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oo’oooo

Definition 3.1.1 (000 “00%). p*0 BSTROODODODOOOOODOODOOOOOOO H*O

e M = pr, R )= (3.1.9)
gooooooood

R(e= M Heh)) = e~ (M Hacf+O() 4> (3.1.10)

OO0O00o0D 0000000 BSTROOOO prO0000000OODODODOOOO fOOODODOOO @
0000000000000 a0 a=L"000000000kx eROO

Definition 3.1.2 (I:II:II:I “I:II:I”). p*0 BSTROOOODOO
R(p" f) = ap" f (3.1.11)
0b000 fOODODOOD BSTROOODO prO00D00OO00ODOOOOOOOODOO fOODODOODOO @
0000000y f0O0000 000000 p*(@)f(®)D0000ODO p*0 fOOODOUDLDDOO
Remark. 00000000 e00000D000D0°00000000RO pDDDDDDDDDDDDD(3.1.IO)
O e000000O00O0OO
LHS of (3.1.10) = R(e‘H* Cefe ™ 4 0(62)) = R(e™™) — R(fe ™) + O(2) (3.1.12)
RHS of (3.1.10) = ¢~ 7 [1—aef+0(e%)] = e M —aefe ™ +0(2) (3.1.13)

000000 pr=e" DO0DO0O00DO0O0DOOO0ODO0O (3.1.11) 0000

goooboob «0DO00b0O00boobobbooboo

a>1 o000 x>0 relevant
a=1 ooo0 k=0 marginal (3.1.14)
0<a<l1l OO0 k<O irrelevant

0000000000000 pr 00000 BSTOOOODOOODOOdrrelevant 0000000000000 0O0O
oo00000000000OOOOOOOOtg

S00D00000000 BSTOOOODOOOOOOOODOOOO

‘0000000000000 n0000000000(e?) 00000000000000000000000000000 p*f=F0O0
00000000 p* 0000000000000 0DO00CO00DOO0O00OOO0DO0OOOOOO0ODOOO0OODDUDOODOODOODOODO
0000000000 Gaussian fixed point 00 0000000000000000D0DOO0O0O0DODOOOO0OOOOOOOOO

WOgpoOoOoO0oOdOOOirrelevant 000000000000 00000000000O000O0O dangerously irrelevant operators 0 0 0 O
goooooooOo0o00oOoO0O0O0OoOoO0OO0O0O0COO0OO0O0OOO0O00O0C0O0O000O0O0000000003.4.3-345000
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3.2 BSTOOOOOOOiiCA.-O0O0O0O0O0000
3.2.1 Trivial 000i.i.d-0000000000CLTO

00000000 0O0i4.d. Oidentical independent distribution0 OO0 0000000000 OODOOOOO0O
g0o00bO00o0O0O0obO00oO0oO0bOooDOOobooOoOooOoBSTOODOOODOOOOOOO
00o0ooooo@1.13) 00 J=00000000

p(®) =TI n(es) (3.2.1)

000 2z0000000BSTOODOD0 ¢, =27%(p2e +92.41) 100000000000000000000
00(3.1.4)000000000L =200

P(@) =]]n#,), #WU:?/@MWM@%LM) (3.2.2)

00000000000000BSTO »000000000C0C0000000000000000000000
00000

%Hwﬂzf/ﬁwn@MMfdfw) (3.2.3)
0000000000000 Fourier 00000 DODOOOO0OOOODO CLTOOOOOOOOOOO M

A A (9—01.\12 - _ —ike

s () = [ (2R, = [ ape et (3:2.40

oboooboooooobooog

In+1(k) = 29n(2_9k)7 [gn (k) = log (k)] O O (3.2.5)
goo
gn(k) = 2" go(27"k)0 (3.2.6)

00000 CLTOOUOOO0O0ODOO0O0OO0O0OU0OOOUooOooO »pOoO #=1/20000

o2k?
5 o2 = {p; ) (3.2.7)

gn(k) — go(0) —

oooo cLroooo

Oo0oOO00oobOo0ooo0oooDooomBSTOOOOOOOOOOOOOOO0OOOO0OO0OO0ODOODOODO
obooobooboooon

3.2.2 CLT OO

oobOoobOooboobooboobooooobooooboooooobooboobbooboobooooooooag
O[]0 Section 10D 0000000000000 0O0OO0O0O0OO BSTOUOCLTUOOOOO fixed point 0000
0000 fixedpoint 0O OO0OO0OOCOOO

3.23 00000

BSTOOODODODOOODOOOOOODOOOOODODOOOO0OO0 1310000000000 00DOODO0OO0OO
OO0 BSTOOOOODOOOOOOOO
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0000000000 (3.1.6)0 BSTUOOO 0000000000000 0DOO0OOBSTOOOOOOOO
000 BSTOOOOODOOOOODOOOOWickOOOODODOOOOOOOOOO

0000000000 mean U covariance D0 OO0 O00O0O0000O0DOODOOOO0O00O0O0O0O0OODOOOO
gb13.1000

(i) =L7% D e
lylll—Lall<%
d k;

_ -
in K 2.
. (2m)¢ p+ 2dJ{1 = D(KL=1)} 5 | sin 2%

ooooboo 0000000

d

d ik-x .k 2
(n) (n)\ _ L7(29+d)n / d*k e sin 3 420
Yo 5 Pa = 5
(¢ ) oy BT 240 {1 D(kL )}11 sin o (3.2.9)

O0000n»0 BSTODOOOOODOOOODODOO mean, covariance 10 0000000000000 M00000O

7_§:¢n>ﬁgn) ¢$>+H10§:¢gﬁ (3.2.10)
T,y z

p(n)(q)(n)) - = exp

go

[(AWQ];::<¢$%¢$w of (3.2.9) (3.2.11)
afufuln

oog 600

00 p™ - p* 0000000000 00000000000 0000000000AF=0000000
00000A™ ODO0000000000¢™ O covariance 0000000000000 00000O000OO0
(329)0 n—oo 00000000 OOD AODOOO(3.29) 0000 |z/=0(1)00000000 |k <O(1)
00000000000 n—oo00D0D0DO

d ik-x d T9gnkil?
<m.<m>zzr@an/“ ke SIh 3 3.2.12
<<Po P P we (2m)4 p+ J|kPL—2" H k; (32.12)

j=1

obooooOobooooooooon

Case (1) p>0000 ¢=¢00000

( ) ( ) 1 ddk ik- d 2 Sin % g
SR e 2.1

j=1

000 BSTOOOOODODOOOODODOOOODOOOODOiLidOOOODOOOOOOOOODOO

— _ d+2
Case (0)p=0000 0=20000

d ikx _d k 2
(). (n) d%k e 2sin & 914
<§00 1 P > /]Rd 27T d J|k| 1;[ [ (3 . )

goo00bo0boobooboobdld covariance

ddk’ eik~:r
cont (0, ) = —_— 2.1
Ceont(0, ) AM%WﬂMQ (3.2.15)

Uy 00000000 00000000(3.428) 0000000000
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0ozz00000 100000000000000O00D0O0ODO

obobodp>00000000000 Gz%ﬂ BSTOODODOOOODOOO

zkac kj 2
()., (n) dk 2sin 3 2.1
< Ww> A( )M%+HWIIl% (3:2.16)

0000pD " 00000000000000000O0O0O0O00000000000000

--------------------- L e e e '_)M

ooooooo
ooooo

2
ezigﬁ k=2 (3.2.17)

goooooboooboo 34.1-34200000000000000DO0 1310000D0bDOOOODOOO

3.3 BSTOOOOODOO-O00O

000000¢*-000000 BSTOOOOOOOOODDODOOOODDODOO0O0000000

3.3.1 0000000000

0000000400 BSTOOOOOOOOOOOOO0OO0O0O0DODODOO00000000000000000
gbboobooooboboooboobooboboooboOoooobOooboooooooooboooooboOooonog
oood

ooooboooooobbooogom

3.3.2 4000000000

oooooooodooooooo0ooo 1boo000oooooo0 d0D0OO0O0O00OODOOOOODODOOO
obooobOoooooono

3.3.3 -00000000000D0000O0OO0

obobooboobooboobooobooboboboOooobooooboobooboboooooobobOobOOobobOOonog 34
ooo
ooooboooooobbooogom

34 0OUOUOO0O0OOOOOOOOLOOOUOOOOn

0000000000 ¢*-00 lowDODOO0DOO0OO0O0O0O0O0O0O0OOOOOOOO
obobOobooobooobooboobooboooboobooobooboboboobobOoooooobooboobOoboooboooo
ooooobobooobooboooooobooooboboooobooobooDobDooDOoDbOon
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01000000000 flow00000000d<40000 d>4000000000000000000
googoboono

1. 00b0ooboboobob obooboobob obooooboooboboobobobobobooon
gboooooooooon

2. 000000000000 DO0OOO0OObOO0ODbOOo0bLDOOoO0bO0ObODbOODDbOo0ObLDDbOo0bbOOn
goobooboboobooboboobuoooboboobboobooboboobboobboobooobo
oboooooobooooooobooooobooobo

gooboobooboobooooboobobooboobobooboboobobboboobobDooDbo
00 ¢* 0000000000000000000

go 3.4.1.

l.000000DOOOO0DOOOODOOOODOO PODOODOODOODODOODOOOADDOOO

Rp* =p (3.4.1)
2.p 00000 relevant 00 O00O0O0O0OD0OOOOOCOODOO
R(p" f1) =L"p" fr (3.4.2)

00000000000000000000000 ¢*2000000000000000000000000
(3.1.11)0 o0 =L 000000 0000000000000 O00O0OOO marginal O irrelevant O
0000o0o0o0o00o00ooO0o0ooooooooo

goobobo pd0bobO0ob pdobOobOoDLOO0OOOOODODOODDDOODODOpDOOODOOOODO
obooooOoboooooobOooooboobooon

uo 3.4.2.

1. * 000000 p=p*000 peyy 00000 BSTO n-0000000 o™ 0 oW "=Fp* 0000

crit crit
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2. p#p* 00000 p™ 0000000000p™ 000 relevant operator 0000 (u—p*)L* 0000
00000 3410000000000000000000

000000000000000000 ¢+~00000000 relevant 000000 20000000000
ooooboooon

341 0 nODO0O0ODOO0OO

O00p=p* 0000000000 p*=p00000000000000000000D00000O0O00O0
000 erit 00000
O0O0e 0O o™ oooo

Pl =L > Pa (3.4.3)

. s L2
wille—Lra(m|| <42

O0000ooooooo (3.1.6) 00

<<p<()")</>§,")> o =L N (apl), (3.4.4)
pcrit n

93HTH<LT
sillo— Lyl < L

DO000D000 {(peps), 0 200000000000000000 (pep:), , = (vopr~)00000000
oo

(oprny),. , ~ L0 <<p(()")90§,”)> - (3.4.5)

ooooooo p(")ep*DDDDDDyDDDDD n//oco000000000(B45 0000

crit

<<p8")<p§,")> w ~(P06)) - (3.4.6)

crit

ooooo0ooooooti?o

00 3.4.3. p™ 000 p* O “reasonable’ 00000000000

C

0< <ga§gaz>p* < ool (3.4.7)

ooo
(oprny),. . ~ L2010 (3.4.8)
000000000 ¢=L*% 000 2000000
(0Pa) poe = NIz 747 as 2] = o0 (3.4.9)

googo
goooboobooboboboobooboobooboobooooboobo nd

2-n=20—d (3.4.10)

oood
0oooo0oooooo=LN000000

OogoU0000000D000000000000000000000000000000000000000000000000000
goooooooo
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3.4.2 ~ 0O 0000 IO

00 off-critical 00 0000000¢t=p—pu* 0000pu=p*+¢t0000 p0 p, 000000000
t
Pt X Perit X €XP [5 Z gai} (3.4.11)
000p Oft|< 100 BSTO n-00000000000n>>100 (L™ <0(1) 0000

pgn) ~ p* X exp { tLQM Z(@EC”))Q] (3.4.12)

0000000000000n=mn(t) 0
tL™ =0(1)0000000 nk~ |log; t| (3.4.13)

OO000oDooo0o0oD »-000 BSTOOOOOODO

pﬁ>z;f<mp{ou)§:(¢$02}m (3.4.14)

x

00000 p™ 00000000 eritical 000000000 20000 O(1) 000000000000 ¢M
O

£ =0(1) (3.4.15)

obooobooooooboooooon

&=L =0O(L™") = Ot~ /") (3.4.16)
ooooo

v=— (3.4.17)
oooo

o0 ~OD0OOOO0OOOOOOO0OO0OOO0DOO

00 3.4.4. /0000000000000 o™ O0000000D00000000O0OOO ptn)EII:IEIEIDDEI
OO000D0O00DOoO00 pr0000000000000000D00000D0O0Mm

0000 ™ 0000000 O0(1) 0000 o™ O000000000000000

X(n) = Z <¢én)<p§;7)t)>p(”) =0(1) (3.4.18)

x(")

O0000000o0o0o (316 00000000000

X = L2n(9—d)X(n) — O(LQn(H—d)) — O<t—(29—d)/n)|:| (3.4.19)
agood
20 —d
N = (3.4.20)
KR
agood
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3.4.3 AQOQOQOOOOOOO 11O

00000000 renormalized coupling

_ |ual
Gren = X2€d

(3.4.21)

0000000000000 BSTOOOOOOO0O00¢®™W =g 0000000000000 OOOOOOO
DDDnﬂIﬁTDDDDDDu@DDDDDDDDDDDDDDDDDDDDDDDDDDDDD(¢Mfm
00 A ooooooo0ooooo0oooooooo

Case (1): AW — X\*>0000
0000000004, »0000000 0 BSTOOO0O]u{”|~X=0(1). 0000000000000
0 (316)00000000000000O0OOO

460—d

73] = L0 |u{V| = O(LW-dn) = (= *F) (3.4.22)
000028, +y=%=40000
0
Ay=-— (3.4.23)

K

Case (2): A\™ — 0000
000000000000000000¢* 0000000 irrelevant 0000000000 p™ — peanss 000
00006,~000

ezﬁgi k=20 (3.4.24)
000oXN® 0000000000000000 gaussian fixed point 0 0 0 0O perturbation O O O

A g N0 o pAO=d)Fd g Ny pA=d o O (LA D) (3.4.25)
Dmmmﬁgﬂzxm:OaﬂﬂW)DDDDDDDDD(&MDDDDDDDDDDDDDDDD

] = LA (V| ~ O(L) ~ O(t™4) (3.4.26)
ooo

344 f0000000O0OOODOOOOOO

gooobddbe=p 0000000000000 0000O00DO0O0DOOODOODOOODOO

@, =L > Op —  HY @.=HL"> 0 (3.4.28)
x:|lx—La’||<L/2 T x’

O000»-0 BSTOOODOOOOODOO HL® OOOOOODO

P\~ ) X exp[ HL" Z ® ”)} (3.4.29)
000000000000000000
Case (1): AW = X\*>0000n 00

H™ = HL™ = O(1) (3.4.30)
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000000000 ¢™ O effective potential O

4
A (¢<n>) — g ) (3.4.31)
Dooo
(n) (H _
<<p0 >p(m ~ <)\(n)) 0(1) (3.4.32)
0000000000000 (316 00000000000000000
_ 7 —(d—0)n (n) _ —(d—0)nY _ (d—06)/6
{po), =L <¢0 >p(”) 0 (L ) 0 (H ) (3.4.33)
0oo
0
§=— 3.4.34
T ( )

Case (2): A — 0000
O000000000000000 (34.24) 00000000000000O00 H™ =0(1) 00000 BST
0O0000¢™ O effective potential OO 00

0000000 Large Field Problem 00000000000 000000000 ¢5 8000000000
0000000e*-0000000000000000
O00000000¢™ =01)0000000 0000000000

H™ ~ 2 —  HL" = LU — LU o N/ H (3.4.36)
000000 0000000 (3424) 0000000000
T —(d=0)n / (n) _ 4220\ _ -1/3

(po), ~ L <¢0 >,,<n> =0 (L : ) =0 (H ) (3.4.37)

OO000dé=3000.

345 pgO0000O0O0O0O0OO

oooooobooboo
000V, « 0000000000000000000

[t|L™ = O(1) (3.4.38)
00 n-000 BSTODOODOO
™ =0(01), ™ =0(1) (3.4.39)

ooooobooooo

(3.4.40)

pgO00000D0O0O00O0DOCOOO0ODOO
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Case (1): A\ = X\*>0000n00

(—t) L™ =0(1) (3.4.41)
000000000¢™ O effective potential O
4 2
X () e (o)) (3.4.42)
ooog
nkKk 1/2
m\ (=D _
<<p0 >p(n) ~ < ) —0(1) (3.4.43)
0000000000 00D0000000
_ 7—(d—6)n [/, (n) _ —(d—60)n) _ (d—6)/r
(po), =L <soo >p(”) =0 (L ) =0 (Itl ) (3.4.44)
ooQ
d—6
p= (3.4.45)

Case (2): AW — 0000
O00000000 (3.4.24) 00000000000000000000000000000000 (=g /)3 =
O(1)DO0D0O00BSTOOOOOE™ O effective potential 0 00 0

<‘/’(()n)>p<n> ~ <(;()7£)M>1/2 ~ (ﬁ)w /9 (3.4.46)

oooooboooon
DDDDDDDDDDDDDDDDDDQQ("):O(l)DDDDDDD n 0000000000

(=) L™ = AW = (=)L ALEIn — [0 o A (3.4.47)
1|
000000 0000000 6=4420000000000
n _d=2
(o), ~ L(=0m <@g >>p(n) =0 (L : ”) ) (|t|1/2) (3.4.48)

oooopg=1/2000.

3.4.6 Universality, Scaling, Hyperscaling

OOooooDoo0o0ooDo0O000 ¢,x00D0000000DOOO0OOODOOO0O0OD prOOooDOn
OO0000Op0O pr000000000O0DOO0ODODO pO00O0O00O0O0OO0O0OCOOOOODODOODODOODOOOO
O0OO0oooobooooboooonDooooD 0000000 DOnD wiversality 000000 ODOODOO
oono

ooo0oDoo0ooooObo0o0ooooooooD o,x000000O

2-nr=y (3.4.49)
Bo=As=pB+7y (3.4.50)
Y+28=0(0+1) =284 -y =404+ (3.4.51)

000 scalinglaws 00 0d <400
dv =204 —y=v+23 (3.4.52)

000 hyperscaling law 000000
00000000000000000000000000000000000000000®0000000000
B0o0000D0000000000000DD000000D000000DO000O0ODDO0000DDDO0000oDoO00o0ooDGg
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3.4.7 'Tricritical Behaviour

Relevant 00000000000 DOQO O

3.5 OOOOoooeonod

gboooooboOoboboooooobOOobooooboobomoboboooocooobooboooooooooon
oooobobooooobooooooboooobooDbo

3.5.1 OOO0O0OOOOOOOOO

000000000000 {¢,}.,=¢0000¢ 0000 QU0OO00®O00000UDO pO000O0OOOOOO
AcQOOpOOooo

Prob(® € A) = / p(®)dd (3.5.1)
A

ooooboooon
ooooooo 17T:9—00

T'=Try: {ate — {L " pa}s = {@g}x (3.5.2)

0000000000000 L~000000000000000 00000 o7 00000000000OO0O
gooo

Prob(®7 € TA) = Prob(T® € TA) = Prob(® € A) (3.5.3)

0000 Q00000 ADDODODODOOOOOO o0 0000 pf(@f)oooooon

Prob(®” € A) = /A pt(@7)dd” (3.5.4)
0pf0000000

/T ) pr (®@1)dd" = Prob(®” € TA) = Prob(T® € TA) = Prob(® € A) = /A p(®)dd (3.5.5)

OOO0OLHSO ¢'=7T¢ 0000 0000000

(I)T
um:Aﬂ@@%a @:Aﬂﬁ@@mﬂ@ (3.5.6)
PT=T%P

oooooon

(det T) p (T®) = p(®) (3.5.7)
oooo

T HT\ — 1T\ — 7IAl 5T

Pl (@) = (T 1T) = L (2T (3.5.8)
00000000000000

pT(éT):t/}x¢yx¢T-L—7¢ym> (3.5.9)

gooooo
obooobOoboooooboooooooboooobooboonoo

goo0o0oooOo0o0oooOo00ooO0OO0O00O0o0O0O0b00O00b0O00000000000000000 adhocOOOOOO0OO0OO0OCOOOOO
ooooo

22



oo 3.5.1. L>0,yeROOOOOOOO T, O

e JUODOOODOODLODO

Trqy:pz— L7, (Vz € A) (3.5.10)
e 0000 pOOOOOOOOODO T, OOOOOOOOOOOO

dT(®') = (Tp ,p) (®') = / p(®)5(' — LT7®)dd = LY p(L7d") (3.5.11)

oo0oobD0obo0oooobDoooonooDon po O p 00000 LyyOODOO
TL,«/MZPQ (3512)
gooobod po O p 000 D0O00O0O0DOO0ODOOO0O

pP1 ~ P2 (3513)

0 3.5.2. 0000000000000

_ J 2 B oo Ay
H=5 D (pa—wy) +;{§%+Z% (3.5.14)

|z—y|=1

0000000000000000D0000000000000D00000 J,u,A000 w/J,A\/J?000000
ocooooooobooOooooooobooooooooo0o0ooooo0 J=100000O00000O0DOODOO
oooobooooo

gbooobooboobobooboobooboon

00 3.5.3. 00000 py, po 000000 Ty, 000D

TL,V(IOIP2) = L_W‘A‘TLW(Pl) TL,W(P2) (3-5~15)

3.5.2 BSTOOOOOODOO
oobooooO0oboooooOo0O00 ¢ebO0O0O BSTOOD T, 0000000000CO0O0O0O0O0COOOOO

od 3.54. p00nooooooono
RroTey=Rro+y =Tr~Rre (3.5.16)
0ooo
Proof. DDDDDDDDDDD(S@)xEZyGBw@yDDDDDDDDDDD
(RLTLop)(®") = (Reo(TLop) (@) = [ (@0)(T1op)(@) 5@~ L7050)
- /(d@') [/(d@)é(@’ - L_Wq))p(@)} 5(®" — L9589 = /(d<I>)5 (cI>” - L—"S*(L—ch)) p(®)
_ / (42)5 (2 — L775(®)) p(®) = (R 94,0)(2") (3.5.17)

O
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a 3.5.5.

p2 =Tr~p1 (3.5.18)
ood

Rr.o(p2) =Tr~(Rr,ep1)0 (3.5.19)

OO00pr~p2 000 Rp1~Rp2. OOOOBSTO ODOO0O0O0DOOOOO0ODODOOOODO

Rei.0.(p) ~ Rerp,(p) (3.5.20)
gdoboodouooooooad

Rer0.p=Tr (0,—6,) (RL,0,P) (3.5.21)
0000000 0000 BSTOOO pOD0OD0ODOODOODOOOODOO
Proof. Prop 3.5.4 00

Rrop2=Rro(Trp1) =TLRrep

000000 Prop3.5400000000 (]
oboooboboooooboooooog

00 3.5.6. 0000 ~000000000000, 00000000000 p0000000000BST OO
00 Ry O

RL(p) = Ree(p)D 0000 RLe(p) 0000000000000 (3.5.22)

ocooooooooobo0o0oooooooooo0oooboOooOooDoOboOooooOoboOo enDbOOO

OO000DoO0o0o0oo0BSTOODOOO pODO0O0 pO0O0O0O0OOOOOOODODOO

Ri(p) =7 (3.5.23)

O0000OR, 00000 LOOOOODOOODODOOOOOOOODODODODOONODODOONOOd
oboooboooooobooogd

O 35.7. 000 35200000J=100000000000000000000DODOO00O0O0OOODOODOO
ooooooboobooo

1. 0000000 pO00000DOJ==1000000000000D00CDO0OD0O0O0O0O0O BSTOOOO
0000o00oUooo pyooooo

2. 0004 00000000000J'010000000000000000000000CDO p/0000
3. 000000000000 0000UO00O p—»p 000000

0000000000060 0000000000000 0D00000O0O0000000000DODOO0OOOy
000000 p/ 00000000000 0000000 UOO0OOOOOm
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3.5.3 O0O0OOflow OO0
obooobobooooobobooobooboooobobooooo

0 3.5.8. 00p*0 Rre- 000D00O0OODO
Riro-(p*) =p" (3.5.24)
good
1. p~p* 000000 pO00 *00000
Riro« (Top®) =TLy (Rrep*) = (TLp") (3.5.25)
2.046"00 BSTOO p*00000000D0OOOOODOODOO
Rirop* =Tro-0-Riro-p" =TLo—0+p" (3.5.26)
0bOo000dp 0000DbO0O000DbOOOO0OOObOO ¢rOobObOObOODOO

Proof. Prop 3.54 0000000 O

0 35.9. ROODODODODOOOOO R(p*) =5 00000000000 6*,p*000000000p*0 5* 00
ooo

Rro«p" =p* (3.5.27)
ooooboooboooog
Proof 000000 p*0000000000 000000 p*0000 pp0000

Rrop™ = po (3.5.28)
O000d p*0 pp OO00O0ODOODODO

Iv(0), st. pg=Trp" (3.5.29)
goodoobbobbogoooo

Rrop* =Tp p* (3.5.30)
O0O0OProp 354 000000000000DO0O

T Rpo—np" =Tpp" = Rrg—~vp" =p" (3.5.31)
0oooodboo ¢#=0— 00000000000 0000000 000ODO Prop3.5400000000 O

oboooobooooboooobooboooboobon

00 3.5.10. 00000000000 px00

Ri(p*) = p* (3.5.32)
0000000000

O0O0O0ODODOO Relevant, Irrelevant 0O O OO0OOO0OODOOO

25



o0 3.5.11. p* DO00O0OOnpO00ODOO

Rro-(p") =p"s  Rre-(p™n) =alp™n) (3.5.33)
oooo

Pi=Tryp"s  m=Trym (3.5.34)
ooooo

Rero-(p1) =pis  Rrpe-(pim) = alpim) (3.5.35)
oooo

00000000000 T, 0000000000 T, 0000000000000000000
Proof. (3.5.15) 0000000
pim =T (p})T(m) = L™ T (pjm) (3.5.36)
0oo

R(pim) = R(ILMT(pim)) = LWRT (pin1) = LWMTR (i)

= LM Ta(pim) = alMT(pim) = apim (3.5.37)
0

00 3.5.12.
Rro-d=ap = Rpp=ad (3.5.38)
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4.1 0O0OO0OOO0OOOO

Jd0000dU00ooodUo0oo0oU000oo0U00ooodUoDOooOUUO0DOoO0UUoOooooOOUoDon
gdob0ooboboooooboooooboooobDooOomm

Here we concentrate on three “axioms” of QFT, which will be relevant for our later studies. A general reference
is [6].

4.1.1 Mathematical Definitions

Minkowski space: A space R? = {(z° 2!,...,2971)}, with a special “inner product” (z,y) = z°%° — 2?2—11 iyt
Note that this is not a proper mathematical inner product (indefinite metric).

Lorentz transformation: A linear transformation

_ i P
Acz= (%2 .2 eRY -2/, 2 = A2’

on a Minkowski space, which leaves the Minkowski inner product invariant. The set of all Lorentz trans-

formations (on a given Minkowski space) is called the full Lorentz group.

Proper Lorentz group A subset of the full Lorentz group. Its elements are those Lorentz transformations A
which satisfy AY > 1 and det A = 1. This is written as Ll

Proper Poincare group: The set of all transformations (a, A) where a € R? and A € Ll, defined by
(a,N)x = Az + a.

The set is written as PJ_.

4.1.2 Wightman-Garding Axioms

This is a very natural starting point for Axiomatic QFT. In essence, it proposes a framework of QFT in a usual

Hilbert space, operator language.

Axiom GW A quantum field theory (of neutral scalar field) consists of the following four: (1) H, a separable
Hilbert space, (2) € H, a unit vector (vacuum), (3) ¢, a mapping from S(R?) to the set of linear operators on
H (field operators), (4) U, a strongly continuous unitary representation of Pjr on H. Moreover, these four should
satisfy the following “axioms” (GW1-GW5).

(GW1) [This part lays foundation of QFT as a usual quantum mechanics.] There exists Dy € H, dense in H.
And (we denote the inner product in H by < -,- >)

(a) For each f € S(R?), the domain of ¢(f) [as an operator on H] includes Dy. Moreover, for any
Uy, Uy € Do, (U1, 0(-)T3) is a tempered distribution.

(b) For real f € S(R?), ¢(f) is a symmetric operator on Dy. Le.
(W1, 0(f)W2) = (o(f) V1, W2).

(¢) Dy is an invariant subspace of H for each f € S(R%). Le. ¥ € Dy implies ¢(f)¥ € Dy.

(d) © € Dy. Moreover, Dy is a linear span of

{2, 0(f1) d(f1)(f2)Q .| fi € S(RY)}
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(GW2) [This takes care of Poincare invariance.]

(a) Dy is an invariant subspace of U(a, A) for each (a, A) € P_I. Le.
U(a,A\)V € Dy if ¥ € Dy.

(b) U(a,A)Q = Q for all (a,A) € P].
(c) The following identity holds as operators on Dy: For all (a,A) € PJ_ and for all f € S(R?),
Ula, A)¢(f)U(a, A)™" = (fa.n)
In the above, fo A = f(A71(z — a)).

(GW3) [Spectral Condition] Consider the set of all translations {U(a, I)la € R4} C PJ_. The joint spectrum
of the generators of these translations is contained in the closure of the forward light cone: V™ = {p €
Re|p°® > 0, (p,p) > 0}.

(GW4) [Locality or causality] If f,g € S(R?) are space-like separated, i.e. (z —y,z —y) < 0 for all x € suppf
and y € suppyg, then (as operators on D)

[0(f), 2(9)]- = o(f)¢(9) — p(g)o(f) = 0.

(GW5) [Uniqueness of the vacuum] € is the unique translation invariant vector. L.e. it is the only vector which
satisfies = U(a, I)S2.

4.1.3 Wightman’s Axioms for Wightman Functionals (Green’s functions) and Wightman Recon-

struction Theorem

In 1956, Wightman gave an another set of axioms, which he proved to be equivalent to the above one. It is

written in terms of Green’s functions of the field theory [called Wightman function(al)s]. It is stated as follows:

Axioms for Wightman functions: A QFT (of neutral scalar fields) is a set of tempered distributions {W,, €
S'(R™)}2 . which satisfy the following (W1-W6). By convention, we always understand Wy = 1. In the

following, W,,(x1, xa, ..., &, ) represents the “value” of W,, at (1, ..., z,) as a tempered distribution. IL.e.

/W X1, T2, ey X)) (@1, Tay ooy T )dardas - - - dpy.
We denote the complex conjugate of z by Z.

(W1) [neutrality] For any f € S(R™),

(@1, @,y xn) = f(Tny Tp_1, ..., T1).
(W2) [Poincare covariance] For any (a,A) € PJ_ and for any f € S(R"),

Wn(f) = Wn(fa,/\)
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(W3) [Positivity] We define a tensor product f ® g for f € S(R™™) and g € S(R™) as
(f ® g)(xla --~,xm+n) = f(xh ---axm)g(l’m—&-la "',xm-i-n)-
Then, for any fo € C, f; € S(R?), ..., we have

N
Z Wm+7L(fm* ® fn) Z 0

m,n=0

for N=0,1,2,....

(W4) [Spectral Condition] The support of the “Fourier transform” F' of W, defined by
B n—1
Wn(xh ceey xn) = /Fn—l(pla --~apn—1) eXp{i Z(pja Tjt1 — mj)}dpl - 'dpn—l
j=1
is contained in (a tensor product of) forward light cone.
(W5) [Locality] For any n > 2 and for any x;, z;41 such that (z; — zj41,2; — z;41) < 0, we have
Wn(.’L’l, ey Ly Tj41, .’L’n) = Wn(l‘l, ey Tj41,Tj, .CL‘n)

(W6) [Clustering Property] For any spacelike vector a € R, we have

Ahnolo Wn(xh vy Ly Tj41 + )\a, ey Ty + )\a) = Wj(.ﬁl)l, --~,-'If'j)Wn—j($j+1; .’L’n)

4.1.4 Osterwalder-Schrader Axioms

This is the set of axioms which will be directly relevant for our later studies. It is a set of axioms about
Euclidean Green’s functions (called Schwinger functions).

We begin with some definitions.

S4(R™™) = {f € S(R™)|f and all its partial derivatives are zero on a hyperplane y; = y;} (4.1.1)
S, (R*™) = {linear functionals on S, (R%")} (4.1.2)
Se(R™) = {f € S4B suppf € {((1.51), o (b x0)) € B0 < 11 < . < 10}} (4.1.3)

Osterwalder-Schrader Axioms: “Schwinger functions” {S,,}22; should satisfy:

(OS1) [Temperedness] Each S, € S, (R9™). And

Sn(f) = Sn(@f*)

for any f € S.(R™). Here

(@f)((t1,X1), sy (tmxn)) = f((_tlaxl)’ ) (—tn,Xn))

means “time reversal.”

(082) [Euclidean Invariance] For any A, a rotation of R, and for any a € R?,
Su(F) = Sn(fan))s [ €Sz(R™M).

(0S3) [Positivity] For any f, € C, f; € S (RY),

N
Y Smin(OF; ® fn) > 0.

m,n=0
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(0S4) [Symmetry] Sy, is symmetric. Ie.
Sn(f) = Sn(fx)
for any f., which is obtained from f by changing the order of its arguments.
(0S5) [Clustering Property]
Jim Sy (f ® Trg) = Sn(f)Sm(9)
for f € Sx(R™) NCo™(R¥"), g € S(R¥™) N Cy™(RI™). Here
(Tr9)((t1,%1) 5 ovs (tn, X)) = g((t1 — £, %1), oevy (b, — t,X1))

is a time translation.

Important!! The above three axioms are equivalent!!
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4.2.3 0O0O0O0OOO
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