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Introduction

Markov equation (ME )

x
4

y 4 z 2
=
3 xyz .

Diophantine cluseen
PProximariona algebra

Markov

equation
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group bundles om

Projective plane



Cluster algebra Markorequation
n n

generalized generalizeddusteralgebra >
Markov equation

Gemeralized Markou quationE (GME )

x' 4 Y 4
Z

+ kixytkiyze ksax
= (3 t kitktk3 ) xyで
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.
,Markovequationand itsgeneralizarion

Markor quationE
xtY 'tz ≡ 3xyz

Positive ineeger Solutions ME :to

(x . y , Z ) = ( 1 , 1 , 1 )
,
( 1
,
1
,
2 )

, ( 1, 2 , 5 ) , (1, 5, 13)…

The integers appearinginPositiveineegersolationsco
ME called the Markounumbersare



Thm ( someone ? )

Weconsider ( abic
'

, h , c )

( a , b ,
C ) ( a

, atc' , c )

I a . b , a
'ee

'

)
( 1 ) If ( a , b , c ) is a posicive inagersolution toUE ,

then soare the 3tripletsight
(2 ) All posicive imegersolurious to ME ave obtained

by applying this operation to ( 1 , 1
,

1 ) repearedly .



7C
'

± Y
'

42 z 3xyRSoluriontree of

Ʃ
t5 :



MarkorquationFGeneralized ( GME (K ,k,ks ) )

xY ' 4 zkixy+ kYztbizx = ( 3 tkiekr + ks ) xyz

for b, , k 2. ks ε 4z 0

ki=ki= ks = 0 ⇒
x

± y
'

tz
2
= 3xy で

bi = kz = = 1ks ⇒ (xty ) t (Ytz )
'

t (itx )
?

: 12xyz



Thm ( G. - Matsushica )

Weconsider ( , l,claltkhctc
2

( a , b ,
C ) ( a , a

' kiactC, )h

( 9 . b , cakiabeb' )
( 1 ) If la , b, C ) is a posiciie inegerslution to

then so arethGME(K , k , ks ) 3tipletsight
(2 ) All positive incegersolurionstoMEareG( k ,kks )

obeacmedby applying thisoperationto ( 1, , / ) repearedly .



Solution tree of x'ty' tzxytyz + Ex = 6xyZ

12 t 3
'

1 . 1 . 3
っ

l

= 13



Solution treeofx' tyztOxytIyz + 2 xx = 6xyz
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Generalized mutationseedら

。 1 .seedx, )4
, B

⇒く: 。 K = (x. " , 7 ( n ):(formal)vanables.luser "

n -upleofpolynomils ofmonicpanomiclindo1
0 i文 = (2 "

… ,
て n )

I va ' able lith sIn'celypositiveineger

coefficienes
.

。 B : skew - symmeturablematiyhij) nxm

iilas = diag( s"., sm ) SB : skew -symmetvicss0
,



Aeneralized seed muration :

For b ε [1 . M ] , weobraimund a muraed( x , x ,
)seedB

at k as follows (x' , x , " ] : =Mk ( x .
4

,BB

区' =区

0 bij = {
-

hthistthik ] thnjthik[ -bbslgthGorerwse )1 {
( π ) degz zp (Thxi )[

ais {

xji-hij
」t

( iorj = k )

xi
'

=
. xk

i =kl )

xi itk)

where ]t : = max( o ,a )



EX
.

x = ( )x , x 2 ,

x3 ] . ニ

{
Z に Ie tuµ

B =):zZ
2

= It U

1Z
3
= t 2µ t µ,

→ ( B ) = fo : li ] -Bi .

L o12

IM
(
x

.

xx(cxstxs拽
, x2

, xs )

xPt x
2

( x , 7( 2 , 7xs )
2

( xy
,i

, ,x 3 )
"

3µ

( xi
,
x 21

)C
.

' +2xx 2 t)ぐ
7C3

)
C? tx : ±

x

3 ±2xix +x 27 [ 3= 3xyzRuleof1



Thm ( G . -Matsushita )
For B , 4 )inbelowtabley{ xt }tnweset alldusersobtainedhe

from applyingmucationseo( x , 4 , B )repeaedly Then

{ tYteimlxi = xz = 7xs = 1 gives the sel of posirive inegersolution o
the

Corresponding equation .

ME

GME ( K , O
,
0 )

GME ( K ,k 2 , 0 )

GME (Ki , k , b 3}



Popertiesandquestions3

Markou uniqueness (unicry ) conjecture .

For a Markou number C
,
there is a unique posirive

inugersolution &
.

Y , z = a , G ,c to MEuproordeys y
such that a

, ace

For exarle, forC = 5
, posiaveinegersolutiona,h ,5 {

a
,
h < 5which sarisfies isonly {

1
, 2 ,

5

w ME

How about GME version ?



Thm (G . -Marsushira )
There is a coun rexale ofGMEversionof
the conjeceureif ki , kr ,ks ave nor the same number .

When kio , k = 1 , k = 2
,ン 3

( 1
.

81
,
17 ] and ( 7, 81, 2 ) ave

both solutions GMEa which

have 81 as maximal
.

Question ( open poblem ! )

Howabout thecase
bo = k , = k ?



ko = ki = k 2
= 2 case :

thm (
G

. - Matsushical

( x . y .
z ) = ( a

,
b , C ) is a posirive inegersoluton( 2 ) If

to UE
,
them (x . y . z ) = (a ? b : c

' ) isone oGME [2
.

2
.
2 )

(2 ) If ( x . y , z ) = (A , B . Cl is a posirive inegersoluton

toGMFthen(x .y , z ) =(ABI) ( SOne wUE12
,
2
, 2 )

Cor
.

RG .
M

. U . GM. U
. C

, ( 2
,

2
, 2 )



and (generalized )MarkoumumbeIrreduciblefraction

We constmct a map

l Irveduable fraction } → ( Markou numbery .

OCq ≤ I

For given qEQ ,
0 cq ≤ 1 ,

we consider atinesegmentniththeslopeqnlq
from alatrie Point w the next one

.

q = 連 世EX



We cileslqpassestorthroughthae .

ー

ー

lq

ノ

世 → 山ー

ー

ー

/

we t or - foreach tiangle of tas follous '

assign
*

*

二武*→ XE
{

t ,- y
* *

→ [ け , -
,

-
,

+ , +
, -
- J1

昨∞ ～
2

→ [ 2 , 2
,

2
, 2 ] :2 +

こ ⑪Λ mq
え



( Canacki - Schiffler .Bamaian)Thm

For Ocq , q 1
, q 2

q 3 ≤ I .

( 1 ) q → mq is well -defined( noedepend
onthechiceoft

)

( 2 ) mq is a Markou number .

( 3 ) ( Mq , , mq , mqu ) is a
solution to ME

cross each otheronlattiq,Lq, Lqs
points ( Lqi = hline segments with slope q }only

⇒ q . = 4 , f ==d , q :F avereduadexpressions ,

then lder ( qq ) l = det( cg )la = 1 dee ( fq ) = .



E

二だな *

*

ー

戍 ～→ [* , * ]
- [

1. t] → 1 + i = ③= M ÷

ー

T* → [ *+., - i
*

J → [ 2 , 2 ] → 2 +=⑪~ ms
w ow

2 2

( mi mi m ") = ( , )2 5 29

2 529t = 870 = 32529



Thm

M .
U

.
C . qumq is injective .

Aigner Conjecture ( solved . Lee - Li - Rabideau - Schiffler )

For qOc ≤ I ,
( a ) M

cmqaabti
( h) mq < Ma

h

( c ) mqr s ma - i

Fil



We constmct a map

{ Irreduciblefraction { {
eneralizedG

9 0

Markoumumber

OCq ≤ I for ki = kz = ks = 1

ー

固→ → 凵
ー

,

ー



We orand edgethatlqpasachtnangethoughoassign
*

⑦
0 ⑨

*
*

0 0 0

*

*
0 0 0

ら1～二感_* → [ *+ it . --- ) * 1 +++ t - -、 *凸
十

Mq

→ [ 3
,
5

,
4
,

3 ] =
3 +

5 +
4 ← 字 =⑪1



(Thm. Bamaian )

For OCq , f , q 2
. q , ≤ I .

( 17 q q iswell- defined (nvedependon thechoieof * )M

( に ) qisM a generalicedMarkoumumbenforki = ke : k = 1
.

( 3 ) ( q , qu , qu ) is a
solution toMEMM M G U ,

1
,1 L

choss each other lattiq,Lqu, Lq
on

points only ,

⇐ q . = Q , f == ,fifF averedued expessions ,

then (der ( qa ) l = dee ( cf )la = 1 der ( 5 q ) = .



Thm
.

M .
U

.

C
.

* fu q
is injectiveG- L

", I ) M

Question

Aigneranjecture ,tha τisAm analogue of
( a ) MqCM 2ati "

l (G ) MqCM is true or not
.

( C ) Mq < Mi

How about GME (K
,
K
,
k ) Sorkto, 1?



Generalized seed muration s ?Equation

There is another
"

GME - type equarion
" !

Thm
. ( G

.

- Matsuslica)

For B . 4 ) inbeloweable3 xt }tweset alldusursobtainedhe

fromapplyingmueationsto (x , 4 , B ) repearedly Then

うがtYteim / xi =xi =x= 1 gives the setof posiriveineger
slurion o the

Corresponding equation . iD
= degz '

… degzn }(



( 1 )

(2 )

( 3 )

(4 )

しら )

( 6 )

Common Poperey: tic { 1 , 2 , 39 , Mi ( B ) = - B .

BD is [品= } ( 1 ) n 4) ) or [。2 ] ( 15 ) , (61 )
2 - 2 0 4 - 2 0



ltkiu tkrU tkiru 3
t µ

4

B = [ ; : ' 話

] , x =後: ,

) = [4.%。
→ µ i ( B ) = - B .

BDisthe sameas ( 51 and ( 6 )
.

Question

Is there an equation
such that it wichtheaboeorresponds

( B , x ) ?

Geneal Question

Whatis the algonthm w constuct the wresponding
equation

" "
( B
,
4 ) ?goodfom



Rank 2observation

Byfixingonevan'able in (x 1 , 7x 2 , 7x 3 ) , we obeain the

seed -

equationconespondence of rank 2 from tharof rank 3 .

EX
Z に

( x= ( x, x 2 ,x 3 ]
区

= { Z 2 = It U
"

I
u

µ

BT)十
→<
L
'

tY
'

tZ
'

+ 20ftYZ = 3xyz{ 1 1

② x
2

ty
'

t ytl = xy



Thm
. ( G. - Matsushira)

or B . 4 ] inbelowtable 3xt }tweseealldusursobtainedthel

from applying mucarions o (x , 4 , B ) repeaedly Then

{ xtYt ε im / x =x = 7ls = 1 gives the setof posicive ineger
soluTion o the

Corresponding equation .

] fomaME
} fum

"

GME- ypeeq .

"

from ME


