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1. Introduction

Let C be a nonsingular projective algebraic curve over a finite field Fq. The zeta function ¢c(s) is
defined by the Euler product ¢c(s) =[]pec, (1 — q—sde8(P)=1 \where Cy is the set of all closed points
of C. The theory of ¢c(s) is one of the most beautiful and successful in Number theory. A lot of nice
theory was established by modeling on the theory of ¢c(s). Recently, Lin Weng defined a class of

general zeta functions starting from the following formula of ¢¢(s):
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g 1

=1 ¢ Y =1, (1)

Le(s) =
[L1ePic(C)

where Pic(C) is the moduli space of isomorphic classes [L] of the line bundle L on C, and h°(L)
is the dimension of the Oth cohomology HY(C,L) over Fq. First he generalized ¢c(s) to the rank
r > 1 zeta function ¢c r(s) by replacing Pic(C) by the moduli space of isomorphic classes of semi-
stable vector bundles on C of rank r. The semi-stability (introduced by Mumford) is needed to get
a reasonable structure of the moduli space, and it is reflected to the standard properties of the zeta
function ¢c ;(s).

On the other hand, for the number field case, Iwasawa’s interpretation of the Dedekind zeta func-
tion allows us to get an arithmetic analogue of (1) for the Dedekind zeta function. Let F be a number
field with discriminant Af, Af be the idele group of F and wf be the number of roots of unity in F.
We denote by &r(s) the completed Dedekind zeta function of F. An idele a = (ay), € A; defines an
Arakelov line bundle Ly on Xf = Spec Of UXF o, and every Arakelov line bundles are obtained by this
manner. (More precisely, the non-archimedean part of (a,), defines an invertible sheaf on Spec Of
which is nothing but a projective Or-module of rank one, and the archimedean part of (a,), defines
a Hermitian metric on X o..) Moreover we have the topological group isomorphism Af /F* ~ Pic(F),
where Pic(F) is the moduli space of isomorphic classes of Arakelov line bundles on Xf. Throughout
this relation between ideles and Arakelov line bundles, Iwasawa’s interpretation gives

@ =wilarl} [ (@0 - et Dauw), =1, @)
Pic(F)

where deg(L) is the arithmetic degree of the Arakelov line bundle L and du is a certain natural
measure on Pic(F). In (2), the definition of the arithmetic dimension of the cohomology h%(L) =
h%(XF, L) is naturally given along the line of Iwasawa’s interpretation (see [10, B.2.1], and also [1]), and
Tate’s Fourier analysis on Af gives the Riemann-Roch theorem as a consequence of the Pontryagin
duality and the Poisson summation formula. The Pontryagin duality is interpreted as the Serre duality
under suitable definition of h!, see [10, B.2.3.3, B.2.3.4], and also [11, Section 1.8].

Standing on the arithmetic-geometric formula (2) and Tate’s Fourier analysis on A, Weng defined
the (completed) rank r zeta function &f -(s) of F by

Err(s)=|AF|? / ("B —1)es=B dp(E), 9i(s) > 1, (3)
MF,r

where M ; is the moduli space of isomorphic classes [E] of the rank r semi-stable Arakelov vector
bundle E on Xf, and dpu is its associated Tamagawa measure, and deg(E) is the arithmetic degree
of E. The arithmetic analogue of h® and h' are defined as a natural extension of the line bundle
case having in mind Tate’s method ([10, B.2.3.4], see also [Ar1]). We have &f 1(s) = wré&f(s), since
every Arakelov line bundles are semi-stable. Thanks to the semi-stability the right-hand side of (3)
converges absolutely for R(s) > 1. The arithmetic-geometric Riemann-Roch theorem is proved by
using the Fourier analysis on Al following Tate [10, B.2.3.4]. As a consequence of the Serre duality and
the Riemann-Roch theorem, the rank r zeta function &f . (s) is continued meromorphically to C with
only two simple poles at s =0, 1, and satisfies the standard functional equation & (s) = &F (1 —5)
[10, B.2.4.2]. Hence the Riemann hypothesis for &f ;(s) is stated that all zeros of &r ,(s) lie on the
central line N(s) =1/2.

Remarkable fact for &r r(s) is that the Riemann hypothesis for the rank 2 zeta function &f »(s) is
proved for all algebraic number fields F ([6,11], see also [2]). Moreover all zeros of £g »(s) are simple
[6,4]. Now it is expected that the Riemann hypothesis holds for all r > 1 [12]. Note that the case
r =1 is the Riemann hypothesis for the Dedekind zeta function. The study of high rank zeta functions
&r.r(s) lead us to more general zeta functions.
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In general, £g ,(s) is expressed as an integral of the Eisenstein series [12]. For example, the rank
two case is

£0,2(5) = / E@z s du(), (4)
Mq2[1]

where Mg 2[1]>~ Do, Dt ={z=x+1iy ||x|<1/2, 0 <y <exp(T), |z| > 1} and

Ezs =t Y. 3w2° (he)>1), ”=B={<(1) T)}

Y EeP(Z)\SL(2,Z)
Recall the group theoretic description of the upper half plane
Dr — H~SL(2,7Z) \ SL(2,R)/SO(2),

and the fact that P is a maximal parabolic subgroup of SL(2). These lead us to a zeta function attached
to a pair (G, P) of a semi-simple reductive algebraic group G and a maximal parabolic subgroup P of
G motivated by (4).

The first important point of our generalization is the relation between the geometric truncation
and the analytic truncation. In the rank two case, we define the analytic truncation ATE(z, ) by

/\TE‘(z,s)z Ii:'(z,s), if y<exp(T), z€ Do,
E(z,s) —ao(y,s), if y>exp(T), z € Dc,

where ag(y, s) is the constant term of the Fourier expansion of E (z,s). Then we have

[ E@ s)duz) = / ATE@z, 5)du(2). (5)
Dr SL(2,7Z)\SL(2,R)/SO(2)

Namely, the geometric truncation Dy is equal to the analytic truncation AT in the rank two case.
Taking T =0, we obtain the rank two zeta function &g »(s). This kind of equality holds in widely
general situation if T is sufficiently regular (see A.2.2 of Appendix [13]).

To explain the second point of our generalization, we restrict the case as G =Sp(4) and F = Q for
the simplicity. See Appendix [13] for the detailed theory of Sp(2n), [9] for the zeta functions of the
exceptional group G», and [14] for the general theory of zeta functions attached to the pair (G, P) of
the reductive group G and its maximal parabolic subgroup P.

Let G, be the Siegel upper half-space of degree 2, and let I, = Sp(4,7Z)/{%l4} be the Siegel
modular group of degree 2, where I4 is the identity matrix of size 4. Any Z € &, is written as
Z=X++/—1Y with X, Y €Sp(4,R) such that Y = J(Z) is positive definite. For Z € &, and R(s) < 0,
the Siegel-Maal3 Eisenstein series is defined by

[Y|=*
Ex(Z,5) = T3
**Z HCZ—I—DH 2s

(¢ p)eBa\l2

where B, is the maximal parabolic subgroup {(; :)} N I, attached to the partition 2=1+1, |Y|=
detY and ||[CZ + D|| = |det(CZ + D)|. Let Pg be the upper triangular Borel subgroup in Sp(4), Mg be
the Levi component of Pg, X(Mo) be the group of characters of Mo defined over Q, Ag C ag be the
set of simple roots attached to Py, ap = Homy(X(Mp), R) and ag ={Te€ay|{x,T) >0, Va € Ag}.
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An element T € uaL is called sufficiently regular if (o, T) > O is large enough for every o € Ag. For
sufficiently regular T € ag , we define

Zywo® = [ AE2Zidu@). (6)
N\G;

where AT is Arthur’s truncation operator with respect to T. Denote by F(T) the compact subset of
I \ &, whose characteristic function is given by AT1. Then we have

Zspay 00 = / ATEx(Z;5)du(2) = / Ex(Z;5)dp(Z) (7)
H\&; F(T)

for every sufficiently regular T € uaL by Corollary 2.2.1 of Appendix [13, A.2.2, A.2.3]. Remind the
formula (4) of the high rank zeta function £g r(s). Then we understand that ZST;‘%’Q(S) is a natural

analogue of &g ;(s), if we can give a reasonable arithmetic or geometric meaning of the set §(0) [13,
A.2.7]. Here we have two problems:

(1) How to calculate the integral in (7)?
(2) Can we take T =0 in (7)?

To attack these problems, we note the formula

1
E>(Z,s) = Res E(l;z,sf i; Z),

z=s+1

where E(@; z1, z2; Z) is the Langlands-Eisenstein series associated to the Borel subgroup Py, (z1, z2) €
a; ® C~ C? and a cuspidal automorphic form ¢ of level My. The constant function 1 is cuspidal at
the level of My. (See A.2.5 of Appendix [13] for the definition of E(¢; z1, z2; Z), and [9, Section 2], or
better, [12, Sections 2, 3] for the general theory of this one.) Hence we have

1
ngm)_(@(s) = Res1 E(1;z,s— =;Z ) du(2). (8)
z=s5+% 2

S(T)
Now we assume that
(») we can exchange the integration and the taking the residue in (8).
Then we have

1
Z$y).005) =Z§Se+sl / E(l; 5= z) du(2)

23

= Res //\TE(I;Z,S—%;Z)d,LL(Z). 9)

z=s+1
NH\G;

The integral on the right-hand side is calculated explicitly in terms of the Weyl group and the Rie-
mann zeta function by the method of Jacquet, Lapid and Rogawski [3, Corollary 17]. Moreover, in such
explicit formula of ZsTp(4),Q(s)- we can take T =0! (see A.2.6 of Appendix [13]).
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Unfortunately, assumption () is not allowed in general, even if G = SL(n) (n > 3). In other words,
we cannot define a direct analogue Zg;‘%.@(s) of £g,r(s) at present (more precisely, see A.2.7 of Ap-
pendix [13]). Here we turn the consideration. We define the new zeta function by using the right-hand
side of (9). This is the second point of the generalization mentioned above. We define the new zeta

function &sp(4),0(s) by

3
55p<4>,<@(5):=$(2)S(S+1)é(25)~[R651 /ATE<1;2,S—5;Z>d/«L(Z)} . (10)
T=0

z=s—1
* P\,

Here the operation T = 0 is justified via the explicit calculation of the integral by using [3, Corol-
lary 17] (see A.2.7 of Appendix [13]), the factor £(2)&(s + 1)£(2s) is introduced to clearance the
denominator of that explicit formula, and the shift s — % s — % is introduced to normalize the
form of functional equation.

By a way similar to the above, the new zeta functions are defined for more general semi-simple re-
ductive algebraic group G defined over Q except for the part of taking residues. To specify the way of
taking residues we need the maximal parabolic subgroup P of G. Then the new zeta function E(S/ P(s)

is defined for the pair (G, P) ([14], see also [9]), and the above &sp(4),(s) is nothing but E([Szp(“)/mz (s).

As well as the high rank zeta function, it is expected that the zeta functions S(g/ P(s) satisfy several
standard properties of zeta functions, even if G # SL(n), Sp(2n). In particular, it is conjectured that

s(g/ P (s) has a standard functional equation, and the conjectural functional equation is proved for a

few concrete examples. This is in fact the next most important yet doable question in this direction.
For Sp(4), the zeta function &sp4),(s) is calculated explicitly as

1

1
Esp4),0(8) = S_—ZE(Z) £+ 1)E2s) — H—lé(Z) G -1DERs -1

1 1
~ g §EHDERY) + oo G- DEEs 1)

-£(s)5(2s) —

1
T @26+ @9 FORETD “U

where £(s) = w~/2I'(s/2)z(s) is the completed Riemann zeta function (see A.3.1 of Appendix [13]).
By formula (11), the zeta function &sp4) @(s) is continued meromorphically to C, and satisfies the
functional equation

&sp(4),Q(S) = &sp(a),0(1 —3). (12)

All poles of &sp(4),p(s) are four simple poles s =0,1 and s = —1, 2. For the zeros of &sp) q(s), we
have the following significant result.

Theorem 1 (RH for Sp(4)/Q). All zeros of the zeta function &sp4) @ (S) lie on the line %(s) =1/2.
The entire function
Z(s):=4s(s = 1)* - (s + 125 — 1)(s — 2) - Espay .0 (5) (13)
is more useful than &sp4),(s) itself for the proof of Theorem 1. We have

Z()=(—D(As—A+1)- x5+ 1Dx25) — (s —2)- x()x(29)
—S(As—1)- x5 —Dx@s—1) = (s+1)- x(5)x (25— 1), (14)
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where
A=2tQ2)—1=m/3—-1>0, X (5) =s(s — 1E(s). (15)

Note that Z(s) has real zeros at s=0,1 and s =1/2, since s =0, 1 are simple poles of &sp4) o(s) and
s=1/2 is its regular point. Thus Theorem 1 is equivalent to the following.

Theorem 2. All zeros of the entire function Z(s) lie on the line R (s) = 1/2 except for two simple zeros at
s=0,1.

Corollary 3. The Riemann zeta function is a factor of the difference of two entire functions which satisfy the
Riemann hypothesis. More precisely, we have

S(s—=1)E(s)-U(s) =V (s) — Z(s), (16)

where

U =6+Dx@2s—1) —(s—2)x(2s),
VE)=6E—1DAs—A+Dx+1)x2s) —s(As—Dx(s—1Dx@2s—1). 17)

To prove Theorem 2, we use two auxiliary functions f(s) and g(s) defined by

fEO=6-1DAs—A+1) - x(s+1)—(s—2)- x(5),
g(s) = f(s)- x(2s). (18)

By definitions of f(s) and g(s), and (14), we have
Z(s)=g(s) — g1 —s). (19)

Here we used the functional equation x (s) = x (1 —s) of the Riemann zeta function.

Roughly, the proof of Theorem 2 is divided into two steps. First, we prove that all zeros of f(s)
lie in a vertical strip og < 9(s) < 0 except for finitely many exceptional zeros (Section 2). Then we
obtain a nice product formula of f(s) by a variant of Lemma 3 in [8] (Lemma 5, it is proved in
Section 4). Second, by using the product formula of f(s), we prove that all zeros of Z(s) lie on the
line N(s) = 1/2 except for two simple zeros s =0, 1 (Section 3). In this process, we use the result of
Lagarias [5] concerning the explicit upper bound for the difference of the imaginary parts of the zeros
of the Riemann zeta function. In the final section (Section 5) we give the proof of Corollary 3.

Finally, we comment on high rank zeta functions &g (s) and new zeta functions &sim)q(s) :=
55/P(s) attached to (G, P) = (SL(n), Py—1,1)- Roughly, &g (s) corresponds to (Res — [)-ordered con-
struction, and new zeta function &sin),q(s) corresponds to ( f — Res)-ordered construction. Here
“(Res — [)-ordered” means that we first take residues then take the integral, similarly, “(/ — Res)-
ordered” means that we first take the integral then take residues. We have &g 2(s) = &s1(2),(5), since
we do not need taking residue. However, in general, there is a discrepancy between £g r(s) and
&sLm),@(s), because of the obstruction for the exchanging of j and Res. For example, £g 3(s) has
only two singularities at s =0, 1, but &s(3),o(s) has four singularities at s =0, 1/3,2/3, 1. However,
we expect that the distribution of the zeros of &s. ) () is quite regular as well as &g (s). In fact, we
have the Riemann hypothesis for &s.(2).0(s) by &g,2(s) = &s1(2),0(s) and the result of [6], and the au-
thor proved the Riemann hypothesis for &si3),g(s) in [8]. Moreover the author checked the Riemann
hypothesis for &si4),q(s) and &si(s),(s) computationally. As observed in [8], the study of &si(3) q(s)
gives an information for the Riemann zeta function. In addition, Corollary 3 gives a relation between
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&sp(4),0(s) and the Riemann zeta function. As these, the study of éFG / P(s) is not only interesting itself

but also suggestive for the study of the Dedekind zeta function.
2. First step for Theorem 2
The aim of this section is to prove the following proposition.

Proposition 4. Let f (s) be the function defined in (18). Then f (s) has the product formula

f(s) = f(0>e3’5(1 - i) (1 - _i> I(s) (B'>0). (20)
Po Po

where

wos L0020 2] s

B<1/2 B<1/2
0#BeR y>0

where pg is a complex zero of f(s) with R(po) > 1/2, B is the real zeros of f(s) and p = B + iy are other

zeros of f(s). The product converges absolutely on every compact subset of C if we take the product with the
bracket.

This is proved by checking that f(s) satisfies all conditions of Lemma 5 below.
Lemma 5. Let F(s) be an entire function of genus zero or one. Suppose that

(i) E(s) is real on the real axis,
(ii) there exists og > 0 such that all zeros of F(s) lie in the vertical strip

oo <N(s) <1/2 (22)
except for finitely many zeros,
(iii) the number of zeros of F (s) on the right half-plane %i(s) > 1/2 is finite,
(iv) there exists C > 0 such that

N(T) <CTlogT asT — oo, (23)

where N(T) is the number of zeros of F (s) satisfying 0 < J(p) < T.
(v) F(1 —0)/F(o) is positive for sufficiently large o > 0, and

F1—-o0)/F(0) =0 asoc — oo. (24)
Then F(s) has the product formula
R (1 () ()
0#£peR 3(p)>0
with
B >0. (26)

The product on the right-hand side converges absolutely on every compact subset of C if we take the product
with the bracket.
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Remark 6. This lemma is a variant of Lemma 3 of [8]. Differently from Lemma 3 of [8], we allow F(s)
to have finitely many zeros in %(s) > 1/2. The most important part of this lemma is the nonnegativity
of B'.

We prove Lemma 5 in Section 4. For f(s) in (18), condition (i) is trivial. Under (ii), condition (iv) is
easily proved by using the well-known estimate |y (s)| < exp(C|s|log|s|) and Jensen’s formula (see [8,
§4.1] for example). Therefore it remains to prove (ii), (iii) and (v) for f(s).

2.1. Proofof (v)

First we show that f(1 — o)/ f (o) is positive for sufficiently large o > 0. Using the functional
equation of x(s), we have

fA—-o) 0(Aoc —1)-x(c -1+ (o +1)-x(o)
floy (@ -DAc—A+1)-x(0+1)—(0—-2) x(0)

Clearly the numerator is positive for large o > 0. By [6, pp. 109-110], we have |x (20 —1)/x(20)| < 1
for o > 1/2. Replacing 20 — 1 by o

lx(@)/x(@+1)|<1 (0>0). (27)

Hence the denominator is also positive for large o > 0, since A=m/3 —1 > 0. Now we prove (24).
We have

fd—-o) o(Ao —1) x@—-1) 1+g()
fo) ~(@—-1(Ac—A+1) x(@+1) 1—h(o)

_ Ly X©@ =1 1+g(0)
=(1+0(e) x(c+1) 1-h(o)’
where
£ S (G N o -2 _x@
o(Aoc —1) x(o—1) (c—1)(Aoc —A+1) x(0+1)
We have

X —1) nEE—T1) Ly - T =1)/2)¢0 — 1)
wo a1 =00 oy =400 ) 7w o 1)

— (1 + 0(0_1)) F((O’ - 1)/2) .

Tw+np W

for large o > 0. Using the Stirling formula

r(z)=,/27”(§) (1+0(z") (z21>1. |argz| <7 — &),

we obtain

Xo—-1)

-1
X(G+1)_O(o ) aso — +oo. (28)

For g(o), we have
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__ o+t —1\) . =172 I'(0/2)¢(0)
g(a)—U(AU_]) (1+0(c7 1Y) m @ Do =T
__o+1 iy Fe/2)
T o(Ao—1) (1+0(c™)) I'((c—1)/2) M
o+1 B
= e —1 (1+0@™)-0(va).

Here we used the Stirling formula in the third equation. Thus

g(0)=0(c""?) aso — +oo. (29)
For h(o), by using (27), we have
h(@)=0(c"") aso — +o0. (30)
From (28)-(30), we obtain
fa-o)

= 0(0_1) as o — +o00.

f(o)
This shows that f(s) satisfies (v).
2.2. Proof of (ii) and (iii)
Lemma 7. There exists o1 < 0 such that the function f(s) in (18) has no zero on the left half-plane R (s) < o71.
Proof. Assume that o = %(s) < 0. We have
f&)=(6-1DAs—A+Dx(s+1D[1-R©)]
with

_ s—2 _X®)
T =DAsS—A+1) xG+1)

R(s)

The factor (s — 1)(As — A+ 1) x (s + 1) has no zero in the left half-plane %(s) <1 — (1/A) ~ —20.187,
because of the Euler product of y(s). Use the functional equation of x (s),

R(s) = s—2 X(l—s)_ s—2 E1—ys)
T —1D(As—A+1) x(=s)  G+DAsS—A+1) £(—s)
_ s—2 Ir'((1—:s)/2) ¢(1—35)
T+ DAs—A+1) ST (=s/2) C(=s)
Therefore
1 s—2 I'((1—s)/2)
e

If o =N(s) <0, we have |arg(—s/2)| < /2 and |arg(1 —s)/2| < 7 /2. Hence we can apply the Stirling

formula for 9i(s) < 0. We obtain

-1 1

1400817
14+ 0(s|=1

o(IsI'7?).

‘r«l -9)/2)| _Is|'? ’ 1
S

res2 |~ 2 | s
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On the other hand
t(=o0)t(1—-0)—>1 (0 — —00).

Therefore

1 |s|1/2
2 [(As— A+ 1)

[R(s)| = (14+0(1) = (1+0(D),

1
A2 S|

if 0 =9(s) <0, and |s|, |o| are both large. This implies Lemma 7. O

Lemma 8. The entire function f(s) in (18) has only finitely many zeros on the right half-plane R(s) > 0. In
particular, the number of zeros of f(s) on N(s) > 1/2 is finite.

Proof. We have

(31)

f(5)=(s—1)(As—A+1)X(s+1)[1 s—2 X (s) ]

C—1DAs—A+1) x(+1)

By [6, pp. 109-110], we have |x(2s — 1)/x(2s)| < 1 for any R(s) > 1/2. Replacing 2s — 1 by s, we
obtain

X () N
‘m <1 (%(s)>0). (32)
Let D be the region
D:=lseC|ns) =0 s—2 >1
' T ls=DAs—A+1D |7 |

Then f(s) #0 if s ¢ D and %(s) > 0, because of (31) and (32). The region D is bounded, since

s—2 ’ ;
G-—DAs—A+1)|

for large |s|. Hence the number of zeros of f(s) in R(s) > 0 is finite. O
Proof of (ii) and (iii). Lemmas 7 and 8 show that (ii) and (iii) hold for f(s). O

2.3. Proof of Proposition 4

By the results in Sections 2.1 and 2.2, we can apply Lemma 5 to f(s). On the other hand, we have
f(0) ~1.047 # 0. Hence the proof of Proposition 4 is completed by the following lemma.

Lemma 9. The number of zeros of f(s) in N(s) > 1/2 is just two. They are nonreal zeros and conjugate each
other. The values of them are about s >~ 0.927 £ i - 3.20.

Remark 10. This lemma is used to simplify the proof of Theorem 2. However the explicit values
of exceptional zeros are not essential in the proof. We already know explicitly the region that f(s)
possibly have a zero. From this fact, to prove Theorem 2, it is sufficient that we know the explicit
number of zeros of f(s) in that region.
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Proof. The domain D N{MN(s) < 1/2} is contained in the rectangle R =[1/2, 2] x [-10, 10], where D is
the region in the proof of Lemma 8. Because of the argument principle, the number of zeros of f(s)

in R is given by
1 f’
— [ = (s)ds.
Zni/f(s) )
aR

In particular, the value of this integral is an integer. Therefore we can check computationally that
the value of this integral is just two (for example Mathematica, Maple, PARI/GP, etc.). Hence we
conclude that f(s) has just two zeros in the rectangle R. By another computational way, we find the
approximated values of these two zeros are s ~0.927 +i-3.20. O

3. Second step for Theorem 2

Proof of Theorem 2. We have the following three assertions.

Proposition 11. Z(s) has no zero on the right half-plane %i(s) > 20.

Proposition 12. Z(s) has no zero in the region 1/2 < o < 20, |t| > 22.

Proposition 13. Z(s) has only one simple zero s = 1 in the region 1/2 < o < 20, |t| < 22.

Then, as a consequence of these three results and the functional equation of Z(s), all zeros of Z(s)
lie on the line % (s) =1/2 except for simple zeros s=0,1/2,1. O

Among the above three assertions, the hardest part is in the proof of Proposition 12. To prove
Proposition 12, we use the results in the first step and a result of Lagarias [5] concerning the distri-
bution of the zeros of the Riemann zeta function.

3.1. Proof of Proposition 11
We have
Z(s)=(6—1D(As—A+1)- x(s+ 1) x25)(1 = R1(s) — Ra(s) — R3(9)), (33)

where

(s—2)-x(s)
s—DAs—A+1)-xG+1)°
s(As—1) - x(s—Dx@2s—1)

Ri(s) =

Ry(s) = ,
S—DAsS—A+1D-x(+1Dx@2s)
Rs(s) = S+1D-x)x2s—1) (34)
T DA —A+D xG+Dx2s)
For each Ri(s) (i=1, 2, 3), we have
|R (S)‘— s—2 JEL(s/2)  £(s)
T GF DAs— A+ ) T(G+1)/2) LG+ 1)
12 s—2 I'(s/2)
< <s+1)(As_A+1>HF<<s+1>/2) ¢+ D, =
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—1DGE—-2)As—1)T'((s—1)/2)'(s—1/2) ¢(s—1)¢(2s—1)

s(s+1(As—A+1) r'((s+1)/2)I(s) c(s+1)¢(29)
(s—2)(As—1) rs—1/2)

s(s—l—l)(As—A—i—l)H I'(s)

Ra(s)| = 7>/

3/2

VA
N

‘((0 +1D¢(o —1)¢(20)¢(20 — 1), (36)

and

s—1 rs/2)r(s—1/2) ¢(s)c2s—1)
S(As—A+1) I'((s+1)/2)I(s) ¢(s+1)¢(2s)
s—1 rs—1/2)
s(As—A+1)H r(s)

[R3(s)| =7

~

‘4(0-1—1){(6)((20){(2(7 -1 (37)

Using the Stirling formula, we obtain
IRi®|=0(sI7"?),  [Ras)| = (sI7?),  |R3(s)|=(IsI™") (38)

as |s| — oo on the right half-plane. Therefore Z(s) # O for some right half-plane %(s) > o,. Using the
monotone decreasing property of {(o) as 0 — +o0o and the effective version of Stirling’s formula [7]

2\ s\’ 1
r(s):(%) <§) {1+(~)<@)} ((s) > 1), (39)

where the notation f = ®(g) means |f| < g, we have

|R1(5)| <05,  [R2(5)| <0.1,  |R3(s)| <03 (40)
for M(s) > 20 (in fact, these bounds already hold for 9i(s) > 10). These estimates imply Z(s) # 0
for 9i(s) > 20 by (33), since (s —1)(As— A+ 1)- x(s+ 1)x(2s) has no zero in the right half-plane
NR(s) > 20.
3.2. Proof of Proposition 12

Let po = Bo +iyo (Yo > 0) be the zero of f(s) in Lemma 9. By Proposition 4 we have

f(s)= f(0>e3’5<1 - %)(1 - %) () (B'>0), (41)

where

wos [163) 1[0 3] wmsem 1o

p<1/2
0£BeR B<1/2,y>0

Have in mind that all zeros of I1(s) lie in og < M(s) < 1/2 for some op by Lemmas 8 and 9. By
definition (18) of g(s),

g(1-y
g(s)

Z(s)=g(s)- (1 - ) (g8() = f(s)- x(29)). (43)

On the other hand, by (41),

s—14+p0 s—1+po
$—po s—pPo

_ paaey [T =9

g(1—ys)
I1(s)

&)

. ‘X(Zs -1
X 2s)



M. Suzuki / Journal of Number Theory 129 (2009) 551-579 563
Because B’ > 0 by Lemma 5,
P12 <1 (R(s) > 1/2). (45)

For the ratio of I7(s) in (44), we have

(1 —s) 1—[ (’1—5—,5‘ ’1—5—p|><] (%
e . — R(s) > 1/2), (46)
I1(s) p—prtiy s—p s—p
B<1/2,y>0

by term-by-term argument as in [6] by using 8 < 1/2 and

2

Qo -1)(1-2B)
(@ =P +(t-p)?*

1-s—p
S—p

where p =B +iy is a zero of f(s). It remains to give an estimate for

S—1+po s—1+po

r(s) := —
S— Po S—pPo

(47)

' 'X(Zs— 1)
x@2s)

To evaluate r(s), we use the following lemma essentially.

Lemma 14. (See [5].) For any real t with |t| > 12 there exist at least two distinct zeros p = 8 + iy of £(s) such
that0 < 8 < 1/2 and

It—yl<10.1. (48)

Proof. Suppose t > 25. Then there exist at least two distinct zeros p = 8 + iy of &(s) satisfying
0<pB<1/2and |t — y| <10.1 by applying Lemma 5 in [8] to t + 5.1 and t — 5.1 (Lemma 5 in [8]
is essentially Lemma 3.5 of [5]). For 12 <t < 25, estimate (48) also holds for two zeros because &(s)
has zeros at s = +14.13, £21.02, £25.01. O

Using Lemma 14 we show the following.

Lemma 15. Let pg = Bo + iyo =~ 0.927 + i - 3.20 be the zero of f(s) in Lemma 9. Let s = o + it with 1/2 <
o < 20 and t > 22. Then there exist at least two distinct zeros p = 8 + iy of £(s) such that 0 < 8 < 1/2,
t—y|<10.1,

s—1+po| 25—1—(1—,0)‘<1 (49)
5= po 25—p
and
-1 2s—1-(1-p
S_1tpo) |28 ( p)‘<1. (50)
s —Po 2s—p
Proof. By squaring (49) and (50) we have
@+ —D*+ £y Q0+B-2°+(—y)
. <1. (51)

(0 = Bo)? + (t £ y0)? 2o =B+ (t—y)?



564 M. Suzuki / Journal of Number Theory 129 (2009) 551-579

To prove Lemma 15 it is sufficient that (51) holds for 0 < 8 < 1/2, |t — y| < 10.1, 1/2 <0 <20 and
t > 22, because of Lemma 14. To establish (51) in that conditions it suffices to show that

@+ =D+ +y)® Qo —3)>+10°

< 52
(0 —Bo)?+(t£1)? (20—3)2+102 2)

by a similar reason in the later half of §4.3 in [8]. This inequality is equivalent to
o —1)(8(t £ y0)*> — P(0)) > 0, (53)

where P(0) = 8(480 — 3)0% — 8(48p — 3)0 — 8,33 + 8188y — 409. Using the value By >~ 0.927 we
find that P(0) < 2580 for 1/2 < 0 < 20. On the other hand, using the value yp ~ 3.20 we find
that 8(t = y0)? > 2590 for t > 22 since |t + yg| =t =+ yp > 18 for t > 22. Hence (53) holds, and it
implies (51). O
Lemma 15 and Z(s) = Z(5) imply
[r(s)] <1 for 1/2 <o <20, |t|>22 (54)

by taking two distinct zeros of £(s) in this region, since we have the inequality

w‘ <1 (%) >1/2), (55)

2s—p

for other terms in r(s), where p is a zero of £(s) (0 < 9 (p) < 1). Estimates (45), (46) and (54) show
that

'g(l —9) (56)

£(s)

for 1/2 < o <20, |t| > 22. By (43) this estimate implies Proposition 12, since g(s) has no zero in
1/2 <o <20, |t| > 22 by Lemmas 8 and 9.

3.3. Proof of Proposition 13

Because the region 1/2 < o < 20, |t| < 22 is finite, we can check Proposition 13 by using the
computer as in the proof of Lemma 9.

4. Proof of Lemma 5
We prove the lemma only if F(s) has genus one, since if F(s) has genus zero it is easily proved

by a way similar to the case of genus one. The genus one assumption is equivalent to the Hadamard
product factorization

F(s) = eATBsgm l_[<1 — %) exp(s/p) (meZxo) (57)
P

converges absolutely and uniformly on every compact subsets of C. It is also equivalent to Zp Ip|=2 <
oo. Assumption (i) implies the symmetry of the set of zeros under the conjugation p — p. It follows
that the set of zeros p = B + iy, counted with multiplicity, is partitioned into blocks B(p) comprising
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{p,p} if y >0 and {p} if B #0 and y = 0. Each block is labeled with the unique zero in it having
y > 0. Using assumption (ii), we show

F(s) = sMeATE's ]_[( I1 (1 - %)) (58)

B(p) *peB(p)

where the outer product on the right-hand side converges absolutely and uniformly on every compact
subsets of C. This assertion holds because the block convergence factors exp(c(B(p))s) are given by
c(B(p)) =28|p|~2 for y > 0. Assumption (ii) implies |8 — 1/2| < 0p. Hence

DoleB@)< D ol + Qoo+ 1Y Il < 0.

B(p) 0+#p: real o

Thus the convergence factors exp(c(B(p))s) can be pulled out of the product. Hence we have (58)
with

B'=B+ > c(B(p)). (59)
B(p)
Using assumptions (iii)-(v) we show
B'>0. (60)
By (24) in assumption (v) we have
F(1 -
R > log (76) — —00 as 0 — +00. (61)
F(o)

Using (58) we have

F(l_o)_es’(lfzo)(0—1>m 1—[ oc—-1+8 l—[ (0 —14pB)>+y?

F(o) e R S
y>0
Thus
Fl—o)\ _ .. 1 1-28
log(W> =B'(1-20) —I—mlog(l 0) + Z log(l " )
p=PeR
(1-28)Q20 —1)>
+ log|1- ———— ). 62
ﬂ;ﬂ'y Og( (0 —pB2+y? (62)
y>0
Note that
(1-2p8)20 -1
log(l - m) <0 foro>1/2 (63)
if 8 <1/2, and

1 1-28 1-28QRc —-1)
10g<1 — E),log(l — m),log(l — m) —0 as o — 400
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for any fixed p = B + iy. By assumption (iii), (63) holds except for finitely many zeros. Hence if we
suppose B’ <0, (61) and (62) imply

1-28)20 —1

p=p+iy
y>0

for large o > 1/2, because the number of real zeros is also finite by assumptions (ii) and (iii). On the
other hand, for sufficiently large o > 1/2, we have

(1-28)20 — 1)
2 1°g<1_ @ —pE+y? >’<

(1 - 200)20 — 1)
2 1°g<]_ @ —1/22 12 )'

p=p-tiy p=p-tiy
y>0 y>0
1
<2o-1) Y —e.
St @ =122 4y
y>0

The sum on the right-hand side is written as the Stieltjes integral

/ dN(t)
(0 —1/2)2+1t2°

Using (23) in (iv) we have

dN(t) v (logt)dt log(o + o)
(0 —1/2)2 +1t2 (0 —1/2)2 +1t2 o—1/2
0 Yo

Hence we obtain

(1-28)20 —-1)
,,; log<1 ERCEY e )‘ < log(o + y0) (65)
y>0

for sufficiently large o > 1/2. This contradicts (64). Thus (60) holds.
5. Proof of Corollary 3

By Theorem 2, it remains to show that all zeros of V(s) in (16) lie on the line %R(s) = 1/2.
Taking v(s) = (s — 1)(As — A+ 1)x(s + 1) and using the functional equation of x(s), we have
V() =v(s)x(2s) — v(1 — s)x(2s — 1). All zeros of v(s) lie in the strip 1 — (1/A) < R(s) < 0 ex-
cept for the simple zero s = 1. Then we find that all zeros of V (s) lie on the line R(s) = 1/2 by a way
similar to Section 2 replacing pp by 1.
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Appendix: Zeta functions for Sp(2n) w
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A.1. Introduction

Associated to a number field F is the genuine high rank zeta function &r .(s) for every fixed
r € Z~o. Being natural generalizations of (completed) Dedekind zeta functions, these functions satisfy
canonical properties for zetas as well. Namely, they admit meromorphic continuations to the whole
complex s-plane, satisfy the functional equation &f ;(1 —s) = &r ;(s) and have only two singularities,
all simple poles, at s =0, 1. Moreover, it is known that all zeros of &r »(s) lie on the central line
Re(s) = % (We in fact now expect that the Riemann Hypothesis holds for all &f ,(s).)

Recall that &f ,(s) is defined by

£r0(5) == (1AF])? /(ehO(F’A>—1)-(e‘5)deg(A)du(A), Re(s) > 1
MF,r

where Ar denotes the discriminant of F, MF ; the moduli space of semi-stable Of-lattices of rank r
(here Of denotes the ring of integers), h®(F, A) and deg(A) denote the Oth geo-arithmetic cohomol-
ogy and the arithmetic degree of the lattice A, and du(A) a certain naturally associated Tamagawa
type measure on Mcp ;. (For details, see [WO,W1,W3] for basic theory, and [LS,W2,S], see also [H], for
the Riemann Hypothesis arguments.)

Algebraic groups associated to Op-lattices are general linear group GL and special linear group SL.
A natural question then is whether principal lattices associated to other reductive groups G and

* Partially supported by JSPS.
E-mail address: weng@math.kyushu-u.ac.jp.
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their associated zeta functions can be introduced and studied. In this paper we start with symplectic
group Sp. In contrasting with a geo-arithmetic method used for high rank zetas, the one adopted in
this paper is rather analytic. And to avoid further complication, we here only work out the full details
for Sp(4) over QQ, even a general framework for Sp over F is outlined. As a concrete result, we obtain
a precise formula for the zeta function &sp4),0(s) associated to Sp(4) over Q, by studying a certain
Siegel-Eisenstein period.

The newly obtained zeta &sp(4),@(s) for Sp(4) over Q proves to be canonical as well. For example,
£sp4),0(s) can be meromorphically extended to the whole complex s-plane, satisfies the standard
functional equation

Esp),Q(1 —5) = &spa).(s)

and admits only four singularities, all simple poles, at s = —1,0,1,2. Most importantly, &sp),q(s)
satisfies the RH, a result due to Suzuki [S2]:

All zeros of &sp(4),g(s) lie on the central line Re(s) = 1/2.
A.2. Periods for Sp(2n)

A.2.1. Siegel-Maafs Eisenstein series

Let G = Sp(2n) with G(R) = Sp(2n, R) the symplectic group of degree n over R. Denote by & := &,
the so-called Siegel upper half-space of size n, and for any Z € &, write Z = X + /—1Y according
to its real and imaginary parts, so that Y =ImZ > 0 and Z' = Z is symmetric. Moreover, for any
M = (? g) € Sp(2n,R), as usual, set M(Z) := (AZ + B) - (CZ + D)~! and write Y(M) :=ImM(Z).
This defines a natural transitive action of Sp(2n,R) on &,. Note that the stabilizer of /—1E,
is simply SO(2n,RR) N Sp(2n,R), consequently, we obtain the following well-known identification
Sp(2n,R)/SO(2n, R) NSp(2n, R) ~ &;,.

Introduce the Siegel modular group Iy := {diag(£1, £1,..., 1)} \ Sp(n, Z). Let B :={(; ) € I'}
be a subgroup of I" (associated to a certain standard maximal parabolic subgroup).

Fix Z € Sp(2n,R), define then the associated Siegel-MaaR Eisenstein series, or the same, the
Siegel-Epstein zeta function by

o -
En(Z,S) == Z W.
YEPn\In

A.2.2. Arthur’s analytic truncation and Eisenstein period

As usual, for symplectic group G = Sp(2n), and for a parabolic group P with Levi decomposition
P = MN with M the Levi and N the nilpotent, denote by ag (resp. ap) the space of characters as-
sociated to the Borel (resp. to P). Denote by Ag the corresponding collection of simple roots. By
definition, an element T € ag is said to be sufficiently regular and denoted by T > 0 if («,T) >0
are large enough for all & € Ag. Fix such a T. Let ¢ : I \ &,; — C be a smooth function. We de-
fine Arthur’s analytic truncation AT¢ (for ¢ with respect to the parameter T) to be the function on
Sp(2n,7Z) \ Sp(2n, R) given by

(AT9)(2):= D (kPN gp(sg) - Tp(Hp(8g) — T).

P:standard 8€P(Z)\Sp(2n,Z)

where ¢p denotes the constant term of ¢ along with the standard parabolic subgroup P, 7p is the
characteristic function of the so-called positive cone in ap, and Hp(Z) :=logy mp(Z) is an element
in ap. (For unknown notation, all standard, see e.g., [Ar1,Ar2,JLR], and/or [We-1,W3].)

Fundamental properties of Arthur’s truncation may be summarized in the following:

Theorem 2.2.1. ([Ar1,Ar2], see also [OW].) For a sufficiently positive T in ag, we have
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1) AT¢ is rapidly decreasing, if ¢ is an automorphic form on G(Z) \ &,
2) AT o AT = AT,

3) AT is self-adjoint,

4) AT1is a characteristic function of a compact subset of G(Z) \ Gp.

—~ o~ o~ —~

Denote by F(T) the compact subset of G(Z) \ &, whose characteristic function is given by AT1
in (4).

Corollary 2.2.1. ([W1,W3], see also [KW].) Let T >> 0 be a fixed element in ag. For an automorphic form ¢ on
G(Z)\ G,

ANo(g)dg= / ¢(g)dg.
CT\&n 3

Proof. By (1), fG(Z)\G,, AT¢(g)dg is well defined. Moreover,

No(g)dg
C(Z)\Gn

= / 1(g) - (AT o AT)g(g)dg (by (2) above)
G(Z)\Gn

= / AT1(g) - AT¢(g)dg (by (3) above since AT ¢(g) is rapidly decreasing)

G(Z)\Gn

= / (AToAT)1(g) - p(g)dg
G(Z)\Gn
(by (3) again since ¢ is of moderate growth and AT 1 is compactly supported)

= f AT1(g) - ¢(g)dg  (by (2) again)
CZ\&n

- f p(@dg (by(4). O
S(T)
A.2.3. Siegel-Maaf3-period: an analog of high rank zeta

Motivated by our study on the high rank zeta associated to SL(n) in [W1,W3], we define the Siegel-
Maaf3-period for Sp(n) over QQ, a special kind of the so-called Eisenstein period, by

Z$om 0(8) = / ATEn(Z;s)du(2).
IANCH
This is then a function on s depending also on the parameter T. By Corollary 2.2.1,
Zspom.0®) = f En(Z:5)dp(2).
F(M

Thus the study of ZSTP(ZH) Q(s) may be carried out from that for the Siegel-MaalR series E,(Z; s).
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A.2.4. Siegel-Eisenstein series

In general, it is very difficult, most of the time, quite impossible, to calculate Eisenstein periods. How-
ever, if the original automorphic form from which the Eisenstein series in use is defined is cuspidal,
then an advanced version of Rankin-Selberg method can be applied to evaluate them. Motivated by
this, we in this subsection explain a method due to Diehl to realize the Siegel-Maal3 series, which
may be viewed as an Eisenstein series associated to the constant function one on a certain maximal
parabolic, as the residue of the so-called Siegel-Eisenstein series associated to the constant function
one on the Borel.

As usual, corresponding to the partition n=r+1+ 1+ ---+ 1, introduce the standard parabolic
Ht H—l
A 10 1 % )
subgroup B, :={(OB)6F}, where A = ) ,B= ) with H=H®, |H| = 1. Ac-
* . o .
1 1
cordingly, define the associated Siegel-Eisenstein series by

n
Er(Zisr..osm= o [lven ™.
yERNL V=T
Here for a matrix A = (au)lj 1» denote by A, the matrix A, := (a,,)l _1, 1<v<n
It is known that such Siegel-Eisenstein series are naturally related to the Siegel zeta functions as-

sociated to the standard parabolic subgroup £, of SL(n). More precisely, let R := {diag(%1, ..., £1)}\
SL(n, Z) and £, the standard parabolic subgroup associated to the partitionn=r+1+1+---+1 con-
H

1 %
sisting of matrices in SL(n, Z) of the form ) with H = H®, |H| = 1. Define the associated
Siegel zeta functions by
n—1
—s,
E(Yisr..s) =y []IYINI|

NeQ\R v=r

for all 1 <r<n—1. Then, we have

Lemma 2.4.1. (See [D].) With the same notation as above,

(i) ElZisr..os)= Y. [YOI " & (Y3)isr ... sno1):
yeB\I'

(ii) There exists a constant ¢ depending only on r such that

r
Res r,%(fr (Y; Sr,...,Sn,1)) =Cr ‘Er*+1 <Y§5r+l + §,5r+2;--~;5n71)4

Consequently, we have, up to constant factors,

r
* .
Res PSS IS | Res _rit EX(YsSr, ..., Sn—1) = RESSr+1+£:(r+12>+1 &1 (Y, Sr41 + 70 Sn—1)

r+1
=§r*+2<y§5r+2+ 2 ,~~-,Sn—1)-
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Thus, by taking r =1 and repeating this process, we obtain the following

_not
Resg, —1--Ress,—1Ress —1 (&5 (Y:s1,52,...,5n-1)) = Y]~ 2

up to a constant factor. In particular, we get the following

Lemma 2.4.2. Up to a constant factor,

n—1
Ress, ,—1---Ress,—1Ress,—1(Er(Z;sr,...,sn)) = En (Z; Sn+ T)
Proof. Indeed, up to constant factors,

Ress, ,—1---Ress,—1Ress;—1Er(Z;sr, ..., Sn)

= Y Y| 7" Ress, =1+ Resg,—1Ress, 1£7 (Y (¥): Sr. ... Sn 1)
yeB\I'

- _n-1 n—1
= ¥ oo T =a(zm s ). o
yeB\I'

A.2.5. Relation with Langlands’ Eisenstein series

To facilitate further discussions, we next write classical Siegel-Eisenstein series in terms of Lang-
lands’ language [L].
Let A =(z1,22,...,24) €0ap, then for Z=X+4++/—1Y € &, set

n
@) =[Tay™ withay=[Yy|/[Yy-1]
v=1

and the Langlands-Eisenstein series associated to the constant function one on the Borel is defined
by

EMG:ri2):= Y a*(2).

SE€B(I\T
As such, then the so-called power function
n
ps(Y) = 1_[ |Y;L|_S”
n=1
is given by

n n
[T1Yul™ =ps) =a*) =[] a;™

n=1 v=1

S SURERE]) ST R | Y il A
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This then gives the following relations among z;'s and s;’s:
S1=21— 22,
S2 =123 — 23,

Sn—1 =2Zn—1 — Zn,
Sp = Zn.

Consequently, by Lemma 2.4.2, we have the following

Lemma 2.5.1. With the same notation as above,

(i) EQ; 21,22, ..., 203 Z) = E1(Z; 51, 52, .

.. Sn);
(ii) up to a suitable constant factor,

n —
En (Z, Zn + T) =Res;, ;_z,=1---Res;,_z;—1Res;; _z,—1 (E(1§ 21,22, .-+ Zn; Z))

In particular, in the case n = 2, i.e, for Sp(4), we have

1
Res;,—7,=1(E(1;21,22; 2)) = E3 (Z,Zz + E)

A.2.6. Advanced Rankin-Selberg & Zagier method
The advantage of using E(1; z1, 22, ..., zy; Z) instead of directly using E,(Z,s) is that the Eisen-
stein periods for E(1;2z1,22,...,2n; Z) can be evaluated. Indeed, if ¢ is an automorphic form of

P’ = M’N’-level, where P’ is a standard parabolic subgroup of a reductive group G, then we can
form the associated Eisenstein series

Eihig =Y. mp)* 9@g. reCp.
SeP (Z)\G(Z)

Theorem 2.6.1. (See [JLR, Corollary 17].) Let P = MN be a minimal parabolic subgroup and let ¢ be a P-level
cusp form. Let E(@; A; g) be the Eisenstein series associated to . Then

ATE(g, ¢, 0)dg

G(Z\G(R)
is equal to
e{wr—p.T) . . o
VWEW HQEAO(WK_pyav)M(Z)\Méwa e

where v = VOI({ZaeAO aga”: 0 < ay < 1)), W denotes the Weyl group and M(w, 1) denotes the so-called
intertwining operator.

This is an advanced version of Rankin-Selberg & Zagier methods [Z,WO0].
In particular, we have the following
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Corollary 2.6.1. With the same notation as above, up to a constant factor,

(wi—p,T) )\’aV))
TE; 21,22, ..., 20 M)) du(M ¢ - _srat)
(/\ 1;z1,22 , Z, ) w(M) = vgw Haer(W}‘_p’av> 1_[ E((h,av)y+1)

Sp(2n,Z)\S a>0, wa<0

Proof. In fact, by the Gindikin-Karpelevich formula, we have

£ )
I1

M. 1) = Hna )+ 1)

a>0, wa<0

Herse &(s) is the completed Riemann zeta function with the usual I'-factors, namely, &(s) =
T2 F(%){(s), where ¢(s) is the Riemann zeta function. O

A.2.7. Periods for Sp(2n) over Q
Recall that the Siegel-MaaR-period ZsTp(zn),Q(S)' an analog of high rank zeta for Sp(2n), is equal to

/ En(Z;s)du(2).
F(T)
Thus to evaluate the Siegel-MaafR3-period ZSTp(Zn),Q(S)' it suffices to evaluate the integration
Resz, ,—z,=1-+"Resz,_z—1Res; 5,1 (E(Vi 21, 22, ..., Zn; 2)) dpu(2).
F(T)
Consequently, if we were able to freely make an interchange between

(i) the operation of taking integration fE(T) and
(ii) the operation of taking residues Res;, | —1---Resz,_z;—1Res; _z,—1,

it would be sufficient for us to evaluate

Res;, ;—z,=1--Resz,_z—1Res; _7,—1 ( / E(N;z1,22,...,2052) d/L(Z)),

S(T)
or better, to evaluate the expression
(wr—p,T) \%
e §((h,a”))
Res;, ,—z,=1---Res;,_z,—1Res;, _ :1< . _
Zn—1—2 Z3—23 Z1—22 ng Haer(W)*_P’“V> a>01_W[a<0 %'(()L,C\{v>+l)
since by Corollary 2.2.1,
/ EQ;z1,22,...,z05 Z)du(Z) = / ATE; 21,22, ..., zn; Z)du(2).

F(T) Sp(2n,Z)\ Gy

Unfortunately, this interchange of orders of two operations is not allowed in general. As examples,
one can observe this by working on SL(n) and by comparing the poles for the resulting expressions.
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On the other hand, even with the existence of such discrepancies, the function

ewi—p.T) I _E(h. ) )

Resz“‘l‘z”:1"'ReszZ_ZF]Reszl‘“:l< 2 oo wi—pa] Ea )+ 1)
aelg ) B

weW o>0, wa<0

proves to be extremely natural and nice. To see this, and to make the discussion simpler, let now
concentrate to the case when T =0.

Definition.

(1) The period wsp2n),@(A) associated to Sp(2n) over Q is defined by

1 E((h,aY))
wsp2n),0(A) = Z ( ' l_[ m)

_ v
weWw l_L"EAU(W)L p,e) a>0, wa<0

(2) The period Zé{(z") (zy) associated to Sp(2n) over Q is defined by

Sp(2n) .
ZQ (zn) :=Resz,_,—z,=1---Resz,_z,—1Res; 5,1

g e
. (V§W<naeA0(Wk_,0yav> l_[ E(h,aV)Y+1) ’

a>0, wa<0

Remarks.

(1) Recall that in the original discussions in Sections A.2.2, A.2.3 and A.2.6, T was assumed to be
sufficiently positive, for the reason of Corollary 2.2.1. However, with the use of the above concrete
expression, T can be chosen to be any element in ag.

(2) For high rank zetas, i.e., in the case where the corresponding algebraic group is SL(n), the cor-
responding §(T) makes sense also for T = 0. Indeed, §(0) coincides with the moduli space of
semi-stable lattices of volume one and rank n. Consequently, the corresponding period after
putting T = 0 gives essentially the high rank zeta £g - (s) there. So to obtain an analogue of high
rank zeta for Sp(2n) geo-arithmetically, we need to understand F(0) geo-arithmetically.

A.3. Zetas for Sp(2n)

A.3.1. Zeta for Sp(4)
Now we focus on the case G = Sp(4). Then Ag = {e1 — ez, 2e2}. There are 4 positive roots
{e1 ez, 2e1, 2e,} and the Weyl group consists of 8 Weyl elements

{1.(12), c1. €2, (12)c1, (12)c2, (12)c1C2, C1C2
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where (12) is the lower indices change and c;’s are sign changes. Also p = 2e; + e;. Consequently, we
have the following table for the Weyl action on positive roots:

e1—ep 2e) e1+ey 2eq

1 e —ep 2e) e1+ey 2eq
12) e)—eq 2eq e1+ey 2e)
C1 —e1 —ey  2ey —e1+ex —2eq
(12)cy  —e1—ey  2eq e1—ey 2e)

(12)c, e1+ey —2eq ey —eq 2e;

—e1 —ey —2ep

|
|
|
|

Co e1+ey —2e; | ej—e 2eq
|
|
(12)c1c2 e1—ex  —2e1 |
|

Cc1C2 ey —eq —2ey —e1 — ey 2eq

1 1

o lan 1 wTay 1 We need to use the left half

So to calculate the part

e —ey 2€2

1=1"1 e1—ey 2e;
(12) = (12)~1 ey—e;  2e

a=c! —e1—ey  2e;

Cy = C;l e1+ey —2e

(12)c1 = ((12)c2)™!' —e1—e2  2e4
(12)c2 = ((12)c))™! er+e;  —2e
(12)c1c2 e1—ey —2eq

C1C2 e) — e —262

and to calculate the zeta part [ [, 0w <0 sf(((k'“v”

5o+ We need to use the following table:

e1—ey 2ey | e1+exy 2e

1 X x| X X
12) 0 X | X X
C1 0 x| 0 0

) X 0 | X X
(12)cq 0 x| X 0
(12)cy X 0 | 0 X
(12)cq1c2 X 0 | 0 0
c1C2 0 0 | 0 0

where ‘x’ means the corresponding positive root will not contribute and ‘0’ means the corresponding
positive root will contribute as it changes to a negative root under the corresponding Weyl action.
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From all this, by a routine but direct calculation, which we decide to omit, we obtain the following
table

1 . 1 | nl £((r.0Y))
owTa)—1 (L, wTlay)—1 a>0,wa<0 E((x,aV)+1)
1 T T | 1
(z1—22—-1) (z2—1)
1 1 £(z1—22)
(12) @G D @D | F 72t D
c 11 | §—zy) | &tz | &)
1 (=z1—=22-1) (z22—-1) E(z1—22+1)  E(z1+z2+1)  E(z1+1)
c 1 1 | £(z2)
2 @i+z2-1) (—22-1 E(za+1D)
S U B _Ezi—z) | &)
(12)cy @TmD CaD | EG-2tD  EGitD
1 1 £(z1+23) §(z2)
(12)cz zai—z-1 @-1 | Ezi+2+D) | B+
1 1 &(z2) &(z1+22) &(z1)
(12)c1c2 @--D —a-1) | Eo+D)  Eaitn+D  E@i+D
€102 1 1 | §z—z) | §(z) | _E@i+z) | _&(=z1)

(=z1+22-1) (—22—-1) §(Z1—22+1)  &(z2+1)  E(@+z+l) @+

As such, by taking the residue along the singular line z; — z; =1 and setting z1 =b + 1,z = b, we
get, for the product

1 . 1 . 1—[ E((A,aY))
Ty Ty v ’
A, wmlag) =1 (A, w™lan) —1 a0, wa<0 (A, aV)+1)
the following table of contributions
1
1 =1
11 1
(12) 2bEQY
1 1 EQ@b+1) E(b+D
€ 72b 2b—1E8(Q2) 2b+2) £(b+2)
(o) 0
1 1 1 Eb+D)
(12)cy 25 “b—2 @) £(0+2)
(12)c2 0
(12)ci¢2 &) &Q@b+1) E(b+D

b 2 E(b+1) £(2b+2) £(b+2)

. 41 1 _E® E@b+D EbED
12 35182 b+ £@2b12) £B+2)

This then leads to the following explicit expression of the period ZSp @.

1

111 1 1 1 EQb+1)EDB+1)
75@+—2b—2b—1a7) 2b+2) £(b+2)
+l 11 &b+ 1 g(b) EQb+1)E(b+1)
2b—b—2EQ)E(b+2)  —b—2&b+1)ERb+2)EDb+2)
1 1 1 &b ERb+DEDL+1)
—2-b—16Q)Eb+1)ERb+2)E(b+2)"

Sp(4) _
ZQ (b) =

+

Now multiplying the period Z%’ “@ (b) with the factor &(b+2)-&(2b+2), for the purpose of clearing
up the xi function factors appeared in the denominators, and with the factor &£(2) for the purpose of
clearing up the xi special values appeared in the denominators, we then obtain the following function

£ .00 = (EQ) £ +2)E2s+2)) - Zg P (s).
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Consequently,

. 1 1
Espay.0b) = EE(Z) E(b+2)§(2b+2) - mS(Z) EDECD+ D

1 1
% E(b+2)§2b+2) + 2041 EDERD+ D)

Eb+1ERDb+2)+ ; -EQRb+1DEMDB +1),

Tehb+2) (—2b—2)(b—1)

and &g, ) o (b) satisfies the following functional equation
Ep.0(—b =1 =&54) ob).

Definition and Proposition. Define the zeta function &sp4) g(s) for Sp(4) over Q by
Esp(4),0(5) 1= Egpa) 0 (S — D).

Then

(1) The zeta function &sp4),q(s) is given by

1 1
Esp(a),Q(s) = EE(Z) (E(s+1DEQs) — H—]S(z) E(—1DECRs - 1)

1 1
1
T @ oern FOE T G gy R

(2) It satisfies the standard functional equation
Esp(a),(1 — 8) = &sp(a),Q(9)-

(3) There are only four singularities, all simple poles, at s = —1,0,1,2 and their residue at s =2
coincides with the volume of the compact domain §(0), that is,

1 1 1
Ress—28spa).q(5) =§(2)E(4) — 28Q) — 3@ + 7.

Remark. The formula for the volume is arranged in the form to reflect the fact that F(0) is obtained
from the total fundamental domain F(oco) whose volume is given by £(2)&(4), a result due to Siegel,
by subtracting two cuspidal neighborhoods corresponding to two maximal parabolic subgroups whose
volumes are %5(2) and %5(2) respectively and adding a cuspidal neighborhood corresponding to Borel

subgroups whose volume is simple %. For related results, please refer to [KW].

Furthermore, we have the following result of M. Suzuki [S2]:

Riemann Hypothesis for £sp4),q(S). All zeros of &sp(4),(s) lie on the central line Re(s) = %
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A.3.2. Zetas for Sp(2n)
Recall that we have introduced the associated period Z%’ (@n) (zy) for Sp(2n) over Q by

Sp(2m) .
Zy " (zn) :=ReSz,_;—z,=1---Resz, z—1Res; 7,1

1 M)
X(sznmw—p,aw [l zoansn)

a>0, wa<0

Clearly, there are minimal integers I, J, constants a;, b;, i=1,2,...,1, and ¢;, j=1,2,..., ], such
that after multiplying the factor ]_[{:1 &(ajzn + by) - ]_[J].:1 &(cj), the resulting function

I J
E5pan).0(Zn) 1= (né(aizn +b;) - HS(Q)) . Zéﬁ(zn) (zn)
i=1 j=1
admits only finitely many poles and there are no special £-values appeared in the denominators.
Conjecture (Functional equation). There exists a constant ¢, such that

Espam, 0 (Cn =) = Ey2m),0(5)-

Definition. The zeta function &span),@(s) of Sp(2n) over Q is defined by

o cn—1
Esp2m).(S) := SSp(Zn).Q s+ B .
Remark. This in fact is a special case of a more general construction. For details, please see [W4].

As a direct consequence of the above conjecture, &spon),(s) satisfies the following functional equa-
tion

&speen), (1 — $) = &span), 0 (S).

With such a normalization, we then expect the following generalized RH for our zetas &spon),q(S).

The Riemann Hypothesissp(an), @- All zeros of &sp(an), () lie on the line Re(s) = %
Acknowledgment
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