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A periodic graph is a graph with a free ZV-action such that its quotient graph is a finite
graph. Periodic graphs are the object of study in mathematical crystallography and also
appear naturally in geometric group theory as Cayley graphs of virtually abelian groups.
The growth sequence b(n) of a graph is defined as the number of vertices with (graph)
distance n or less from a fixed vertex. In this talk, I will first discuss an affirmative solution
to the conjecture of Grosse-Kunstleve, Brunner, and Sloane in 1996 that the growth sequence
of a periodic graph is of quasi-polynomial type (“type” here means “for sufficiently large n”).
The proof (by Nakamura-Sakamoto-Mase-Nakagawa, 2021) is algebraic, and it is based on the
theory of Hilbert series of graded rings. In the rest of the talk, we will discuss the relation with
the Ehrhart theory (joint work with Takuya Inoue). Unlike the case of the Ehrhart theory,
the growth sequence of a periodic graph is not necessarily quasi-polynomial in general, and it
does not necessarily satisfies the reciprocity law. On the other hand, it has been observed by
Conway-Sloane (1997) and others that the growth sequence becomes a quasi-polynomial and
satisfies the reciprocity law in various specific cases (also reported independently by SGW at
Kyushu University). In this talk, I will introduce some necessary conditions for graphs such
that the growth sequence becomes a quasi-polynomial and satisfies the reciprocal law, and
explain that it can be regarded as an extension of the classical Ehrhart theory.
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