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Abstract

A non-simply connected co-H-space X is, up to homotopy, the total space of a fibrewise-
simply connected pointed fibrewise co-Hopf fibrant j : X — By (X), which is a space with
a co-action of Bmi(X) along j. We construct its homology decomposition, which yields
a simple construction of its fibrewise localisation. Our main result is the construction of
a series of co-H-spaces, each of which cannot be split into a one-point-sum of a simply
connected space and a bunch of circles, thus disproving the Ganea conjecture.

Problem 10 posed by Tudor Ganea [8], known as the Ganea conjecture (e.g, §6 in Arkowitz
[1]), states: Does a co-H-space have the homotopy type of a one-point-sum of a bunch of circles
(one-point-sum of S'’s or a point) and a simply connected space?

If a CW complex X is a co-H-space, the co-H-structure gives a co-action (see Berstein and
Dror [3] or Oda [16]) of the classifying space Bmi(X) of m(X) along j : X — Bm(X), the
classifying map of the universal covering p(X) : X — X. It is known by Eilenberg-Ganea
[6] or [11], that 7 (X) is free and Bm(X) has the homotopy type of a bunch of circles, say
B. Let i : B — X be a map representing a collection of generators of the free group m (X)
and ¢ : X — C' = X/B be the collapsing map from X to its cofibre. Clearly, we may choose
the map 4 so that joi ~ 1y. It is also known by Corollary 3.4 and Theorem 3.3 in [11] that,
for a given u, a co-H-structure for X, there is a ‘natural’ map s = s(u) : ¢ = X/B — X
which is a right homotopy inverse of ¢. More precisely, if f : (X, u) — (X', 1) is a co-H-map,
then fos(u) = s(u')of’, where f' : X/B — X'/B’ is the unique map induced from f. Hence
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one obtains two ‘natural’ homology equivalences X — BVC and BVC — X, both of which
induce isomorphisms of fundamental groups. As is well-known, these properties, however, do
not guarantee that the two spaces have the same homotopy type.
Definition. A co-H-space is standard if it splits into a one-point-sum of a simply connected
co-H-space and a bunch of circles.

Berstein and Dror [3] showed that a co-H-space is standard if the associated co-action is
co-associative. Hilton, Mislin and Roitberg [10] showed that a co-H-space is standard if e = ioj
is ‘loop-like’ in [X, X]. We summarise here the relevant results of [3], [10].

Theorem 0.1 (/3], [10]) For a co-H-space complex X, the condition 1) below is equivalent with
the conditions 2) to 5) below by several authors.

1) (Ganea [8]) A co-H-space is standard.

2) (Berstein-Dror [3]) The co-action of B along j : X — B associated with the co-H-structure
of X can be chosen as co-associative.

3) (Hilton-Mislin-Roitberg [10]) The co-H-structure of X can be chosen to make the co-shear
map a homotopy equivalence.

4) (Hilton-Mislin-Roitberg [10]) The co-H-structure of X can be chosen to be a co-loop, i.e,
there is a natural algebraic-loop structure on the homotopy set functor [ X, —].

5) (Hilton-Mislin-Roitberg [10]) The co-H-structure of X can be chosen to make e = ioj loop-
like from the left (or right).

However, we don’t know any algorithm to get a nice co-H-structure from a given one.

On the other hand, there are some results on the conjecture which are shown without making
any assumption on the co-H-structure itself: In [9], Henn verified the almost rational version of
the conjecture:

Theorem 0.2 ([9]) An almost rational co-H-space is standard. Moreover it can be split into a
one-point-sum of a rational spheres with dimensions > 2 and a bunch of circles.

In [14], Komatsu verified the conjecture for co-H-spaces with reduced homology groups free
abelian and concentrated in one dimension other than 1. In [11], the Ganea conjecture is verified
for co-H-spaces up to dimension 3:

Theorem 0.3 ([1/], [11]) A co-H-space X is standard if the reduced homology group H,(X) is
trivial unless g =1, n+ 1 or n+ 2, with H,.2(X) torsion free, for some n > 1.

The author would like to express his gratitude to John Hubbuck, Michael Crabb and Kouye-
mon Iriye for conversations, the University of Aberdeen for its hospitality and the members of
the Graduate School of Mathematics Kyushu University for allowing me to be away for a long
term, without which this work could not be done.
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1 Results

From now on, we work in the category of spaces having the homotopy type of a path-connected
CW complex of finite type. The triple (j : X — B, F, i : B — X) stands for a pointed
fibrant (see James [13] and [12], while the notion goes back to Quillen [17]), i.e. j is a fibration
with fibre F' and i is a closed cross-section of j. In the category of a pointed fibrants, there are
(categorical) coproducts and products: For pointed fibrants (j;,F1,i1) and (j2,F5,i2), the former,
denoted by X;VpXs, is the push-out of the folding map Vg : B — BVB and the section map
11 Vi, and the latter, denoted by X7 x g X5, is the pull-back of the diagonal map A : B — BxB
and the fibration j; X js.

We assume that a pointed fibrant (j,F,i) is fibrewise-simply connected, i.e. F' is simply
connected. Then 5 and ¢ induce maps ; : X - Bandi: B — X of universal coverings, and we
have another pointed fibrant (5, F, 7). We consider the following property:

H.(X,B) —Zr®H.(X, B)
p(X)« \[ commutative lZ@JZw(—) (1 . 1)
H.(X,B) — H.(X,B),

where m = m(X). By [11] and Fox [7], we have the following result.

Theorem 1.1 A co-H-space is, up to homotopy, a fibrewise co-H-space over Bm satisfying the
above property (1.1).

Proof. We may assume that a co-H-space X is, up to homotopy, the total space of a fibration
j : X — B = B the classifying map of p(X) : X — X. Then by [11], j satisfies (1.1) and
the natural map p(X): BVX — X (given by p(X)|z = i and P(X)|s = p(X)) has a homotopy
section s. Let us recall that the universal covering of a co-H-space is also a co-H-space, since
the Lusternik-Schnirelmann category of X cannot exceed that of X by Fox [7]. Hence there is
a co-H-structure yz on X. By the definition of limits and colimits in the category of pointed
fibrants, we know that p(X;)Vep(Xs) : (BVX1)Ve(BVX,) = BVX VX, — X VpXs is given
by p(X1)VBP(X2)|pyx, = P(X¢), for t = 1,2. By putting up = (p(X)Vap(X))e(1pVii)es, we get
a fibrewise co-H-structure on j : X — B. qed.
It is known that a simply connected CW complex has a Cartan-Serre-Whitehead decompo-
sition, or a homology decomposition (see [5]). The property (1.1) yields the following result.

Theorem 1.2 [f j satisfies (1.1), then there exists a sequence of fibrewise-simply connected
pointed fibrants (j, : X, — B, F,, i, : B — X,,) satisfying (1.1) with X, = B, Fy = {x} and
j1 = 1 =1y, which satisfies the following conditions for each n > 1:

1)1, X, = Xpq1 and X,, — |, Xon =~ X are maps of pointed fibrants.

2) There is a map h, : Sy By F, C X,, where S, denotes the Moore space of type
(H,+1(X, B),n) such that S, by X, &, X411 18 a cofibre sequence up to homotopy.

3) The inclusion m,, : X,, C X induces an isomorphism of fundamental groups.

4) The inclusion my, : X, C X induces an isomorphism of homology groups of the universal
coverings in dimensions < n and Hy(X,,B) =0 for ¢ > n.
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Remark. The properties imply hy ~ 0, Xy ~ BV ¥S; and X,,.; ~ C(h,), the cofibre of h,,.
We call this an almost homology decomposition for a fibrewise-simply connected and pointed
fibrant satisfying (1.1). For the k’-invariants of a co-H-space, we can show the following results.

Theorem 1.3 If (j, F, i) admits a fibrewise co-H-structure satisfying (1.1), then there are
induced fibrewise co-H-structures on (j,, F,, i,) such that the inclusions l,, : X,, — X, 11 and
Mpi1: Xni1 — X are fibrewise co-H-maps and the k'-invariants h,, are of finite order, n > 1.

Corollary 1.3.1 If X is a co-H-space, then each k'-invariant h, is of finite order, n > 1.

A fibrewise localisation and a fibrewise completion of a pointed fibrant is constructed by
May [15]. If we make the additional assumption (1.1), there is a much simpler construction of
fibrewise localisation using Theorem 1.2:

Theorem 1.4 Let P be a set of primes. If 7 is a fibrewise-simply connected pointed fibrant
satisfying (1.1), there is a fibrewise P-localisation (5 : X — X& which induces an isomorphism
of fundamental groups and a homomorphism between reduced homology groups of the fibres which
18 given by tensoring with Zp, the ring of P-local integers.

When B ~ Bm(X), a fibrewise P-localisation was constructed by Bendersky [2]. In that case,
we will refer to a fibrewise localisation as an almost localisation.
Remark. By Theorem 1.4 and Corollary 1.3.1, we obtain another proof of Theorem 0.2.

By using the arguments given in [11], we obtain the following result (see Sections 5-8):

Theorem 1.5 There is a series of co-H-spaces R,, n > 4, with reduced homology groups free
abelian and concentrated in dimensions 1, n+ 1 and n + 5, such that each R, is not standard.

We say that a co-H-space X is of stable dimension k if its reduced homology H,(X) is trivial
unless ¢ = 1 or n+1 < g <n+k, with H,,,(X) torsion free, for some n > 1. We still don’t
know about the Ganea conjecture for a co-H-space of stable dimensions 3 and 4.

In the localised homotopy category, we have been unable to construct any counter examples
to the conjecture. So we may state here the following local version of the Ganea conjecture:

Conjecture 1.6 The almost p-localisation of a co-H-space is standard, for any prime p.

Using the arguments given in Section 8, one can show that the non-trivial k’-invariants of the
spaces in Theorem 1.5 are co-H-maps with respect to some non-standard co-H-structures.

2 Homology decomposition

In this section, we prove Theorem 1.2. Let S, be the Moore space of type (H,1(X, B),n),
n > 1. For the first step, since Hy(X, B) = Zm ® Ho(X, B) by [11], we have

mo(F) 2 7y(X, B) & my(X, B) & Hy(X, B) & Zr @ Hy(X, B) D Hy(X, B). (2.1)
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Hence there exists a map fy : .57 — F C X representing a complete collection of generators
of the Zm-module my(F') corresponding to (2.1). We deform the first projection 75 : X} =
BVYS| — B to a fibration up to homotopy, say 7 : Xo — B, with fibre F5, which satisfies
(1.1) by (2.1). We define g2 : Xo — X by g¢o|p = ¢ and ga|ss, = fo. We can easily check that
g2 induces an isomorphism of fundamental groups, an isomorphism go, : F[q()?g) — ﬁq()z ) for
g <2 and Ijlq()N(g) =0 for ¢ > 2. We will consider g, as an inclusion.

We proceed to the next step: By (1.1), we have

m3(F, Fy) & m5(X, X5) = H3(X, X5) & Hy(X, B) = Zr @ H3(X,B) D Hy(X,B).  (2.2)

Hence there exists amap f3 : (C(Ss),S2) — (F, Fy) C (X, X;) representing a complete collection
of generators of the Zm-module 73(F, F3) corresponding to (2.2). We put hy = f3]s, and deform

the projection jj : X} = XU, C(S2) — BVES, P2 B to a fibration up to homotopy, say
Js : X3 — B with fibre Fj, which satisfies (1.1) by (2.2). We define g3 : X35 — X by g3]x, = ¢2
and gs|c(s,) = f3. One can easily check that g; induces an isomorphism of fundamental groups,
an isomorphism g, : Izlq()?g) — F[q()?) for ¢ < 3 and [:[(1()?3, B) = 0 for ¢ > 3. We will consider
g3 as an inclusion.

One can continue this process and get the fibrewise homology decomposition satisfying (1.1),
for a finite complex. By using the telescope construction on the X;’s, we can also get the fibrewise
homology decomposition satisfying (1.1), for an infinite complex. This completes the proof of
Theorem 1.2.

3 Fibrewise localisation

In this section we prove Theorem 1.4. By Theorem 1.2, we have the homology decomposition
{(n, Fryin; hi) }ns1. We define the fibrewise P-localisation ¢8 : j, — j,£ by performing a
step-by-step construction: Firstly, we know that Xy ~ BVYS;. So we define jgﬁj? : ng — B
by deforming the first projection prg : BV(XS))p — B into a fibrant and ¢F : Xy — X,8 by
deforming 15Vlp : Xy = BVES; — BV(XS))p into a fibrewise map. Let Fj be the fibre of

jo5 which is homotopy equivalent to the fibre of jof : ng — B. Then by the Serre spectral

sequence for j,&, we have that the homology of F} is P-local. Since F} is simply connected, F}
itself is P-local and can be regarded as the P-localisation Fyp of F5.
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Secondly, let us recall that X3 ~ X} = X5 U, C(S2) and consider the following diagram:

Fy
R \
h2 l/2 / ~
SQ Xg < X X3
SN N
I I
I I
B =———— B —— 1B
I I
* “ H " H ! H (3:1)
B ; B : B
I a I “
/ ! 7 ! 7
. B y B 7 B
J2p YJ ) v J3p
777777777777 | ___ B . . ____ BT B
SZ]P - hQ]PB >X21P> Z’B >X3]P) ’XgP
~ 2P
Ry S, /
Fop

By the universality of P-localisation fp, ¢poh), induces the dotted arrow hfp such that fpohf ~

B
. hiyp lyp
hopolp. Thus we can define hg]{f as the composition map : Syp — Fop C ng and XQE’? <

X585 = X,B Up,s C(S2p) as its cofibre. Since the image of hog lies in the fibre of jyf, the
composition joEohob is trivial, and hence we can extend j,£ to the projection jz’ﬂf : Xéﬂ,]? =
XoF Up,z C(Sap) — BVESap P8 B so that ghpelht = 2B and j4Pol'F = ji. So we define
jsB + X3B — B by deforming jgf : Xéf — B into a fibrant and Iyt : XoF < X538 by deforming
I52 into a fibrewise map. Then we remark that all the dotted arrows in the diagram (3.1) can
be solidified so as to create a commutative diagram.

By continuing this process, we get the fibrewise P-localisation ¢F : X — XFZ for a finite
complex X. By using the telescope construction, we can also get the fibrewise P-localisation
(8 : X — X for an infinite complex X. This completes the proof of Theorem 1.4.

4 Homology decomposition of a co-H-space over B

In this section, we prove Theorem 1.3. Let p : X — XVpX be any given fibrewise co-H-
structure for j. We show the existence of the desired fibrewise co-H-structure pu,,.1 for j,.1 by
induction on n > 0. Since X; = B, p induces the trivial fibrewise co-H-structure p; = 15 on
Jj1 = 1p, which is clearly the restriction of u to X; = B.

Let n > 1. Firstly we prove that j,,; admits a fibrewise co-H-structure ;. ,: When n = 1,
since Xy ~ BV XS], there is a standard fibrewise co-H-structure pj on j; as an extension of the
trivial co-H-structure py, that is (11Vly)opy ~ pioly. Thus we may assume that n > 2. Then by
the induction hypothesis, there is a fibrewise co-H-structure pu,, on j, which is a compression of
t|x, . Then the map v = (1,Vgl,)opnohy = Sy — X,i1VpX,11 gives the obstruction to extend
(1,VBly)opn on X, 1. We regard v € 7, (X,11VeXni1;G), G = H,11(X, B). By the induction
hypothesis, we have (m,+1Vemui1)oy = (M, Vpmy)opnohy, ~ pomyoh, = pomy,iol,0h, ~ 0.
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Hence there is an element 4 € 7,1 (XVpX, X,,11VEX,11; G) such that 9(7) = ~ in the following
commutative diagram with exact rows:

!

L
Tn+1 (X\/BXa G) - 7Tn+1(X\/BX, Xn—i—lvBXn—‘rl; G) iﬂn(Xn—Q—lvBXn—H; G)
ks Kk kn41, (41)
L
7rn+l(X><BX; G) > Tn+1 (XXBX> Xn+1 XBXn-&-l; G) g’/Tn()(n—i-l ><B)(n—i-l; G)7

here k : X\/BX — XXBX, k' (X\/BX, Xn+l\/BXn+1) — (XXBX, Xn+1><BXn+1)7 kn+1 :
Xn+1\/BXn+1 — Xn—i—l XBXn—i—la U X\/BX — (X\/BX, Xn-l—lvBXn—i—l) and [ : XXBX —
(XxpX, X411 XpX,41) are the canonical inclusions.

To proceed, we show that k, is a split epimorphism and k! is an isomorphism: Let us recall
the Universal Coefficient Theorem due to Eckmann and Hilton: For any topological pair (U,V)
and an abelian group G, there is the following short exact sequence for ¢ > 2.

0 — Ext (G, 72U, V)) = m411(U, V; G) — Hom (G, 711 (U, V') — 0.

Applying this to the n + 1-connected pair (XVpX, X, 11VEX,11), using the Hurewicz isomor-
phism theorem and (1.1) for n > 2, we obtain

7Tn+1(X\/BX, Xn+1\/BXn+1; G) = Ext (G, Hn+2 (X\/BX, Xn+1vBXn+1)

= n+2(X\/BX,Xn+1\/BXn+1;tOI' G)
&= ZW@Hn+2 (X\/BX7 X’I’L+1 \/BXTL+17 tor G),

Similarly for n > 2, we obtain

Tn41 (XXBX, Xn+1 XBXn+1; G) = Z7T®Hn+2 (XXBX, Xn+1 XBXn+1; tor G)
= ZW@HH+2 (X\/BX, Xn+1 \/BXn+1; tor G)

Thus £, : m01(XVEX, X011V Xni1; G) — T (XXX, Xpp1 X3 X,41; G) is an isomorphism,
n > 2. The pointed fibrewise space XV X — B has the fibre F'VF'| and hence 7,1 (XVpX;G)
is isomorphic with 7,1 (FVF; G)®m,.1(B), n > 2. The pointed fibrewise space X xpX — B
has the fibre F'xF', and hence m,,1(X XX ;@) is isomorphic with 7,1 (FxF;G)®m,11(B),
n > 2. Since the homomorphism 7, 1(FVF;G) — m,+1(FxF;G) has a natural splitting
of ¢+ 1 (FXF;G) — 7,01 (FVFEF;G), so does the homomorphism k&, : 7,1 (XVpX;G) —
T (X x X G) admit a natural splitting o7 : 7,11 (X X5X; G) — 7,41 (XVpX; G) with respect
to 7, n > 2.

On the other hand, since kjop, is homotopic to A,,, the fibrewise diagonal map in X, x g X,,,
we have kyy10(L,Vply)opn = (L Xpgly)oknottn ~ (I, X ply)oA, = A,ii0l,, and hence k, 0y ~
Ayyqolyohy, ~ 0. Thus 0okl (7)) = kpy1,00() = kna1,(7) = 0, and hence there is an element ' €
Tn41(X X X; G) such that [.(7') = k(). Since the left vertical arrow k., is an epimorphism,
~' can be pulled back to an element vy € m,11(XXxpX;G). Hence kLol (v0) = lioki(70) =
l.(7) = k«(¥). Since k. is an isomorphism, we have that ¥ = I/(70), and hence we get v =
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0(7) = 00l (7o) = 0. Thus there is a map p,,; : Xy41 — X1V X1 which is an extension of
(lanln)O,Un-

Since X, 11 is, up to homotopy, the cofibre of h,, : S,, — F, C X,, it admits a co-action
of ¥5,. Thus the “difference” between k4o, and A,,4, is given by a map 0 : X5, =
X1/ X — Xni1x5Xpe1 which can be pulled back to a map &y : £S5, — X,,411VEX,41, since
kn+1, is an epimorphism. By “adding” d¢ to p,,,,, we get ., a fibrewise co-H-structure on
Jnt+1 as an extension of pu,, that is (I,,Vely)optn ~ i, 10l,.

Secondly, we prove the existence of a fibrewise co-H-structure p,, 11 such that (1,,V gl )op, ~
pnt1ol, and (My i1V pMpi)oftngr ~ oMyt Since (Myq1VpMipy1)opn y and from,q coincide
when restricted to X,,, the “difference” between them is given by a map ¢ : X5, — XVpX.
We regard ¢ € m,41(XVpX;G), G = Hy,p1(X,B). Since p, ., and p are fibrewise co-H-
structures for j,i1 and j, we have ko(my1Vpmnii)opin, 1 = (Mpi1 X BMpg1)okniiofln g ~
(Mpr1 X Mpy1)oDpi1 = Domyyq ~ kopromn,q. Hence k,(e) = 0 and kLol (g) = l.ok.(¢) = 0.
Since k. is an isomorphism, we have /() = 0, and hence ¢ can be pulled back to an element
£y € Tpi1(Xnt1VeXni1;G). Let g9 = 56—a£"+lokn+1*(€’0) € Mt 1(Xn41VBXny1; G), where ot
is the splitting for &, 1,. Then k,y1,(g0) = knv1,(gh) — knt1,000  okyi1, () = 0 and

(Mg 1V BMnt1)+(£0) = (M1 VEMini1):(€0) = (Ma1 VEMing1) w00y ok 1, (£0)

=€ 0§°(mn+1 X BMpy1)sokni1,(gp) = € — U*X"]fnﬂ*omnﬂ*(gf)) =¢&.

Thus by adding ¢¢ to ;. ;, we get another fibrewise co-H-structure fi,,41 over B of X, ;. One
can easily check that p,,; has the desired properties.

Finally, we prove that the k’-invariant h, is of finite order: We observe that when X is a
fibrewise co-H-space, then the fibre F' of j : X — B is a simply connected genuine co-H-space.
The K'-invariant h,, : S, — F, C X,, is the composition of the k’-invariant h! for the simply
connected co-H-space F' and the inclusion F,, — X,,. Since h/ : S, — F, is of finite order, by
Theorem I in Curjel [4], h,, is also of finite order. This completes the proof of Theorem 1.3.

5 Construction of a complex R, for n > 4

The remainder of this paper is devoted to proving Theorem 1.5. In this section, we construct
the complex R,: Let A, = S"*! and B = S'. We define C,, as the following complex:

Cn = Sn+l Uzn—3a+2n—3ﬁ €n+5 = En_304, 04 = 54 U,,4 68 = HP2, o = 91/4, ﬂ = —81/47
where v4 : ST — S* denotes the Hopf map. The complex R, is defined as follows:

o +5
Rn = (B\/An) UiIlAnOE"_3a+1/J(T)OinAn°E"_3,8 e )

where iny, denotes the inclusion A, <— BVA, and ¢ : 7 — moMap,(BVA,, BVA,) denotes
the action of the fundamental group 7 = (1) = Z of BVA, on itself. We remark that the
image of 1 is in the group of homotopy classes of self homotopy equivalences Aut (BVA,,). Let
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plin /R:L — R, be the universal covering of R,,. By the definition of R,, the homotopy type of

—~—

R, is as follows:

R, ~ (\/ A U (\/ 77.¢"*%)  and g\/\/Tn = \/Ti-An,
i€z jez iez

where we denote by ¥(77) : m — m the map induced from ¢(7%) on the universal

coverings. Also 7%-(—) stands for 1)(7%)(—). Here, the attaching map of the cell 1-¢"*?

by the suspension map

is given

an?, ,2"73 1 n D) .
gnta { 3" A, VA, " L) ANT-A, C \/ T A,
1€EL

We define a projection p : B\/E:1 — R, by putting

n
plp: B <% BVA, C R,, and p\Rn =pf" . R, — R,.

Let po = plpvy, w4, : BV Vg 7 An — BVA,. Then we have po|..a, : 7/-Ay, = () (Ay)

C BVA,, and hence, poly(riyria, : U(r)(7-A,) = B(r) (0(79)(A,)) S h(r9)(A,) C BVA,,
where U denotes the action of m on BV \/,_, 7"-A,.

6 Self maps of A, = S""!

This section provides an easy but rather crucial property of R, for n > 4. Let f: A, — A,
and g : A, — A, be maps of degrees —8 and 9. We obtain

fH+g~1y4,. (6.1)
We know the following equations modulo 24, the order of X" 3y, = v, 41:
(-8 =-8, 9°=9, (—8)x9=9x(-8)=0 mod 24.
Since X" 3a = 9,1 and X" 38 = —8v,,1, these equations imply the following properties:

Proposition 6.1 The compositions of f and g with X" 3« and X33 give the equations:
(1) fo5r 30 ~ %, (2) oSS ~ 7 Sa, (3) g-£"5 ~ x and (4) fo£"35 ~ £735.

7 Homotopy section of B\/Rvn — R,

By Theorem 3.3 in [11], the existence of a homotopy section of p : B\/E — R, is a necessary
and sufficient condition for R,, to admit a co-action of B along j : R, — B. Here the universal
covering R,, of R, is desuspendable for dimensional reasons. Hence the existence of a homotopy
section of p implies that R, is a co-H-space. In summary:
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Lemma 7.1 The following two conditions on R, are equivalent.
1) There is a homotopy section of p : R, — BVR,,.
2) R, admits a co-H-structure.

Now we show the existence of a homotopy section of p : B\/Rvn — R,. We define a map
so : BVA, — BVBVA, ~ BV\/,_, A, as follows:

So|lp =ing : B — B\/\/TZ~An,
1€Z

sola, : An 28 A,va, VS

T_I)OiDT.An
—

A va, M Man Byr A VA, C BY \/ A,

1€ZL

By (6.1), we have pgosg ~ 1pV(f + g) ~ 1gV1a, = lpya,. Since n > 4, it follows that
Tntra(ApVAL) = Thia(An)®m,14(A,) for dimensional reasons. By Proposition 6.1, we have

500X P ~ iny, oX" P s S"T — BVA, C BV \/Ti'An,
i€z
508" 2B ~ W(T M ein,. 4,00 (7)eX" 33 : S"T* — A, — 7-A, — BVT-A, C BV \/ T4 A,
i€z
Hence we obtain that
800(2n7304 + w(T)oE”’?’ﬂ) = Sooznf?’a + \11(7-)05002”*3ﬁ
~ing, o X" o+ inT.Ano@/Z)zT/)oE”_gﬁ = ing,vra,o(S" Pa + MOZ”_3ﬁ).

Thus the map sgo(X" 3 + 1 (7)oX"733) is homotopic to the attaching map of the cell 1-e"*5.

Hence it induces a map s : R, — BVR,, so that pos is clearly the identity up to homotopy.
By Lemma 7.1, we obtain the following theorem.

Theorem 7.2 R, is a co-H-space.

8 Unsplittability of R,

In this section, we show that R, is not standard. We state the following well-known result:
Proposition 8.1 The set of invertible elements in the group ring Zm is £m C Zm.

Proof. Since 7 is the infinite cyclic group, Zr is isomorphic with Z[z, %] the ring of Laurent
polynomials with coefficients in Z. We can express each Laurent polynomial in the form z*(a,z‘+
ar 1271+ .+ aprt + ag) with agag # 0, £ > 0 and i € Z. If the product of any two such
Laurent polynomials, say z(asz’ + ... + ag) and 27 (b, 2™ + ... + by), is equal to the unity, then
we have that i +j = ¢ =m = 0 and agby = 1. Hence every invertible element can be expressed
as £ for some i € Z. qed.
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Let us assume that R, has the homotopy type of a one-point-sum of a simply connected
space C" and a bunch of circles B’. Since the fundamental group of R, is clearly 7 = Z,
B’ = S' = B and the inclusion of B’ in R, is given by a generator 7! of 7. Since C” has the
homotopy type of the mapping cone of the inclusion B’ C R,,, C' ~ R, /B = C,,.

Thus our assumption implies that R,, has the homotopy type of BVC,,, which will lead us to
a contradiction: Let h : R, — BVC, be a homotopy equivalence, which induces an isomorphism

Dy : ﬁ*(E; 7) — ﬁ*(m; Z). As is easily seen, we have
]:]*(RV,Z;Z) > Zo{Tpi1, Tnas} and ﬁ*(m,Z) & Za{tp g1, Unss )

where z, and u, are the homology classes correspondlng to the g-cells in R,, and B \/C’n, respec-
tively. By Proposition 8.1, it follows that h. (Tpy1) = £7%U,4 1 and h. (Tpas) = £77Upy5, for
some 7, 7 € Z. Using a suitable deck transformation on m, we may assume that ¢ = 0.

The (non-trivial) right actions of the Steenrod algebra on the homology groups PNI*(E; F,)
and lfl*(m, [F,) for p =2 and p = 3 are given by the following proposition.

Proposition 8.2 (1) Let x;, be the modulo 2 reduction of the element x,. Then, in ]:I*(R\;, Fy),
the only non-trivial relation is: =/ S* = 2,1,

P

(2) Let u;, be the modulo 2 reduction of the element u,. Then, in H,.(BVC,;Fy),the only
non-trivial relation is: v, Sq* = u/, ;.

(3) Let x; be the modulo 3 reduction of the element x,. Then, in ﬁ*(}fé;;lﬁ‘g), the only
non-trivial relatwn is: ah P =Tall .

e~

(4) Let uy be the modulo 3 reduction of the element u,. Then, in H,(BVC,;Fs3), the only
non-trivial relatwn is: ul P =l .

—_——

Thus in I:InH(B/\/\C/’n; Fy) and I:InH(B\/C’n; [F3), we have the following equations:

n+1 - h ( n—i—l) ( n+5‘9] ) ( n+5)‘&]4 = Tj' {n+5‘s‘q4 = Tj'u'ln—i-l:
n+1 _j:h ( n+1) :th*(T h n+5p) 1' ( n+5)7)1 j:Tj . n+5P1 j:Tj 1' n+1

The upper line tells us that j = 0, while the lower line tells us that j = 1. This is a contradiction.
Thus we obtain the following theorem.

Theorem 8.3 R,, is not standard.

Theorems 7.2 and 8.3 imply Theorem 1.5.
Remark. Although R, # BVC,, we know that these spaces have isomorphic homotopy groups
in each dimension, because their almost p-localisations are homotopy equivalent for any prime
p. But we don’t know whether the universal coverings of these spaces are homotopy equivalent
or not, while the universal coverings are not m(B)-equivariant homotopy equivalent.
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