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Bridging the gap between Gt and LP

- Both Graph Transformation and Logic Programming have a long
tradition, with a well-established theory and rich tool support.

An institution-theoretic approach
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Bridging the gap between GT and LpP

- Both Graph Transformation and Logic Programming have a long
tradition, with a well-established theory and rich tool support.

The necessary connection between ps and os of LpP

Given a logic program T, the answers to an existential query
can be found simply by examining a term model - the least
Herbrand model - instead of all the models that satisfy I'.

.FEs dX-p
. Ozr Fr dX.p
. There exists\: X — Y such that ' Ex VY -1(p).
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\\ substitution systems
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Bridging the gap between GT and LP: Outline
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Graph
transformation
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Bridging the gap between GT and LP: Outline

3
A logic-programming semantics
for graph transformation
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Type & instance graphs
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Actor networks

1. Tutu A resolution-based approach to graph transformation 6/19



Actor networks

1. Tutu A resolution-based approach to graph transformation 6/19



Substitution systems

- Every institution J = (Sig, Sen, Mod, ) can be regarded as a
functor J: Sig — Room into the category of rooms and corridors:

L+——(Sen(X),Mod(X),Fx)
@J | (sentemodie))
Qr——(Sen(Q),Mod(Q),Fq)
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Substitution systems

- Every institution J = (Sig, Sen, Mod, ) can be regarded as a
functor J: Sig — Room into the category of rooms and corridors:

X +—— (Sen(X),Mod(Z),Ex)

q{ |(sent@)Mod ()
Q+—— (Sen(Q),Mod(Q),Fq)

- A substitution system consists of
1. a category Subst of signatures of variables and substitutions,
2. aroom G of ground sentences and models, and
3. afunctor 8: Subst —+ G / Room.
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Substitution systems

- Every institution J = (Sig, Sen, Mod, ) can be regarded as a
functor J: Sig — Room into the category of rooms and corridors:

Z+——(Sen(X),Mod(X),Fyx)
@J |(sent@)Mod ()
Q+—— (Sen(Q),Mod(Q),Fq)
- A substitution system consists of
1. a category Subst of signatures of variables and substitutions,
2. aroom G of ground sentences and models, and

3. afunctor 8: Subst —+ G / Room.
- Universally and existentially quantified sentences can be defined:

VX-p dX-p
where X € |Subst| and p € Sen(X).
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A substitution system for GT: Prerequisites

Consider an adhesive category C. Then the following prop. hold:

1. C has pushouts along monomorphisms, and
monomorphisms are stable under pushouts.
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A substitution system for GT: Prerequisites

Consider an adhesive category C. Then the following prop. hold:

1. C has pushouts along monomorphisms, and
monomorphisms are stable under pushouts.

2. C has pullbacks, and
pushouts along monomorphisms are also pullbacks.

3. Given a commutative cube diagram,
if the arrows in the top and bottom /
squares are mono, the top square is

a pullback, and the front and back h\./
squares are pushouts, then the /‘
\ L

/

|

/

bottom square is a pullback too.

\

1. Tutu A resolution-based approach to graph transformation 8/19



A substitution system for GT: Prerequisites (continued)

- We assume that C is equipped with a monic quantification space
R, i.e. a class of monomorphisms for which there exists a
functorial choice of pushouts along any arrow in C.
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A substitution system for GT: Prerequisites (continued)

m

- In addition, we assume a class T of commutative squares
—_—
—

.

such that

[ ]
l (for which the arrows m and n are monomorphisms)
[ ]

1. all pushouts along monomorphisms are in T, and

1. Tutu A resolution-based approach to graph transformation 10 /19



A substitution system for GT: Prerequisites (continued)

- In addition, we assume a class T of commutative squares
[ ]
[ ]

such that

m
—

[ ]
J (for which the arrows m and n are monomorphisms)
[ ]

—
n

1. all pushouts along monomorphisms are in T, and

[ ]

2. for any commutative two-square diagram such that J Pe
the top square is a pushout along monomorphisms, ®——
the outer square belongs to T if and only if J

[ ]

the bottom square belongs to T.

O—— 00— @

—
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- The category Subst of variables and substitutions is just C.
- For simplicity, we define the set of ground sentences to be empty.
(Hence, the ground satisfaction relation is empty also.)
- Concerning ground models, let Trans(C) be the category in which:
- the objects are objects of C;
- the arrows are abstract spans of monomorphisms in C;

- the composition of arrows is defined by means of pullbacks.

G——1 ]—K
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A substitution system for graph transformation

- The category Subst of variables and substitutions is just C.
- For simplicity, we define the set of ground sentences to be empty.
(Hence, the ground satisfaction relation is empty also.)
- Concerning ground models, let Trans(C) be the category in which:
- the objects are objects of C;
- the arrows are abstract spans of monomorphisms in C;

Then a ground model is a broad subcategory of Trans(C).
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A substitution system for graph transformation (continued)

- A sentence over X € |Subst| is a span of morphisms in R.

L;X%R

1. Tutu A resolution-based approach to graph transformation 12 /19



A substitution system for graph transformation (continued)

- A sentence over X € |[Subst| is a span of morphisms in R.
Let X—"5R

- Avaluation for X consists of a graph transition system M and a
morphism v: X — K in C.
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A substitution system for graph transformation (continued)

- A sentence over X € |[Subst| is a span of morphisms in R.
Let X—"5R

- Avaluation for X consists of a graph transition system M and a
morphism v: X — K in C.

- (M, V) Ex L — rif and only if every graph transition generated
from the span (1,r) along the morphism v is in M:

)
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A substitution system for graph transformation (continued)

- Sentences (over signature of variables X) are translated along
substitutions {: X — Y by means of dedicated pushouts:

|

Ix
X x X,

<ee —x

O—r

Y
Ly
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A substitution system for graph transformation (continued)

- Sentences (over signature of variables X) are translated along
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|

- The reduction of valuations is defined by precomposition with :

Ix
X x X,

<ee —x
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Y
Ly
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A substitution system for graph transformation (continued)

- Sentences (over signature of variables X) are translated along
substitutions {: X — Y by means of dedicated pushouts:

|

- The reduction of valuations is defined by precomposition with :

Ix
X x X,

<ee —x

O—r

-~ '
(M, v) = (M, ) ;v)

Proposition. The satisfaction of graph-transformation sentences is
invariant with respect to substitutions.
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Graph transformation as logic programming

- A homomorphism between two valuations (M,, v4: X — K;) and
(M3, v3: X — K;) is a morphism h: K; — K; such that

X
Vi
/
& Kq
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Graph transformation as logic programming

- A homomorphism between two valuations (M,, v4: X — K;) and
(M3, v3: X — K;) is a morphism h: K; — K; such that

X
Vi
/
G; K H,

N T N TN

G2 K2 H2

V2

Proposition. For any sentence 1 — r over X and any homomorphism
h: (My,v4) = (M,,v,) such that (My,vq) EL— 1, (Mg, vo) E1— 1.
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Graph transformation as logic programming (continued)

Theorem. Every set I" of universally quantified GT sentences has an
initial model or: the broad subcategory of Trans(C) generated by
those transitions that witness the application of a rule from T.
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Graph transformation as logic programming (continued)

Theorem. Every set I" of universally quantified GT sentences has an
initial model or: the broad subcategory of Trans(C) generated by
those transitions that witness the application of a rule from T.

Proposition. The model or is X-reachable for every X € |Subst|: for
every valuation (or, v4) of X, every pair of morphisms or — M and
h: K; — K, can be lifted to a homomorphism (or, v{) — (M, v4; h).

& K,

Gz Ks H,
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Graph transformation as logic programming (conclusion)

Theorem (Herbrand's theorem). For every graph-transformation
logic program I" and every query 3X -1 — r such that

- the satisfaction of 1 — r is preserved by X-homomorphisms,
- T has an X-reachable initial model or,

the following statements are equivalent:

1. TEIX - 1=

2. 0pF3IX-1> T

3. 3X-1— radmits a I'-solution.
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Graph rewriting as (abstract) resolution

Proposition. Resolution is sound and complete with respect to the
denotational semantics of the graph-transformation subst. system.
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Bridging the gap between 6T and Lp: Conclusions

A substitution-system-based approach

rules oo sentences

graph transition systems ........... models

witnessing rule application .... satisfaction

graph rewriting .................. resolution
Further challenges

- a concrete operational semantics of GT LP

- accommodating GT systems with (negative)
application conditions
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Thank you!
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