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Abstract—We consider a family of Schrédinger operators ﬁmk = —A — Ao, — pdo,. on the one-
dimensional lattice Z, where A is a standard discrete Laplacian, 4. . is a Kronecker delta function,
and A, 4 € Rand k € Z are parameters. Eigenvalue behavior of the operators and their dependence
on the parameters are explicitly derived. Moreover, we obtain asymptotics for the eigenvalues as the
distance between two elements of the potential function support approaches infinity.
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1. INTRODUCTION

Behavior of eigenvalues lying below the essential spectrum of the standard Schrodinger operators of
theform —A — eV defined on L?(R"), where V is a positive potential and ¢ > 0 is a parameter that varies,
has been thoroughly studied [1]. When e approaches to a critical point . > 0, the negative eigenvalues
approach to the left edge of the essential spectrum, and consequently they are absorbed into it. A crucial
mathematical problem is to specify whether the edge of the essential spectrum is an eigenvalue or a
threshold resonance at the critical point ., which is also dependent on the spatial dimension n.

In this work, we study discrete Schrodinger operators, the lattice counterparts of the continuous
Schrédinger operators. Lattice Bose—Hubbard models represent a minimal system with highly con-
trollable parameters such as lattice geometry and dimensionality, particle masses, tunneling, two-body
potentials, temperature, etc. (see, e.g., [2—4] and the references therein). In the traditional condensed
matter systems, stable composite objects are usually formed by the attractive forces, meanwhile the
repulsive forces separate particles in the free space. However, the controllability of the collision properties
of ultracold atoms has enabled to experimentally observe a stable repulsive bound pair of ultracold atoms
in the optical lattice Z3 [5—7]. In these observations, Bose—Hubbard Hamiltonians became a link
between the basic theoretical approaches and experiments.

Discrete Schrédinger operators have also attracted considerable attention for both combinatorial
Laplacians and quantum graphs (see Refs. [8—14] for some summaries). Particularly, eigenvalue
behavior of such operators were studied in [ 15—24] and are briefly discussed in [25—27] for the case when
the potential is a delta function with a single point mass. In[15], an explicit example for the parameter-

dependent operator ﬁAu of the form —A — XA/AM was constructed on the three-dimensional lattice Z3,
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which possesses both a lower threshold resonance and a lower threshold eigenvalue, where A stands for
the standard discrete Laplacian in ¢2(Z?) and V), is defined as

~ A
V)\N(‘T) = N6x0 + 9 |kzl 6:1:k:7 A 2 07 M Z 07 (1)

with d. . being the Kronecker delta.

Restriction of this operator to the Hilbert space £2(Z3) of all even functions in £2(Z3) was studied

in [27]. They investigated the dependence of the number of eigenvalues of the operator ﬁAu on the
parameters A, p for A > 0, > 0. It was shown that all eigenvalues arise either from a lower threshold
resonance or from lower threshold eigenvalues under a variation of the interaction energy. Particularly,
they proved that the first lower eigenvalue of the Hamiltonian arises only from a lower threshold
resonance. In the case of A = 0, Hiroshima et. al. [18] studied a similar problem on the d-dimensional
lattice Z3, and showed that a threshold eigenvalue does appear for n > 5, but does not for 1 < n < 4.

The discrete Schrodinger operators with potential of the form (1) posses very interesting spectral
properties which are not yet fully studied. In this paper, we consider the problem for an arbitrary
k € Z in the one-dimensional case. In this case, the discrete Schrédinger operator is of the form
I%\Hk = fAIO — Oxuk, Where ﬁo = —A is the discrete Laplacian and 9y, is a multiplication operator by
the function Oy, (2) = Adzo + 02k, Where A, u € R and k € Z are parameters.

For convenience, we study the spectral properties of the family of operators H}y,; = ]:_lﬁmk]:
acting on L%(T). We show that the operators H),,;, may have zero, one or two eigenvalues depending
on the parameters. In the latter case, one of the eigenvalues lies below the eigenvalues of the operators
H )y and Hy,,, while the other is above them. We establish asymptotics for these eigenvalues as k — oo
and show that they converge to the eigenvalues of Hyg, and Hy, as k increases. Additionally, we
investigate the spectrum of Hy 4, particularly lower threshold eigenvalues and threshold resonances for
any (\, ) € R,

The paper is organized as follows. Section 1 is introduction. In Sections 2 and 3, discrete
Schrédinger operators are described in the coordinate and momentum representations, respectively. In
Section 4, we describe the essential spectrum of the operator. Moreover, the Fredholm determinant and
its properties are studied. In Section 5, eigenvalues of the operator H),,, are investigated (Theorem 2).
Section 6 is devoted to the asymptotics of the eigenvalues of the operator Hy ;. as k — oo.

2. THE DISCRETE SCHRODINGER OPERATOR
IN THE POSITION REPRESENTATION

In the one-dimensional case, the standard discrete Laplacian A is defined as a self-adjoint (bounded)
Toeplitz-type operator on the Hilbert space £2(Z) [28]

A:; > (T(x) - T(0)),

2€L,|x|=1

where T'(y), y € Z is a shift operator

~

(TW)f) @)= fle+y), fel(2) wek

Let the discrete Schrédinger operator be defined in the Hilbert space ¢?(7Z) as fAI,\uk = ﬁo — Uxuk»

where Hy = —A and the potential operator © depending on the parameters A\,u € R and k € Z is
defined by

A~

(e f) (@) = N f(z), if 2=k ferr@), zel.
0, if zeZ\{k,0},
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4876 ALLADUSTOV et al.
3. THE DISCRETE SCHRODINGER OPERATOR
IN THE MOMENTUM REPRESENTATION

Let F : L?(T) — ¢*(Z) be the standard Fourier transform defined as

(FF)(x) = j% 11‘/ F(0)e™do, f e LXT), weZ

with the inverse =1 : (2(Z ) — L*(T) acting as

_ 7119 £ 2
, e *(Z), 6¢eT.
(F m Y fa f ez
TEZ
Let the Hamiltonian Hy, be the momentum representation of the Hamiltonian I;T,\Mk, defined as H),;, =
F‘lff,\uk]: acting on L?(T) as Hy ., = Ho — Viuk, where the non-perturbed operator Hy = FlHyF
is defined on L?(T) as a multiplication operator

(Hof)(p) =e(p)f(p), fe€L*T), peT,

where e(p) = 1—cosp, p € T.Inthephysicalliterature, the function e(-), being a real valued-function
on T, is called the dispersion relation of the Laplace operator (—A).

The perturbation V), = ]:_lf»\“k}" is the two-dimensional integral operator,

(Vi) / Fla)da+ / M0 f(q)dq, feIA(T), peT.
T

[t is not hard to see that H},, is a seli-joint operator.

We remark that for k = 0, the potential V)., is an operator of rank one, and that case was investigated
in[18, 19]. In the present work, we assume that k& # 0.

Hereatter, we use V), and H),, instead of V), and H),, respectively, for simplicity. But we take into
consideration their dependence on k.

4. FREDHOLM DETERMINANT OF THE OPERATOR H),,

The perturbation operator V), is an operator of rank two and in accordance with Weyl’s theorem
on the stability of the essential spectrum, we have o.ss(Hy,) = 0ess(Ho). As Hp is a multiplication
operator by a function, the essential spectrum of the operator H},, consists of the segment oess(Hyy) =
[émin, €max] ON the real axis, where enin = 0 and ey = 2.

Let 7(2),z € C\ [0.2] be a two-dimensional matrix operator defined as

_ [Maw Ab(z)]
ub(z) Aa(z)

where
1 1 1 cos(kq)
= d d b(z dq.
a(2) 27r/e(q) _M ~or /e z 27r/e(q) _ M
T T T

For any A, u € C, we define the Fredholm determinant associated with the operator I — T (z) as an
analytic functionin z € C\ [0.2] as

DA, p, 2) = AM(Z)AX(Z) - )‘:U’bQ(Z)v (2)
where A, (2) = 1 — pa(z) and Ax(z) =1 — Aa(z).
Lemma 1 (Birman—Schwinger principle for z € C\ [0.2]).
(1) The number z € C\ [0.2] is an eigenvalue of Hy, if only if 1 € o(T (2)).
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(2) Letdet (T (z) —I) =0 for z € C\ [0.2] and (X, ) € R?, i.e., D(\, p, z) = 0. Then, the vector
w = (wo,w1)T € C%is an eigenvector of T(z) associated with the eigenvalue 1 if and only if
pwo + Awpe P
e(p) - 2
is an eigenfunction of Hy, associated with the eigenvalue z.

Proof. (1) Let Hy,f = zf, 2 € C\ [0.2], then (e(p) — 2) f = Vi, f, L€,

f=

e 1 ey etk

Jp) = 27 e(p) — z T oon e(p) —z’

where ¢; = [ f(g)dgand ¢; = [ e f(q)dq. Integrating both sides with respect to the variable p € T
T T

two times: first as it is and then by successively multiplying all terms by e**P, we obtain a system of linear
equations with respect to ¢; and co,

c1 = cipa(z) + caAb(z),
co = c1ub(z) + caha(z),

i.e., T(2)(c1,c2)” = (c1,c0)7, that is 1 is an eigenvalue of T(z).

On the other hand, if 1 is an eigenvalue of 7(z) corresponding to the eigenvector (cg, c1)?, i.e.,

(ua(z) )\b(z)) (co) _ (Co)
ub(z) Aa(z) 1 a1

then, it can be easily verified that for

Heo Acpe kP

e(p) =z e(p) -z’

we have H),1) = 21, i.e., z is an eigenvalue of H},. This proves the second statement of the lemma too.
O

Y(p) =

4.1. Properties of the Fredholm Determinant
As b(z) is even with respect to the parameter k, hereafter, we assume k& > 1. In the following lemma,
we study the properties of the functions a(z) and b(z).
Lemma 2. (a) For the functions a(z) and b(z), the followings hold
1
a(z) = , zZ€(—00,0)U (2,400
()= 0 2E(00UE+o0)

and

k
1—2—+v22 -2z
b(z) = ( e ) , 2z € (—00,0)U(2,400).

(b) Functions a(z) and b(z) satisfy the relations a(z) > b(z) and da'(z) > b'(2).
Proof. (a) According to the residue theorem we have
f(2) f(=0)
dz = 2mi ,
| /1 9(2) g'(20)

where f(z) and g(z) are analytic functions in the unit ball B = {z € C : |z| < 1}, and zy is the only zero
of the function g(z) in B.
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We derive a formula for b(z). Let us make the following change of variables in the integral b(z),
‘ | ‘
el=m, e "= " ie'ldqg =dn, dq=

Then, we obtain
b(z) = 1 / etha dq — 1 / ok dn _ i n*dn
21 ) e(q) — = 27 9. _ N\ = n?—(2-22)n+1
T In[=1 [2 2 (77 + "H n
The residue theorem yields that
k k
i (1—2’—\/22—22) (1—2’—\/22—22)

b(z) =  2mi = )
i 2(1—z—\/22—22>—2+22 Vit -2z

particularly, when k = 0, we have
() 1 / dq 1

a\z) = = .

27TT e(q) —z  /22-22

(b) The proof of the second part of the lemma follows from the relations
(n) )p(
d dan(»Z) —(n— 1)!/ dq " d dbn |/ n+1 i
: J (elg) - 2) : J

for any n € N, where ()™ stands for the nth order derivative. Then,
dm) d™p
alz) _ d™b(z).

dz" dz"
]
Let us rewrite the Fredholm determinant (2) as
DO, 2) = (a2(z) — b3(2)) Ha(\ ),
where
H.(A\ 1) = (A =7(2) (1 = (2)) = €(2)
with
a(z) b(z)
= = .2 .
,‘Y(Z) a2(z) _ bQ(Z) and g(z) CLQ(Z) _ b2(z)7 zZ € (C\ [0 ]
Lemma 3. a) The function v(z) is monotonically decreasing in the interval (—oo,0).
b) The following relations are appropriate
. _ . 1

Proof. a) Consider the derivative

1 - E)(a 2(2) = 0%(2)) — a(2)2(a(2)a’(z) — b(2)V(2))
T @) o) |
Here a(z) > b(z) > 0 and d/(z) > b/(z) > 0, and (a®(z) — b*(z )2 > 0 follows. Furthermore

)
d'(2)(a*(2) = b°(2)) — a(2)2(a(2)a’ (2 ) (Z)b’( )) = 2a(2)b(2)V' (2) — a'(2) (a®(2) + b*(2))
< 2a(2)b(2)a’(2) — d/(2) (a*(2) + b*(2)) = —d/(2)(a(z) — b(2))* < 0.

Therefore, v(z) as a function of z is monotonically decreasing in the interval (—oc, 0).
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b) Using the relations
k
1 (1—2—\/2’2—22')
a(z) = and b(z) = ,
(2) V22— 22 ) V22— 22
we obtain the following limits
29
lim ~(z) = lim a(2) = lim vz :
Z—>—00

— lim _Z\/l - o
T ) ()

lim ~( lim a(z) lim V22— 2z
Z1 L (2 Z1 YRR Z1 3 ok
=0 —0— a (z) b (Z) —0 1— (1 . \/22 . 22)
-1 1
= lim &

z=0- _9of (1 — =22 - 22) 2k

Next, we investigate the function £(z).

a
Lemmad4. a) Ifk =1, then £(z) = const.
b) If k> 1, then £(z) is monotonically increasing in the interval (—oo,0).
c) The following relations hold
. . 1
Jim_6(z) = oo, lim €() = (4)
Proof. a) Let £ = 1. Then,

€2(z) = 22— 22 1 (2% — 22)?

T4 224212 | 222 (\/22 —22(2(1— 2) — 2V/22 — 2z)>2
2(22 —22) —2(1 — 2)V22 — 22+ 1 1
41 -2)2 =81 —2)Va2 =2 +4(:2 —22) 4

b) Let £ > 1. On the right hand side of the equalities in Lemma 2, we make a change of variables
w=1-—2z—+/22 — 2z, where w satisfies the equalities
1
+w=2(1-2),
w

Hence, £(z) takes the form

—w:2\/z2—2z and 0<w<1 for 2z<0.
w

1wh—1 — o+t
&(w):=E&(z) = 5 1_ w2 w e (0,1).
The last function can be written in a more convenient way as

wk—l - wk:+1 wk_l(l - w2)
1—w2k 1 =2k

For the derivative of the function &; (w), we have

wk—l

Tl Wl et w2

€ () Lk =1 2(14+w? +wh + -+ w?72) — wF (2w + 4w? + - 4 (26 — 2)w? 1)
1\w) =
2

(14 w? 4wt 4 w2h2)?
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4880 ALLADUSTOV et al.
w2 (= 1)+ (k= 3)w? 4 (k= 5wt + o+ (k= (2% = 1)w)
2 (1+w2+w4+,,,+w2k72)2

If k£ is odd, then
(k—1)+ (k= 3)w? + (k —5)w* + -+ (k — (2k — 1))w?*
= (k=14 (k=3 + (k= 5w+ + 201 — 20— (k= 3w — (k- 1w
= (k-1 —w?) + (k=3)(w? —w?*72) 4 ... 4 2wF Tt — W),
If k is even, then
(k—1)+ (k= 3w+ (k= 5w+ + (k- (2k — 1))
= (k=1 + k-3’ +(k-5)w+ -+ (k=32 — (k- 1)w?
— (k—1) (1 _ w2k> 4 (k—3) (w2 _ w2k72) NI (wkfl _ wk+1) .

As 0 <w < 1, for n > m, we have w™ < w™. Therefore, in both cases all the terms are positive, i.e.,
&1(w) > 0. This fact, the chain rule

de(z) _darw)d(1-7 -V -22)
dz dw dz
and the relation

! z—1
1—2z—V22-22) =—-1— >0, zé€(—00,0),
( v ) V22 =2z ( )
imply that the function (=) is monotonically increasing in the interval (—oo, 0).
c¢) Equation (5) yields the limit

wk—l 1— OJ2

zgrfnoog(z) - wlig)l—l— 2 1-—w2 0
Also, we have that
, 1wkt 1
zg%/lf £e) = whﬁnilf 2 Zf;é w2J o2k

4.2. Continuation of H,(\, ) to the Pointz = 0

Using the limits (3) in Lemma 3 and (4) in Lemma 4, we can introduce the continuation of the
function H,(\, 1) = (A — v(2)) (i — v(2)) — €2(2) at the point z = 0 as
1 1 1
Hoh ) = (A N 2k> (“ - 2k> oAk
Let us study the family of rectangular hyperbolas H, = {(\, u) € R%|H.(\, ) = 0} for z € (—00,0].
Denote the left (lower) and right (upper) branches of hyperbola A, by T'. and ', respectively.

Lemmab. a) Let k = 1. If z approaches —oo from 0, then the hyperbola H. parallelly shifts to
the upper right corner of the A\u-coordinate plane (see Fig. I).

b) Let k > 1. If z approaches —oo from 0, the hyperbola H, shifts to the upper right corner of
the Au-coordinate plane, but the concavity of a rectangular hyperbola increases (see Fig. 2).

¢) Additionally, for any z1 # z3 € (—00,0), the respective branches do not intersect, i.e.,
' NI, =@andT] O, = 2.
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‘. A
]

Fol 11—‘,[1/2

Fig. 1. Motion of hyperbolas for k = 1.
y ]
[ | DO R k=4

|

L !

S 8

T Ny

Fig. 2. Motion of hyperbolas for & > 1.

Proof. a) According to Lemma 5, £(z) = const and hyperbola H , is obtained by a parallel movement
of Hg along the vector (= v(0) + v(2), —(0) + (2)),

Ho(A\ 1) = Ho(A 1) + (A —=7(2)) (1 — u(2)) = €(2)
= (A =7(2) +7(0) = %(0)) (1 — v(2) +7(0) = 7(0)) — &(2)
= Ho(A = 7(2) +7(0), p — v(2) +7(0)).

From Lemma 3, lim,_, o, 7(2) = 400 and the function y(z) is monotonically decreasing. Therefore,
hyperbola H, shifts parallelly upwards when z approaches to —oo from 0.

b) The coordinates of vertices of the hyperbola are

1 1 1 1
(A1 1) = <a(z) +b(2) a(z) + b(z)) and (Ao, o) = (a(z) —b(2)" a(z) — b(z)>.

As the functions
1/(a(z) +b(z)) and 1/(a(z) —b(z))

are monotonically decreasing in the interval (—oo, 0), the vertices of the hyperbola . move to the right
as z approaches to —oo.
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Also, from Lemma 3, the function v(z) = a2(z§L(—Z)b2(z) is monotonically decreasing in the interval

(—00,0). Hence, the asymptotes of the hyperbola #., the functions
_a(?) _a(?)
A& = 20y —p2z) M HE) = ) Uiy

move upwards as z approaches to —oo from 0, but not parallelly (see Fig. 2).

¢) The proof follows the parts a) and b). 0

Definition 1. (Threshold eigenvalue and threshold resonance). Let the function f be a solution
of the equation Hy, f = 0.

a) If f € L*(T), 0 is called a lower threshold eigenvalue.

b) If f € LY(T) \ L*(T), 0 is called a lower threshold resonance.

¢) If f € L¥(T) \ LY(T) for any ¢ (0 < e < 1), 0 is called a lower super threshold resonance.
Theorem 1. (a) z € (—00,0) is an eigenvalue of Hy,, if and only if (A, ;1) € TL or (A, ) € I'L.

(b) For any (\,n) € R%, Hy, has neither threshold resonances nor super-threshold reso-
nances.

Proof. (a) Assume (\, u) € T or (A, ) € .. Then, H,(\, 1) = 0 thatis D(\, i1, z) = 0. According
to Lemma 1, z is an eigenvalue for the operator Hy,.

(b) Let f € L}(T). Consider the equation Hy, f = 0. Then, from the relation

e(p)f(p) — 2‘2 /f(q)dq - ;ﬁ /e““(pq)f(Q)dq =0,
T T

we have f = #7), where (p) = 1Co + ACre~ ™.

As e(0) = 0, from the inclusion f(p) € LY(T) it follows that »(0) = uCo + ACy = 0. Hence,

H —ik
= 1—e ™).
f(p) €(p) ( e )CO
According to the definition of e(p), the real part of the function
1—e ™ 1 —cos(kp) n sin(kp)i
e(p) e(p) e(p)

is integrable, but the imaginary part is not. Therefore, the inclusion f € L(T) yields that uCo = 0, i.e.,
f=0.

Let f ¢ LY(T). Then, u = 0 and f = ¢(p)/e(p) with ¢(p) = ACre~*P. From these, we have

e
¢ = 27r/€(p)dp
T

Then, C7 = 0, since / dp = oo. Therefore, f = 0.

T

e(p)
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Fig. 3. Branches of the Hyperbola #o and the connected components.

5. MAIN RESULTS
The curves T} and I split the space R? into three open sets (see Fig. 3),
Go(k) = {(\, pn) € R*: Hy(A\, ) > 0, A < 1/2k},
Gi(k) = {(\, ) € R*: Ho(\, ) < 0},
Ga(k) = {(\, ) € R? : Ho(\, p) > 0, A > 1/2k}.

The following lemma follows from the definitions of Gy (k) and Ga(k).

Lemma6. /f k > m, then Go(k) C Go(m) and Ga(k) D Ga(m).

In the next lemma we study zeros of the the operator H, in the interval (-0, 0).

Lemma 7. let k € Z be a fixed positive integer.

a) If (A, p) € Go(k) UT), then H), has no eigenvalues in (—o,0);

b) If (A, ) € G1(k) UTY, then Hy, has a unique simple eigenvalue z, € (—00,0), where zj, =
Zmin if A =0, 2z € (—00, Zmin) if A >0, and z, € (zmin, 0) if Ap <0

c) If (\, ) € Ga(k), then Hy, has two eigenvalues z, (i, such that —o0o < zj < Zmin < Zmax <
Cr < 0.

Proof. According to Lemma 1, H), has an eigenvalue z € (—o00,0), iff D(A, i1, 2) = 0, equivalently
iff (A, ) € T or (A, pu) € T'L.

a) Let (\, u) € Go(k) UTY. Then, (X, u) lies below or on T'y. From Lemma 5 it follows that T, lies in
I U G1(k) U Go(k) for any z € (—o00,0). Therefore, for any (A, p) € Go(k) UT, the operator Hy,, has
no eigenvalues in the interval (—oo, 0).

b) Let (A, ) € G1(k) UT'y. From Lemma 5, we have UCG(,OQO)FlC > Gi(k), TL NGy (k) # @ and
I NGy(k) =@ for any z € (—00,0). Also, for z # ¢ € (—00,0), the relation T ﬂl“lc = @ holds.
Accordingly, for any (A, 1) € I'}, the operator H,, has a unique eigenvalue in (—oo, 0).

Let Au = 0, without loss of generality let A = 0, then from the inclusion (X, u) € G1(k) UL, we have
w > 0. Then, according to the definition of D(A, i, ), D(0, 4, 2min) = 0, i.€., 2k = Zmin-

Let Au > 0(< 0), then
bQ(Zmin)
CLQ(Zmin) - bQ(Zmin)
As D(A, u,z) has a unique eigenvalue, from the limit lim,, o D(\, u,2) = 1, we obtain that
2k € (—00, Zmin) (Zk € (Zmimo))~

D\, pty 2min) = — A\ <0(>0).

LOBACHEVSKII JOURNAL OF MATHEMATICS Vol.45 No. 10 2024
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Fig. 4. Connected components.

¢) Now let (A, u) € Ga(k). From Lemma 5, we have U,¢(—oo )l D Ga(k) and U,e(— oo o)l =
Ga(k). Moreover, for z # ¢ € (—00,0), wehave I, NTL = &, I NT{ = @and L NT% = @. Therefore,
there exist z # ¢ € (—00,0) such that (A, u) € ! and (\, p) € I't. That is, H,, has exactly two
eigenvalues in (—o0, 0).

We have shown the existence of two eigenvalues z; < (i € (—00,0). Next we investigate their
location. As (A, p) € Ga(k), Ho(\ p) >0 and D(X, , 2) = (a*(2) — b?(2)) H:(X, i), we obtain the
limits

lim D(\, pu,2) =400 and  lim DA\ p,z)=1.

z—0— Z——00

Moreover, in Go(k), we have A, u > 0, therefore,
D()\7 22 Zmin) = _)\,Ufa2(

and
bQ(Zmax)
a? (Zmax) — b2 (Zmax)

Therefore, D(A, p, z) has different signs at the edges of the intervals (—oo, zmin) and (zmax, 0). Conse-
quently, z; € (=00, zmin) and (¢ € (Zmax, 0). O
Let us define the following connected components (see Fig. 4).

Doo={(\p) ERIN< 0,1 <0}, Doy =Gi(1)UTH\ Doy,
D1y = {(\ ) € R’ A+ >0, A <0},
Dia={(\p) € Gi(k)]A>0,u >0} UT, Dap = Ga(k).

DX, ft, Zmax) = —Ap < 0.

Theorem 2. The following statements are true for zeros of the function D(\, u, z) in (—o0, 0).

(a) Forany k € Z and (\, ) € Do,o, D(A\, i, 2) has no zeros;

(b) If (\, i) € Do.1, then there exists a number ko € N such that D(\, p, z) has no zeros for
k < ko and has a unique zero zj, € (—0,0) for k > ko;

(c) If (\, ) € D11, then for all k € Z, D(\, u, 2) has a unique zero zj, € (—00,0);

(d) If (A, i) € D1, then there exists a number ko € N such that D(X\, i, z) has unique zero
2k € (—00, Zmin) for k < ko and has two zeros z, € (—00, Zmin) and Cx € (zZmax, 0) for k > ko;

(e) If (\, ) € Dao, then D(\, i, z) has two distinct zeros zy, € (—00, Zmin) and (i € (Zmax, 0).

Proof. (a) Let (A, ) € Doo. As Do = (rey Go(k) (see Fig. 5), we have (\, u) € Ni—; Go(k).
Therefore, from Lemma 7, D(A, p, z) has no zeros in (—oo, 0) forany k& € N.
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u

Fig. 5. Motion of hyperbolas with respect to & for z = 0.

(b) Let (A, 1) € Dp1. Then, from Lemma 6, we have the relations Go(1) D Go(2) D Go(3) D ---.
Also, we have Dy = Jp—; Go(k) \ Go(k +1). Therefore, there exists a number kg € N such that
()\, ,u) S Go(ko) \ Go(ko + 1), that is

ko 0o
(\p) € [ Go(k) and (\p)e [ Gi(k).
k=1 k=ko+1

Then, from Lemma 7, D(A, i, z) has a unique zero in (—oo, zmin) for all k& > kg, and has no zeros if
k < k.

(c) Let (A, i) € D11, then (A, ) € Ny G1(k), therefore, from Lemma 7, D(X, i, z) has a unique
zero zx, € (—00, Zmin) forall k € N.

(d) Let (A, 1) € Dy 2. Then, from Lemma 6, we have the relations G(1) C G2(2) C G2(3) C ---.

Also, D1 =Uge; Go(k + 1)\ Go(k). Therefore, there exists a number kg € N such that (A, u) €
Gg(ko + 1) \ Gg(k‘o), that is

ko oo
\p) e ) Gi(k) and (A p)e () Ga(k).
k=1 k=ko+1

Then, from Lemma 7, D(\, p, z) two zeros zj € (—00, 2min) and (i € (2max, 0) for k& > ko, and a unique
zero zx, € (—00, Zmin) for k < k.

(e) Let (A, ) € Daja. As Dy = (=) Ga(k), from Lemma 7, D(X, p1, z) two zeros z, € (—00, Zmin)
and ¢ € (zmax,0) forall k € N. O

6. ASYMPTOTICS FOR EIGENVALUES OF THE OPERATOR H,,,

In this section, we study asymptotic behavior of the eigenvalues z; and (, as k — oo, when they
exist.

Let z) and z, be zeros of the function Ay(z) and A, (2), respectively, i.e.,
1—Xa(zy) =0 and 1— pa(z,)=0.
Then, z, and z, are eigenvalues of the the discrete Schrodinger operators
Hour = Hy — pd(x) and  Hyop = Ho — Mo(z — k),
respectively. Let

Zmin = min{zua z)\} =2\, RAmax — max{zu, Z)\} = Zu-

LOBACHEVSKII JOURNAL OF MATHEMATICS Vol.45 No. 10 2024



4886 ALLADUSTOV et al.

Let us introduce the numbers

_ 2 _
Wmin = 1 — Zmin — \/zmin — 2zmin - and  Wpax = 1 — Zmax — \/zlgnax — 2Zmax-

Then, 0 < wWmin, Wmax < 1.
Theorem 3. (a) The eigenvalue zj satisfies the asymptotic relation z, ~ 1 — %(wk + u}k)

where

o At
k = Wmin (’U)min + 'u) ('u — )\) + 2\ (k + 1)’11)1%1]?“ .

(b) (i satisfies the asymptotics ¢, ~ 1 — % (wk + w1k> where
Mpwilirt
(’U)max + /J/) ()\ — ,u,) + 2)‘/J’(k + 1)’11)1%]]?1)(

WE = Wmax —

Proof. (a) Making the substitution w = 1 — z — v/22 — 2z on the right hand side of functions a(z)
and b(z) in Lemma 2 and using the equalities

1/1 1/1
1—2z= tw) and V22— 2z= —w |,
2\ w 2\ w

we rewrite the functions a and b as

2w B k-l

a(z) = a1(w) = 1 — w2’ b(z) = b1 (w) = 1 w2
Then, equation
D\ 11, 2) = Ax(2)A,(2) — Aub*(2) = 0
is equivalent to a new equation of the variable w,0 < w < 1,
(1 —w? — 2uw)(1 — w? — 22w) = w2,

Separating the linear part of the Taylor series of the left hand side of this equation around the point
Wmin, We obtain

—4(wmin + 1) (L — N)Wmin — 8Au(k + 1)w2k+1} (W — Win) = 4)\,uw2k+2.

min min

1 1
From the last equation forw = wy =1 — 2z, — \/z,g — 2z, e,z =1— 5 <wk + >, we obtain
W,
A
WE = Wmin — 2k+1
4(wmin + N)(N - )‘)wmin + 8)‘M(k + 1)wmin
Mgt
= Wmin —
T (wmin ) (= A) + 22k + w2k
as k — oo.
The part (b) can be proven analogously. 0
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