated.) §7 also
contains the proof of Theorem 4 and of other explicit formulas for A, in terms of
truncated hypergeometric series.

C. In §8 we will show that the polynomials Fy (j) attached to the modular forms Fy
(2]k, k £ 2 (mod 3)) defined in part A have beautiful expressions as hypergeometric
polynomials and also enjoy properties like those of the Atkin polynomials: not only
do their reductions modulo p give the supersingular polynomials, but they are also
orthogonal with respect to a suitable scalar product on a space of modular functions
on PSL(2,Z). This scalar product does not have the nice property of making the
Hecke operators self-adjoint, but is in other respects much simpler than the Atkin
scalar product (the scalar product of two monomials in j and j — 1728 is given by a
very simple formula). Moreover, the polynomials Fy are given by formulas similar to
those in Theorem 4, but rather simpler: they satisfy a recursion of almost exactly the
same form as (4) (more precisely, four recursions, one for each of the residue classes
modulo 12 which occur), but are given by a much simpler closed formula and satisfy
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a much simpler differential equation, of order 2 rather than 4. The detailed statement
will be given as Theorem 5 in §8 when we have established more notation.

The last two sections of the paper contain a few complementary results. As we
already mentioned, the recursion (4) implies that A,(j) has rational coefficients and
is p-integral for p > 2n. But the recursion shows only that its denominator divides
52—’;%%3—?—;;}21, while from numerical examples we find that the denominators are in fact
far smaller. (For instance, the denominator of A9(j) is only 34, and only three of its
coefficients are non-integral, and the previous A, (j) have even fewer non-integral coef-
ficients.) In §9 we will use the closed formula in Theorem 4 to study this phenomenon
and some related congruences. Finally, in §10 we will describe an elementary argument
relating the properties of the classical modular polynomial ®,(X,Y) € Z[X,Y] to the
mod p reduction of the polynomial E, —1(j), and thus the supersingular polynomial.
This yields at the same time easy proofs of some properties of supersingular polynomi-
als which were mentioned in the text and a partial answer to a question of E. de Shalit

[9].

2 Supersingular elliptic curves

The definition of supersingular elliptic curves over a field of characteristic p was given
at the beginning of the paper. We begin by recalling the statement and proof of the
standard criterion for deciding whether a given curve over a finite field F; (¢ =p", p
odd) is supersingular or not.

Proposition 1 Let E be the elliptic curve over F, defined by the equation
y? = f(z) (f € F,[z] of degree 3), and a, the coefficient of zP~* in f(z)P~1)/2. Then
]E(]Fq)] =1- Npq/)ppap (mod p).

Corollary E is supersingular if and only if a, = 0.

Proof For z € F, the number of solutions in F, of y* = f(z) is equal to 1+ f(z)(¢~1)/2
(namely, to 0, 1, or 2 for f(z) ¢ (Fy)?, f(z) = 0, or f(z) € (F})?, respectively).
Counting also the point at infinity, we find

IEE) =1+ (1+f(2)'F) nF,.

z€Fy

Since the sum over z € F, of 27 equals —1 for j = ¢ — 1 and O for all other j in the
range 0 < j < 3(g — 1)/2, this gives

|E(Fg)l =1—aq in F, ,

where a, denotes the coefficient of z¢~! in f(z)(¢~V/2. (In particular, a, belongs to
F, and not merely to F;.) But from the expansion

f(@) 55 = f(a) Bt o f(g) B 0 (29) T T ()
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where () is the polynomial obtained from f by raising all its coefficients to the p’-th
power, we see that a; = a; 7Pt “*P""" = Ng,/r,(ap). This proves the proposition.

To prove the corollary, note that if a, = 0, then |[E(Fy» )] =1 # 0 (mod p) for all n,
so E has no p-torsion over F,. Conversely, if a, # 0, then |E(F;»)| =1 — (NF,/F,ap)"
is divisible by p for n divisible by the order of N, /F,(ap) modulo p, so E(F,) does
contain p-torsion.

0

We now write out the contents of the corollary explicitly in terms of the standard
Weierstrass equation. This will give the proof of Theorem 1 in the case f = Hp.
Suppose that p > 5. Then any elliptic curve over a field K of characteristic p can be
written in a Weierstrass form

E: y*=2°-3Qz + 2R, )

where the factors ~3 and 2 have been included to coincide with traditional notations.
(If @ and R are replaced by the Eisenstein series E4(r) and Eg(7) then (5) is an
equation of the elliptic curve C/(Z7+Z) over C with j-invariant j(7).) The j-invariant
of E is equal to Q%/A, where A = (Q* — R?)/1728. We define a graded homogeneous
polynomial H,.1(Q, R) of degree p—1in @ and R (where @ and R have degrees 4 and 6,
respectively), the Hasse polynomial, as the coefficient, of zP~1 in (z® —3Qz+2R)(P~1)/2,
so that the modular form H,_,(E4(7), Es(7)) is the same as the modular form of
weight p — 1 denoted Hp_1(7) in the introduction. As explained there, we can write
this polynomial in the form

Hy,_1(Q,R) = A™Q°R* H,_1(j)

for some polynomial H,, € Z[j], where m, 6 and ¢ are the numbers defined by (1)
with k = p — 1. They are given explicitly by

Py ={o ifp=1 (mod 3), 2{0 ifp=1 (mod 4), ©

m =[5 1 ifp=2 (mod 3), 1 ifp=3 (mod 4).

It now follows from the corollary above that, at least in the case K C Fp, the curve E
is supersingular if and only if j%(j — 1728)°H,_;(j) = 0 and hence that

ssp(7) |32 (G — 1728)° Hpo1 (4) -

The fact that the two polynomials agree up to a constant, as claimed in Theorem 1,
therefore follows from the well-known formula

ny (= degss,(j)) = m+d+e, (7)

but to make the paper self-contained we give a direct proof. It suffices to show that the
polynomial j°(j — 1728)H,_;(j) has no multiple roots, since we have already shown
that it has the same zeros as ssp, which is square-free by definition. We first treat the
roots 0 and 1728. From the expansion

(@ - 3Qz +2R)" = (¢ +2B) T — 322 Qo (+* +2R)F + 0(@?)
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we find
=) 2R)% +0(Q ifp=1 (mod 3
Hy(Q.R) = (3)_E P_; ;a(;g) TP (mod 3)
3251 (%) R)F° Q+0(Q?) ifp=2 (mod3)

and hence in both cases that I?,,~1(0) #Z 0 (mod p). A similar argument works for
§ = 1728. That the other numbers in F, cannot be multiple zeros of Hp,_;(j) follows
from the fact that this polynomial satisfies a second-order linear differential equation
with polynomial coeflicients and with leading coefficient j(j — 1728). (We will show in
§3 that H,_y and F,_, agree modulo p, and the differential equation for the latter is a
simple translation of the definition of F}, given explicitly in §8.) This implies that any
common zero in F, \ {0, 1728} of H,_, and its first derivative would be a zero of all
higher derivatives and hence have infinite order, which is impossible. (Note that since
we are in characteristic p, this argument would fail if H, —1 were a polynomial in 57,
but this is not the case since degﬁ -1 =m<p.)

Remark We have proved in particular that there are only finitely many supersin-
gular invariants in IF’,,, as mentioned in the introduction. In fact, one knows that these
are the only supersingular j-invariants (i.e., the j-invariant of a supersingular elliptic
curve over any field K of characteristic p lies in F,), and also that they all lie in Fp:
(equivalently, ssp(7) factors into linear and quadratic polynomials in F,[j]). For proofs
we refer the reader to [3] and [1], which are the two basic references for the theory of
supersingular elliptic curves. In §10 we will give an elementary proof of the fact that
all roots of ss,(j) lie in F,2 (using the formula ss,(j) = j°(j — 1728)°E,_1 (j), which
will be established in the next section), as well as another proof of the simplicity of the
zeros # 0, 1728 of H,_;(j) (mod p).

3 Modular forms and supersingular polynomials

Our object now is to prove Theorem 1 of the Introduction. We begin by giving the
definitions of the special modular forms Ej, Fy, Gk, and Hj in more detail. For k
even and positive we denote by By the kth Bernoulli number and by Ei(7) the kth
Eisenstein series

de—],) qn (q — eQm'-r).

d|n

Ek(r)zl——;—tZ(

n=1
It is a modular form of weight k for k£ > 4 and for k£ = 2 is “nearly modular”:

(a‘r+b
2 er+d

We also define A = (Ej — E2)/1728 € M2 and j(r) = E4(7)®/A(r), the modular
invariant. From (8) it follows easily that

E2 - E, E,E, — Eg E,_EQEG—EE
12 3 6~ 2 ’

)= (er + P By(r) + —cler +d)  ((25) €T). ®)

E; - E; — A = EA (9)
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and more generally 9;(f) = f' — —I%Ez f € Mjys for any f € My, where ' denotes
differentiation with respect to 2miT. If k is represented as in (1), then any f € M} has
a zero of multiplicity > & at 7 = €™/3 and a zero of multiplicity > € at 7 = /2 and
hence is divisible by E‘sEg, and it follows that f has a representation as in (2) with f
a polynomial of degree at most m.

If K +4 # 0 (mod 3), then every element of Mj.4 is divisible by Ej4, so we have
an endomorphism ¢y of My, defined by ¢x(f) = E; " 9r42(9x(f)). Since the constant
term of ¢r(f) is sr := k(k + 2)/144 times the constant term of f, this map pre-
serves the codimension 1 subspace of cusp forms and induces on the quotient space
the map multiplication by xi. It follows that x; is an eigenvalue of ¢r. If we pick
some corresponding eigenvector Fy, then the other eigenvectors are the modular forms
A'Fy_12; (1 <1 < m) with eigenvalues xr_12; # ki (because ¥x 0 A* = A o 9p_19;
and dim My = m + 1), so Fy is unique up to a normalizing factor, which we will fix
later when we give natural formulas for F} in terms of hypergeometric series. Together
with the definitions of Hy and Gy given in §1, this defines the four modular forms
Ey, Fi, Gi, Hi € My. (The letters E, F an H are meant to suggest Eisenstein series,
hypergeometric function, and Hasse invariant, while the remaining letter fills the gap.)
We will prove that for any prime number p > 5

Ep1(§) = Fpe1(§) = (1) Gpo1(§) = (-1 Hpmi () (modp)  (10)
and
ssp(j) = (—1)°F¢ 3% (j — 1728)° Hp_1(j) (mod p), (11)

which together form a slightly more precise version of Theorem 1. (Here and in what
follows, é and ¢ are defined by (6).)

Equation (11) was already proved in the last section, except for the value of the
constant (—~1)%+¢. Since ss, is by definition monic, we only have to compute the leading
coefficient of ﬁp*l. The leading coefficient of the polynomial f (j) for any modular form
f € My is just the constant term of the Fourier expansion of f, i.e. the limiting value
of f as ¢ = 0. Since E4 and Eg have the value 1 at ¢ = 0, this number for H,_, is just
the coefficient of X?~1 in (1 — 3X* +2X6)(P~1)/2 = (1 — X2)P-1(1 4 2X?)(P~1/2 and
from

(1-X2)P1(1 + 2X2)*T = : fp [(1+2X2)% -3 +35)
_ 2 3,1- X%
= (1 - X*P) (polynomial of degree p — 3) + ( ) — (mod p)
we find that this coefficient is congruent to ( %) = (—~1)**+* modulo p, as claimed. We
remark that the evaluation of the constant in (11) would also follow from equation (10)
which we will prove independently, since both ss, and Ep_l are monic.
We now proceed to equation (10). The congruence Gp_l = Hpgl (mod p) is obvi-

ous, since the generating functions of the modular forms G and H;, differ by a factor
(1= 3E4X* + 2Ee X 6)p/2 = 1 + O(XP) (mod p). For the congruence between Gp_;

and Epwl we again use a generating function. Consider the elliptic curve over C with
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Weierstrass model (5), where @ = E4(r), R = Eg(r). It can be parametrized in a
well-known way by the Weierstrass p-function (here renormalized to keep coefficients
rational), namely by z = P(u), y = —1P’(u) where

_ 127/2B, —
P(u):u - Z mEn(T)u 2

n>4, n even
(B, = nth Bernoulli number). Therefore the change of variables X = P(u)~!/2 =
u+... gives

dX
XF1/1 - 3E; X%+ 2Es X%
= Resy=0 P(u)ﬁg‘l‘ du

Gr = Resx—o

k41
n/2 2
= coeff. of u* in (1 - Z 12—1;7" E, u") .
n>4 even n(n - 2)!
Now take k = p— 1 and observe that B, E, /n! for n < p—1 is a polynomial in E; and
Eg with p-integral coefficients, while pB,—1/(p — 1)! =1 (mod p), so

5
12"/2B 1
— 2. n n = p—1 4
(1 E n(n—2)!E"u) =1+12"7 E,ju?™" + O(wP) (mod p) .

n>4 even

Using 12(p-1)/2 = (1?2

Finally, we have to consider Fy. This function was defined (up to a constant) as the
unique modular form annihilated by the operator 9419 — k¢ Ey. Since for k=p—1
the eigenvalues kx—12- (0 < 7 < k/12) of the operator E; 191 4+19% remain distinct after
reduction modulo p, this characterization remains valid also in characteristic p. (By a
modular form of weight k£ modulo p we mean a polynomial in E4 and Fg of the right
degree with coefficients in Fp.) But using formulas (9) we find that

) = (=1)°*¢, we obtain the desired congruence for Gp_1.

k+1
6

k(k+1
(Fx+29k — Kk Eg) f = f" = E2f'+‘(_12_—)—Eéf
and this certainly vanishes modulo pif k = p—1 and f is F,_;, since then the Fourier
expansion of f reduces to 1 mod p. The proportionality of E,_; and F,_; modulo p
follows. To get the exact constant of proportionality in (10) we still have to normalize

F},, which we have not done. For reasons to be explained in §8, we will do this by
k=5
constant term of the Fourier expansion of Fi(7) = (-1)™ ( 'r(rsz ) , (12)

where m is defined as in equation (1). For £k = p — 1 the right-hand side of (12) is
clearly congruent to 1 modulo p. This completes the proof of Theorem 1.
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4 Orthogonal polynomials

In this section we review what we will need from the theory of orthogonal polynomials.
Let V be the vector space of polynomials in one variable over a field K and (, ) a
scalar product on V of the form (f, g) = ¢(fg) where ¢ : V — K is a linear functional.
(For the classical orthogonal polynomials, and also for the ones we shall be considering,
K is asubfield of R and ¢ has the form ¢(f) = [ : F(X)w(X)dX for some real numbers
a < b and some positive function w on (a,b).) Applying the Gram-Schmidt process to
the basis {X™},>0 of V, we obtain a unique basis of orthogonal monic polynomials P,
by the recursion
Py =xn = 32 K0 )
(P ms

m=0 m)

provided that at each stage the scalar product (P,, P,,) is not zero. (This condition is
satisfied generically and is automatic for ¢ of the special form mentioned above, since
then (f, f) > 0 for all f # 0.) The next proposition describes the recursive calculation
of the polynomials P,(X), assuming this non-degeneracy condition.

Proposition 2 i) The polynomials P, satisfy a three-term recursion of the
form

Pri1(X) = (X = ap) Pa(X) = b Pay(X)  (n21) (13)

(PP
(Pn 1a n— 1) #0

il) Define a second sequence of polynomials {Qn}n>0 in K[X] by the same recurrence
as in i), but with initial values Qo = 0, @Q1(X) = ¢(1). Then

for some constants an, b, € K, by =

@n(X) _ —on -
PX) ®(X) + O(X~*1) € K[[X™]] (14)
where
X)=> g X"V €KX,  ga=(X"1)=¢(X"). (15)
n=0

This property characterizes P, (assumed to be monic of degree n) and Q, uniquely.
iii) Define numbers A, € K (n > 1) by the continued fraction ezpansion

w+pz+gdto = —B—— e K[ (16)
1—- —21=

1— /\211,‘

1—

Then all A, are non-zero and a, = Azn + Aon+1, bn = Aon—1Aon forn > 1.

Proof i) Since the P,(X) are monic, we have X P, = Ppt1 + @nnPrn + -+ + an0Fo
for some constants a,,, € K. The orthogonality of the P, and the fact that the scalar
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product of two polynomials depends only on their product imply that

0 ifm<n-2,
Anm (Pmapm) = (XPum) = (PmXPm) = {(PnsPn) fm=n-1.
This proves the assertion (with a, = apn, by = Gpn-1)-

ii) From the definitions, (f,g) is just the coefficient of X! in the Laurent series
F(X)g(X)®(X). In particular, the fact that P, is orthogonal to all monomials of degree
< n says that the coefficient of X! in P,,(X)®(X) vanishes for 0 <r <n-—1,1ie.,
that we have

Pa(X) ®(X) = Qa(X) + O(X™"7") € K[X,X™V]] (17)

for some polynomial Q,(X) of degree n — 1. (Here K[X,X~!]] denotes the ring of
Laurent series in X ™!, i.e. sums of polynomials in X and power series in X !, where
X is to be thought of as large.) Reversing the argument shows that property (17), which
is obviously the same as (14), is equivalent to the orthogonality of P, with all lower
degree polynomials and hence characterizes the (monic) polynomial P, completely, as
asserted. Finally, from (17) and the recursion (13) we find that Qp4+1(X) — (X —
an)@n(X) + b,Qn-1(X) = O(X~™), so that this expression, which is a polynomial,
must vanish for n > 1. Hence the @, satisfy the same recursion relation as the F,,
with Qo = 0, @1 = go.

i) Define another vector space V* as K[Y] with scalar product given by (f,g) =
¥(fg), where ¥(Y") is 0 for n odd and g/, for n even. Then we get a family
of orthogonal polynomials P;(Y) by the same construction as before. Since odd
and even polynomials in Y are orthogonal to each other, it is obvious by induction
that P, has parity n for all n (i.e., the even- and odd-index polynomials are even
and odd, respectively), so the first part of the proposition applied to (V*,9) gives
a recursion of the form Py, ;(Y) = YP;(Y) — A, P;_; for some non-zero constants
An = (P, P})/(Pr_y,Pi_,) € K. The argument of ii) gives a sequence of companion
polynomials @}, to the P (of degree one less, and hence of opposite parity) for which
the rational functions Q},(Y)/P,;(Y) are the best possible approximations at infinity
to Y- gxY 2%~1, and they satisfy the same recursion @}, = Y@, — A\nQ5_; as the
P*’s. From this one gets by induction on n the formula

(Q;+1 Q;)=(go 0)(1’ 1)“,(3’ 1)
P, P Y 1) -x 0 X 0)°

This translates by a standard calculation into the continued fraction

goY ! _ QYY) g9 @ In 1
Y2 TP, T Y ys T Uy +Olgzs)-
1 2
Y~
U LA
Tl MY T2

Setting £ = Y2 and letting n tend to infinity, we get (16). Finally, the recurrence
satisfied by the P implies the recurrence Py, = (Y2 = Ap — An41) Py — A1 AnPi_y
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for the P of a given parity. But V can be identified via X = Y? with the even part
of V*, with compatible scalar products, so Py, (Y) = P,(Y?). The relation asserted in

the proposition between the coefficients a,, and b, and the numbers A, follows.
O

Remark From the proof we see that the necessary and sufficient condition for the
scalar product defined by ¢ to be non-degenerate (in the sense that (P, P,,) # 0 for all
n) is that the power series }  g,z™ has a continued fraction expansion as in (16) with go
and all A, different from 0. We also see that if ( , ) is positive definite then the numbers
bn = A2n—1A2, are always positive, and if (f,g) = f: F(X)g(X)w(X)dX with w >0
and a > 0 then all A, are positive. (The condition a > 0 is equivalent to the scalar
product on V* being positive definite, and then A, = (P, Py)/(Pi_1, Pa_1) > 0.)

5 The Atkin scalar product and the Atkin polyno-
mials

We gave one definition of Atkin’s scalar product in §1. The following result gives several
alternate descriptions. Recall that V is the set of I-invariant holomorphic functions on
H which grow at most like g~ at infinity for some N, that V coincides with the set
of polynomials in j, and that one can take g, 77! or A as a local parameter at infinity,
where g = €2™7 j = j(7) = ¢~ + 744 + 196884¢ + - - - is the modular invariant, and
A = q—24q¢% + 252¢3 + - - - is the discriminant function.

Proposition 3  The following four definitions of a scalar product on V coincide:
1)  (f,9) = constant term of fg as a Laurent series in A ;
ii)  (f,9) = constant term of fgE2FE,/E¢ as a Laurent series in j~!;
iii)  (f,g) = constant term of fgE> as a Laurent series in q;

i) (f.9) =2 [T7 F(e®)g(e¥)db.

Corollary  The scalar product ( , ) is positive definite on Vg = R[j].

Proof The equivalence of the first three formulas is immediate by writing the constant
terms as 1/(2ni) times the corresponding residues and using the formulas

dA(r) . _ dqg _  Ey(r)E4(7) dj(7)
NG 2mt Ex (1) dr = Ex(1) —(}— = - Fo(r) i

For the fourth, we use the global residue formula: Let F, denote the standard fun-
damental domain of I, truncated at some height a > 1 (i.e., the domain |z| < 1,
224+ y? > 1,y < a, where 7 = z + iy). The integral of f(r)g(7)E2(r)dr over the
top edge of this domain equals (f,g) by formula (iii), so the holomorphy of fgE,
implies that (f,g) is also given by the sum of the integrals over the rest of the
boundary, taken with the appropriate signs. The integrals along the vertical edges

= i:% cancel because fgE, is periodic of period 1. Replacing 7 by —1/7 on the
left half of the bottom edge and noting that f and g are invariant under this trans-
formation, we find that (f,g) equals the integral along the arc from e™/3 to e™#/2
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of [Ex(1) — 772Ey(~1/7)]f(r)g(r)dr. But the expression in square brackets equals
—61 /77 by the transformation law (8) of Ez, and this, with 7 = e*®, gives formula (iv).

The corollary follows immediately from (iv), since j(e*) is real for 8 € [r/3,7/2]
and consequently f:/; f(e®)2d8 > 0 for f(7) any non-zero polynomial in j(r) with
real (or, a fortiori, rational) coefficients. Note that formula (iv) can be rewritten in the
form

1728 6
o= [ 1Daieid,  wG)=200)

{(here and from now on we will commit the standard abuse of notation of using the same
letter to denote an element of V' thought of as a function of 7, ¢, 7 or A, indicating
by one of these letters the argument intended), where 8 : [0,1728] — [n/3,7/2] is the
inverse to the monotone increasing function 8 — j(e?). A graph of the function w(j)

is given in Figure 1.
O
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Figure 1.

By the results of the last section we now deduce that (i) there is a unique sequence
of monic orthogonal polynomials A,(j) of degree n; (ii) the scalar product of two
monomials j” and j™ equals gn4m, Where g, is the coefficient of j(7)~""! in

E»(r)E4(r) 1 720

(1) = ——~"-- = —

™ = Emit GG

(iii) the A, are the denominators of the best rational-function approximations to ®;
and (iv) they satisfy a recursion of the form

Ant1(5) = (5 = Q2n + A2ng1)) An(§) = A2n-1X2n4n-1(j) (18)

q—24¢> +196812¢° + - -- = P
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where the A, are positive rational numbers defined by the continued fraction expansion
of ® with respect to 1/j. Computing numerically, we find that the first few values of
gn = (7, 1) and A, are given by

go=1 g1 =720, g =911520, g3= 1301011200, g4 = 1958042030400,
2001

)\1 = 720, ,\2 = 546, ,\3 = 374, A4 = 475, /\5 = T .

In §7, in connection with hypergeometric functions, we will show that

720 ifn=1,
A= 12 (6+ E;i):)(h (’;)n) ifn>1, (19)

giving the explicit recurrence written in part (i) of Theorem 4 of the Introduction.
However, this recurrence is not needed for the proofs of the two most important prop-
erties of the Atkin polynomials, their Hecke invariance and their relationship to the
supersingular polynomials in characteristic p, to which we now turn.

Proof of Theorem 2 For k € Z let V;, denote the space of holomorphic functions
in H which transform like modular forms of weight k£ and have at most exponential
growth at infinity (i.e., V} is the degree k part of the graded ring C[Ey, Es, A™!]). Note
that V = V; and that V5 coincides with the set of derivatives of functions in V. We
define Hecke operators on Vi by

(T =n*? 3 (CTid)kf(Z::z) (meN, feW),

(25)erm.

where M,, denotes the set of 2 x 2 matrices with integral coefficients and determinant
n. (This is not the standard normalization of T, unless k¥ = 2, but will turn out
to be a more convenient normalization when we study both positive and negative
weights.) Notice that this formula makes sense only for f € Vj, since the expression
(e + d) % £ (22£2) will not be independent of the choice of representative in T\ M, if

er+d
f is not modular, but the “Hecke operator at infinity”

(flkT:o)(T) - nk/2 z Z d-* f(aTd+ b)

ad=n_b(mod d)
a,d>0

makes sense for any 1-periodic function f and agrees with |1}, if f € Vi because the

matrices <8 g) with0<b<d= g are a set of representatives for '\ M,,. We claim

that

Resoo ((F16T5°) - h) = Resoo (f - (hl2—4T7°))  (f, he€Clg™",q])) (20)

(9E2)2T° = (9l0Tn) - B2 (mod V2) (g€ V), (21)
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where Reso (F) for a 1-periodic holomorphic function F' on H denotes the residue at
infinity of 2xiF(7)dr, i.e., the constant term of F' as a Laurent series in ¢. Theorem 2
then follows using description (iii) of the Atkin scalar product and the fact that V'V, C
V5> and that Res, vanishes on V3:

(FloTn, 9) = Resoo ((f10T5°) - 9+ E2) = Resoo (f - (9E2)12T5°)
= Resqo (f : (g|OTn) : E2) = (f, 9loTy) (f,geV).

To prove (20), we note that T)>° acts on Fourier series by

Ar qr lkT:o = nk/2 dl—‘k ‘ Ardqar
(

ad=n

and consequently that

Rese ((fIkTr?o) h) =nk/? Z Z dl_kAd,.B__a,,.

ad=n r
= n1~k/2 Z a—1+k ZBasA——ds = Resy (f (h12~kT£°))
ad=n 8

for f =3 A.q", h =73 B,q®. For (21), we use the well-known fact, equivalent to the
transformation equation (8) in §3, that E2(7) = E3(r) + —1%, where y = () and the

non-holomorphic function Ej () transforms like a modular form of weight 2. Denoting
by V5* the space of functions with the last property, and observing that V'V;* C V5 and
that |27, preserves V;*, we have

J|w

(9 E2)l2T° = (9loTn) B2 = = ((9y T = (gloTn)y™!)  (mod V5').

The right-hand side of this formula vanishes by virtue of the calculation

n ,ar+b ar +b
— 9( ) S(

y =) =y (gl Tu)(r),

(v HRLTP)m) = >
b (mod d)
so the left-hand side, which is holomorphic, belongs to V5 as claimed.

The uniqueness clause in the theorem is easy to prove. Any functional ¢: V — C
as in Theorem 2 annihilates the polynomials h, = j|{T, -1 —j-1|T, (n > 2) and
h* = §%|Ty - j — j% - j|T». But these polynomials span a codimension 1 subspace of V,
since deg h, = n and h* is not a linear combination of the h,’s, so ¢ is unique.

Remark One can prove in the same way the more general adjunction formula

(fleTn, 9) = (f, 9l-xTn)  (f € Vi, g € V_y),
where the pairing (, ) : Vi ® V_ — C is defined by (f,g) = Reseo(f - 9 E2).
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6 “Modular” proof of Theorem 3

We saw in the last section that the Atkin polynomials are the denominators of the
best rational approximations to the function ® = E;E,;/Egj, considered as a function
of j near infinity. If p > 5 is a prime, then we know that the Eisenstein series E,_;
and Ep;1 are congruent (as power series in ¢ and therefore also as power series in
1/7) to the constant function 1 and to the Eisenstein series Fy, respectively, so we can
replace ® modulo p by the modular form E,.;E4/E,_1Egj, which has weight 0 and
hence is itself a rational function of j. This rational function is then a perfect, and
hence certainly a best possible, approximation to itself, so its denominator must be
(the mod p reduction of) the corresponding Atkin polynomial. But this denominator is
essentially E 1, and hence essentially the supersingular polynomial for p by the result
of §3. We now give the details of this argument.

Let p be a prime > 5 (Theorem 3 is trivial for p = 2 or 3), and define m, ¢, and
€ by (6). They coincide with the m, J, and ¢ of (1) for weight k£ = p — 1, while the
corresponding numbers for weight p+1 are m+6+¢—1, 2(1—-4), and 1—¢, respectively.
Equation (2) for the Eisenstein series E,_; and E,y; therefore becomes

Ep-1 =A™ E{ E§ Ep—l ’ Epy1 = A0t E;™® Eg™* Ep,
S0
&= E2Ey _ Epp By Epi1 (mod p).

Eej ~ Ep1BEsj  j3(j — 1728)°E,_,

The right-hand side here is a rational function whose denominator is ss,(j) (mod p) by
the result of §3, while the numerator is a polynomial of degreem+0 + ¢ — 1 =n,—1.
On the other hand, & is equal to B, (j)/A4n(j) + O(j~2"~1) for any n by equation (14),
where A, is the nth Atkin polynomial and B,, a certain polynomial of degree n — 1.
Taking n = n, and multiplying A, and B, if necessary by a common power of p to
make A,, p-integral and primitive modulo p, we obtain

-~ . Bn
Ep+l (]) == P +O(j-2np-—1)

(mod p)

where finp and Bn,, are polynomials over F, of degree < n, and < n, — 1, re-
spectively. Multiplying this identity by A,,(j)ssp(j), we find that the expression
B, s8p—An Epy1is O(71) as j — oo and hence, since it is a polynomial, vanishes. If
we show that EN 1(j) is prime to ss,(j), then it follows that ss, divides A, (j) (mod p)
and hence, since A,, is monic of degree n,, that A,, indeed has p-integral coefficients
and reduces to ssp mod p. This coprimality assertion is a consequence (since ss;, has
no multiple roots) of the identity

58p(J)
j—1728°

By () = ~12s8),(j) + 86 33’;(’) +6¢
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which in turn follows from the formulas

d
12'(91,_.1E —1 = 12(] Eg. Ep_l - (p - l)EzEp_.l = Eg = Ep+1 (mod p) y

- . 6 IS d ~
(ﬂP—IE "1) (J - 1728) ( 2 (‘7 — 1728) )Ep"l

This completes the proof.
We remark that the last steps of the proof could have been simplified if we had used
the formula (19), which will be proved in the next section, for then it would follow

(i) that the coefficients in (18) are p-integral for n < n,, and consequently that
Ap,(j) is a polynomial with p-integral coefficients and can be reduced modulo p,
and

(ii) that the mod p reductions of A,, and By, are coprime (because An,Bn,—1 —
Bn,,Anp-—l = :|:b1 . 'bnp—-l 7'é 0 (mod p))

It then follows by an argument like the one above that the reduction of A, divides,
and hence, since it is monic, equals, ss;.

7 Hypergeometric aspects of A,(j) and ss,(j)

Recall the definition of the classical Gauss hypergeometric series F = 2F:

~b
F(a,b;c;z) = Z( n®)n o _}: )( -)" (lz] <1)

(C)n n=0

where (a), denotes the “ascending factorial” a(a+1)---(a+n —1). (The minus signs
in the second formula are because Gauss chose to use ascending rather than descending
factorials.) If ¢ = —k is a non-positive integer, then F(a, b; c; x) is not defined, since all
terms after the kth have infinite coefficients; if instead a or b is a non-positive integer,
then F(a,b;c;z) is a polynomial. In this section we will relate the Atkin polynomials
to hypergeometric and truncated hypergeometric series, and use this relationship to
give a second proof of Theorem 3 and to prove the various formulas for A,(j) given in
Theorem 4 of the Introduction.

We first define four monic polynomials UZ, V; of every degree n > 0 by the formulas

n=0

JMF(f, 35 1 128) = US(H) + O(1/4)

i1 - 1728) F(&, 431, 128) = UL (5) + O(1/5)
(1= 1728)" F ({5, 155 1 ) = Va (3) + O(1/5)
j(i-1728)" 1 F(Z, 5L 1;;3.8_,') =V, (j) + 0(1/j)

as j = oo (truncated hypergeometric functions).

We will prove two results about these polynomials: that the Atkin polynomials
can be expressed as linear combinations of them, and that their reductions modulo
primes give the supersingular polynomials. Together, these give a second proof of the
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relation between the Atkin and the supersingular polynomials. But now we will take
the recursion relation (4) rather than the orthogonality property with respect to the
Atkin scalar product as the defining property of A,, so that the new proof is simpler
or more complicated than the first one we gave depending on which definition of the
A,’s one considers to be the more fundamental one.

Proposition 4 The functions A,(j) (n > 0) defined by the recurrence and
initial conditions given in part (i) of Theorem 4 have the following expressions in terms
of the polynomials introduced above:

An(j) = Z( —12)3m (n-l- 12) ( :n%) (Znn: 1) -1 v i),

m—O

at = Sz (V) (P F) (0 N v,
e £ () (Y
e £ () () )

Proof We will prove only the first of these formulas (which is the same as the formula
given in part (ii) of Theorem 4), the other cases being similar. Denote the expression
on the right of this formula by A%. The equality A% = A,, is checked directly for n < 2,
so we must prove the recursion A, | = (j — an)AY — b, AY_,, where a, and b, are the
rational functions of n occurring in formula (4). We can rewrite the definition of A2
as A = 30 c(n, k)UP with

- ()

e(n, k) = ¢(n,0) - 1273 ('Z\) (—kn) (_5"{12) -1 (__12/12) -1

Then, noting that jUP = U2,, — 12343 (71/12) (¥/1?) we find
An1(9) = (G — an) A2(5) + bn AD_1 (5)

= i [e(n +1,k) = c(n,k — 1) + ay c(n, k) + boc(n = 1,k)] Up

k=0
= -1/12\ [-5/12
3k+3
+,§,12 (k+1)(k+l)c(n’k)

for n > 2, where we have set ¢(n,—1) = 0 and used that ¢(n,n) =1, ¢(n —1,n) =0
We can check directly that the coefficient of U} on the right equals 0 for k¥ > 1 and

(22)
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equals 84c(n,0)/(n® — 1) for k = 0. Substituting the value U = 1 and the values of
an, by and c(n, k) and writing £ = n — m, we then find that the right-hand side of (22)

equals
12c(n 0) Y{E (n.-—q-nltlm) [7 ("; 1) -12(n+1) (;)] )

m=0
where the “extra” term m = n + 1 comes from the multiple of UJ in (22). This last
sum is just the coefficient of z"*! in (1 + z)!~"[7(1 + z)**! — 12(n + 1)(1 + z)"] and
hence vanishes for n > 2.
O

Remark The formulas in Proposition 4 can be inverted, e.g., we have

vy = 31 (V) (P 8) () i,

m=0

Proposition 5 Let p > 5 be a prime number and write p as 12n — 85 —6e + 1
withn €N, 6, e € {0,1}. Then

s3p() = Up(i) =Vi(§) (mod p).

Proof Again we treat only the case of UQ in detail, the other cases being similar.
So assume that p = 1 (mod 4); then we want to show that ss,(j) = U2(j) (mod p).
Write p = 4 + 1. Expanding H,_; by the trinomial theorem, we have

H,_; = coefficient of X?! in (1 - 3E;X* +2Es Xs)gl

= ¥ T (-3E) (2B
550 rls! (2l —r — s)!
2r+4+3s=21
[t/3]

(2l 4 3-1728
3E4) Z(l 3k)! (2k)! (1 + k)! ( 27 ) ’

where k = s/2 and we have used that E2/E} = (j — 1728)/j. (The calculation with
U} in the case p = 3 (mod 4) would be similar but with s = 2k + 1, while to obtain
the results for V¥ we would instead set r = 3k + ¢ and then expand in powers of
7/(§ — 1728).) But one checks easily, either directly or by induction on k, that

@ 4.k (20N (E)k ()
BT (JW (mod p),

so using (11) and noting that [I/3] = m = n — § and (=1)% = (-=3/p) = 3% (mod p),
we find (writing F,,(a, b;c; z) for the hypergeometric series truncated at degree m)

sspl3) = (<3 Bpma ()= (=30 () 7" Fya (s i i1 = 322 (mod ).
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Now, takmg into account that the coefficients of z*¥ and y* in F(35 ,12, 1;z) and
F(&, & ,2,y) vanish modulo p if k is in the range [I/3] < k < 2! and that both
F(i{5, 355 1;2) and F(L 1% 12, ;, 1 — z) satisfy the same second order linear differential
equation thh polynomial coefficients of degree at most 2, we can conclude that the
polynomial on the right-hand of the last formula is a multiple of U2(j). This multiple
must then be 1 because the supersingular polynomial is monic.

]

“Hypergeometric” proof of Theorem 8 The theorem is trivial for p = 2 or 3.
Otherwise n, is the same as the number 7 in the proposition. Applying Proposition 4
to U or to V2 with this value of n immediately gives the desired result, since all
coefficients except the one for m = 0 vanish modulo p. So we actually get two proofs.

m

Proof of Theorem 4 i) We need to prove only the explicit formula (19) for the coef-
ficients of the continued fraction expansion of & = E,E4/FEgj with respect to 1/3, since
then (4) reduces to equation (18), which we have already proved. From the formulas (9)
we immediately find that ® = —d(log A)/dj. On the other hand A can be expressed hy-
pergeometrically in terms of j by the formula A F( S tRviRE 1728 1728312 14 follows with
the aid of Gauss’s contiguous relations that & = F( B 51 1728) JiF(&, &1 1728),
and (19) now follows from Gauss’s well-known formula for the continued fractlon ex-
pansion of a quotient of contiguous hypergeometric functions, as given in [2].

1) We have just shown that the Atkin polynomials are indeed the A, of Propo-
sition 4. The closed formula given in Theorem 4 is then just a rewriting of the first
formula of that proposition, as already mentioned.

i11) The closed formula of part (ii) is equivalent to saying that A, (j) can be obtained
by truncating the product

F(3, 13 12) F(-n— 5, —n+ 1351 - 2n;2) 23)

at z" and inverting it (i.e., set £ = 1728/7 and multiply by ;). Notice that some
truncation is necessary, since the coefficients of the second factor in (23) become infinite
from degree 2n onwards. In fact we can truncate at ™ for any m between n and 2n—1,
since the coefficient of z* in (23) vanishes for n < i < 2n, as can be seen by letting
~v — 1 in the following identity, which is a consequence of Gauss’s contiguous relation
and two formulas of Heine ([4], proved in [5]):

F(a,B;vix) F(-n—a,—n+1-3;-2n+2 - v; )
+6, "1 -2)Fl-a,1=-8;2—v;2) Fla+n+1,8+n;v+ 2n;1)
) )GED L),
GG DG
The differential equation for A,, now follows from this truncation argument and the fact
that the product of two hypergeometric functions (or of any two functions satisfying
linear differential equations of second order) satisfies a fourth order linear differential
equation whose coefficients can be calculated by an explicit procedure. For the unique-

ness, we observe that if the function A,(j) is replaced by a polynomial beginning j¢
for some integer d > 0, then the left-hand side of the differential equation in (iii) has

= polynomial of degreen  (n>1, 4§, =
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leading term n?(n? — d?)?, so the differential equation can be satisfied only if d = n.
O

As a corollary to Theorem 4, we have

Proposition 6 (Atkin) The scalar product of An with itself and its special
values at § =0 and j = 1728 are given forn > 1 by

gont1 (=1/12)n (5/12) (7/12)n (13/12)n
(2n - 1)1 (2n)! ’
- a1 (—1/12)5 (5/12)n V
An(0) = (—-12)3"H @n =11 ,
— 19371 (‘1/12)n (7/12)11
(2n — 1)! ’

(AnaAn) = -1

An(1728) =

Proof The values at j = 0 and j = 1728 can be checked directly from the recursion
(4), while the formula for the scalar product follows from the recursion and part (i) of
the Proposition 2, §4. The fact that (A,, 4,) > 0 for all n gives a second proof of the
fact, already mentioned in §5, that Atkin’s scalar product is positive definite. From
the explicit formula for (A,, A,) and Stirling’s formula we see that the length of 4,
in the Atkin norm is asymptotically equal to /6/7 432" as n — oo.

8 Hypergeometric properties of Fj .

Recall that the modular form Fi(7) for k Z 2 (mod 3) is the unique normalized solution
of the second order differential equation

k(k + 2)

B Fi =0, (24)

k2 Uk Fr —

the normalization being given as in (12). We introduce the following notations:

I/Oz}v————zé’ ylzl—zg, Voozﬁ—l (1/0+V1+V0°=2m+1),
3 2 6

XO=J=—1-7?-§§, Xi=1-J, Xeo=-1 (Xo+X1+Xoo=0),

Yo=E], Yi=-E}, Yo=-1728A (Yo + Y1 + Yoo = 0),

where m, § and ¢ are associated to k by (1) as usual. The following theorem gives
various explicit descriptions of the Fj and their associated polynomials F(j), similar
to those given earlier for A,, Gy, and Hj.

Theorem 5 Suppose k >0, k # 2 (mod 3). Then we have:
i) Differential equation: Fy(j) is the unique normalized polynomial solution of

§G ~1728) ' + {(1 =) j + (1 — o) — 1728)} F + m(m — veo) Fy, = 0.
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ii) Closed formulas: Let o be any permutation of {0,1,00}. Then

~ . m(m=—v,
F(j) = (sgn(o) - 1728) ( m”(m)) Xty F(=m, —m + vo(0); 1 = Vo(oo); —
and

m
m— v, m-—v,
Fu(r) = sante)™ BE B (-1 (") () v v
1=0

iii) Recursion relation: The Fy (7) satisfy

(m+1)(m - veo)(1 - veo) Fk«}-lz
— Voo [(1 + 60) (1 = vo0) 5 = 1728((1 = v0) (o + ¥1) + 2m(m — veo))] Fi
+1728%(m — vo)(m — 1) (1 + Vo) Fre12 =0 (k> 12).

iv) “Generating function”: For k € Z>o and any o denote by Gyo(7) the coefficient
of X* in (1 — 3E4(7) X* + 2E4(7) X8)*. Then

Rt = (pymrtgmimes (1 9) (36 =D)Ly

m m+e

Proof i) We can easily transform the equation (24) into the one in terms of j, by
using formulas (9) and the relation Fj, = Aml*}"sEEF;c The uniqueness follows from
the same argument used in the proof of Theorem 4, iii) in §7.

ii) The equation in i) is in fact a hypergeometric differential equation and has a
polynomial solution F'(—m, —m + vs; 1 — vp; 7/1728). We have 6 polynomial solutions
out of Kummer’s 24 solutions to this equation. By the uniqueness, they differ only
by constant factors. Making the expressions symmetric, we obtain the formula in the
theorem. The formula for Fj, follows immediately. _

ili) The first three arguments of the hypergeometric series in the formula for Fy(5)
will change by 1 if we replace k& by k& &+ 12. The recursion is therefore a consequence of
Gauss’s contiguous relations.

iv) Put Y, = (1 — 3E; X* + 2E¢ X®)*. From the relations

Yo =Ya1-(1-3EX*+2E:X®),

8(; Yo =aY,_; (-12E4X3 + 12Es X®),

1 8 E, 0
}:ﬁkak,a Xk = 5 oY~ -ﬁ’%X 5 Yo = @Yau1 (Bs X4 - E2 X%
k=0

we obtain respectively
Gr,a = Gra-1 = 3E4Gi—s,a-1 +2Es Gr—g,a-1, (25)
k Gk,,a =-12 aE4 Gk~4,a——] + 12 Es Gk—6,a—1 y (26)
9 Gra = @ Eg Gr—g,0-1 — @ E} Gr_g,0-1 - (27)
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Solving (25) and (26) for E4sGk—_4,4—1 and EgG—6,a—1 and substituting the expressions
obtained into (27), we get

1 ko1 k2 E o1
UGra = —m(a ~ % + g) (- 5 + 5) Gr+2,a+1 + (a 12 + 5) Gri2,a -
Using this repeatedly we finally obtain
k(k +2
r+2 Uk Gra — (144 )E4 Gr.a
I | 1 k k k 4
=5+ |[ErnErn @5 5@ § D@5+ ) Orraars
1 k2 E 4 k E 1, kk+2)
“aritle-gralle-grg)tla-gllo-g+g) - T} Crran

+(a+ 3 )Gk+4a} .

Since the right-hand side vanishes if & = (k—2)/6 we deduce that G (x—2)/6(7) satisfies
the same differential equation as Fy (7). The constant term of the Fourier expansion of
G, (k—2)/6 €quals the coefficient of X* in (1—3X*+2E%)(%-2)/6 = (1 - X2)(k-2)/3(1 4

2X?)(k=2)/6 which in turn equals

B (7) (%) =0 () Eo() = (7).

=0 =0

This together with (12) gives Fx(7) = cG, k2 () with

= (2o () o () (2

O

Remarks 1. The symmetry in the closed formula ii) is the reason why we chose
the normalization (12) of Fy.

2. Part iv) of the theorem makes it clear why the modular forms H,_;, Gp—1 and
F,_1 in Theorem 1 are (up to scalar factors) congruent to one another modulo p (up to
scalar factors): they are just the specializations of Gp—_1, to the three values a = —%,
Bg—l and 1’;’—3, which are the same modulo p.

3. In the notation of [10], the formula for F} can be written as

Fy, = sgn(o)™ E’,‘f Eg H,(1- Vs(o0)s 1 — Va(0); Ya(oo), Y,(o)),

where H,(k,l; X,Y) is the polynomial 37, . ( (=1 (") (TN XTYe, which sat-
isfies the “hidden symmetry” that it is +1-symmetric in the three variables (k, X),
1Y), (m,Z), where k+1l+m=n—-2, X +Y + Z = 0. (This polynomial is essentially
the Wigner 3J-symbol of quantum mechanics and arose in [10] in connection with the
Cohen bracket operation on modular forms.)



120 M. KANEKO AND D. ZAGIER

We now interpret the F; as orthogonal polynomials. Consider the space W =
C[j'/3, (j — 1728)*/2] which is identified with the space of holomorphic functions on
invariant under the commutator subgroup [I',I'] of I' = PSL(2,Z) and growing at most
like a polynomial in ¢~. For each residue class r modulo 6, denote by x" the character
of the cyclic group I'/[',I'] determined uniquely by x((31) mod [I,T]) = e™/3, and
let W= & W{(r) be the corresponding decomposition of W, i.e., W(r) is the x"-

rmod 6

eigenspace with respect to the action of I'. We note that if § € {0,1,2} and ¢ € {0,1}
are determined by the congruence 2r = 46 + 6¢ (mod 12), then W(r) is identified with
§8/3(j — 1728)¢/2C[j]. Now we define a scalar product on W by the formula

1728 . i\ di
tho) = [ Al (aew). (29)

On each subspace W{r), the scalar product induced by (28) is positive or negative
definite on j/3(j — 1728)°/2R[j] depending whether ¢ = 0 or 1. Hence we have six
families of monic polynomials { f,(,f )}m_>_o, f,(,f ) being of degree m, such that the 7/3(j —
1728)¢/2 f,(,: ) are orthogonal with respect to this scalar product. On the other hand, for
each even residue class 2r = 46 + 6¢ {mod 12) and m > 0, put

- 172
EDG) =" F (*m, —m + vo; 1 = Veo; _'{'J_§)

where v = (1 —26) and v = §(12m +46 +6c +1). If 2r Z 2 mod 3 and k =
12m + 44 + 6¢, this is nothing but Fj(j), renormalized to be monic.

Theorem 6 £\ = FE\” for any r mod 6 and m > 0.

Proof For fixed r, the B satisfy the following recursion which is equivalent to part
iti) of Theorem 5 if 2r # 2 (mod 3):

FD L) = (= Cam +dams1)) BOG) = Aamer dem FLL, (m 2 1)

Ap = 12 (6 — (=" .ﬁtﬁ’?_) (6 — (-1 ___3:_‘?_”_0__)

-y —-un n+l—-vo—n

(r1n = (1 — 2¢)/2). By the general theory reviewed in §4, the F{) are orthogonal with

respect to the scalar product whose values g, = (j7,1) are given by the continued
fraction (16). This continued fraction is equal to go F(1,1 — 19;2 — vp — v1;1728/5)
by [2]. Hence the (j",1) are given by (j,1) = go - 17287 (*°1) /(*****~?), which is a
constant multiple of fol 728 J7P0 (1728 — j)~*1dj (beta function). This latter integral is
just (—=1)¢ times the inner product (5%/3(j — 1728)¢/257, j%/3(j — 1728)¢/2 - 1) in (28).
The theorem follows.

where

O

Remark Up to a rescaling by 1728, our polynomial is essentially a Jacobi poly-
nomial. These are polynomials P,ﬁ“"’ ) generalizing the Chebyshev polynomials, which
have parameters (3, 3) and come in four types (even and odd, first and second kind),
corresponding to the fourfold decomposition of C[z'/2, (1 — x)'/?), whereas our param-

eters are (%, 3) and we have six families.
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9 The denominators of the Atkin polynomials

From the relation (4) we get by induction that the denominator of An41(j) is at most
(2n + 1)!(2n)!/2%"n!, but this is far too large, e.g., the denominator of Ag(j) is only 5
rather than 1380566997810000, and indeed only two of its coefficients, those of ;7 and
7%, have any denominator at all. Similarly, if we fix a prime p > 3, then (4) would
lead one to expect that p would occur in the denominator of all A,, with n > p/2, but
instead we find, for instance, that for p = 11 all of the A,, with n < 150 are p-integral
unless n is congruent to 1 or 6 modulo 11 or n belongs to one of the intervals [62,70]
or [123,130]. Finally, if we look at the values of pA,(j) modulo p for the first values
of n for which p occurs in the denominator, then we find a very precise pattern. For
instance, for the first such value n = 1(p + 1) we find experimentally

PAL(j) = 0™ +845™ 1 +37800" 2 + -+ ¢, "1 +---  (mod p)

with coefficients ¢, € Z independent of p, and with a little numerical work we discover
the empirical formula

6r -+ 1)!
e = 12(8r+7)m (r > 0)
from which in turn it follows that all of the coefficients of Ay (,14)(j) with r > l’%—l- are
actually p-integral. In this section we will describe these pflenomena in a little more
detail and provide some explanations.

We first generalize the above congruence for pA L(p+1) (7). Recall from the discussion
of orthogonal polynomials in §4 that in terms of the variable Y = /7 the Atkin poly-
nomials are the even members of a sequence of monic polynomials A% (V) satisfying the
recurrence Ay, (Y) = YAL(Y) — A A1 (Y) (n > 1) with A, as in (19). Moreover,
A; is a polynomial of the same parity as n, so we can write A(Y) = Y"a,(1/Y?)
where a,(t) is a polynomial of degree < n/2. In terms of the a, the recursion becomes

ant1(t) = an(t) — Antan—1(t) (n21), (29)

and the relation to the Atkin polynomials is A,(j) = j™a2,(1/5). From the recursion
it follows that a,(t) has p-integral coefficients for n < p, and looking at numerical
examples we find empirically that

a’P(t) = Qg(t) mod (p7 tp) >

30
Pan(t) = ®,_p(t) mod (p, t7) (p < n < 2p), (30)
where the ®,,(t) are certain power series independent of p, the first few being
®o(t) =14 120t + 83160t + 81681600t + 93699005400 ¢* + - - - |
®(t) = 841t (1 + 450t + 394680 ¢% + 429557700> + - -- ), (31)

®,(t) = 277207 (1 + 944 ¢ + 1054170 2% + 1297994880 ¢% + - - - ),
®3(t) = 13693680 ¢ (1 + 1335t + 1757970 ¢ + 23864450403 + - --) .
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Comparing the recursion (29) and the congruence (30), and using formula (19) for the
An, we find that these power series, if they exist at all, must satisfy the recursion

§n+l (t) = @n(t) - A; t Q11.—-1(t) (n Z 1) (32)

84 ifn=1,
X = {12 (6_%) (6_%).'_') ifn>1.

Moreover, by inspection of the first few coefficients one finds the formulas

Bo(t) = i ZLGL)_!__ v e =12 Z EranE Dy gy

— (3r)!rB @Br)tri(r+1)12

with

So far, this is all only experimental. To check that it is true, we first find the solution
of the recursion (32) with initial conditions (33). We first observe that the formulas
(33) are equivalent to

B(t) = F(&, 5:1;1728t)°,  &1(t) = 84tF (%, £;1;1728) F(3, 12, 2;17281) .

(To prove this, verify that in each claimed equality both sides have the the same first
few terms and satisfy the same third order differential equation.) Now by induction on
n and the continued fraction formulas of Gauss already used in the proof of part i) of
Theorem 4 we find that the general solution of (32) is given by

Bn(t) = cnt™ F(&, 5:1;1728t) F([2]+ 5, [ ]+ &5n+1;1728t)  (34)
with constants ¢, € Z given by ¢g = 1 and

A= nn (18] - %) (5] - &) Z Bn+ DY(6nt(-1)")
en = = camaa (178 (M7 %) - SRt

for n > 1. In particular, the power series &,(t) has integral coefficients and is divisible
by t™ for all n, properties which were visible in the examples (31) but are not at all
obvious from the recursion.

Now write a,(t) = ZE’;/:] a(n,i)t. The congruences (30) say that pa(p + n,i)
is congruent modulo p to the coefficient of ¢! in ®,(t) for 0 < n,i < p. Because of
the recursions, it suffices to prove them for n even (which anyway is the case we are
interested in). By part ii) of Theorem 4, we have

e S ()T

m=0

Let 2n = p+ 2h + 1 with h > 0 fixed and p > 2h + 1. The binomial coefficient (2" 1)
is prime to p for m < 2h and divisible by p exactly once for m > 2h + 1 (note that
m < i < p), and in the latter case we have the congruence

1 2n—1) _(p+2h)---(p+)(p-1)...(p-m+2h+1)
P( m - m!

1)™1 (2h)! 2h—1)! (=)™ fm—-1\""
LU ot (U ()
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Hence pa(p + 2h + 1,14) is p-integral and is congruent modulo p to

o 3 () CRE ) (M)

2h+1<m<i

and using (34) one checks that this agrees with the coefficient of t* in ®2511(t).

This completes the proof of (30), which give congruences modulo p for the a,(¢) in
the range p < n < 2p. Going further, one finds further congruences of the same sort.
For instance,

a2p(t) = %‘IIO(t) mod (p': tp)a
pan(t) = %q’w-?p(t) mod (p, tF) (2p < n < 3p),

where the ¥,(t) (n > 0) are another sequence of power series with properties similar
to those of the ®,, (they satisfy a simple recursion and factor as products of one fixed
and one variable hypergeometric series), the first few being

Wo(t) =1—24t— 1792812 — 1811731283 + - -+ |
Uy (t) = —60¢ (1 + 522t + 471288 ¢* + 519169620 ¢> + -+ ),
() = —32760¢% (1 + 896 ¢ + 984042 ¢* + 1201855008 > + - - ) .

More generally, for s < p the first p coefficients of a,,(t) and pag4n(t) (0 < n < p)
are congruent modulo p to the coefficients of v, ®,(t) if s is even and to v, ¥, (t) if s is
odd, where o = 1,71 = 4, 75 = =138 43 = — 1887 are certain constants. Then
starting at n = p? we get higher powers of p in the denominators and a new sequence
of congruences. There are also nice congruences for the power series ®,(t) and ¥,(%)
modulo p and powers of p which the reader may want to experiment with, but we are

getting carried away from our main theme and will stop here.

10 Supersingular polynomials and the modular poly-
nomial

In this section, which is a bit disjoint from the rest of the paper, we tie up some
loose ends by giving direct proofs of two facts about supersingular polynomials which
appeared in earlier sections. The argument given here is essentially identical with one
given in a paper of Koike ([6], p. 136 and 169), but the presentation there is considerably
less elementary and makes use of difficult results of Thara, whereas the discussion here
is entirely self-contained. Since the present paper has a partially expository character,
and the argument is short and quite pretty, it seemed worth including it here.

We will work with modular forms and functions considered as elements in the ring
Q((q)) of Laurent series in ¢, which we identify with the ring Q(5~!)) of Laurent series
in 57! = j(r)~!. In particular, we define a Laurent series ¢,(j) € Z((j~')) with leading
coefficient 744 jP~! by

J(r)? = j(pr) ‘ (35)

wp(d(r)) = »
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Let ¢,(X,Y) € Z[X,Y] be the modular polynomial relating the j-invariants of two
p-isogenous elliptic curves. The famous (and easily proved) congruence of Kronecker
says that

8,(X,Y) = (XP - Y)(X - Y?) + pRy(X,Y) (36)
for some R,(X,Y) € Z[X,Y]. We are interested in the mod p reduction of the poly-
nomial H,(X) = R,(X, XP). Substituting X = j(r), Y = j(pr) into (36) we find

0= % 8, (5(7),3(p7)) = @p (7)) (3(7) — §(PT)P) + Rp (3 (1), 5 (p7))

and hence, reducing modulo p and using j(pr) = j7(v)? (here and from now on =
denotes congruence of Laurent series modulo p),

wp(d) = ELE (37)

=

In particular, the mod p reduction of ¢, is the Laurent series expansion of a rational
function all of whose poles are simple and are contained in Fp2 .
On the other hand, differentiating (35) gives

@ () = j(r)P* - %—((’%2 = j(r)Pt =5 ()P,

where ' applied to a function of 7 means (271)~1d/dr. But from
1= Bp(7) = ATE{E§ B, (j) = A™EEg5~°(j — 1728)°5,(3),

where S,(j) € Fp[j] is defined by S,(j) = j%(j — 1728)*Ep—1(j), we get

y 1 .-Es(T) ) 12m+44+6¢ _ j(T)8m+48+4e (J(T) - 1728)6m+26+4e
ror = (i) ) S,

(for p > 5). Hence the Laurent series ¢,(j) satisfies the congruence

j8m+45+4e (j4m+2e _ (-7 - 1728)6m+26+46
Sp(4)?

Comparing equations (37) and (38), we deduce that:

wp(i) = (38)

(a) all zeros of S,(j) except for possibly 0 and 1728 are simple;
(b) all zeros of Sp(j) lie in Fpz;

(c) the polynomial Hp(j) (mod p) vanishes at j = 0 and 1728 and at all values of
Jj € Fp2 which are not roots of Sp(j) ;

(d) if j is a root of Sp(j), then H,(j) = —j8m+id+ie(j — 1728)6m+20+4e /g1 (512
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Statement (a) was needed in §3, where a different proof was given. Statement (b), once
Sp(7) has been identified with ss,(j) as was done in §3, is the fact that all supersingular
invariants lie in Fy2, which was mentioned without proof in §2. Statement (c) can be
found in the paper [9] by E. de Shalit, and statement (d) is closely related to a question
raised there. Namely, de Shalit wrote down the conjectural formula, closely related to
previous work of Oesterlé and himself on the p-adic period pairing on Xg(p),

0 if j € F,2 is not supersingular,
Hy(j) = q (-0 %™ G - 17292 ingul
s ()P if j is supersingular, (39)

and proved this formula completely for p = 1 (mod 4) and up to a possible ambiguity
of sign if p = 3 (mod 4), his proof being non-elementary. Comparing with (d), we see
that formula (39) is true if and only if

ssp(7) =0 = ssh(§)P7! = (—1)=71 D@D (j — 1728)3 (=D
(40)

For instance, if p = ~1 (mod 12), then (40) says simply that ss;,(j) belongs to I, for all
supersingular j. It would be nice to have an elementary proof of this simple statement.
A sketch of an argument why equation (40) (or at least its 12th power) should be
true was shown to one of the authors by Faltings. We also mention that properties
(c) and (d) almost characterize the polynomial H,(j), since they give its values at p?
arguments and H), has degree p? +p+1if p{ 744. A complete (though not very elegant)
determination of H), then follows from (37) and the additional formulas cp,(,") 0 =0
(1< n < 8m+26+4¢) and i (1728) = (n — 1)!(—1728)"1 (1 < n < 6m + 26 + 2),
which follow immediately from (38).
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