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ABSTRACT. In this paper we compute for a € m,_2(S™~1) with n < 3m — 3
the full homotopy category consisting of finite one point unions XCy V.. .VECy
with XCq = S™ Ug, e™. For this we describe the square ring End(XC4) only
in terms of primary homotopy operations on spheres. In low dimensions with
n—m < 19 these homotopy operations are computed in the book of Toda [T],
so that we get this way many explicit examples of square rings. In particu-
lar we shall describe algebraically the square rings End(XCP»), End(ZHP:)
and End(XCa) where CP> and HP> are the complex and quaternionic projec-
tive plane respectively and where (a is the Cayley plane. The structure of
End(XC.) leads to a theory of extensions for square rings.

1. Introduction

For pointed spaces X, Y let [X, Y] be the set of homotopy classes of pointed maps
X — Y. Hence [X,Y] is the set of morphisms in the homotopy category Top*/~.
In this paper spaces are CW-complexes.

We consider a suspended space X which is (m—1)-connected and of dimension
< 3m—3 with m > 2 (that is XX is metastable) and we consider the full subcategory

(1.1) Add(XX) C Top™/~

consisting of one point unions \/k ¥ X of k-copies of the space XX with k£ > 0. On
the other hand we associate with £X the diagram

EDd(ZX) = Q - (Qe i) Qee —P) Q€)7

(1.2)
Qe = [2X,2X], Qe =[X2X,XXAX]

where H is the Hopf invariant and P is induced by the Whitehead product [1sx, Isx]
Y XAX — X. Here Q. and Q.. are groups by the co-H-structure of ¥X and @, is
also a monoid by composition of maps. Moreover since XX is metastable the group
Qe is abelian. The next lemma is shown in [BHP].
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LEMMA 1.1. The diagram @ = End(XX) has the structure of a square ring
(see Section 3 below) and the algebraic biproduct completion Add(Q) of the square
ring Q is isomorphic to the category Add(XX).

The lemma shows that the computation of the square ring @ = End(XX) yields
an algebraic characterization of the category Add(XX) by the category Add(Q) in

which the object corresponding to \/’“c > X is denoted by ]_[k @ and in which the
morphisms are certain matrices defined in (2.3) below. If XX is stable (that is,
if XX is of dimension < 2m — 2), then Q.. = 0 and Q. = End(XX) is a ring,
i.e. the endomorphism ring of an object in an additive category. In this case the
lemma states the well known fact that Add(XX) is isomorphic to the category of
free (Q.-modules ]_[k Q= @k Q..

The k-th general linear group of the square ring @ is the group

k
(1.3) GL(Q,k) = Aut(J ] @)

of automorphisms of [[*Q in the category Add(Q). Hence we obtain by (1.1)

the following computation of the group of homotopy equivalences Aut(\/c ¥X) in
Top™/~.

COROLLARY 1.2.  For k > 0 one has a canonical isomorphism of groups

k
Aut(\/ BX) = GL(Q, k)

where the right hand side is algebraically determined by the square ring Q@ = End(XX)

The purpose of this paper is the computation of the square ring End(XX) if
¥ X is a 2-cell complex. Let 7 (S™) be the k-th homotopy group of the m-sphere
S™. We consider an element

(1.4) a€m, o(S™ Y with n—2>m—-1>1,n<3m—3

which yields the mapping cone C,, and its suspension ¥C\, which are CW-complexes
of the form

Co =81y, e !

YC, = S™ Usy e

The assumptions on m, n show that X.C,, is in the meta-stable range so that the
endomorphism square ring End(XC,,) is defined. For example, if o = 1o € 73(5?)
is the Hopf map then C, = CP; is the complex projective plane and the square
ring End(XCPz) was computed in (8.6) of [BHP]. In this paper we describe more
generally End(XC,,) only in terms of primary homotopy operations on spheres.
In low dimensions with n —m < 19 these homotopy operations are computed in
the book of Toda [T], so that we get this way many explicit examples of square
rings. In particular we shall describe algebraically the square rings End(XHP,)
and End(XCa) where HP; is the quaternionic projective plane and where Ca is the
Cayley plane.
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2. The biproduct completion of a square ring

We recall the definition of square group and square ring from [BHP].

DEFINITION 2.1. A square group Q = (Q. A, Qee £, Q.) is given by a
group Q. and an abelian group Q... Both groups are written additively. Moreover
P is a homomorphism and H is a quadratic function, that is, the cross effect

(@ly) g = H(z +y) — H(z) — H(y)
is linear in z,y € Q.. In addition the following properties are satisfied for z,y € Q.
and 4, v € Qee.
(1) (P)ly)g =0 and (2| P(0) 5 = 0

(2) ]?(_(xjy)H) =r+y—zr—y
(3) PHP(u)= P(u)+ P(u)

DEFINITION 2.2. A square ring Q = (Q. A, Qee 2, Q.) is given by a

square group (Q. A, Qece £, Q.) for which Q. has the additional structure
of a monoid with unit 1 € @, and the multiplication is denoted by xzoy € Q..
This monoid structure induces a ring structure on the abelian group R = cok(P)
through the canonical projection Q. — R. We write é(a) = a. Moreover the
abelian group Q.. is an R® R®R°P-module with action denoted by (f®3)-u-T € Qe
for ,5,7 € R,u € Q. In addition the following properties are satisfied where
H(2) H(1+1).

(1) (zly) g = (yo2)-H(2)

(2) T = HP—1is an isomorphism of abelian groups satisfying T'((t®3)-u-r) =

(5®t)T'(u)-T

) P(%j)ow = P(u-x)
) zoP(u) = P((Z ® T)-u)
) H(woy) = (z®z) H(y) + H(z)y
) (z+y)oz = oz +yoz + P((z0y)-H(z))
) @o(y + 2) = oy + oz

By [BP], we know that the category of square groups is the same as the category
of quadratic functors Gr — Gr where Gr is the category of groups. With respect

to the monoidal structure in this category a square ring is also a monoid in the
category of square groups; see [BP].

We remark that the definition of a square ring in [BHP] or [BP] uses also the
equation

(8) HPH(z)+ H(z+x)—4H(z) = H(2)-.
which is redundant. In fact, by the condition (6) of Definition 2.2, we have
20x = (1 + 1)ox = loz + loz + P((I®1)-H(x)) =z +x + PH(x).

Applying H using the condition (1) of Definition 2.1 we get

H(20x) = H(x + z) + H(PH(x)) + (z + x| PH(x)) g = H(z + z) + HPH(x).
On the other hand by condition (5) we have
H(20x) = (222)-H(z) + H(2)-7 = 4H(z) + H(2) -7

Comparing the equations we obtain (8).
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DEFINITION 2.3.  Given a square ring @ as above we define the biproduct
completion Add(Q). We obtain the category Add(Q) in terms of matrices as follows.

Objects in Add(Q) are denoted by H Q will z € {0,1,2,---}. For z = 0 this is the
1

initial object and for x = 1 we write Q) = H Q. Sets of morphisms are defined by

product sets

x

MOI‘(Q,HQ) = (H Qe)x( H Qee)

i=1 1<i<j<z

feMo(JIQ.JT@ =[] Mor(@. ][ @
k=1

z y
where we write f = (fF ’;) Now let g = (g}, g;,) be an element in Mor(H Q, H Q).

g

Then the composition

fa=((f9)i (f9)i;)

is given by the coordinates

(f9); = flogy + fRogs + -+ flogs + > P(fF&fl)-gis)
k<t

(f9)5 =D _(fEgd) + > _((FFafh)-gio + (FffF) Taie + (f1-98)®(fF-g7)-H(2))

k k<t
3. The main result
We associate with a in (1.4) the following data determined by a.

DEFINITION 3.1.  Given a € m,_2(S™ 1) with n < 3m—3. Let U, C m,(S™)
be the subgroup generated by 7,,(32a) and (Xa)n,,_1 where n; is the Hopf element,
t > 2. Then the quotient group m,(S™)/U, is part of the diagram

M = (Me i) M. i) Mf’)
M, = 1,(S™) /Uy, Mee = m,(S*™ 1)

where H is given by the Hopf invariant and P is induced by the Whitehead square
[ty tm] © S2™7Y — 8™ that is, P(u) = [tm,tm]«u. The element Sa is a torsion
element of order k in m,_1(S™) so that ¥(ka) = 0 and hence by the exactness of
the EHP-sequence with n < 3m — 3 (see [B1] A.6.7)

T (S22 g (S B waa (ST B o (ST

there exists

(3.1)

p € T, (S?m=1)  with
(3.2)

Po(p) = [tm-1, tm-1]+(3%)"tp = —ka
Here we use the inverse (%2)71 of the double suspension %2 : 7, (52" 73) =
7 (S?™~1). Moreover let

(3.3) A =%2H()
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be given by the Hopf invariant H : m,_o(S™ 1) — m,_o(S?™3).

THEOREM 3.2.  In terms of the data (M, )\, u, k) associated to o we define
below a square ring Q(M, A, u, k) together with an isomorphism

End(XC,) = Q(M, A, p, k)
of square rings.

For k > 1 let R = ZxZ be the subring of ZxZ consisting of all pairs a =
(ag,a1) with ag —a; = 0 mod k. This is the pull back ring of Z — Z/k «— Z.
Then 1 = n(1) = (1,1) € R is the unit and we have an augmentation ¢ : R — Z
with €(a) = ag for a = (ag,a1). The kernel of € is generated by k = (0, k) so that 1
and k form a Z-basis of the free abelian group Zx;Z. We have a surjection map
(3.4) deg: [2Co,XC,] » Zx1Z =R
which carries u : ©C,, — XC,, to the pair deg(u) = (ag, a;) where ag is the degree
of Hy,(u) on H,,,(X2C,) = Z and ay is the degree of Hy,(u) on H,(XC,) = Z. We
shall prove the following crucial lemma.

LEMMA 3.3.  For the square ring End(XC,,) given by diagram (1.2) and for
the data (M, X\, u, k) in definition 3.1 one gets a commutative diagram
H P

M6 Mee ME
[2C0, BCs] 25 [2C,, SCLAC] 25 [£C,, ©C,]
sﬁdeg /,//’/»
~""h
R
where the column M, < [2C,, 2C,] dog R is a split short exact sequence of abelian
groups. For a splitting s of deg let h = Hs. We can choose s such that s(1) = i4

is the identity of YCq and s(k) = uo such that H(uo) = h(k) = p and H(1+ 1) =
h(14+1)=A.

DEFINITION 3.4. A quadratic Z-module [B2]
(3.5) M = (M, A, M.. £, M.)
consists of abelian groups M, and M., and homomorphisms H and P satisfying
HPH =2H and PHP = 2P. We consider k € N and A, u € M., with relations
P(A) =0
(3.6)
HP(p) =2u+ k.

One can easily check that (M, A, u, k) in (3.1) satisfies these relations. Then the
square ring Q(M, A, p, k) with
(3.7) 0 = (RoM, L M,. T+ RoM,)

is defined as follows with R = Z X Z. Let h : R — M., be the unique function
satisfying

(3.8)
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Then H is the function given by

(3.9) H(a,z) = h(a) + H(z).
Moreover P is defined by
(3.10) P(y) = (0, P(y)) € R&M..

As a group RBM, is the direct sum of abelian groups and the monoid structure of
R® M, is given by the product formula

(3.11) (a,x)o(b,y) = (a-b,x-by + aoxy + A(a,b))
where
-1
(3.12) avy = agy + 0 =D prry)
and

_ag(ag — 1)(b1 — bo)
_ aolao > o) p(p).

Now R = cok(P) = R&cok(P) is a ring and the projection R — R is a ring
homomorphism. Moreover M., as R R®R°P-module is defined by

(3.14) ((a, 2)®(b,y))u-(c, z) = (agbo)-u-cy
for (a, ), (b,y),(c,z) € R and u € M,,.

We shall prove that @ = Q(M, \, i, k) given by 3.5 through 3.14 above is a well-
defined square ring. Using the section s in Lemma 3.3 one obtains the isomorphism

(3.15) ROM, = [£C4, £C,]

(3.13) A(a,b)

as in the proof of Corollary 8.5 carrying (a, x) to s(a)+i(z). This is an isomorphism
of abelian groups and of monoids and this isomorphism yields the isomorphism
Q@ = End(XC,) of square rings in Theorem 3.2. We point out that in general the
group [XC,, W] for some space W needs not to be abelian, e.g, for W = C,VEC,,
the group [XC,, W] is abelian if and only if H(«) = 0, in other words, C,, is itself
a co-H-space.

4. Examples and applications

We consider the special case of the square ring Q = Q(M, A\, u, k) for a quadratic
Z-module M with M, = 0. In this case we obtain for the ring R = Z X} Z and for
A € Mee with 2u 4+ A = 0 the square ring

(4.1) Q(Mee, \, i, k) = Q = (R = M. — R)

with k(1) = 0,h(k) = p and (a,b)p, = h(a + b) — h(a) — h(b) = agbpA. Moreover
M, is an R R®R°P-module by (a®b)-u®c = (agbo)-u-c;.

For the complex projective plane CP, = (), where o = 1 is the Hopf map we
get as a special case of (4.1):

EXAMPLE 4.1.  For a = 15 € 7m3(5?) one has
End(XCP2) & Q(Mee, A\, 1, k) with

Mye=7, A=1, p=-1, k=2
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This example was also computed in (8.6)(2) of [BHP]. Moreover the category
Add(XCPz) was computed by [U] and [Y]. Using the computation of the square
ring Q = End(XCP,) above we know that Add(XCP,) = Add(Q) is algebraically
determined by Q. These results can be generalised as follows.

We describe the square rings for the Hopf maps vy, og for which the mapping
cones

C,,=HP, and C,, =

are the quaternionic projective space and the Cayley plane respectively. By inspec-
tion of Toda’s book [T] we get the following square rings:

EXAMPLE 4.2.  For a = vy € 77(S*) one has

End(SHP,) = Q(Mee, A, 1, k) with

Meo=27, A=1, p=-12, k=24.
EXAMPLE 4.3.  For a = og € m5(S®) one has

End(SCa) 2 Q(Mee, A, 1, k) with

M, =7, =1, pu=-120, k= 240.

Hence the examples End(2CP;), End(XHP,) and End(3Ca) are special cases
of the square ring @ in (4.1). The endomorphism square rings of XCPs, SHP,, X(a
satisfy P = 0. The next examples satisfy P # 0.

EXAMPLE 4.4.  For the double Hopf map o = 73 € 75(59%) one has

End(SC,) = Q(M, A\, p, k) with

M=2az2/6 2 z2%02572/6), A=0, pu=0 k=2

EXAMPLE 4.5.  For the Whitehead square o = [15,15] # 0 in mo(S®) = Z/2
one has

End(SC,) = Q(M, A, pi, k) with

M=(Z-27-7), x=0, p=1, k=1.

EXAMPLE 4.6.  For the Whitehead square o = [1g, 1g] € m15(S®) one has

End(2C,) 2 Q(M, M\ p, k) with

M=zZpez20z/2-572" Y 20072/202/2), A=2, p=-1, k=1.

In Theorem 3.13 of Oka, Sawashita and Sugawara [OSS] extending results
of Oka [O], the group Aut(S™Use™) is computed up to an extension problem if
f = Xa is a suspension. Also in Theorem A of Yamaguchi [Y] and in Section 2 of

Unsold [U], the group Aut(\/* £7CP?) is determined for » > 1. By our result we
get:
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PROPOSITION 4.7.  Let o € m,,—2(S™ ™) be withn < 3m—3. Then the group
Aut(S™Uyre™) with f = Yo is the group of units in the monoid Q. determined by
the square ring Q@ = Q(M, \, u, k) given by . In fact, the monoid of self maps of
YCq = 8™ Uys e" coincides with the monoid Q.. In addition the group

k
Aut(\/ £Cy) = GL(Q, k).

is algebraically determined by the square ring Q = End(XC,) for k > 1.

We now consider for a metastable space XX the groups M = [XX, W] where
W is a pointed space. For Q = End(XX) in (4.1) we get the operations

[SX, W]x[EX,5X] — [SX, W]
(4.2)
[SX, W]X[SX, W]X[2X, SXAX] — [SX, W]

which carry (m,a) and (m,n,z) to the composites moa and [m, njox respectively
where [m,n] € [XXAX, W] is the Whitehead product of m,n € [¥X,W]. These
operations give M = [EXAX, W] the following structure of a @-module. The
structure of [ XAX, W] as a Q-module determines completely the functor

Add(SX)*P — Set
which carries \/* ©X to the set of homotopy classes [\/* £X, W]; see [BHP).

DEFINITION 4.8. A @Q-module M is given by a group M which we write
additively and by @-operations which are functions

MXQ6—>M, (m7a)}—>m'aa

MXMXQee — M, (m,n,z) — [m,n]-x.

For a,b € Qe, 2,y € Qee, myn € M the following relations hold where [M] =
{[m,n]-z; m,n e M, x € Qee} C M:

m-1=m, (m-a)-b=m-(ab), m(a+b) =m-a+mb,

(m+n)a=m-a+na+[m,n|]-H(a),

m-P(z) = [m,m]-z,

[m,n]-T(x) = [n,m]-x,

[m-a,n-b]-x = [m,n]-(a®b)-x and ([m,n]-z)-a = [m,n]-(x-a),

[m, n]-x is linear in m, n and x,

[m,n]-z = 0 for m € [M].

These equations imply that the commutator in M satisfies
n+m—-n—m=-n—m+n+m=[m,n|-H(2).

Hence M is a group of nilpotency degree 2 and [M] is central in M. Morphisms
in the category Mod(Q) of @-modules are homomorphisms M — M’ which are
compatible with the Q-operations.

Since we computed End(3C,) we then get:

PROPOSITION 4.9.  For a € m,—2(S™™1) with n < 3m—3 the group [2C,, W]
is a Q-module where Q = Q(M, \, u, k) =2 End(2C,,) is given by « as in section 3.
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REMARK 4.10. Let ¥X be a metastable space and let G be a connected
topological group. Then the set [X, B] of homotopy classes of maps from X to G
has the structure of a @-module where ) = End(XX) is the endomorphism square
ring of XX. This follows since we have natural isomorphism of groups

[X,G] = [X,QBG] = [2X, BG|
where BG is the classifying space of G. In particular the groups
[RP%G], [CPQaG]v [HP27GL [CavG}

have the structure of a @-module where @ is the endomorphism square ring for
YRPy, XCP,, YHP,, Y.(a respectively; in fact, algebraic descriptions of these square
rings are given in (8.2) of [BHP], (4.1), (4.2) and (4.3).

5. A quadratic action

The following three sections are purely algebraic. We study first a quadratic
action denoted by * which will be used in the next section for the computation
of certain square rings. This way we show that the square ring Q(M, A, u, k) used
in our main result is in fact a well defined square ring satisfying all properties in
Definition 2.2.

Let R be an augmented ring with unit, i.e. two ring homomorphisms 7 : Z — R
and € : R — Z are given to satisfy en = 17. We write n(¢) = ¢ for £ € Z and €¢(a) = @
for a € R. For example the ring R = Z X, Z is augmented by e(a) = a = ag € Z
with @ = (ag, a1) and the unit is 1 = (1, 1).

A quadratic R-module M = (M, A, M., i M,) is given by right R-modules
M., M¢. and R-linear homomorphisms H, P with HPH = 2H and PHP = 2P.

For any quadratic R-module M = (M, A, M, £, M,), we define a left
action of R on M, by

a—1
axr = ax + %PH(.T),
a€Zforae R,x € M,. Then the following proposition holds.

PROPOSITION 5.1.  The action * satisfies following formulas.
1) ax(bsx) = (aNb)*x

(m)*x = axx + bxx + abPH (x)

ax(x +y) = a*xx + axy

ax(x-b) = (axx)-b

H(axz) = aaH (x)

axP(x) = aaP(x)

PR

2
3
4
5
6

N —

6. Square extension

We study square extensions which are motivated by the commutative diagram in

Lemma 3.3. Let R be an augmented ring and let M = (M, N M., i M.) be a
quadratic R—module. For the group Q. = R ® M, (given by the direct sum of the
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abelian groups R and M,) we consider the following extension diagram

H P

ME Mee ME
L Mee P Qe

Q H
E&‘,ﬂ— h=Hs
R

This is a generalization of the diagram in Lemma 3.3. Here i and s are the inclusions
for Q. = R® M, and 7 is the projection. We now consider conditions on (H, P, h)
which yield a square group and a square ring respectively.

PROPOSITION 6.1.  Given (H, P,h) as above, the following two conditions are
equivalent.
1) Q=(Q-. A, M., £, Q.) is a square group with

H(a,r) = h(a)+ H(z) and P(u)=iP(u) = (0, P(u))

forae R, x € M, and u € M.
(2) The data (H,P,h) satisfies the following conditions.
i) A cross effect (a|b), = h(a +0b) — h(a) — h(b) is linear in a,b € R.
ii) P((alb),) =0, in other words, Ph(a) is linear in a.

Proof: By the definitions of H and cross effects, we have

((a,2)|(b,y)) g = H((a,2) + (b,y)) — H(a,z) — H(b,y)
=h(a+b)+H(x+y) —h(a) — H(z) — h(b) — H(y) = h(a +b) — h(a) — k(D).

Thus we have

(6.1) ((a,2)|(b,9)) g = (a[b),-

Suppose (1). The condition (1) of Definition 2.1 implies the condition (2i) by
(6.1). The condition (2) of Definition 2.1 implies P({a,b),) =a+b—a—b =0,
and hence we have (2ii).

Conversely suppose (2). By (6.1), the condition (2i) implies the condition (2)
of Definition 2.1. The condition (1) of Definition 2.1 is a direct consequence of
imP = 0pim P C 0dM, = kerw and (6.1). The condition (2) of Definition 2.1
is obtained by (6.1) and the condition (2ii). The condition (3) of Definition 2.1 is
automatically satisfied since M is a quadratic R-module. ged.

For a given quadratic R-module M = (M, om, 2 M.,), let R =
R®(M,./im(P)) and let

€: RoM, — R®(M,./im(P)) = R and

p: R=R®(M,./im(P)) — R

be the canonical projections. We write €(a,z) = (a,z). There is an action of
RRRQRP on M., given by
(6.2) (t®s)-u-r = ts(ur),

which makes M.. an R R®R°P-module. We show the following theorem.
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THEOREM 6.2.  Given (H,P,h) as above and a fuction A : RxR — M,
with A(0,b) = A(1,b) = A(a,0) = A(a,1) = 0 the following two statements are
equivalent.

(1) Q@=(Q. A, M. L, Q.) is a square ring with
H(a,z) = h(a)+ H(z) and P(u)=(0,P(u))

fora e R, x € M, and u € Mg, and multiplication o of the monoid Q.
given by

(a,z)o(b,y) = (ab,x-b+ axy + A(a, b))

fora,b € R, x,y € M,, which yields a ring structure on R = RO(M./im(P)) =
Q./im(P) as an extension of R with the action of RORQRP on M.,
through p@pRp.
(2) The data (H, P h,A) satisfy the following conditions.
i) Ph(2)=
) Aalb)n = abh(2 :
iii) Rh(a-b) + H(A(a,b)) = aah(b) + h(a)-b,
) A(a,b)-c+ A(ab, c¢) = axA(b, c) + A(a, be),
) Alab+c) = Ala,b) + Ala,0),
vi) A(a+b,¢) = Aa,c) + A(b, ¢) + abPh(c).

We call the data (H, P,h,A) with the properties in the theorem a square ez-
tension.
Proof: Firstly, we observe the properties of the multiplication o on Q. =
RO M.,.
(a,2)o(1,0) = (a,z-1 + A(a, 1)) = (a,x),
(13 O)O(ba y) - (ba ]-*y + A(la b)) - (ba y)

Thus (1,0) gives the two-sided unit for o. The following equations illustrates the
conditions for o to satisfy the associativity law in Q..

(a,2)o((b,y)o(c, 2)) = (a,z)o(be, bz +y-c + A(b, )

= (abe, ax(bxz + yxc + A(b, ¢)) + z-(be) + A(a, be))

= (abc, (ab)*z + (axy)-c + z-(bc) + axA(b, ¢) + A(a, be)),
Jo(b,y))o(c, z) = (ab, axy + z-b+ A(a,b))o(c, 2)

= (abe, (ab)*z + (axy)-c + (z-b)-c + A(a,b)-c + A(ab,c)).

((a, 2

Thus o gives a monoid structure on Q. if and only if the condition (2iv) is satisfied.
Next we see Q.0im(P) C im(P) and im(P)oQ, C im(P). For (a,z),(b,y) € Q.
and u € M., we have the following equations by the definition of o:

(a,2)o(0, P(u)) = (0,axP(u) + -0 + A(a,0)) = (0,aaP(u)) = P(aau),

(0, P(u))o(b,y) = (0,0+z + P(u)-b + A(0,b)) = (0, P(u)-b) = P(u).

Thus o induces a monoid structure also on R such that the canonical projection
€: Q. — R =Q./im(P) preserves the monoid structures. Moreover the following
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equations illustrates the conditions for o to satisfy the distributive laws in Q..
((a,z) 4+ (b,y))o(c,z) = (a+ b,z + y)o(c, z)
= ((a+b)e, (a+ b)xz + (z +y)-c + Ala+b,c))
= (ac+ be, (@ + b)*z + z-c + y-c+ Aa+ b, ¢))
= (ac+ be,axz + x-c + bz + y-c+ Ala+ b, ¢) + abPH(z)),
(a,x)o(c,z) + (b,y)o(c, z) = (ac,a*z + z-c + Ala, ¢)) + (be, bxz + y-¢ + A(b, ¢))
= (ac+ be,axz + z-c + bxz + y-c + Ala, ¢) + A(b, ¢)),
)o((b,y) + (¢, 2)) = (a,x)o(b+ ¢,y + 2)
= (a(b+¢),ax(y + 2) +2-(b+¢c) + Ala, b+ ¢))
= (ab+ ac,axy + x-b+ axz + z-c+ A(a, b+ ¢))
(a,z)o(b,y) + (a,z)o(c, z) = (ab, a*xy + z-b+ A(a, b)) + (ac, a*xz + x-¢c + A(a, ¢))
= (ab + ac,axy + x-b + axz + xz-c + A(a,b) + A(a, c)).

Thus the multiplication o gives a monoid structure in @, with conditions (6) and
(7) of Definition 2.2 if and only if the conditions (2v) and (2vi) are satisfied. Hence
the conditions (2iv), (2v) and (2vi) imply that the multiplication o induces a ring
structure on R such that the canonical projection p: R — R as well as € : Q. — R
preserves the ring structures, which induces an action of RQRQR°P on M., through
pRpRp : RORIRP — RYRQRP: For any (a,x), (b,y) € R, we have

p((a,)o(b,y)) = p((a, 2)o(b,y)) = p((ab, z-b + axy + A(a, b)) = ab.

Also the conditions (2iv), (2v) and (2vi) imply conditions (2), (3) and (4) of Defi-
nition 2.2:

TT(u) = HP(T(u)) — T(u)

= HP(HP(u) —u) — (HP(u) — u) = HP(u) — HP(u) + u = u,
T(((a, )®(b, y))-u-(c, z)) = T(abu-c) = HP(dl;u c) abu-c
= abHP(u)-¢ — abu-c = ab(HP(u) — u)-c = baT (u)-c = ((b, y)®(a, z))T(u)-(c, z),

P(u-(a,z)) = (0, P(u-a)) = (0, P(u)-a) = P(u)-(a,x),
P({a)5Ta,2))0) = (0, Plain) = (0.2P(w)) = (0,5+P(u)) = (0. 2)oP(w),
where T'= HP —1 = HP — 1. Thus the conditions (2), (3), (4), (6) and (7) of
Definition 2.2 are satisfied with inducing a ring structure on R with an action on
M., via p@p®p if and only if o gives a multiplication with the conditions (2iv) (2v)
and (2vi).

Secondly, Proposition 6.1 shows that the conditions (2i) and (2ii) are necessary
and sufficient conditions for Q. to be square group satisfying the condition (1) of
Definition 2.2, since we have

((a,2)[(b,y)) g = H((a,2) + (b,y)) — H(a,z) — H(b,y)
=H(a+bz+y)— H(a,z) — H(b,y)
=h(a+b)+ H(x+y)— H(x) — h(a) — H(y) — h(b)
= (a|b), = abh(2) = abH (2),
if (2ii) is satisfied.
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Finally, the condition (2iii) is equivalent to the condition (5) of Definition 2.2,
since

H((a,z)o(b,y)) = H(ab,z-b+ a*xy + A(a, b))

= h(ab) + H(x)-b+ H(axy) + H(A(a,b))
= h(ab) + H(A(a,b)) + aaH (y) + H(x)-b

((a,2)®(a, 2))-H(b,y) + H(a,2)-(b,y) = aa(h(b) + H(y)) + (h(a) + H(x))-(b,y)
= aah(b) + h(a)-b+ aaH (y) + H(z)b

This completes the proof of the theorem. ged.

7. The square ring Q(M, A, u, k)

For k > 1 let R = ZXZ be the subring of ZxZ consisting of all pairs a = (ag, a1)
with ap — a1 = 0 mod k. This is the pull back ring of Z — Z/k «— Z. Then
77(6) = ((,0) € Zx,Z = R gives the unit 1 = n(1) = (1,1). The augmentation

: R = Zx}Z — Z is defined by €(a) = ag for a = (ag,a1). A free Z-basis of
R 7x1,7 = 7.&7Z is given by 1 and k where k = (0, k) a generator of ker(e).

PROPOSITION 7.1.  Let M = (M, A, M., i M,) be a quadratic Z-module.
Also let k € N and A\, u € M. with relations P(A\) = 0 and HP () = 2u + kX be
given. Then we obtain a square extension (H, P,h,A) as follows. Let

(1) the right action of R on M. and M. be the multiplication given as
x-(ap,a1) = a1 so that the homomorphisms H and P are R-linear and
(2) h:Z Xy Z — M, be the unique quadratic function satisfying

h1) =0, h(k) = p,

(a|b>h = aobo)\
for a,b € Z x Z. Moreover let
(3) A:(Z xyZ)x (Z xyZ) — M, be defined by

ap(aog — 1)(by — bo)
2k

Since (H,P,h,A) is a square extension we thus obtain by theorem 6.2 the well
defined square ring

(7.1) A((ag,a1), (bo,b1)) = P(p).

QUM 1. k) = ((Z X Z)OM, 5 Moo = (Z %3 Z)OM,)
which coincides with Definition 3.4.

Proof: One can easily check all the necessary conditions as follows. Firstly we
give the following relations which makes our computations easy.

-1 —
h(ag,a1) = ao(d0 )>\ 44 go w, and
2 2
h(2) =h(2,2) =\ and Ph(ag,a1) = %P(u).

Then Definition 6.2(2i) and 6.2(2ii) are obtained by the equations P(h(2)) =
P()\) =0 and <a|b>h = (l()b())\ = aob()h(2).
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Definition 6.2(2iii) is obtained as follows.

—_~—

(ag, a1)(ao, ar)h(bo, b1) + h(ag, a1)-(bo, b1) = ao>h(bo, b1) + bih(ag, ar)

bo(bo — 1 b1 —b -1
— ag? o 02 )/\+a02 1k 0, ao(ao2 )b1>\+

bip
_ a02b0(b0 — 1))\ + ao(ao — 1)b0>\ + ao(ao — 1)(b1 — bo) + CLOQ(bl — bo) + (CL1 — ao)blu

2 2 2k k
_ a021)02 - aob())\ + ao(ao - 1)(b1 - bo)
2 2k

_ (a0b0)2 — aobo)\ T Clel — aobo ao(ao — ].)(bl — bo)

3 3 + H( 5% P(u))
= h((aobo, a1b1)) + H(A((ao, a1), (bo,b1))) = h((ao,a1)-(bo,b1)) + H(A((ao, a1), (bo,b1)))-

aip — ao

(HP(p) = 2p) +

Definition 6.2(2iv) is obtained as follows.

A((ag, a1), (bo, b1))-(co, €1) + A((ao, a1)(bo, b1), (co; ¢1))
= ao(ao - ;L(bl - bo) P(/},) n aobo(aobo ;k].)(cl - CO)
ao(ao — 1)(b1 — bQ)Cl + aobo(aobo — 1)(61 — Co)

— o P(u),

P(u)

and hence

(a0, a1)xA((bo, b1), (co, 1)) + A((ao, a1), (bo, b1)(co; c1))
bo(bo — 1)(61 — Co) ao(ao — 1)(b161 — boCQ)

= e =) ) o P(y)
_apagbo(by — 1)(c1 — co) + ap(ag — 1)(bicy — boco)

_ @0a0bo(bo 1 02k00 161~ %0%) p )y
~agbo(agby — 1)(c1 — co) + ag(ag — 1)(by — bo)cy

_ @obo(agbo 02k olao 0)% p( )

= A((ao, a1), (bo, b1))-(co c1) + A((ao, a1)(bo, b1), (co, 1))
Definition 6.2(2v) is obtained as follows.

ao(ao — 1)(b1 +c1 — bo — Co)
2k

A((ag, ax), (bo, b1) + (co, ¢1)) = P(p),

and hence

ao(ao — 1)(b1 — bo) (IQ(CLO — 1)(01 - Co)

A((ao, a1), (bo, b1)) + A((ao, ar), (co, c1)) = ok P(p) + o
ag(ag — 1)(by — bo) + ag(ao — 1)(c1 — ¢op) ag(ag — 1)(by + ¢1 — by — <o)
_ aolao 0 - olaog o) p(y) = 2olao o 0=%) py,

= A((ao,a1), (b, b1) + (co,c1)).

P(u)



SQUARE RINGS ASSOCIATED TO ELEMENTS IN HOMOTOPY GROUPS OF SPHERES 15

Definition 6.2(2vi) is obtained as follows.

A((ao,a1) + (bo, b1), (o, c1)) = A((ao + bo, a1 + b1), (co, 1))
(ap 4+ bo)(ag + bo — 1)(c1 — o)

- 2%k P(p)
= folto O W) pyy ¢ 2ol —0) o 20 B0
= A((amal), (Co, 81)) + A((bo,bl), (00701)) —+ aObowP( )
= A((ap,a1), (co,c1)) + A((bo, b1), (co, 1)) + aobo P(h(co, c1))
qged.

8. Proof of Lemma 3.3

Now let a € m,_2(S™ 1) be an element as in (1.4) which induces the following
cofibration sequence.

Sn72 N Smfl L C L) Snfl
o .
We give here a picture of related maps and Hopf invariants.

anl(Sm_l) Eo ﬂ.n(‘gm) Ho 7Tn(S2m_1) Fo Wn,Q(Sm_l) Eo ﬂ.n_l(sm)

\\
Qs i AN Qs i
AN
E H h E

Tn-1(Co) ————— 1 (2C,) ———— 1, (ZCLACY) %Wn,g(ca) —— 1 1(2Cy)

\\ N A
A
— N -

N
N [tmstm]s TN
AN
E

\\ \N

[Cas Co] —2—— [SCa, BCo] —2 [EC0a, EOACS] N mu(2Cs)
N AN N AN
AN

AN N N
AN deg2 AN AN [Lou’/oz]* AN
N N A

N N AN \
\ N \

N X AN

N Z N T (ECy)

A AN

N

N

Zx7Z, [2Ch,2C,]

\\ \\
deg \\ P:[Lomba]* AN sz*

where deg : [EC4,¥C,] — End(H™(2C,))x End(H™(£C,)) = ZxZ and deg, :
Tn(2Cy) — Hom(H™(S™), H"(XC,)) = Z is taking the degree of a map. We
remark that the EHP sequences as rows are exact, when n < 3m — 3 by Toda [T
with Hy and H, the Hilton-Hopf invariants.

ProrosiTION 8.1. The homomorphism deg has its image in the pull back

ring R = Zxy7Z, where k is the order of the suspension element Lo in the group
anl(sm).
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Proof: A map f:XC, — XC, with deg(f) = (do, d1) induces the commuta-
tive diagram
S i 2j

sn-t S Y0, S™
(81) ditn—1 dotm f ditn

gn-1 Sa gm NS c., 2j gn.
Thus we have d1Ya = Yaodyt,—1 = dotmoXa = doXa, and hence (dy — dp)Xa = 0,
di —dop =0 mod k. ged.

LEMMA 8.2. Let a € m,_o(S™Y). If kXa = 0, then for any choice of
an element py € m,_o(S*™3) With [tm_1,tm—1]sp1 = —ka, we can find out an
element pg € m,(XCq) with Hy(po) = X?p1 and degy(po) = k, i.e. the degree of
toy 2 Hy(S™Z) — Hp (X0 Z) is k.

Proof: We use the exact sequences of homotopy groups associated to the pairs
(QS™, Sm=1) and (2C,, C,), since there is the following commutative diagram
(see [W] and [B1]).

Wn(Sm)Lﬂ'n(S%n_l)i”frn72(sm_1)i>ﬂ'n_1(sm)
[ st ) I ) I

Tt (QS™) 2o (s, s D ety B (s™)

el

1 (Q2C) 2% 111 (QDC, Cn) —2 T2 (C) —22 s 1y (A2C)
| e

Tn(2C00) — 2 (BCWACs) — s 1o (C) — 22 s 01 (SC)

927 l [9H

where Jo(S™71), and J2(C,). are surjective. Then we see that it is sufficient
to show the existence of elements 1 € m, o(S?*™3) and py € 7,(XC,) with

[tm—1,tm—1]sp1 = —ka, Ho(po) = X2u; and degy(o) = k. In fact, for any
other element ) € m,_2(S?™3) with [tp—1, tm—1]+pt) = —ka, there is an element
ph € Tp_1(QS™, 8™ 1) with Jo(S™ 1), uh = X24), and hence Py(uh) = —ka =

PyHo(p10). Then we can take an element v € 7, (S™) with pf = Ha (110) + Ho(7) =
Ho(po + 7). By putting py = po + v € mp—1(Ca), we get Ha(pg) = %?(py) with
degy (1) = k- )

Since the order of X« is k > 1, we have Ey(ka) = 0, and hence there is an ex-
tension ka : (C(S"=2),8772) — (QS™, 8™~ 1) of ka. Let H : (C(S™"~2),8"2%) —
(Cu, 8™ 1) be a relative homeomorphism giving a null-homotopy of . By adding
k-copies of H, we obtain a null-homotopy kH : (C(S"~2),S"2) — (C,, S™ 1) of
ka which gives the commutative diagram

o) —1 ¢,
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where the two columns are the canonical collapsions. Since the two maps ka and
kH coincide on S"~2, by gluing —ka with the direction altered to kH : 0 — ka we
get a new map

o = kH — ka1 S™~1 — Q¥.8™UC, C Q2C,

which gives the following diagram commutative up to homotopy.

g1 ongmlyc, —— QRC,

L]

Sn—l 4)Sn—1 _— Sn—l.

By taking the adjoint we get ug € 7,—1(Q3C,) as an element in m,(3C,). Then
by the definition of Hilton-Hopf invariant Hy, Ho(po) = po- qged.

Next we show the following Propositions.

PRrRoOPOSITION 8.3.  There is a central extension
0 — T2 (S™)/Us — [EC, 2Ca] L& Z %, Z — 0
where the subgroup U, of ,(S™) is generated by the elements 0y, (X2a) and (Sa)n,—1
with ny = X120 € m11(S?) the Hopf element, t > 2.

Proof: Since Z xy Z = Z{(1,1)}®Z{(0,k)} as modules, deg is surjective by
Lemma 8.2.

Let f:XC, — XC, be an element in ker deg. Then foXi : S™ — S™ must be
trivial, since deg(f) = (0,0). Hence there exists a map f; : S™ — XC,, such that
[~ fioXj. We also see that 3jof : S™ — S™ is trivial. Hence there exists a map
fo : 8™ — S™ such that f; ~ Yiofy and f ~ XiofgoXj. Conversely, an element
fo : 8™ — S™ induces Xiofyodj : ¥C — XC, which is in ker deg. Thus we have
a short exact sequence

(8.2) 0 — im(8)*o%i,) — [BC04s, DC] 24 Z x1 Z — 0

and an isomorphism im(Xj*03i,) & m,(S™)/ ker Xj*oXi,. Since S™ = XC,/S™
co-acts on LC,, the image im Xj5* is in the center of [2C,, XC,], and hence so is
im(Xj*0X%4,). Thus the short exact sequence (8.2) is a central extension.

So we are left to show that ker¥j*o¥i, = U,. Let g be an element in
ker ¥j*o3i,, i.e, XiogoXj ~ 0. Let us consider the diagram

S0 —2 g 20 gmi
\
Sn71 Ya gm i EC’(X

with cofibration rows. Let Fy; 2%, 6m denote the homotopy fibre of Y7 with CW
decomposition

Fs; ~ 8" 1 U (cells in dimension > n +m — 2 > n),

where §|Sn71 = Ya. Since XiogoXj ~ 0, there is a map g : XC, — Fx; whose
image is in S"~! C Fy; such that goXj ~ Yiogg. For the dimensional reasons,
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we can take an element zn,_ € ﬂn(S"’l) such that gy ~ xn,-103j, and hence
goXj ~ xXaon,_10%5. Thus we get that (g —zXaon,—1)oXj ~ 0. Then there exists
an element yn,, € Ty,y1(S™) such that g — xzn,—1 ~ ynm, and hence g is in U,.
This implies that ker ¥j*03i, C U,. The converse is clear. ged.

ProroOSITION 8.4. The epimorphism deg has a splitting homomorphism s :
Z x 7 — [XCy, 2C,] given by the following formula.

a1l — a
s(ap,a1) = apta + %Moozj

Proof:  Since s(1,1) = 14 and s(0,k) = pooXj, it is sufficient to show that ¢
and pgoXj commutes up to homotopy. To see this, we take adjoint maps of them.
The adjoint of the identity ¢, is the canonical inclusion iy : Cy, — QX.C, and the
adjoint of jgoXj is described as a composition figoj where fig : S*~! — QXC, is
the adjoint of pg. Also the adjoint of the commutator of ¢, and pgo3j is given, up
to sign, by the composition

(T Ti0g) : Co 25 CanCla 24 Cuns™t 2080 500 AQSC, o QS0

where A : Cy — CuACy is the reduced diagonal map and ¢ denotes the commu-
tator of the first and second projections QXC,xQXC, — QXC,. Since C, is of
dimension n — 1 < n 4+ m — 2, we can compress A into a subspace S IAS™~!
which is collapsed in C,AS"~!. Thus we have (iy,igoj) ~ 0, and hence ¢, and
HooXj are commutative up to homotopy. ged.

COROLLARY 8.5. The group [XCqy,XC,] is an abelian group isomorphic with
(Z %% Z) x (mn(S™)/Uaq)-

Proof: Let ¢ : (Z xy, Z) X (7 (S™)/Uqs) — [EC4, XC4] be the homomorphism
given by

dla,x) = s(a) + X7 oXi.(x).

Then by Propositions 8.3 and 8.4, one can easily see that ¢ is an isomorphism of
groups. Thus the group [XC,, XC,] is an abelian group isomorphic with (Z x; Z) x
(mn(S™)/Ua)- ged.

Thus for any choice of the data A, p in (3.1), the homomorphism s given in
Proposition 8.4 gives a splitting of the homomorphism deg : [XC,,XC,] — R of
abelian groups. We summarise the results obtained in this section as follows.
Lemma 3.3 For the square ring End(XC,) given by (1.2) and for the data
(M, X, pu, k) in (3.1) one gets a commutative diagram

M, " M., r M,
I

zI . i Iz
[2C,, 2C.] 5 [2C,, SCAAC,] 25 [£C,, £C,)
sndeg /,/"/)

-7 h
R

where the column M, < [X2C4, X2C,] dog R is a split short exact sequence of abelian
groups. For a splitting s of deg, let h = Hs. We can choose s such that s(1) = ¢
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is the identity of ¥.C, and s(k) = po such that H(uo) = h(k) = p and H(1 + 1) =
h(1+1)=A.
9. Proof of Theorem 3.2
Using Lemma 3.3 with notations in (3.1), we show Theorem 3.2
ProrosiTION 9.1. We have the following formulae for any £ € Z, f, [ €
[E2C,,2C,] and g,¢" € m,(2C,).
(1) (f + (goXg))of" = fof + (goXi)of".
(2) fos(4,0) =tf. o
(8) s(6,0)0(g'>%j) = bg'oTj + T PH(g'%)).
(4) (goXj)o(g'oXj) = (degy g')go¥y.
Proof: Firstly we show the formula (1). By a Hilton-Milnor theorem with
n < 3m — 3 (see [W]), we have
(f +(geXg))ef = fof' + (goXg)of + [f, goXileHa(f'),
£, goXjleHa(f') = [f, glo(Btani)e(Zini)oHa(f') = 0.
Secondly we show the formula (2). For a map f : ¥C, — XC,, we have
fos(€,6) = fo(lra) = fo(ta+ ta) =f+- -+ f=Lf
Thirdly we show the formula (3). For £ = 2, a Hilton-Milnor theorem with
n < 3m — 3 (see [W]) implies
2t00(9'0%) = 29'0%) + [tm, tm|oHa(g'0%]) = 2905 + PH(g'o%j),
By the induction on £ > 2, we get the desired formula (3).
We show the last formula (4). We have (goXj)o(g'oXj) = go(Xjog'oXj) =
go((degz ¢')en) = (degy g') f- ged.

COROLLARY 9.2. The splitting s : Z Xy Z — [XCy, X.C4] satisfies the following
formulae.
(1) (goXj)os(ag,a1) = ai1(goXj), where g is in mp(XCy) or T (ZCLACY).
(2) s(ao,a1)es(bo,b1) = s(aobo, aibr) + WP(HQWO)QJ]').
Proof: The formula (1) is clear by the proof of Proposition 9.1 (4). So we
show the formula (2) using Proposition 9.1 (1) through (4).

s(ag, a1)os(bo, b1) = s(ag, ar)o(s(bg, bo) + s(0,b1 — bp))

= s(ag, a1)os(bo, bo) + s(ag, ai)os(0,b1 — by)

= bos(ag,a1) + (s(ag, ag) + s(0,a1 — ag))os(0,b; — bo)

= bos(ag,a1) + s(ag, ap)os(0,b1 — bg) + s(0,a1 — ag)os(0,by — bg)
by — b

; % s(ag, ag)os(0, k) + (b1 — bo)s(0,ay — ag)

= s(aobo, a1bo) + aps(0,b1 — bo) +

(b1 ; bo) (“0(“02_ D) P(Hq(po)o%5))

ao(ao — 1)(b1 — bo)
2k

= S(CLObO7 albl) +

= s(agbo, a1br) + P(Hq(p10)o%5)

ged.

For the two elements H(2ty), Ho(1p)oXj € [EC4, EC4AC,], the following
holds.
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PROPOSITION 9.3.
(1) ]E[(?La) = Y2H(a) where 1o : Co — C, denotes the identity.
(2) PH(2ta)=0. B
(3) HP(Ho(0)o%)) = 2Ho(io)oS) + kH(200).
i) HP(Huy(po)oXj) = 0 and 2H(p0)oXj + kH (2te) = 0 when m is
odd.
i) HP(Hy(1o)oXj) = 2H (po)oXj and kH (2t,) = 0 when m is even.

Proof:  Firstly we show (1). By a Hilton-Milnor theorem with n < 3m —3 (see
[W]), we have

(11 4 12)0(2t0) = t10(2ta) + 120(2t0) + [t1, t2]oH (2t4),

where ¢; : ©.C,, — %C,VXC, is the inclusion to the ¢-th factor. Since [11, t2]oH (2t4)
is in the center of the group [EC,, XC,VEC,] for dimensional reasons, we have the
relation

1+ ty — 11—ty = 12, t1]0H (2tq)-

The adjoint of [ta,¢1] is given by a Samelson product (commutator) ¢, : CoACy —
QY.C,, of the adjoints of ¢; and 5. Also the adjoint of ¢y + to — t1 — 1o is given
by the composition of the commutator ¢, with reduced diagonal map A, C, —
CuNC,, which is given by the suspension of the Hilton-Hopf invariant Hy(«a) (see
Theorem 5.14 of Boardmann and Steer [BS]). Thus we have [t2,11]03?Ho(a) =
[t2,t1]0H (2t4), and hence H(2:,) = %2 Hp(a).

Secondly we show (2). By a Hilton-Milnor theorem with n < 3m —3 (see [W]),
we have

(2ta) f = 2f + [tas La]OH(f)-
For f = li, with ¢ € Z, we then have 2(i, = 2{1 + [tas ta)oH (£1), and hence we
have PH(to) = [tasta)oH (bte) = 0.
So we are left to show (3). For the dimensional reasons, Hilton-Hopf invariant
satisfies the following derivation formula.

H(liao(p00%])) = H(Lea)o(1100%]) + (Z(Cem)A(lem))o(Ha (Ho)oXs)
Since the image of H(fi,) is in S?™~1 it factors through ¥j : ¥C, — 5", and
YjopoeXy = (kty)oXj = kXj. It then follows that H (€ia)e(pooXj) = kH (£s), and
hence H((€rq)o(p100oX))) = kH (€1 + (2 Ho(p10)oX5. By putting £ = 2, we get
H((2ta)o(10027)) = kH (2ta) + 4H o (110)oX3.

On the other hand, by a Hilton-Milnor theorem with n < 3m — 3 (see [W]), we
have

(2ta)oro = 210 + [ta, taloHa (o) = 240 + [tm), tm]oHa (o)

and hence

H((2ta)o(p0oX7)) = Ha((2ta)oh0)o%]
= 2Ho(p0)oXj + ZioHo([tm, tm]oHa (p0))oX) = 2Ha(110)oX) + HP(Ha(p0)oX5)
where HP(H(110)oX7) = XioHo([tm, tm])oHa(110)oXj. Thus we get the relation

2H, (p10)oXj+H P(He(p0)oXj) = kH (2t )+4Ho (1o)X, and hence HP(H g (p10)) =
H (2t0) + 2Ho (110)oX5
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In case when m is odd, the Whitehead square [ty,, t,m] has order 2, anjd hence
its Hilton-Hopf invariant is trivial. Thus HP(Hu(po)oXj) = 0 and kH(2t) +
2H, (10)o%j = 0.

In case when m is even, the Whitehead square [ty ty,] has order oo and its
Hilton-Hopf invariant is 2. Thus HP(Hu(0)oXj) = 2H s (j10)oXj and kH (2t4) =
0. ged.

Then we define the quadratic Z-module

M = (7, (S™) /U, A, 7 (S2m 1) N T (S™)/U,)  with elements
(9.1)

A€M (S? Y, pem,(S?PmY), keN

as in (3.1) above. With the notations in (1.4), Proposition 7.1 and (9.1) we get:
In terms of the data (M, A, p, k) associated to o in (9.1) we obtain by 7.1 the square
ring Q(M, A, u, k) together with an isomorphism

(9.2) End(SC,) & Q(M, A, i, k)

of square rings.

Proof: We show that (M, A, p, k) satisfies the hypothesis in Proposition 7.1.
Since a higher homotopy groups are abelian, M, and M., are abelian groups. Also
from the fact that Hy and [, tm]« 1S @ homomorphism, it follows that H and P are
homomorphisms. For x € M., = m,(5*™~1), since z is in stable range, PHP(z) =
P(H([tm, tm])ox). If m is even, H([tm,tm]) = 2 and PHP(x) = 2P(z). But if m
is odd, H([tm,tm]) = 0 and PHP(z) = 0 while the order of P(z) = [tm, tm]ox is
2, and hence PHP(z) = 0 = 2P(x). For x € M,, H(z) is in M., = m,(S*™1),
and hence H(z) is in stable range, HPH(z) = H([tm,tm])oH (x). If m is even,
H([tmytm]) = 2 and HPH(z) = 2H(x). But if m is odd, H([tm,tm]) = 0 and
HPH(x) = 0. For dimensional reasons, there is an element zg € m,_»(S*™3)
with ¥%2z¢ = H(z) = Ho(z) and [tm—1,tm—1]«z0 = Po(Ho(z)) = 0. Taking its
Hilton-Hopf invariant, we get 2z9 = 0 and 2Hy(z) = ¥?(219) = 0, and hence
HPH(xz) =0 = 2H(z). By Proposition 9.3, it follows that (M, A, u, k) satisfy the
required conditions to define a square extension.

So we are left to show that the isomorphism ¢ : (Z x; Z) X (7,(S™)/Uys) —
[XC4, XC,] in the proof of Corollary 8.5 carries the product given in Theorem 6.2
to the composition. For a = (ag,a1),b = (bo,b1) € ZxZ and [x], [y] € 7, (S™) /U4,
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we obtain by using Proposition 9.1

ola, [a])o0(b, [4]) = (s(a) + 25" (S, (2)))o(s(b) + D3 (S (1))
(s(a) + SieaeSj)os(b) + (s(ag, ar) + SieweXj)o(SioyeSj)

— ap
k

Yioltmy tm]oHa (f10)oX]

= 5(a)os(b) + (SiozoX)os(b) + (apte + (L2

0(ao —1)(b1 — bo)
2k
a; — ap

fio + Biox)oXj)o(TioyoXj)

= s(ab) + by Diozej +

+ (agta)oBioyeTj + ( 1o + Biox)oXjoioyoX;

ao(ao — 1)
2

Zio([tms tm]oHa (p0))oX]

= s(ab) + +b1 XioxoXj + agXioyodj +
a()(ao — 1)(b1 — bo)

Yo [Lma Lm] oHq (y)on

2%

. aplag — 1 aplag — 1)(by — b )

:s(ab)+210(b1x+aoy+¥PaHa(y)+ 0(a 23; ! O)PQHQ(MO))OZJ
ao(ao — 1)

= ¢(ab, ba[z] + aoly] + PoHa(y) + Ala, b)) = ¢((a, [z])o(b, [y]))

2
qged.
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