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Abstract
We determine the L-S category of stunted quasi-projective space
Qn,m = Qn/Qm for n < 4m + 3. As a special case of our main result,
the L-S category of @3 is determined to satisfy cat Q3 = 3, which is in
a sharp contrast with the result catg,z) @3 = 2 by Ferndndez-Sudrez,
Gémez-Tato and Tanré [4].

1. Introduction

In this paper, each space is assumed to have the homotopy type of a CW-
complex. The (normalized) Lusternik-Schnirelmann category of X, denoted
cat X is the least number m such that there is a covering of X by m + 1 open
subsets each of which is contractible in X.

Let H be the quaternion and S(H™) be the unit sphere in H". In [8], James
has defined the (quaternionic) quasi-projective space @, is as follows:

Qn = S(H") x S(H)/ ~,
where ~ is an equivalence relation given by
(u,q) ~ (uz, 2" 'gz) for z € S(H) and (u, 1) ~ (v, 1).
Then Q,, is a CW-complex having one cell e*"~! of dimension 47 — 1 for
r=1,...,n [8]. Hence, for m < n, Q,, is a subcomplex of @, and we denote

by Qn,m = Qn/Qn the stunted quasi-projective space. There is the following
result for cat @y, m-

Theorem 1.1 (Kishimoto and Kono [9]).

1 m4+1<n<2m+1

Cathm:
’ 2 2m+2<n<3m+2

and

cat Qn,m > 3 forn > 4m + 4.
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The main result of this paper is as follows:
Theorem 1.2. catQnm =3 for 3m+3 <n <4m+ 3.
Corollary 1.1. When n =3 and m =0, cat Q3 = 3.

This result answers the question in Fernandez-Suarez, Gémez-Tato and
Tanré [4], in which they have proved catgys) @3 = 2 with cat Q3 itself left
unknown, where catx(A) denotes the L-S category of A in X in the sense of
Berstein and Ganea (see [1] for its precise definition).

In this paper, we follow the notations in Iwase [5]: let h* be a multiplicative
generalized cohomology. The cup-length of X with the cohomology theory h*
is the least number m such that all (m + 1)-fold cup products vanish in the
reduced cohomology h*(X). We denote this number by cup(X;h). To obtain
Theorem 1.2, we use the following fact due to Ganea [3] (see Iwase, Mimura
and Nishimoto [7] for details).

Fact 1.1.  Let X be an (n—1)-connected CW-complex and h* be a mul-
tiplicative generalized cohomology. Then
dim X

cup(X;h) <cat X < .
n

2. Proof of Theorem 1.2

To obtain the lower bounds for cat (), ., we use the cohomology theory
introduced by Iwase and Mimura [6]: Let (X, A) be a pair of space. The
cohomology theory h* is defined by

(X, A) ={X/A,S8][0,2]},

where SJ0, 2] is the spectrum obtained from the sphere spectrum S by killing all
homotopy groups of dimensions > 2. Then h* is an additive and multiplicative
cohomology theory with the coefficient ring

h* = h*(pt) = Z[e]/(€°, 2¢), dege = —1,

where e € h™! = 75 (X71S) = 77(S) corresponds to the Hopf element 7.
Since all the cells in @, ,, are concentrated in dimensions 3 modulo 4, we
have

h*(Qn,m) = h*{L Tam+3y Tadm+7, " * ax4n—1}7
where degxy4;—1 = 4i — 1 for m + 1 < ¢ < n. We need to show the following
Proposition 2.1.  z%, 5 =¢ - ws7 € B F6(Qapy2,) for any £ > 0.

Then we obtain x§m+7 = ¢ T16m+15 € M (Qumra,2m41) and

2 2
Thm+3L8m+7 :(E . $8m+7)x8m+7 =& Tym47

h16m+13(

262 * T16m+15 € Q4m+4,m)~
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Hence we have

0 #T4m+3T8m+7 = € * T12m+11

6h12m+10(Q4m+4,7n) = h12m+10(Q3m+3,7n) = Z/2

Thus we obtain

3
Tym+3 :(6 . x8m+7)x4m+3 = € Tam+3T8m+T7

=e’T12m+11 € B2 (Qam+3,m)
and 3 < cup(Qsm+3,m; h). By Fact 1.1, we have
3 < cup(Qam+3,m; ) < cup(Qnm;h) < cat Qp m for 3m+3 <mn,

and
16m + 11

CathmgcatQ4m+3m§ 7<4f0rn§4m+3
' ’ 4m 4+ 3

So, we obtain Theorem 1.2.

3. Proof of Proposition 2.1

Let v : S%*% — Qo441 ¢ be the attaching map of the (8¢+7)-cell of Qari2.¢.
There exist a CW-complex Q/2€+17€ such that EQ&HM = Qa20+1,¢, since Qart1¢
is (4¢ 4 2)-connected and dim Q2¢41,0 = 8¢+ 3. We need the relation between
the attaching map v and the cup product in the cohomology theory h*. By the
parallel argument to Lemma 3.6 of [6], we obtain the following.

Lemma 3.1.  Let h* be any multiplicative generalized cohomology theory
and let K = XQUye? for a given map f from ST~ to a suspension of a space Q.
Let x and y be the elements of h*(K) such that y corresponds to the generator
of h*(S™). Then

2? = £H(f) -y in b (K),

where £H is the composition p™ o Ay of the Boardman-Steer Hopf invariant
A2t m—1(2Q) — my(22Q A Q) (Boardman and Steer [2]) with the Hurewicz
homomorphism p" : 7, (22Q A Q) — h*(S?) = h¥ 1 given by p(g) =
Y9 (i (x) @ i*(x)) (i : BQ — K is the inclusion).

Since Q5 ¢ is (40 + 1)-connected and dim Q5 , = 8¢ + 2, Q%,,, , has
the homotopy type of the suspension. Hence, by [2], we have the equation

X2 (7) = Shy (y),

where hJ is the 2nd James Hopf invariant.
We consider the adjoint map ad(7y) : S8+5 — QQay1, in

QQ2r+1,0 C QQ2p42,0 C QWVaopyay,
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where QX is a loop space of a space X and V), ,,, = Sp(n)/Sp(m). We recall
from [10] that the homology group of QSp(n) with coefficients in Z/2 has the
ring structure: H.(QSp(n);Z/2) =2 Z/2[ua,ug, - - , Uan—2], where degug;—o =
41 — 2 for 1 <¢ < n, and these generators satisfy the relations us;25¢2 = ugj
for 1 < j < mn—1, where Sq, is the dual operation of the Steenrod operation.
So, we have the homology of QV31 p:

H, (WVapy0,0522) = Loluarsa, Uarte, -, Use+2, Use+6)
with the relation
Uso465G2 = Ujpyo- (3.1)

Hence (8¢ + 6)-skeleton of Q(Var12,¢) has a cell decomposition:

(Q‘/%Jrze)(t%—&-ﬁ) 2(S4€+2 U e4€+6 U---U 68€+2)

(S4e+2 812+4) U ese+6 (3'2)

Ugae+2 U[b41{+2,b4z+2] e

where [t4042, taey 2] : S35 — S4+2 is the Whitehead product of two copies of
identity map 4042 : S¥**2 — S4+2. By the relation (3.1), we have

(QV2£+27€)(8€+6)/(QV%J’_ZE)(SZ-I—Q) — 58€+4 Un 68“_6, (3.3)

8044

where 7y, is a (k — 2)-fold suspension of the Hopf map 7, : S3 — S2 for k > 2.
By the cell decomposition:

L QALH2 | Al+6 80+2

QQ25+1,€ _(S + Ue + U---e )
4042

Ugae+2 (S U[L4£+2,L4e+2

U (cells in dimensions > 8¢ + 8)

| €8l+4)

and
(QQ2e41.0) BT = (QQa012.0) BT = (Wi g.0)EH,

we identify ad(y) with a map:
ad(y) : S¥F° — (QQar11.0) B = (Wapy,) Y.
In consideration of (8¢ + 6)-skeleton:

(QQ2041,0) B Unas) €276 = (2Qap42,0) B+

= (Wapy,0) B+,

the attaching map of (8¢ 4 6)-cell of (3.2) is equal to ad(y). So, we have the
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following commutative diagram:

SSZ—HS — SS€+6
Sad(y) Tad(y)
(EQEQI%JrLE)(gHE)) = (EQVZZJFQ’E)(SZJrS)
(EJZ)(SKJrS) proj
proj

(2J2)(8€+5)/(2J1)(8€+4) = (EQV%JrQ’E)(SZ-i-S)/(EQV%JFQ’E)(SZ-M)

8¢
S(Qhpyg.p A Qg )BT

incl

E(Qhpy1,0 N Qopp1 )

SS€+5

where J* is the k-stage James reduced product of Q/2€+1,é and proj and incl are
the projection and the inclusion, respectively. The left column is the definition
of the 2nd James Hopf invariant and the right column is equal to 7gei5 :
G846, G845 by (3.3). Thus, we have

hé’(’Y) = (incl) o ngeys-

And using Lemma 3.1, we obtain the relation 734212+3 = g-xgp47 € W36 (Qaet2,0)-

This completes the proof.
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