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Definition (conjugate operator [A, B] = AB — BA )
If a self-adjoint operator A in Hilbert space H admits an operator B satisfying

[A,B] = —

on D(AB) N D(BA) # {0}, then B is referred to a conjugate operator of A.

» Algebraic relations:

[A,B"] = —inB" ' = [A, f(B)] = —if'(B) = A= —idiB

>[p,q] = -
» Aharonov-Bohm time operator:

1 _ _ 1
5@~ +p7la) = [5p% Tas] = -

Tag = 2(

» Generalization:

Tr = 2(qf’(p) Y+ f(p)rg) = [f(p), Tl = —i
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> 7 A LEfRIR

e—/sqe—/tpw — e/tse—/tpe—/sqw

(1) [Weyl 1928] 7 JLEG#RIC. T, H sa:
e—isTe—itH¢ _ eitse—itHe—isTw
(2) [Miyamoto 02] 557 -f JLE§{RZU and strong time op T. H sa, T sym:
Te " = e ™ (T + t)y e ™ e D(T)VE.
(3) [Heisenberg 1927] CCR and conjugate op T. H sa:
[H, T|w = —ivb € D(HT)N D(TH).

| WR = WWR = CCR but CCR #= WWR #= WR|
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Theorem (—EMEH von Neumann 1931)
If {H, T} is WR, then H= @, pj and T = @}, q;

»WWR {H, T}: _ _
Te—ltH — e—ltH(T _|_ t)

Theorem (Miyamoto 02)

(1) If{H, T} is WWR, then o(H) is purely absolutely continuous.
(2) If{H, T} is WWR and inf o(H) > —oo, then T has no sa extension.

Examples
»{3p% Tag} is WWR, where Tag = (p~*q+ gp~*) (+ not ess sa).
»2(p? + g°) has no strong time operator. Pauli D7.
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»Harmonic oscillator on L?(R):

%(p2 +q* - 1)
»Momentum with quasi-periodic boundary condition on L2([—L, L]):

paf = —if  D(pa) = {f € L*([-L,L]) | f(L) = e"*F(-L)}.
»Mathieu operator on L2(S!):

—Ag + (1 — cos ).

» Discrete harmonic oscillator on ¢(Z):

1
—EAC[ + n2.
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Conjugate operators of H = 3(p? + ¢° — 1) = a*a

»a=(q+ip)/vV2and a* = (q — ip)/V2.
»[H, T]=—i

(A) Angle operator:
1 -1 e 1 -1 -1
Th= > (arctan p ~q + arctan gp ) = 5 (arctan q ~p+ arctan pq )
(B) Phase operator: a = e'? /a*a by Dirac (1927)

o= é(loga — log a™)

(C) POVM: ¢(H) = NU {0} and He, = ne,.

=iy 3 el

n=0 m#n
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A) Angle op. T4 = —1 (arctan g~ p + arctan pg~!
2

t=q 'p= B(p2 +q°), t} =i(l+ )= B(p2 +q°), f(t)] =i(1+ t°)f'(¢).

1
1+1¢2
»arctanz = §log #£ for z € C\ {i}.
>ty =q !p, t1 = pg~!. Eigenvalue equation 0 < a < 1:

f'(t) = — = f(t) = —arctant.

toe= /2 = jne="/2 — (arctan ty) e /2 = (’ log Ha) /2

2
tixe=/2 = jne=/2 —; (arctan t;) xe= /2 = (’ log 1+°‘) xe™ X /2

Theorem (FH-Teranishi 25)

(1) arctan ty is well defined on L2,,(R) and arctan t; on L2,,(R).
lLe., T, is not densely defined.

(2) —i(0,00) C o(—arctanty). le., T4 is unbounded.
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(B) Phase operator ¢ = 1(loga — log a*)
Let A be a linear operator in L?(R).

o0

log A = —Zl(]l—A)"

n=1
D(log A) = {fe (M D(A") ‘ 3 lim Z (1—A)" f}
K—o0
n=0
» Dy = LH{zj‘;o ﬁa*"e—fﬂ‘ n=0for n> Elm} c L2(R).

Theorem (FH+Teranishi 25)

(1) Dan C D(loga) and Dg, N D(log a*) = {0}. Le., ¢ is not well defined:

(2) It follows that

—arctan(q~'p) = —é log (a*_la) on L2,e(R),

— arctan(pqil) =~ —é |Og (aa*_1> on Lidd(R)
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(C) POVM. Tg =iy, lenklenl

Theorem (Galapon 02)

(1) T¢ is bounded and self-adjoint st || Tg|| < 27.
N N

(2) [H, Tg] = —i +iP. Here P = A}@@ZZmn)(emL

m=0 n=0

(3) [H, T¢] = —i on LH{e, — em, | n # m}.

»Example:

2tn+ «
0(pa) = {En}nez = .
2L nez

Let o = 0. The eigenvector corresponding to E, is |n) = \%e"E"X.

2L
_;L |m) (m|
To =i ;Zmz#n n—m
[P, Tal = —i + iL3(x)
Applying |n) — |m) to both sides yields
[Poa; Ta](In) = [m)) = —i([n) —|m)).
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Fock-representation ¢, = {(c,) | D" |ca|? < oo}

(e ={ & 125 Cn=cnr (V)= nc,

b —F— —
Fl TF71 time, op Fl TFfl
[2(R) —— [*(R) L(R) —— L*(R)
a,a*,a*a A lG

Theorem (Fock representations of T and Ta, HF+Teranishi 25)

i [N+ 2 N+1
Tats= > {Iog( N+1L2> —|—|og< N+2L2>}

Te = tg = i{log(1 — L) + log(1 — L*)}
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» Generalizations of tg and ta:

tg _L o m
e }:»Tw,m—mlog(wn L™, (w,m) €D XN

» Classification:

Figure: Ta type Figure: Interpolation Figure: T¢ type
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Theorem (BERLYES Y A VBIFRIN FH+Teranishi25)

] _ A i 5
eltH Tw,me itH Iog(w]l —e ltmLm)
m

and the period is 27w /m.

» 557 A VIR Te= "ty = e~ (t + T)yp = o(H) is abs. cont.

Remark
»Let w = 0. Formally one might expect

i : : i
= _Lm —itH _ —itH t 2 _Lm
L log(—Lm)e ™ = &~ (¢4 Liog(—L)

However, this identity is incorrect, since

log(—e™"™"L™) # log (e~ "*™) + log(—L™).
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YIRRERIC & 37FTEEEEA (Ozawa+Hasegawa+FH+Tanda)

Theorem (Arai-Miyamot A3 /& F 3 > ¥ 2 — &% — (Emori+FH) )
Let H= —21p?. Then for € D(Tjg),

(¥, e )| = O(t]™"),  |t| = co.

Lemma (CDW & S' LY a3t 7Y VA TOLBFEER)
Let H= —3(p? + ¢°). Then limsup,, |(1, e~ "™)| =1.

Theorem (JEIHIDMH] (72 3N AJEHE))

Time operator | Period

TA s
TG 2
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T. Fujii, FH, and S. Tanda, Representations of Josephson junction on the unit
circle and the derivations of Mathieu operators and Fraunhofer patterns, J. Math.
Phys. 67, 063502 (2026).
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EREE H=Charge-density wave (CDW)

cryostat )
I A

| |

|: C Wsan le :l
DI N
T <

CDW

CDW DERA + ¥ 2 VB E H
JEIHIE 72 B FEE p(x) = po+p1 cos(Qx+¢)

L. Ma et al., Nature Communications 7, 10956 (2016).
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