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Genernlized Morfo Eﬁm‘(:bn (GME)

L4+ Ut A2y + 498 + Ay 22
= (3141 4,+4 ) LYz




2: Harlcbv eﬁmﬁb% mw( (7S J@?’(rﬂl [l‘Za’[tm

Markov E%um‘ﬁbm
L+4 1% 3242

PoSitive. ('mchr Solutioms 1o ME :
(1.9, %)= (1.L1), (I,1,2), (1:2,5), (1.5,(3)

The (rteiers appeatring. i pusitivd smaeger sefutions o
ME ow called the Markoy smmbers.



Thn ( Someone 7 ) o
(%/ Ag/ C)

We consider
(a/fe,C) <( a/_ﬁ/_}i?/ C)
(a '/e, o’+t &

C :

() 1 (a,4.,C) /s a posiave r'ormjek solution To ME,
o S are the nsht 3 ‘t‘m‘P(ets.

(2) A“ PUSPC"H’/ l‘mtgdf S'D(a‘a'orns To ME are a[:mchep(
by applying. this operation to (1, 1,17) repeatadly




§0(0\T«‘0M tiree D'F iz’f :72’1' %= 31278

(1,34,13) - -

/ ‘12'1="—§ (194,5,13) - -

(29, 5,433) - -

(29,169,2) - - -



Geremlized. Markov E2untion (GME (4, 4:,4:))

7621 ﬂl‘f‘ zi’f 'ﬁlzj'f 4> (72"' £:22 - (31‘/51'"62*'53)1(72
VQV fgr,'%z, '£3 € Z=0

kihbizhy=0 T+Y2" - 324
biedi = | 3 (eg)elgee P (rant’s (222



Thw (G .- Hn'tsusu'm)

We consider ( ﬁ"gfc"cj 4.c)
(G/K,C) (a/%&ﬁ,(l)

(a ' lg , _ﬂefﬁrﬂgfﬂz)

(1) I‘F (a/ »@,C)r's Qa FOS"r“OVZ I(IiTLjel/‘ solttion To
GHME (for, bses) Thom S0 are fhe nsht 3 'em‘P(ets.

(2) All PoSiTine (‘zntgdfﬂo/az:‘ows o GME (A, 4, &) are
obtached by applying. this operation to (1, 1, 1) repeatedly




Solwtion tree of Ledfee zycizrer= 424z

(1,291,61) - -
(1,13,61)

\
///// (4683,13,61) - - -

(1,1,1) — (1,1,3) — (1,13, 3)

I f3+|;\\\\ (217,13, 16693) - - -
e

(217,13, 3)
:[3 T

(217,3673,3) - - -



§o(u1t'o(n Tree o'F VK !‘ﬁf 7%+ 0;3 + 142 +22¢ = 6,2:278

(91,16,1) - - -
I

(3,16, 265) - - -

(3,16,1)

(37,1,10) - -
(3,1,10)

\
= (3,169,10) - - -

(3,1,1)
(i)
//////(21,4,1)-‘\\\‘““(21 4,457) - -
(1,1,1) — (1,4,1) . .
\\\\\\\ \\\\\( )_”/”/,(373,4,17)-~
1,4,17
S 1o T (,81,17) -
1,1,2

e /(7,81,2)---

(7,1,2)
T (1,1,25) -

(103,9,2) - - -

T (1,9.41) -

(1,9,2)



b. Gemmlfzc»( seedl mutation

o (2.2 B) : Seed

@ o W= (X4, ..., Am ) - (‘W) waoinbles . oluszr”

0 z; = (Z.t, . ,8n)
/ M-t of palivtrmemic ic. polynomiels of

{Lanablo weh r(n’afgv positve wmueger
Qefficients .

° B=()&3)3 NxN sl:ew-c)mww‘zaélz matin'x

\ )23 S= diaa. ($,...,.80 ) 5 >0 , SB: séefﬂ-?/mouefﬁc




G.me 'Q.DA. S‘Ceﬂ( ‘WM..W.T('O% '
H‘“ /ﬁe[l,(n] wnd (%,%.8), we obtwin a mzpud seed

(%, &, 5/):=/4,§[1,Z/3) ot £ oas pllows
Z/; 2&

/@;-’.—_ f — o&l) (l'arj :»ﬁ_)
Jo J ’&J T /ﬂjZﬁ[ﬁAL&\/ '(‘,zq'ﬁ [“,K‘UJ{-) [odemm)

4 ‘
] Ta)® a7 2574




| 0 = [~
-(20 J : 2
M1 I:‘fz‘zleB + s , :ZZ., 23 )
(1(, Aa, As ) fe ('ZI, 2'9*1132 ’ Z?)
43 2
( L 2, X'+ 222347
4 / A3 )

Reale o'p le_[_ %2.24 Z;‘f 222 + 113 = 3x4r



Thm ( (.- Matsuslira l
Gr (8. 2) tn the bebweable, we set {36 Vtetn allclisters obtanad

from. agplyina mutves to (%, 2,8) ropemedly. Then
e Tt P qives the set of poS Ve rznﬂye*sv/avm 10 e
CorriSponding. eQuotion .

Equation B Z

ME 2 + y? + 2% = 3zyz -2 0 2

C\ME (l{lnozﬂ 4y’ + 22t hizy=B+k)zyz | (-2 0 1| | Z(u)=1+u

\

(
(
(
i 17 | (Zi(w) =1 + kou + u?
GME (bl/'ﬁl,o) 2 +y? + 22 + kizy + kayz _01 (2) 11 X Z;(u :1—l—u2
(
(
(
(

= (3 + k1 + kz)xyz

0 1 -1 | [Z1(u) =1 + kou + u?
2 3.0 2
GMC (&(/&2,43) = -I—y: Z&j—l:;lfl—l:;cg—tzz)y;y_; o3z -1 0 1 { Zy(u) =1 + kgu + u?




3. Fropertees and 3:@%‘"5

MaVkOV M%I?JW&S (U azy ) Cow/eectum
For o Hanéov 9 o ber- C, ﬁ/m 'S A Mm:?ue positire

Mu?w S‘a(umm 14 Z(l {a, 4, 49 (o ME up 7o wvép
such that Q) A(C

for exwaple, for =5, foa’alzer?nzefersvﬁmm 10,4, 5 |
w ME lefotV S?J\T-‘SID("CS 2,4 <5 Is om& /l,Z, 59 .

How méﬂu’t GME 2y SO 7



Thm (G, ~Matsusliioo )
There (s o cwnteresomple of GHE eisiom o
the mjgc;rure it A, £ , A5 are mor R some. ousbeh

WM% 'ﬁ"; 9, /ﬁa.: [/ ’ﬁs’z / (3,16,1) <((:11’61,62’615))-.'...
(1.€1,17) aaol (7.8(,2) art /)<<>
woth, Soutioms 0 GUE which e
hﬂ[fe 8-’ as W)(‘t‘(nmj. / /(21,4,1)<

(1,1,1) — (1,4,1)

e - 373,4,17---'
Question (open prebleon /) N e

(1,1,2)

( )

(21,121,1) - --
(21,4,457) - --
( )

T~ (7,81,2) |-
How about the cse =t
/&0" /é( = &2 ? (1’9’2)\//\/(103,9,2)--.

(1,9,41) - --



/ﬁo"/g(:/&? =2 pse .
T (G- Mazsushita )

(1) I (L. 4.2)=(a, 4, C) 1S a postie ;’hz7c1/~5*p/u'mo¢
To ME, then (7.4,2)- (224 ¢*) jo ome w CME 0.22)

(2) Z.'l‘ (7(1’{/,8 ) = [A/FC) 1S poatie fhz?d/' S‘p/u'ﬁb%
o GME (2,2,2) then (2.9,2)= (JAJ6/E)IS 0me w0 UE

(or,
M.0.C. © GMUC (2,2.2)




o Trreducible Faction and ( jﬁfma/lzw( ) Horbeow ommbey

We cmstmet a map

8 Trreducible fractvn f —) f Morkoy owmber: ?
< <L .

For given §€@, 0<% 21,
We ComS‘c'o&V A /,Wjonmt /; ‘o [P : MTA -J‘L s[oloe ?
From o (athig ponl 20 the mext ont-.

417

Ex. 3,-% = //




We ASSiN £ or — For ench TM'M‘JLL of T nc Pollows :

Dy X I K

N *EH,

S — [*,4, -,

IT Y, — -J




Thon.( Cammcki-Sciffler , Bomaiom).

For 0<% 719293 € {
(1) %— = /Wlta. 's well-defimed (W'Co(tl?&nﬂ( on the chocce .;F*)
(2) ’W“&. s o Markey nambepr
(3) (‘W\%;/’W“bz, M3, ) 1s & golution to ME
S g, L3, L3y Choss et other om lottice
pormTs 0""3 ( U{, =4 [ine s’ejwznfs with sbpe 21 ).
© if e % - ts- f ot Malum( e:opussms

Tho\[o!a‘t ) \obi d?r) ldm 2y =1




A SIS

+ - =M
K > [¥, %] ——9[,,,] ~ |+-{-= 6,[.) T

M — [%Tjﬁ] — [2,2] — 9+ L =®;MJ£

2 2

(W,W,,fm%\*- (2.5 ,2)

245429 - 870 = 3-9-5 -9



M. U C, &© %F—‘) Mz_ (s l‘nJ-eCTr

Afgmw Conje&‘l‘we, ( solved - Lee-Li - Rabidesu - Schiffley )

For 0<%< L,
A 411

() me <44'la{:

(C) mMe < mad
yAN!




We mgTWC’t A (mAF

Trreducible fractom f — f ﬁ%{ﬁfméw ?
)< % <1 |

for 1=ty =

i = P o




We aeeiaa'\, +or — Mfﬁamg&, amd eabe that /%pass fle,

b
A 3
Eg H[r;;i?,:‘:/)"/—/ ;m"—’"’f]
E‘Eﬁ N B Mg

_~ 3+ l ( 2@
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Thow.( Bosaian ) .

For 0<% . %0.%:.%¢ 1,

& = H% s well-defimed (ot depond on the choice o£+)
(2) M%_ (S A 3mmlfzul, Markns/tnumz"&l/' JCV' '£1='éz"£:= l.
(3) (M‘&HM‘bz/ M%,) s o solution to GME(, 1, 1)

® Lgo, L4, Lgy Cros? e6ch other on [otlice
POI'MTS orn!y ,




T, |
| G.MU.C (L) & ¢—oMe s imjectie.

@(A,Qgﬂo‘v\
An o lo Jue of‘ A?ﬁq«w OWJfC'UAVe/ L that /S
Q
) () M% < ME?: )
(4.) M-g- ¢ Mﬁlf:*' e W or wot.

c) Ma -¢
B M#<M%{-

o How abont GUE(K, 4 4) Hrdto, 1 7?




Geoneralizeh seed mattion. — Eguation 7

There S wa[w (I& ME'WP" ef(lAT'M v/

T, ( G, ~Matsushir.)

Br (8. 2) tn the bebweable, we set {3G Y 2em all cliscers obtuned

from. applyira. mcasvars to (%,2,8) rapesedly Then
%1‘(1 (1'[91]'«,1(=11=x;=\ g(‘(/‘es %QSBTO’F PDS"T“V& [?nfﬁe“ SV/“UM <o the

desz,
! - ;
COW{QPon(Mg. e?.um?t oNn . D { J ..
J Zm
Equation B Z D
(0 1 -1 Zi(u) =1+u 1 0 0
22+ yt 4+ 24+ 222 + 222 =Txy?2 | -4 0 2 Zo(u) =14u 010
_4 _2 0 i Z3(U) :1+u _0 0 ]__
I 1] Z1(w) = 1+ ku + u? I i
2+ y* + 2% + 22y? + ky?2? + 22%z ol 1 1(u) i 200
o 2 9 -2 0 2 Z2(U) =14+u 01 0
= (7T+ k)zy“z

_2 —2 0_ Zs(u) =1+ u _0 0 1_




Equation B Z D

(0 2 2] Zi(u) =1+u 1 0 0]
(n 22 + y? + 22 = 3zyz —2 0 2 Zo(u) =1+u 01 0
A =2 0 Zs(u) =1 +u 0 0 1
0 2 -1 [4@w=1+u 1 0 0]
(2‘) 2 +y? + 22 + kizy = (3 + k1)zyz -2 0 1 § Zo(u) =14u 010
|2 =2 0] | | Z(u) =1+ ku+u? 0 0 2
- - ( - -

2 -1 Z1(u) = 1+ kou + u? 9
x? + 9y + 22 + kizy + koyz _0 1 )_ 5 00
(3 = (34 k1 + ko2)zyz 1 0 1 q Za2(u) =1+u 010
|1 =2 0] | Z3(u) = 1+ kiu + u? 0 0 2]
- - ( - -

_ Z1(u) =1 + kou + u?
z? +y? + 22 + kizy + koyz + kszx . 1 1(u) - 5 200
_ -1 0 1 § Za(u) =1+ ksu+u 0 2 0
= (3+ k1 + k2 + k3)wy2 1 1 0 : 00 2
L - . kZ3(U)=1+k1u-|-u [ 1
(0 1 -1 Zi(u) =1+u 1 0 0]
(9) o+ yt + 2+ 2xy? + 222 = Txy?2? | (-4 0 2 Zy(u) =1+u 010
L 4 _2 0 i Z3(’u,) =1 +u _0 0 ]._
i —1] Z1(u) = 1+ ku + u? i 1
(6) 2+ yt + 24 + 229 + ky?2? + 22%2 L. . 1(w) 200
2,2 -2 0 2 Za(u) =14u 010
= (7T+ k)zy*z
| 2 -2 0] Zs(u) =1+u 0 0 1
) \
(ommon. P - Vyel,2,34 M (B)--B
M A l € ,/ 2/ ! ] - .

BD is [Z 2 \waa)) o [S6 2 | (0. 8))

2 -2 0 4 -2 0
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. Romk 2 obseriation i
Row one \arioable i (X1, 2. 23 ) . we ?zZ» il
" 7o .
! flm / v omespomdonct of 1ok 2 fhm ¢
Seed - egﬂof(«

To 2 - -
+Y? N
o ) Z<=f2’=::’:: B I )
11 13 2 7, =
(1("'(1(/ /

I

q -'Zj—e—l—f—z'vtf"bti'/ -
&> %9-(,:721%2—" 2%4—72: 37—;7/8,

e xZ_flU?_f 444_1_._-1,’6.



Tam. (. - Matsushirn.)

Fr (8. 2) in The belowtable, We set {3 Y ¢em allchseers obtuned
from. applyira. mcsvrs 2o (%,2.8) ropenzedly Then

h(‘t (1161@, ,1(41:1;:\ j('oes %&SBTO’F PoSl“B'V& 1?11178* 5‘0/64'["0% Lo e
COMQPon(Mj e?.um?('o'n .

Equation b =
- e Z :1
L ~ 2 —
0 111 (Z(w) = 1+ kow + 12
2+t hiz+hy+1=0+k +k)zy -1 0 {ZIEZ; 1+ kzz-l-ZQ
1 O B =1 from GME
[0 1] Z1(u) =14u
1| [Z1(w) =1+ ku + w2
2’ +yt+ky? + 20+ 1= (5 + k)zy? _02 0 {ZIEZLHUU u Y s
-2 of |2 fram GME—W‘Q%'
- - Z :1
L - 2 —
0 2] Zi(u) =1+u qc [ME
2 2 _
z°+y“+1=3zy —2 0] {ZQ(U):1+U r"(»l




