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gboboobOoboooooboooooboboooboobooooobooooboooooobooboobOooonoog
gbooobooboobudbdnugbbobboboobooboobooboobobooboaobod
goboobdooboobboooboobooobooboooboobbooboobboobboobobOoo
gbobooobooooobobooooobobooobooboooono
ooooooooooobooooOObOOo0Ooooooobo0o0oooOooObOOo00ooobooOoooooonD BO
ooooooboooobD 2300000000000000DO00O00O0DO0ODOOOOODODO

4 0OU

gobogoboooboobobooboooboobooboboobooboobobooboobooboboboobag
oooOooooooOoOoooOoOO0o000ooOUoO0OD fOOO0O0O0OODOODOOODOOODOOOOOOOODOOOO
ocoooooooooooooobooooooooD fO0ODOOOO0OODOOOOODODOOOODODODOOO
gbooobmobobooobooobooooobooboobooobooboomoooobooobooobooboooobooon
googobooboobooobobbooboobooboboobooboobooboobobbobooboon

4.1 0O0O0OOOO0OO0OOOO

0000000000000000000000 f(»)00000000000000000000000000
000000000000000000000000000000000000000000000000000
0000000000000000000000000000000000

f(z)000000DDDDDD000000000000 f(z)>00000a<b0000000000 [ f(z)de
000000000 [¢,b)000y=f(zx)000002-00000000000000000000000000
000000000000000000000000000000000000000000000000000
0ooo

00000000000000000000000000000000000000000000000000
000000000000000000000000000000000000000000000000000
000000000000000000000000000000000000000000000000000
0000000000000000

b
DD4JJ(DDD)a<bDDDD[mMDDDDDDDDf@)DDDDDDDDL/f@MxDDDDDDDD
0oo0o0o0O0o00ooo ‘

e 00000 [0,b] 0 nO00nO000000000000000Da=29<21 <2 <...<Tp1 <y =bl
00000 [e,b)0 00 0000POO0DO0000D0000 [g_1,2;)00004=1,2,...,n,0000000
00000 [PJO000IP| = max (s —2-1)000 |P|000000 4P)0000000000000
0000000000000000 |P/000000000

e 0000 [z5.1,2,) 00000 ¢O0000¢=1,2,...,,00000000 ¢1,Cs,...,(, 00000 (0000

e JOODOOODOO P,gDDDDDDDDDD

B[P0 =3 f(G) (@i = i) (4.1.1)

googooo
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e 000|P|—»00000000000 POOPOOOOOOOOOOOOOOD{O0O0OOO|P|—000
00 R(f;P,)0000P (00000000000 0000000000f(2)0 [¢,b)000000000

b
ooboooboobooooobooooon / flz)dz 00DDO0OOOOOOOOOOOOO

b
/ f(x)dz = “ lim 7 R(f; P,() (4.1.2)

|P|—0
Jdooooooooooooooooooog «»70o0o0oo

a b a
DDDDa:bDDDD/f(:c)dm:ODDDDDDDDDa>bDDDD/f(:n)d:c:—/ f(z)dz 000000
a a b

a

Da>bDDDDDDDDDDD/ f(x)dz 0000000000 D0O0O0WMOOO0OUOOODOOOOOOOO
b

gooobobooooobooooogo

—

flz)>000000000-=50000000000000000000000000O00O0O R(f;P¢)00O0O

A

y=f(z)

[

To Q1 x4 22 Ty 3 23 Ux, 5 g L
0000000000000 0000000000000DO000DO000DO0DO000O0O0o0DOOo0oDoOOoooOoOog
0000000bOO00DOO000O00OO000OO00bOO00DO00DbO0oD0obOO0oDbOO0ODOOo0DOO0o0oDOOo0DbOOoDoOOon
do0o0doooDoOOoobOOo0oDO000ooo0ooooDoooDoooDooooOoooDoDoo0oboDoooooooaon
0oo0doodoooooDooooooooooooo

000000000000 000000O000DO00D0000O00O000DbO000DbO0D0DO00ODO0O0ODOoOoDOOoOooDa
00000000000000000'o

0000000000 o0oOoooOdooooDooooooOoooOoDooooooDoooOooDooooonoaa
00000000000 oo0o0oo0ooDooooooDoooDoDoooDo0ooooooooooooooooag

4.2 U0O0O0O0OO0OOOOOOOOO0
000000000000 4110000 (412)00000000000000O0OOO0O0ODO

0 Dx0000D0DOO 1
flz) = oooo / f(z)dz (4.2.1)
1 0z0000000 0
oooobdobgoobo411000b0oboo0oboDboboooboobo0obobooobo0boDoobLbommOoo
0000000000000 0000000000000 Lebesgue 00000000000 DODOOOOOOOO
gooobgoobobooboobuoobobbobooboobuoobOobboob0ooboobobbooboo
goodoboooboobobobobooboobooboobo
gooooooboobobobddoooopoooonbpbbbbobbbbbbboooU o O
googobooboobooboboobooboobuoobo
000000000000 0000000000000000000000000
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e JIDOUIDOOOUODOUIDOODOImMOIDOOODOOODOUODOOODDarboux0OOOODOOOO
4.2.10

e 0000 DOO0OODOODOODLOODODOOOODOLOOODOODOOOO 4.2.20

e JO000DOOOODOOOODOD fOOOOODOOUOODDODO 4.230

oobOooooooboooboooboobooobooooooboooobooooboooooooooboooobooooboooobooOon
000000000000 0000000000000 [,b)00000000000 f(z)ODODOOOO f(x)O
00000000 [e,b) 0000000000000 OO4400000000000000000

e 00 PODOOO0OOONODOOOOOODND [gi_y,2]0000 f(z)0000000 m(f; P), M;(f;P) 0
oooooo

n

s(fsP) =Y mi(f; P) x (zi —wic1),  S(f;P) =Y Mi(fi P) x (2 — wi-1) (4.2.2)
=1

i=1

000O000s(f;P)0000D0S(f/;P)0000D0000
e 1000000000 POOOO

s(f) =sup{s(f; P)| PO [a,b] 000},  S(f)=inf{S(f;P)| PO [a,b] 000 } (4.2.3)

000D000s(f)000008(f)00000000

n=5000000000000000000000000O00O000O000O0C0O0O0DOO0OO0OOOOODbO0O0O0
gbooobOobooooobooooobooooobooooboobooobobooooOobooooobooooobon
ooooog

EISKISS
Besoteesetes

Ty T, T, T3 Ty Ts Z
goOoOogooooooooo fDDDDDDDDDDD
s(f; P) < R(f; P,{) < S(f; P) (4.2.4)

obooboooobooboooooboooobooboooo
O00O0oOos(f;P)0 S(f;,P)ODO0OOUCOOUOOOOOUODOOOOO

00 4.2.1 (Darboux000) OO0 POOOD0ODO0OD0ODOOO|P|—0000000000000000O0ODO
00000000000000 (423)000000 sO SO0O00O0OOOO

lim s(f;P)=s(f), lim S(f;P)=S(f) (4.2.5)

|P|—0 |P|—0

00000DOO0O00s(f)=S(fH)0ooooom

0000000000000 0000O00O0000O0O0UDOOO POOOOO s(f;P)<S(f;P)ODDOOUOOO

s(f) <5(f) (4.2.6)
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ooooo0oO0oO0ooOooOooOoUOoU0OU0oOU0oOU0O0O0 —00 fO0D00 ebD00D0O0OOOOOOOOO
ooooooooooboboboooooooobooobobobo 4110000 ooooobDobobooooo
ooogoo

00 4.22(0000000000O0O0O) fO0O0O [0, 000000000000 0OO0OOOO0OOOOOO
obooooobooooogon

b
s(f) = S(f) = fDDDDDD/f(m)da;:s(f):S(f) (4.2.7)

obooboooboooboooooooboooooobooobooobooboooboobooboooooobooo
gooobobooooobobooboooobooooboboooobobboooobooboobOobooog

00 4.23(000000000) 00O f(zx,y) OO0 [@,b)0000000f0 [0,b)00000000O0O0O
gboogbooboobobboobooboobooon

00o0o0o0o0o0ooooooooooogoooooooOoOoOOOOOOODOOOODOO"e—d0DOOOOO
oboooooooooooooobboobobooboooooboobooboooboobobooooooboOoboOoon
gooooboboooobooboooooooooooboooobobobooDooboooobobbooDbOoo

oooooboooog
bbooboboobooboboooboboooboobooooboboooOobooooboOobooOoDbOooDn
0000 [-1,1]0000f(z)=22%,2000000000000000000000
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00000000000000000000000
00000000000000000000011/400000000000000000000
0000000000000000@MO000000000000000000MO00000000000
00000000000000e0000 f(z)<f(e)000000000000000000000000
00 f(a)=f(z) 00 2000000000000
0000000000000000z#e0000 f(x)< f(e)0000000000000D0000000
00000000000000000000000

4.2.1 00 4.21000 4.2.2000

0042100000000000000000000000 42200000 42100000000

o0 4.2.4 S(f;P)DDDDDDDDDDDDDDDDDDDDDDDDDDD [a,b]DDDDDD P, P 0
000000000000 0000O000000000b0o0ob0O0obO0oob00oo0b0O P =P ubkOOODOO
S(f;Pi2) < S(f:P) 000 S5(f;Pi2) < S(f; ) 0000

DDDDs(f;P)DDDDDDDDDDDDDDD

00ooooS(f;P)UO000DOOOO0U0OOOOUODOOUOOOOUOOOOOOOOO

i
Ty I T, Zq X4 Zg Ty I T, Y1 oag xy Y2 g

P PiUP;

0000000000000000 Py, = (20,21, 22, 23,24, 25) D00 000 S(f; P)0000000P; = (yo, y1, 2, ¥3)
000000y =a,y; =b000000000000000000 ARURDOOO S(f;PUR)O0000O000
0000000000000000000S(f;PAUR)0000000000 O
0000000000000 000000000000000000000S8(f;P)00000000000
00000000000000000000s(f;P)00000000000 00000000000

oboooboob0oooboobob 421000 422000000

004.210000 $S0000000000s0000000000000000000000000000
0000000000042100000000000000000 4240008(f;P)0000000000
00000000000000000000000000000000000000000 42400P0000
00000 S(f/;P)0000000000000000000000000 0000000000 00 POOO
0000000000000000000000000000000000000000000000

00 inf0000 S(f)00000000000 POOOOO S(f)<S(f;P)00000000000O00O0

VP, S(f) < S(f;P). (4.2.8)
D00S(f)0 S(f;P)0 inf0000D0S(f)D S(f;P)00D0D0DDD0ONDONDDNDNODD POODODO

Ve>0, 3P, S(f;P)<S(f)+e (4.2.9)
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00004290 |P|—000000 PPO0D0OOOOOOOOOOO
(7)) Ve>0,36>0, |[P|<6 = S(f;P)<S(f)+e (77 (4.2.10)

gbooooooooobooooo

000000 4.28)0 POODO0OOOUDOODOUOD PODP OO0OD0OO0OO0D POOUOOUOODOODOOOO
000000000 |P|O|PO0O000O0O0ODO0OO0OOOO0OO0O0OO0OPOD POODOOOOOOOOOOOO
00 PP O0O0O0O0OOOOOOOOOO SOOOOOOOOO

S(f; PUP') < S(f;P). (4.2.11)
O0dd0n0O POODDODOOOM,m0d [a,b][l[ll] fO00000DO0OO0DOOO
S(f;P') — S(f; PUP') < n(M — m)|P| (4.2.12)

00000000000000000000 POOOOOOOOO POOODDOOOOOODOOOOOOOOOOO
0000000000000 n00000000000000000000O00O00 (M—m)|P|O0000O0O0
0000000000000 0000O0O0O0oo4.211)0 (4.2.12)00

S(f: P') < S(f; PUP) +n(M —m)|P'| < S(f; P) + n(M — m)|P'| (4.2.13)
gooooooooo (4.2.9)|:||:|DDDDD|:|
S(f; P < S(f; P)+n(M —m)|P'| < S(f) +e+n(M—m)|P| (4.2.14)

00000000000 POOOOOOOR(M-m)|P|<e00000000000OO0ORO POOOOOOO
PO0O00O0OO0OO0O0OOOOOOOOO

Ve>0,36>0, |P|<d = S(f;P)<S(f)+2e (4.2.15)

000000000 e000000 20 e000000O421000000000 O

b 4.2.20000
Oo0o0O0O0O0O00DarbowxOOOOOODODOOODOe>00000OOé>000000

|[Pl<6000 S(f;P)<S(f)+e OO s(f;P)>s(f)—e (4.2.16)

00000000 —(42.15) 000000000000 OO0OOUOOOO

—

s(f; P) < R(f; P,¢) < S(f; P) (4.2.17)

000000000|P|<é000000000O00OOOOOOODOO 5DDDDDDDDDD

s(f) —e<s(f;P) < R(f; P,{) < S(f; P) < S(f) +e (4.2.18)
go0o000Oo0o00oooooooooooooooooooo s(f):S(f)DDDDD(SLODDDDDDDDDDD
00 el oO

dim  R(f; P, ) =s(f) =5(f) (4.2.19)
Jo0o0o0o0oogooooooooogoboogooooouogoo
EII:II]DDDDDDDDDDDDDDDI:II]DI]I]DDS(f)fs(f):c>OD[I[II:IDDDsup,infDDDDD
gooo
s(fiP) < s(f)=S(f) —c < S(f; P') —c (4.2.20)

0000 PP O0O0ODODODOOOOOOOOOOODODOOS(fP)O s(f;PH00DO00OD0OOD0ODOOOOOOO
oboooooboooobOoboooooboooobooobooobooboboobooboboooobooon O
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4.2.2 00004

ob42300000000000O0000O0O0O00OO00ODO0ODODODODODOUOOOOOOOOODOn
oboooboooboobuoobbooobuooboobobobo sanbd
00 f(z)0 2=a 000000 1lim f(z) = f(a) D0000000000000 f(z) 000 [@b)000000
DDDDDDDDDDD[G,()]DDSEQDDDCDDlimf(l‘):f(C)DDDDDDDDDDDDD e—0 0000
a)sfuls o

Ve € la,b] Ve>0 3Fd(e,c) >0 |z —c| <d(e,c) = |f(z)—flo)] <e (4.2.21)
0000000oo0O0édd e00DODOODDOOOOOODOOOODODOO cODODDOOOD0O00OO0 ¢c—>o000c—00
de,c)0000000ODOO0OOO0ODDOOOUOODOOUDOOUOOUODOUOOULOOOODDOODUODOOUOODOOOn
hml[l6—(5[”:”]DéDD|:|DDDD|:|DDDDDD|:|DDDDDDDDDDDDDDDDDDDDDDDDD

r—c U

gooooo

0000000 f(z)00000000 [¢,b)000000000000 ()0 ¢c000000000000
(0,0 000000 ¢0000 6()0000000000000000000 f(z)000 [¢,b)0 0000000
00000000000

Ve >0 3d(e) Ve € [a,b] e —c| <d(e) = |f(x)—flo)] <e (4.2.22)

000000 f(x)000000000000DOe¢D 00000000

Remark. O0O00000O000Oe—-o0000000000O000O0O0O0O0O0OOCOCOOODOOOOOOOOO
gbooobOoobooooobooon
e 100I00DOO0ODOODOOOOODOODOODO zOO0O0O
e 10000000 DOOOOOOODOOOODO yOOOoODOO
e 000 D00O0OODOOOOyOODOOODOODOODOODOOODOODOOODyDOOODOODOODO
oooobooooboooooooboooooboobooooobooobocooooo
ey IDOODOOOOODOOOyOODOOOOODOODOOOOODOOOODOODOOOODOOO

goooooboooooboboooobooby . 0Db000ee—-c000O00ODODOOODODODOOODO
cO0000ODOOOODOOOD 0000000000000 OODODOOOOO cODODOOOCOCODODOOO cOO
oboooboooooobooooboboo ecoboOooOobOoO0OO0O0oOO0obOOoOoOoOobOoOoOoobOOobbooonog
oooobooooboboooog

obboobOoboooooboboooboobooooboooooobooooboooon

00 4.2.5 O
() 00 [¢,b) 00000000 f(z) 0000000

Ye>0 3o(e) Yeelad Jr—c<de) = |f(z)-f(o)<e (4.2.23)

goooboooboooo
(i) 00 [0, 0000000000 folz) 0000n=1,2,3,...0000000 lim fu(z) = g(z) 0000
noooooo o

Ve >0 3IN(e) Vx € a,b] n>N() = |fu(z)—gl@)|<e (4.2.24)

gbooooooo

obooobodbDn—ooO00OO0O0O0O0O0O00DOOO0OOOO00ODe-NONDOxOOODOODOOOOODOODOO
sUboobooboobobboboboobbooboboobooboobooboobooboobooboobo
gooboobg

Vr € [a,b] Ve>0 3IN(ex) n>N(ez) = |fu(z)—g(x)|<e€ (4.2.25)
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oobooboooNOODOO0O0000D000DO00O0O0O0DOOOO0ODO IOODOO0ODO0O0OO0ObOOO0ODbO0O0O0OO
gbooobooogd

obooobooooboobooooboooooboobooooon

00 4.26 (00000O0OO00O0O0O0O0) e<b00O0O0O0O0OOOOOOODOOO [e,b000000O0OOO
0000000000000 e>0000000046()>000000

Vr,y €la,bl -yl <dle) = |f(z) - fly)l <e (4.2.26)

00000000000000000000046e) 00000 z,yefe,b)00000O00O0O

00 4.2.6 000

D0000000000000000000000 [6,6)02"00000000000000 I = [a+d2 at ]
D000 j=1,2,...,2"0000000Y 00 f(z)00000 MY00000 m{™0000d" =M™ —mi"
00000 f0000000000000000000000000000000000—00 261-00000
D000000000000000000000 d™ =max;d” 000000000

000000d™"0-0000000000000000000000000000000 lim d™ 0000
N00000000000000000000000000000000000000000000000000
0000000000

lim d™ =0 (4.2.27)

n—oo

D0000D0000000000000000 (4.2.27)0
YVe>0 3IN n>N =— d"<e (4.2.28)
0O000D00d™O00000000n
Ve>0 3N >N = (1§j§?1:=> @”<Q (4.2.29)

oooooooo
000004 000000000000(4.229)000000 1Y 0000000 2,y0000 |f(z)-f(y)|<e
D00DD0000000000000002,y00000000 Y01, 000000000000000

0000000000000000000c=a+40000

[f(2) = f)l = |f(2) = £(e) + f(e) = f)] < |f(@) = Fe)| + [ fc) = fy)| < e+e=2e (4.2.30)

ooog

ooogooo b{—fDDDDDDDD [, 0000000 2,y000000000000OODOOOOOOOO

oooooooo

b—

Ve >0, 3IN n>N = (|a:fy|< 5n |f($)*f(y)|<2€), (4.2.31)
DDDDDDDDD(S:%DDDDDDDD

Ve >0, 30 lt—yl<d>0 = |f(z)— fly)] <2e (4.2.32)

000000000000 000000000000000(4227)000000000000000000000
000(4.227)00000000000000000000000O000O(4.227)00000000000000
0000000000000000000000000000000000000000(4.227)0000000
00000000000000000000d>000000

lim d™ =d (4.2.33)

n—oo
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goo00ooOodbO0o0ooOOobOOoooOoooooo0fo0DO0bOOoO0OOODODOODnO
gboogoood (4.2.33)DDDDDDDDDDﬂ:ﬂd(")DDDDDDDDDDDDDDDD nO000
d">d DOO 0D » 0000 j, 00000 dY>d (4.2.34)
gboooooobooo joooboo-00000000D00 0000000000

Ij(ll) ) ij) .D I(”) S5 1" 5

Jna1 ey

D0 0000 nO d%Y>d (4.2.35)

00000000000000002%000 I](»:)DDD bQHQDEIDDDDDD n—ooO0000O00O0ODOOO

gooobooogn ﬂ] 000000 c000000000%000000000e<c<bO000

DDDDDDDCDDDDDDDﬂ)DDDDDDDDDD%DDDDDDDcmmmmmmmma>omm
D000z —¢ <4000 |f(z) - f(¢) < 000000000000 0000000 0 400000000
000000000000000

el <6 00 y—cl <8 D00 |f()~ )l < 7@~ F@I+ 1)~ Fo)l < 5+ 5 = 2d (4236)

D00D00%e <s000000000»000(4236)0d” >d0000000000c¢00 f(z)00000
DDDDDD

000000000 (4233)00000f(z)0 ¢c0000000000000000000000O0O0O0OO0
00f00000000000000000000000(4.233)000000000000000000000 O

4.2.3 00 4.23000

oboooboboobooboooood

oo 4.23000
00 422000000000s(f)=S(f/)00000004230000000000000000

000000 e>00000 0<S(f;P)—s(f;P)<e0000 POOOO (4.2.37)

DDDDDDDDDDDDDDDDDDDDDDb—aDDDDd:gi—DDDDfDDDDDDDD5>ODD
—a
oooo

lz—yl<d = |[f(@)-flyl<¢ (4.2.38)

0000000000000000 POOIP|<é00000000000000000000000000000
00 L =[#i_1,2] 0000 2,y0 |z—y|<é0000000000000 |f(z)— f(y)| << 000000000
00,000 f000 M;000mO00<M;—m;<¢00000000:0000000000

0<S(f;P) = s(f;P) = > (M; —my)(w; — xi1) <§: i—mi) =€ |b—a| = (4.2.39)

000000000000 POOODO 4237)0000000OOOOODOOOOO O

obooooOooooogon
b
uboobouooboobobobooboaobooboabab / flx)de OODOOOOOOOO

a=0, b=1, flz)==z (4.2.40)

2nopooooooon M oooo 1Yo Y 00000000004 > max{d**V,d¢" P} 0000000 DOOO
00000000 4, >d000000000000000000d; >d000000

‘000000000000000 ¢0000000000000000000000000000000000

“000a<c<b00000000000000a=c000 ¢=b0000000000000
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0000000000000 f(z)0000000f(z)=2?000000000
000000000000000000000000000000000000000

gbooooooobooooooobOooboboooooooboooooooobooboOooboooooooOon
gooooboobooooboobooboooboboooobooboooobobooobobooobDoboboooobobooOg
goooo

4.3 00O0OODO

oo0ooOoO0ooO0o0ooo0o0ooOo0oooo0oobo0ooDOoOO0ooOoOoOoO0DbODe>b000000ODO
obooobooooobon

o/ﬂﬂ@:ODDDDD

b a b
oa<bDDDD/pﬂ@MDDDDDDDDDD/thxz—/f@MmDDDDD
a b a

obooobOobooooo obooocooboobooogoon

00 431 (0000000000000 3.3.2) O
Q) [P f(z)dz, [Pg(z)de 000000000000

b b b
/{f(x)Jrg(x)}dz:/ f(z)d:ch/ g(x)dx (4.3.1)

0000
(i) [’ f(z)de 0000000000 0000 0000

/ab{af(x)}dm = a/ab f(z)dx (4.3.2)

gooo

obooobOoboooobobooooobobooobooboooooaon

b
f — /j@Mx (4.3.3)

bobooboobooobooboooooboooobooooboobooboboooboOoobooooboOobooooboo
gbboobOobooobooboooobobooooboboooooboooobOobooooboobooo
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