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Genalized Mooy Eguaition (GME )

L4+ U A2y + 498 + Ay 22
= (3141 4,+4 ) ZYZ




2: Harlcb\/ eﬁmﬁb% mw( (7S J‘@?’(rﬂl [l‘Za‘[tm

Markov E%um‘ﬁbm
T+41 2% 3242

PoSitive. ('mchr Solutioms 1o ME :
(1.9, %)= (1.L1), (1,1,2), (1:2,5), (1.5,(3)

The (rteiers appeatring. i pusitivd smoger sefutions o
ME oe called the Morkoy sumibers.



Thn ( Someone 7 ) o
(%/ Ag/ C)

We consider
(a/fe,C) <( a/’a/—zi-z/ C)
(a '/e, o’+t &

C :

D IF (a,4,¢) fs 4 posite. (nader solution o ME,
hon So are the nsht 3 'CM‘P(ets.

(2) A” POSlT"w ('/ntgd/‘ S'o(a‘[t'ows To ME are a[nmchep(
by applying. this operation to (1, 1,17) repeatadly




Solutiom tree of L4t 7%= 3242

(1,34,13) - -

/ ‘12‘14‘—2‘ (194,5,13) - -

(29, 5,433) - -

(29,169,2) - - -



Geemlized. Markov E2untion (GME (4, 4:,4:))

7621 ﬂl‘f‘ zi’f ’ﬁlzj'f 4> (72"' £:27 - (31‘/51"'5:*'53)1(72
VQV fgr,jz, '£3 6‘220

r&(‘sz‘:/ﬁg--[) 2 Zz‘fﬂz'fzz =31(yz
biedi = | 3 (o) lgee P (rans’s (222



Thw (G .- Hn’tsusu'm)

We consider ( ﬁ"gfc"cj 4.c)
(G/K,C) (a/.%&ﬁ,(l)

(a ' lg , _ﬂaf'ﬁrﬁgffgz)

(1) I‘F (a/ %C)r's Qa FOS"r“OVZ I(IiTLjel/‘ solktion To
GHME (for, bs,os) Thom S0 are fhe nsht 3 'em‘P(ets.

(2) All PoSiTive l‘zntgdfﬁo/azraws o GME (b, 4, k) are
obtached by applying. this operation to (1, 1, 1) repeatedly




§o(w1¢'om Tree o‘)[\ %zfgz"t?%r ijjZT?l= {1{?2

(1,291,61) - -
(1,13,61)

\
///// (4683,13,61) - - -

(1,1,1) — (1,1,3) — (1,13, 3)

I f3+|;\\\\ (217,13, 16693) - - -
e

(217,13, 3)
:[3 T

(217,3673,3) - - -



Solution tree of 2 457%4 Dxy + 192 +222 = 6292

(91,16,1) - - -
I

(3,16,265) - - -

(3,16,1)

(37,1,10) - -
(3,1,10)

\
_— (3,169, 10) - - -

(3,1,1)
(e
////’/(21,4,1)5‘\\\‘““(21 4,457) - -
(1,1,1) — (1,4,1) . .
\\\\\\\ \\\\\( )_”/”f,(373,4,17)-~
1,4,17
N 1o T (,81,17) -
1,1,2

e /(7,81,2)---

(7,1,2)
T (7,1,25) -

(103,9,2) - - -

T (1,9.41) -

(1,9,2)



b. Ge«nmlfzc»( seedl mutation

o (2.2 B) : Seed

@ o W= (X4, ..., Am ) - (‘W) waoinbles . cluszr”

0 z; = (Zt, . ;)
/ M-t of palivtrmomic ic. polynomiels of

{Lanablo weh r(n’afgv positve wmueger
oefficients

° B=()&3)3 ¥ xN slfw:-s‘)mwﬂrv'wﬂz matinx

\ 23 S= diaa. ($,...,.80 ) 5 >0 , SB: séefu-?)’mueﬂr'c




G.me lQ.DA. S‘Ceﬂ( (Wm_m‘['('an '
H‘“ /ﬁe[l,(n] awnd (%,%.8), we obtwin a mzpud seed

(%, &, 5/):=/4,4[1,Z/3) ot £ oas Allows
Z/; 2&

,&(('-‘- f — ogl.) (l'arj :»ﬁ_)
Jo J /e\lj T @Z&[‘&ﬁ]‘t&\/ '(‘,zq'ﬁ [-wﬂéj,]f) [odemm)

4 ﬁ
] Taf)® a7 2574




S—

—

| S J

‘ T —I
) Y, = 11‘%“’%2 - 02
3’(=(1t/12,1‘3)'2'f22_=l-f% ks

=2
23=1+244+4,L2, L, Ov

s M) [0 ] g

| 0 = [~
-(20 J : 2
M1 I:‘fz‘zleB + s , :ZZ., 23 )
2
(1(, Zz,%:) fe (xc, 2'9*113 ’ Zg)
43 ’
(it y &Y X'+ 222347
4 / A3 )

Rerle o'p Z[Z’f' %2.24 Z;‘f 222y + 113 = 3xyr



Thm ( (.- Matsuslira l
Gr (8. 2) tn the bebweable, we set {36 Vtetn allclsters obtanal

from. agplyina. mutves to (5, 2,8) ropemedly. Then
e Tt P qives the set of poS TV ,mﬁersa/cm‘m 10
CorriSponding. eQuotion .

Equation B Z

ME 2 + y? + 2% = 3zyz -2 0 2

C\ME (l{lnozﬂ 4y’ + 22t hizy=B+k)zyz | (-2 0 1| | Z(u)=1+u

\

(
(
(
i 17 | (Zi(w) =1 + kou + u?
GME (bl/'ﬁl,o) 2 +y? + 22 + kizy + kayz _01 (2) 11 X Z;(u :1—l—u2
(
(
(
(

= (3 + k1 + kz)xyz

0 1 -1 | [Z1(u) =1 + kou + u?
2 3.0 2
GMC (&(/&2,43) = -I—y: Z&j—l:;lfl—l:;cg—tzz)y;y_; o3z -1 0 1 { Zy(u) =1 + kgu + u?




3. Fropertees and quesTons

MaVkOV WMI?JW&S (U aty ) Cow/eectum
Por o Hanéov 9 o ber- C, '&QM 'S A Mm:?ue posit e

M‘LL?W S‘a(umm Slﬁ Z(l {a. 4, C'.s 0o ME up 2o awép
such that @, %(C

for exwaple, for =5, foa’alrubrzefersvﬁmm 12,4, 5 |
T ME which otshes 2, £ <5 s omQ 2,59

HOW méﬂu’t GME ey SO 7



Thm (G, -Matsushhioa )
W S Q Oommte/rem»t:&, o’F GME lehsron 070
the wnjec:rwe it A, £ , A5 are mor R some. ausbeh

WM% 'ﬁ"; 9, /ﬁa.: [/ ’£3=2 / (3,16,1) <((:11’61,62’615))-.'...
(1.€,17) aaol (7.8(,2) art /)<<>
woth, Soutioms 0 GUE which e
hﬂ[fe 8-’ as W)(‘t‘(nmj. / /(21,4,1)<

(1,1,1) — (1,4,1)

e - 373,4,17---'
Question (open preblean /) N e

(1,1,2)

( )

(21,121,1) - --
(21,4,457) - --
( )

T~ (7,81,2) |-
How about the cnse =t
/&0" /é( = &2 ? (1’9’2)\//\/(103,9,2)--.

(1,9,41) - --



/ﬁo’/gf/&p =2 se .
T (G.- Maxsushit )

(1) I (L. 4.2)=(a, 4, C) 1S a postie ;’hz7c1/~5*p/u'abo¢
To ME, then (2.4,2)- (2242 ¢*) jo ome w0 CME 0.22)

(2) Z.'l‘ (7(1’1/,8 )= [A/FC) 1S a peatve 731276&' sylegidn.
o GME (2,2,2) then (2.9,2)= (JAJ6/E)IS 0me w0 HUE

(or,
M.0.C. © GMUC (2,2.2)




° Ivrea(ma‘ble rl\mct.'m a‘np( [ jﬁ’ma/lzw( ] Mahéou om'méck

We cmstmet a map

8 Trreducible fractvn f —) f Morkoy awmber: ?
0<% <L .

For given §€@, 0<% 21,
We Comsfo@f A lm)ejonmt /; o B> wmth th s[oloe 041
From o (attig ponl 20 the mext onl..

417

Ex. 3,-% e //




We ASSiN £ or — For each TM'M‘JLL of T nc Pollows :
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Thon.( Canncki-Schifler , Bomaipm)

For 0<% F0.92.%s € {,

& = /ch& s well-defimeol (not olepend o the choice. of +)
(2) ’W“&. s o Markey nambepr

(3) (Mg,,mq,, mq,) is a Soluton fo ME

S Lﬁt L‘&z Lzs Cros7 etoh other~ om [at1r e
pormTs 0’"’3 ( Lq, ~{ [ime yejrmeznfs with sbpe 2.
©if ¢ ?y o A P L f ore. reduad e:opuss\rms

fhn[daf a)| - \Ob,( (45> | det [53)1=1.




A ROREN

+ - =M
X > [, 41 =[11) ~— 1+= @57

M — [&Uj] — [2,2] — 9+ L =®;mf

2 2

('M-[L,Mi,,ng\’- (2,5,2)

245429 - 870 = 3-9-5 -9



M. U C, &© %F—‘) Mz_ (s l‘nJ-eCTr

Afgmw Con jecturt, ( Solved - Lee -Li - Rabideou - Schif{ley )

For 0('%;< L,
A 411

() me </Wla_

(C) mMe < mad
YN




We mgTWC't A (mﬂf

Trreducible fracton f — f ﬁmﬁfméw ?
)< % <1 |

for £i=da=rpy= |

i = P o




We aeeiaa'\, +or — 0 Mfﬁamg&, amd eabe that /%pass fle,

b
A 3
Eg H[r;;i?,:‘:/)"/—/ ;mr'“'fj
E‘Eﬁ N B Mg

~ 3+ l ( =@
— [31‘514/‘3]' .5‘*4___.,_% 68




Thom.( Bosaian ) .

For 0<%, %0.%:.%¢ 1,

& = H% s well-defimed (ot depond on the choice £ +)
(2) M%_ fs A 3mmlfui Markns/tnumz"&l/' J';V' 451%&:-’44:-’ l.
(3) (M‘&HM‘bz/ M%,) ‘s o solution to GME(, 1, 1)

© Lgi L, L9y OIS e6ch other on [otlice
POI'MTS orn!y ,




T, |
G.M.0.C 0D & g My s injectie.

@(A,Qgﬂo‘v\

Am olma[gju_& D]L‘ A;ﬁwy‘ 00‘)‘\}\'60'&?‘6 / Tt\ﬂ'( I‘S)
) (&) M% < ME% ,

(4.) M.{t_:. Ve Mlg 1S L or wot.

c) Ma ~
K M#<Mh

s How abont GME(A, &,4) hrh#o, 1 ?




Gmm((z;eot. S€€d muation —— &

P

%aaT\'W\ e

There S wa[w (I& ME"’VF" ef(lAT'M v/

T, ( G, ~Matsushir.)

Gr (8. 2) in the bebweable, we set {3G Y 2etn all cliscers obtuned

from. applyira. mcasvas to (%,2,8) rapesdly. Then
%1‘(1 (1'[91]'«,1(=11=x;=\ 3(‘(/‘93 %QSBTO’F PDS"T“V& [?nfﬁe“ 5‘0/“‘["0% <o the

desz,
! - ;
COW{QPoﬂd(Mg. e?.um?t oNn . D { J ..
J Zm
Equation B Z D
(0 1 -1 Zi(u) =1+u 1 0 0
22+ yt 4+ 24+ 222 + 222 =Txy?2 | -4 0 2 Zo(u) =14u 010
_4 _2 0 i Z3(U) :1+u _0 0 ]__
I 1] Z1(w) = 1+ ku + u? I i
2+ y* + 2% + 22y? + ky?2? + 22%z ol 1 1(u) i 200
o 2 9 -2 0 2 Z2(U) =14+u 01 0
= (7T+ k)zy“z

_2 —2 0_ Zs(u) =1+ u _0 0 1_




Equation B Z D

(0 2 2] Zi(u) =1+u 1 0 0]
(n 22 + y? + 22 = 3zyz —2 0 2 Zo(u) =1+u 01 0
A =2 0 Zs(u) =1 +u 0 0 1
0 2 -1 [4@w=1+u 1 0 0]
(2‘) 2 +y? + 22 + kizy = (3 + k1)zyz -2 0 1 § Zo(u) =14u 010
|2 =2 0] | | Z(u) =1+ ku+u? 0 0 2
- - ( - -

2 -1 Z1(u) = 1+ kou + u? 9
x? + 9y + 22 + kizy + koyz _0 1 )_ 5 00
(3 = (34 k1 + ko2)zyz 1 0 1 q Za2(u) =1+u 010
|1 =2 0] | Z3(u) = 1+ kiu + u? 0 0 2]
- - ( - -

_ Z1(u) =1 + kou + u?
z? +y? + 22 + kizy + koyz + kszx . 1 1(u) - 5 200
_ -1 0 1 § Za(u) =1+ ksu+u 0 2 0
= (3+ k1 + k2 + k3)wy2 1 1 0 : 00 2
L - . kZ3(U)=1+k1u-|-u [ 1
(0 1 -1 Zi(u) =1+u 1 0 0]
(9) o+ yt + 2+ 2xy? + 222 = Txy?2? | (-4 0 2 Zy(u) =1+u 010
L 4 _2 0 i Z3(’u,) =1 +u _0 0 ]._
i —1] Z1(u) = 1+ ku + u? i 1
(6) 2+ yt + 24 + 229 + ky?2? + 22%2 L. . 1(w) 200
2,2 -2 0 2 Za(u) =14u 010
= (7T+ k)zy*z
| 2 -2 0] Zs(u) =1+u 0 0 1
) \
(ommon. P - Vyel,2,34 M (B)--B
M A l € ,/ 2/ ! ] - .

BD is [Z 2 \waa)) o [S6 2 | (0. 8))

2 -20 4 -2 0
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. Romk 2 obseriation i
Row one \arioble i (X1, 2. 23 ) . we zzZ» il
" 7o .
! fzx / v omespomdonct of ok 2 fhm ¢
Seed - egﬂof(«

To 2 1"
+Y? N
EX- ) zz{?,: ::Z B ._ | )
I)_ 13 ’ le
(1("'(1(/ /

I

q -'23—9-—]—-&—2%*'%&'/ -
&> 7(,9-(,‘,721%2—" 2%4—72: 37—;7/8,

e xZ_flU?_f 444_1_._-1,'3.



Tham, ( . 'MWS&;‘(W)

Gor (. 2) tn the belwtable, we set {36 cem, pll clscors obtumed
from. agplyiva. s to (2, 2,8) repemcedlys Then

h(‘t (11615,, ,1(41:1;:\ j('oes th)‘e‘l’o‘(’ PoSl“B'V& 1&1‘573* 5‘0/64‘["0% w/% the
&M?Poﬂdﬁwg e?.umf(‘m .

Equation b =
- e Z :1
L ~ 2 —
0 111 (Z(w) = 1+ kow + 12
2+t hiz+hy+1=0+k +k)zy -1 0 {ZIEZ; 1+ kzz-l-ZQ
1 O B =1 from GUE
[0 1] Z1(u) =14u
1| [Z1(w) =1+ ku + w2
2’ +yt+ky? + 20+ 1= (5 + k)zy? _02 0 {ZIEZLHUU u Y s
% 3| {5 fom ‘GHE-zpe .
= - Z :1
L - 2 —
0 2] Zi(u) =1+u qc [ME
2 2 _
z°+y“+1=3zy —2 0] {ZQ(U):1+U r"(»l




