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Abstract Associated to classical semi-simple groups and their maximal parabolics are gen-
uine zeta functions. Naturally related to Riemann’s zeta and governed by symmetries, includ-

ing that of Weyl, these zetas are expected to satisfy the Riemann hypothesis.

For simplicity, G here denotes a classical semi-simple algebraic group defined
over the field Q of rationals.

With a fixed Borel, as usual, Ay stands for the corresponding collection
of simple roots; W the associatd Weyl group; for a positive root «, oV the
corresponding coroot; and p := % Ym0

Definition 1. The period for G over Q is defined by

e | | fol(r,0")) .
¢ Z(Haer<m—p,av> I s@<<A,aV>+1>>’ fleed

weWw a>0,wa<0

where CT denotes the so-called positive chamber of ag, the space of characters
associated to (G, B), and £g(s) the completed Riemann zeta function.

For a fixed maximal parabolic subgroup P, it is well known that (the con-
jugation class of) P corresponds to a simple root ap € Ag. Hence Ag\{ap} =
{B1.p,B2.p, ..., 0r—1,p}, where = (@) denotes the rank of G.

Definition 2. The period for (G, P) over Q is defined by

wg! T (Ap) =

ReS<A7p’ﬁ7\'/(G)—1,P>:O e Resu,p)g;’})>:0Res<)\,pﬁlv’P>:0 (wS(A)), ReAp >0,

where with the constraint of taking residues along with (r — 1) singular hyper-
planes

<)‘ _puﬁi/,P> = 07 <)‘ _puﬁ;/,P> = 07 Ty <)‘ _p,ﬁ;/(g),l)p> = 07

there is only one variable, say a suitable z;,, left among z;’s, re-scale it when
necessary and rename it Ap.
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Clearly, there is a minimal integer I(G/P) and finitely many factors (de-
pending on the choice of Ap),

G/P G /P G/P G/P G/P G /P
oo+ 717)s oo+ 1577). o cafalim e+ b)),
such that the product {Hiicf/P) &o (al-G/P/\p + biG/Pﬂ . wg/P(/\p) admits only

finitely many singularities.

Similarly there is a minimal integer J(G/P) and finitely many factors (de-
pending on the choice of Ap),

G/P G/P G/P
so("), &a(’7) s o (<Sldym )
such that there are no factors of special &g values appearing at the denominators
in the product [H;.]:(?/P) &o (ciG/P)} . wg/P(/\p).

Definition 3. (i) The zeta function {g;/op for (G, P) over Q is defined by

1(G/pP)

G/P G/P G/P i G/P G/P
0o (s) :Zl H 5@(% s+ ) Jl;[l &Q’(Cj )1"”@ (S)’

i=1
Res> 0

Zeta Facts. (1) {g;ép (s), Res > 0, is a well-defined holomorphic function;

admits a unique meromorphic continuation to the whole complex s-plane; and
has only finitely many poles; and
(2) (Conjectural Functional Equation) There exists a constant cg/p € Q such

that
50;{313( — s+ CG/p) = 5&{313(5).

Obvious is (1). Rather complicated is (2), offering an additional symmetry.

Classical symmetry s «» 1—s for the standard functional equation then leads
to the following normalization.

Definition 3. (ii) The zeta function @g/P (s) for (G, P) over Q is defned by

€577 (5) = Gr (s + 2=

The most remarkable property shared by all these newly introduced zetas is
the following Zeta Fact about the uniformity of their zeros.

The Riemann Hypothesis S/P.

1
All zeros of the zeta function 55/13 (s) lie on the central line Res = 3
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A Discovery of Zetas for (G, P)/Q

In this appendix, we expose some of the landmarks leading to the discovery of
these elegant zetas introduced in the main text associated to reductive groups
and their maximal parabolics over Q.
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A.1 High Rank Zeta Functions

A.1.1 High Rank Zeta Functions

Let F' be a number field with Op the ring of integers. Denote by Ap the
discriminant of F. Fix a positive integer r. Then by definition, an Op-lattice
A of rank r is a pair (P, p) consisting of an Op-projective module P of rank r

and a metric p := (po.r, pr.c) ON (R” X (C”)T = (RT)Tl X ((CT)TZ. Here as
usual, we denote by r; and ry the number of real embeddings o : F' — R and
the numbers of complex embeddings 7 : F' < C, respectively. (Recall that by a
standard result, P is isomorphic to O%(T_l) @ a for a suitable fractional ideal a

T
of F'. Thus via the natural inclusion O?(T_l) Pa— F" — (R” X (C”) , we
T
may view P as a discrete subgroup of the matrized space (R” X (C”) . Fix it.)

K
It is well known that the quotient space (R” X (CT?) /A is compact. Call its

volume the (co-)volume of A and denote it by Vol(A). By definition, a lattice
A is called semi-stable if for all Op-sublattices A1, we have

Vol(A ;)™ W) > Vol (A)rkA),

Denote by Mg, the moduli space of semi-stable Op-lattices of rank r. (For
details, see e.g., [W1-3], [Gr1,2], [St1,2].) This is the first ingredient needed to
introduce high rank zetas for F'. In particular, we know the following

Fact A. ((W1-3]) (1) There is a natural decomposition Mg, = Uper. Mg [T]
where, Mg |T] denotes the moduli space of semi-stable Op-lattices of rank r
and of volume T

(2) Mp,[T] is compact; and

(3) There are natural measures dy and dug on Mg, and on Mp,.[T] respectively
such that with respect to the decomposition (1), we have du = dpgy x %.

The second ingredient needed is a good geo-arithmetical cohomology. For
this, we define the 0-th cohomology group H?(F, A) of an Op-lattice A to be the
the lattice A itself, and the 1-st cohomology group H(F, A) to be the compact
quotient group (R” X (CT?) /A. Consequently, we have the following Pontryagin
duality for them: .

Topological Duality. H'(F,A) ~ H°(F,wr ® AY).

Here for a locally compact group GG, denote by G its Pontryagin dual, wr denotes
the differential lattice, i.e., the lattice whose module part is simply the module
of differentials of F', while whose metric is the standard one on R™ x C™2. As
such, following Tate ([T] and [W]), we then can use Fourier analysis to count
our H°(F,A) and H'(F, A). For example, each element x € H°(F, A) is counted
with the weight of Gaussian distribution ), eI, Yorc e=27IxI%, and
accordingly define h°(F, A) to be the logarithm of this count. (See also [GS].)
Particularly, with such A" and h' for a lattice A, by using the above topological
duality and the Poisson summation formula, then we obtain the following



Fact B. ([W1-3]) Let A be an Op-lattice of rank r. Then

(1) (Duality) h'(F,A) = h°(F,wr ® A); and

(2) (Riemann-Roch Theorem) h%(F,A) — h*(F,A) = deg (A) — & log|Ap|.
Here deg A denotes the Arakelov degree of A.

(For the reader who does not know Arakelov degree, recall then the following
weak result

Arakelov-Riemann-Roch Theorem: —log Vol (A) = deg (A) — §log |Ar].)
With all this, then we are ready to introduce the following

Definition. ([W1,3]) For an algebraic number field F' and a positive integer r,
define its rank r zeta function by

Epp(s) = (|AF|)%S /M (ehO(F>A)—1)-(e*S)dcg(A)du(A), Re (s) > 1.

From the definition, by Fact A for moduli spaces and Fact B on Duality and
the Riemann-Roch for geo-arithmetic cohomologies, totologically, we have the
following

Fact C. ([W1,3]) (0) (Iwasawa) {p1(s) = Er(s), the completed Dedekind zeta
function;

(1) (Mero Extension) {p - (s) is well-defined and admits a meromorphic con-
tinuation to the whole complex s-plane;

(2) (Functional Equation) &g, (1 — s) = &p(s); and

(3) (Singularities) There are only two singularities, i.e., simple poles at s =

0, 1 with the residue Ress=1&p,(s) = VOIMF)T(|AF|%).

A.1.2 Relation with Eisenstein Periods

We next give a relation between our high rank zetas and what we call Eisenstein
periods. The point here is instead of working over Mg ,., we fix a volume so as
to work over the compact subspace Mg, [|Ap|"/?] and hence deduce the desired
relation via Mellin transform. This goes as follows.

From now on, for simplicity, we work over the field Q of rationals. Accord-
ingly, the rank r zeta function &g ,(s) of Q is given by

5@,7«(5) _ / (ehO(Q,A) _ 1) . (e—s)dcg(/\) d,u(A), RG(S) > 1,
Mo,
where 7%(Q, A) :=1log (3, exp ( — m|z[?)) and deg(A) = —log Vol(R"/A).

Decompose according to their volumes, Mg , = UrsoMg,-[T], and there is
a natural morphism Mg ,[T] — Mg [1], A — T - A. Consequently,

Eour(s) = / (7@ — 1) - () "= du(n)
' Urs0Mag,r[T]

:/OO TSE/ (ehf’(@ﬁ“/‘) ~ 1) du(A).
0 T Jmg.n)



But h°(Q, T+ - A) = log (ZIGA exp (— 7|z|? -T%)). By applying the Mellin
transform, we have

barls) =5 75T (5 s) /M@,Tm( ST bl ) duo().

xzeA\{0}

Accordingly, introduce the completed Epstein zeta function for A by

E(A;s) := 7 °(s) - Z || =2,

xzeA\{0}

We then arrive at
Fact D. ([W1-3]) (Eisenstein series and high rank zetas)

r ~ooT
So.r(s) = 5/ E(A, is)d,uo(A), Re(s) > 1.
Mo, -[1]

A.1.3 SL(2): A Toy Model

To indicate basic ideas clearly, we first give some details on the rank two zeta
§o.2(s)-

Consider the action of SL(2, Z) on the upper half plane H(= SL(2,R)/SO(2)).
Then we obtain a standard ‘fundamental domain’ D = {z =z +iy € H : |z| <
%, y > 0,22 + y? > 1}. Recall also the completed standard Eisenstein series

. s 7
(m,n)€Z2\{(0,0)}

Naturally, we are led to considering the integral [, E(z,s)%%  However, this

integration diverges. Indeed, near the only cusp y = oo, by the Chowla-Selberg

formula, E(z, s) has the Fourier expansion

o0

E(zs)= ) anly,s)e’™"™
with
(. 5) E(2s)y® +£(2 —28)yt3, if n=0;
an\y,s) = _1 .
2Anl* ¥ o124 (|nl)y/FK,_y @rlnly), ifn#0,
where {(s) is the completed Riemann zeta function, os(n) = >_;, d*, and

Ko(y) =14 7 e (+7)/2¢5d g the K-Bessel function. Moreover,
Ks(y)| < e V2 Kgeo(2), if y >4, and K,=K_,.

So an0(y, s) decay exponentially, and the constant term ao(y, s), being of slow
growth, is problematic.



Therefore, to introduce a meaningful integration from the original ill-defined
one, we need cut off the slow growth part. There are two ways to do so: one
is geometrical and hence rather direct and simple; the other is analytical, and
hence rather technical and traditional, dated back to Rankin-Selberg.

(a) Geometric Truncation
Draw a horizontal line y =T > 1 and set

Dr={z=a+iyeD:y<T} Dl ={z:=z+4iyeD:y>T}.
Then D = Dy U DT Introduce a well-defined integration

eo - dx dy
IS (s) :== E(z,5) —5—.
Dy Y

(b) Analytic Truncation
Define a truncated Eisenstein series Ep(z;s) by

Er(z;s) :=

- E(z;s), ify <T;
E(z,s) —aoly;s), ify>T.

Introduce a well-defined integration

. - dr d
I%“"‘(s) = / Er(z;s) 2y'
D Y

With this, from the Rankin-Selberg method, we have the following:

Fact E. (Sece e.g., [Z]) (Analytic Truncation=Geometric Truncation in Rank 2)

I§(s) = i(%sl) ST - 75(285_ D s 77%(s).

Each of the above two integrations has its own merit: for the geometric one,
we keep the Eisenstein series unchanged, while for the analytic one, we keep the
original fundamental domain of H under SL(2,Z) as it is.

Note that a particular nice point about the fundamental domain is that it
admits a modular interpretation. Thus it would be very nice if we could on the
one hand keep the Eisenstein series unchanged, while on the other hand offer
some integration domains which appear naturally in certain moduli problems.

This is essential the idea of introducing Mg, (|A F|§), the first key ingredient
for high rank zetas.

(¢) Arithmetic Truncation

Now we explain why the above discussion and Rankin-Selberg method have
anything to do with our high rank zeta functions. For this, we introduce yet
another truncation, the geo-arithmetic one using stability.



So back to the moduli space of rank 2 lattices of volume 1 over Q. Then
classical reduction theory gives a natural map from this moduli space to the
fundamental domain D above: For any lattice A in R?, fix x; € A such that
its length gives the first Minkowski minimum A; of A. Then via rotation, we
may assume that x; = (A1,0). Further, from the reduction theory A%A may

be viewed as the lattice of the volume A\ ? = yo generated by (1,0) and w =
xo+iyo € D. That is to say, the points in Dy constructed in (a) above are in one-
to-one corresponding to rank two lattices of volume one whose first Minkowski
minimum )\, satisfying A\;? < T, i.e, A\; > T-z. Set Mé%logT[l] be the moduli
space of rank 2 lattices A of volume 1 over Q all of whose sublattices A; of rank
1 have degrees < %log T. With this discussion, we have the following

Fact F. ([W1-3]) (Geometric Truncation = Arithmetic Truncation)
There is a natural (quasi) one-to-one, onto morphism

In particular,

M3G%[1] = Mgp[1] = Dy

Consequently, we have the following

Example in Rank 2. ([W1-3]) {g2(s) = £(2s) B £(2s — 1)'

s—1 S

A.2 Periods

A.2.1 Arthur’s Truncation and Eisenstein Periods

Recall that the upper half plane H admits the following group theoretic inter-
pretation SL(2,Z)\SL(2,R)/SO(2). Thus for high rank zeta functions, we then
naturally shift to G = SL(n), or more generally, any split group G.

Fix a parabolic subgroup P of G with Levi decomposition P = M N, denote
by ap the complexification of the space of characters associated to P. In partic-
ular, denote by ag the one for the Borel. Denote by A the associated collection
of simple roots. By definition, an element T € ag is said to be sufficiently regu-
lar, or sufficiently positive, and denoted by T > 0 if for all a« € Ay (o, T) >0
are large enough. Fix such a 7.

Let ¢ : G(Z)\G(R)/K — C be a smooth function where K is a maximal
compact subgroup of G(R). We define Arthur’s analytic truncation AT ¢ (for ¢
with respect to the parameter T') to be the function on G(Z)\G(R)/K given by

(AT0)(2)= 3> (-1=P N op(dg) - #p(Hp(59) — T),

P:standard SeP(Z)\G(Z)

where ¢p = fN(R)/N(R)mSL(n 7) f(zn) dn denotes the constant term of ¢ along
with the standard parabolic subgroup P, 7p is the characteristic function of the

10



so-called positive cone in ap, and Hp(g) := log,,; mp(g) is an elelemnt in ap.
(For unknown notation, all standard, see e.g., [Ar1,2], [JLR], or [W-1,3].)
Fundamental properties of Arthur’s truncation may be summarized as:

Fact G. ([Arl,2] &/or [OW]) For a sufficiently positive T in ag, we have

(1) AT¢ is rapidly decreasing, if ¢ is an automorphic form on G(Z)\G(R)/K;
(2) AT o AT = AT,

(3) AT is self-adjoint; and

(4) ([Ar4]) ANT1 is a characteristic function of a compact subset of G(Z)\G(R)/K.

Denote by F(T') the compact subset of G(Z)\G(R)/K whose characteristic
function is given by AT1 by (4).

Corollary. ([W1,3]) Let T > 0 be a fized element in ag. If ¢ is an automorphic
form on G(Z)\G(R)/K,

/ Nog)dg= | dlg)dg.
G(Z)\G(R)/K $(T)

We call the above integration the Arthur periods associated to ¢. In most of
applications, the following special class, called Eisenstein periods, plays a key
role.

Recall that if ¢ is an M-level automorphic form, then we may form the
associated Eisenstein series E</ (i, \)(g) = E(p, \)(g) as follows:

E(p,N(9):= D> mp(d9)***" - (3g), RereCf
PENG()

where C?; denotes the positive chamber in ap. By definition, the FEisenstein
period is the integration

/ N E(,\)(g) dg = E(e,N)(9) dg.
G(Z)\G(R)/K §(T)

(Here we use a normalization for the Eisenstein series as usual, i.e., shifting the
variable from A to A+ pp, so that the convergence region is simply the positive
chamber.)

A.2.2 Rankin-Selberg & Zagier Method
I: Sufficiently Positive Case

In general, it is very difficult, in fact, quite impossible, to calculate Eisenstein
period precisely. However, if the original automorphic function (in defining the
Eisenstein series used) is cuspidal, this can be evaluated. This is a result due
to Jaquet-Lapid-Rogowski (see e.g., [JLR]), which itself may be viewed as an
advanced version of the so-called Rankin-Selberg & Zagier method. (See also

11



section 4.2 [W0] for our own solution, which was quite similar and was inde-
pendently written before we knew [JLR].) In particular, for constant function 1
over the Borel, and the associated Eisenstein series by F(1;A; g), we have the
following:

Fact E’. ([JLR], [WO0]) Assume that T is sufficiently positive, then the Eisensetin
period fG(Z)\G(R) AT E(1;); g) dg is given by

e<W)‘_P)T>

ATE(1; X 9)dg = v - M (w, \)
/G<Z>\G<R> wg/V [oen, (WA —p,a)

where v = Vol({3 cp, e’ : 0 < aq < 1}), W denotes the Weyl group, Ag
the set of simple roots, oV the co-root associated to o, and M (w, \) denotes the
assosciated intertwining operator.

A.2.3 Geo-Arithmetic Truncation and Analytic Truncation

In algebraic geometry, or better in Geometric Invariant Theory, a fundamen-
tal principle, which we call the Micro-Global Principle, claims that if a point
is not GIT stable then there exists a parabolic subgroup which destroys the
corresponding stability.

Here even we do not have a proper definition of GIT stability for lattices, in
terms of intersection stability, an analogue of the Micro-Global Principle holds.
To see this, we go as follows (and for our own convenience, we adopt an adelic
language when necessary).

For g = g(A) € G(A), denote its associated lattice by A9, and its induced
filtration from P by

0=AJ" C AP o CAf = A,
(Recall that all lattices can be obtained in this manner, and that for a fixed
lattice, its associated fiber in G(A) is compact.) Assume that P corresponds to
the partition I = (dy,ds, ..., dn::|p‘). Consequently, we have

I‘k(AZ):’I‘lzdl—ng—F—Fd“ fori:l,Z,...,|P|.

Define the polygon p% = p[}g : [0,7] — R of A = A9 with respect to P by
(1) pp(0) = pp(r) = 0;
(2) p% is affine on [r;,ri11], i =1,2,...,|P| — 1; and
(3) p%(rl) = deg(A’iLP) — T dcg(AJ) ) 1= 17 27 ceey |P| -1
Note that if the volume of A is assumed to be one, then (3) is equivalent to
(3) ph(ri) = deg(A?F), i =1,2,...,|P| - 1.

Based on stability, we may introduce a more general geometric truncation
for the space of lattices. For this we start with the following easy statement:
For a fized Op-lattice A, {Vol(Al) A C A} C Ry is discrete and bounded

from below.
As a direct consequence, we have the following

12



Fact H. ([W1,3]) (Canonical Filtration) For an Op-lattice A, there exists a
unique filtration, called the canonical filtration of A, of proper sublattices

0=AgCA L C---CA;=A

such that
(1) foralli=1,---,s, Nj/A;—1 is semi-stable; and
(2) forallj=1,---s—1,

rk(Aj /A 1) rk(Aj+1/4;5)
(VOl(AjH/Aj)) > (VOl(Aj/Aj—l)) :

Accordingly, for an Op-lattice A with the associated canonical filtration, (an
analogue of the Harder -Narasimhan-Langton filtration for vector bundles over
Riemann surfaces [HN],)

define the associated canonical polygon p, : [0,7] — R by the following condi-
tions:

(1) PA(0) =Da(r) = 0;

(2) P, is affine over the closed interval [rkA;, rkA;1]; and

(3) Pp(rkA;) = deg(A;) — rk(A;) - deg(A)

T

Let now p,q : [0,7] — R be two polygons such that p(0) = ¢(0) = p(r) =
q(r) = 0. Then, we say ¢ is bigger than p with respect to P and denote it by
qg>pp,ifq(r;)) —p(r;) >0foralli=1,...,|P|— 1. (See e.g., [Laf].) Introduce
also the characteristic function 1(p* < p) by

L ifp? <p;
0, otherwise.
Here pY denotes the canonical polygon for the lattice corresponding to g. Recall

that for a parabolic subgroup P, p% denotes the polygon induced by P for (the
lattice corresponding to) the element g € G(A).

Fact I. ([W1,3]) (Fundamental Relation) For a fized convez polygon p : [0,1] —
R such that p(0) = p(r) = 0, we have

1(p? < p) = > )P N 1Y ).

P:standard parabolic SeEP(F)\G(F)

Remarks. (1) This is an arithmetic analogue of a result of Lafforgue ([Laf]) for
vector bundles over function fields.
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(2) The right hand side may be naturally decomposite into two parts according
to whether P = G or not. In such away, the right hand side becomes

P|—1
1c — E (_1)| =1, ..
P:properstandard parabolic

This then exposes two aspects of our geometric truncation: First of all, if a
lattice is not stable, then there are parabolic subgroups which take the respon-
sibility; Secondly, each parabolic subgroup has its fix role — Essentially, they
should be counted only once each time. In other words, if more are substracted,
then we need add one fewer back to make sure the whole process is not overdone.

From (2) above, it is clear that the geo-arithmetical truncation defined using
1(p? < p), or simply using stability, has the same strucrure as that for analytic
truncations. Next, we want to give a precise relation between these two trun-
cations, so that analytic methods created in the study of trace formula can be
employed in the study of our high rank zetas.

Recall that a polygon p : [0,7] — R is called normalized if p(0) = p(r) = 0.
For a (normalized) polygon p : [0,7] — R, define the associated (real) character
T =T(p) € ap of My (the Levi for the Borel) by the condition that

() = [pli) = p(i = 1)] = [pli +1) = p(0)]

for all : = 1,2,...,r — 1, where a; = ¢; — ;41 € Ag denote simple roots. As
such, one checks that

T(p) = (p(1) = p(0), -+ -+ ,p(@) = p(i = 1), p(r) = p(r = 1)).

Set also 1(p% >p p) to be the characteristic function of the subset of ¢’s
such that p%, >p p. Then we have the following

Fact J. ([W1,3]) (Micro Bridge) For a fixed convexr normalized polygon p :
[0,7] = R, and g € SL.(A), with respect to any parabolic subgroup P, we have

fp( — Ho(g) — T(p)) = 1(19‘}’: >p P)~

With this micro bridge, we are ready to expose a beautiful intrinsic relation
between our geo-arithmetic truncation using stability and analytic truncations.

Fact J. ([W1,3]) (Global Bridge) For a fized normalized convex polygon p :
[0,7] = R, let

T(p) = (p(1),0(2) = p(1), ... p(D) =P = 1), ..., p(r 1) = p(r = 2), =p(r — 1))
be the associated vector in ag. If T'(p) is sufficiently positive, then

17" <p) = (A1) (9).
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In particular, by Facts G, I, and J, we arrive at the following analytic inter-
pretation of the moduli space of semi-stable lattices.

Fact G-I-J. ([W1,3]) §(0) = Mg, [1].

A.2.4 Rankin-Selberg & Zagier Method
IT: Semi-stable Case

The Fact G-I-J proves to be very important: with this intrinsic relation be-
tween geo-arithmetical truncation and analytic truncation, instead of using geo-
arithemtical method to study high rank zeta functions, which is rather new and
less developed, we can equally use analytic technics and methods from trace
formula, which is more systematic and rich, to help us. As an example, we here
indicate how to evaluate the Eisenstein period fM@,r[l] E(X\;1;9) dg.

First, by Fact G-I-J, it is equal to fG(Z)\G(R)/SO(n) A°E(X\;1;g)dg. On the
other hand, by Fact E’, we already know that when T is sufficiently positive,
fG(Z)\G(R)/SO(n) ATE(\;1;g) dg can be evaluated. As such, then the only point
here of course is to check whether the argument used for sufficiently positive T'
are still valid when T is taken to be 0.

By examining the proof, to take care of the change from sufficiently positive

T to smaller T, say T' = 0, additional two main points must be checked. They
are
(1) Fact G for smaller T'. This now is replaced by Fact G-I-J. Cleared.
(2) The convergences of all integrations involved in the proof. This is indeed
a very serious one. In a sense, modulo combinatorial technics, establishing
various convergences is really the technical heart of Arthur’s trace formula (in
its preliminary form as stated in [Arl-3]). Fortunately, we can justify these
convergences when T is smaller, in particular when 7" = 0. Practically, this is
carried out in two steps. First, for sufficiently positive T', we follow simply the
original arguments in [Ar1-3] and [JLR]. Then for general T' > 0, we use the fact
that the difference for integral domains involved between sufficiently positive T’
and rather small T, say, T' = 0, is only up to a certain suitable compact subset in
a fundamental domain — after all, over compact subsets, integrability becomes
trivial for smooth functions. In this way, we then arrive at the following

Fact E”. ([W1,3]) The Eisensetin period me[l] E(1;);9)dg is given by

1
E(1;X9)dg=v E - M (w, \)
/-A/lQ,T[l] weW HaEAo <w/\ - P a\/>
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A.2.5 Intertwining Operator: Gindikin-Karpelevich Formula

To go further, we need write down also the intertwining operator M (w, A). This
is now well known — by the Gindikin-Karpelevich formula, we have

Fact K. (See e.g., [La3]) For every split, semi-simple group G, its associated
intertwinging operator acting on constant function 1 over the Borel is given by

_ (1Y)
M(w,\) = H m.

a>0,wa<0

Here &(s) is the completed Riemann zeta with I-factor, namely, £(s) = 7~ 2L($)((s)
with ((s) = >_.°, n~* the standard Riemann zeta function.

A.2.6 Periods for G over Q: Weyl Symmetry
By Facts E”, K, for sufficiently positive T', the associated Eisenstein period

wSL(n),T

Q /\TE(1721722772717M)d/'L(M)

(A) = /
SL(n,Z)\SL(n,R)/SO(n)

is given by the following

Fact L. ([W1,3]) Up to a constant factor,

<'W)‘_p)T> A7 v
weW a€lo w P> a>0,wa<0 €(< & > + )

With this, by a close look at the right hand side, we conclude that now we
may take even T' = 0, even the right hand only makes sense for sufficiently
positive T' > 0. This then leads to

Definition 1. The period for G over Q is defined by

G _ 1 ) M e +
E =2 (HaeA0<wA—p,aV> 1 5@(</\vo‘v>+1)>, feres

weWw a>0,wa<0

where CT denotes the standard positive Weyl chamber of ag, the space of char-

acters associated to (G, B), and &g(s) the completed Riemann zeta function.
Certainly this is exact the definition 1 in the main text. As such, the most

notable point in this definition is the huge symmetry created by the Weyl group.

A.3 New Zetas for SL(n)/Q

A.3.1 Epstein, Koecher, Siegel Zetas and Siegel-Eisenstein Series
The reason why we care about Eisenstein periods me 0 E(X;1; g) dg, which
are of several variables, is that this period can be evaluated and that Epstein
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zetas F(AY, s) appeared in the study of high rank zetas are residues of Eisenstein
series F(1; X; g):
r

. r
Eqr(s) = 5/ E(AY, 53) dg
MQ,T[l]

where E(AY,s) = 77 *T(s) - E(AY,s). To explain this, we go as follows.
Let R := {diag(£1,...,£1)}\SL(n,Z) and Q, the standard parabolic sub-
group associated to the partition n = r+141+---41, that is, the parabolic sub-
H
1 *

group P, 1, 1 consisting of matrices in SL(n,Z) of the form
0

with H = H(")|H| = 1. Define the associated Siegel zeta functions by

n—1
G(Visrsna) = > [[IVINI~*

NeQ, \R v=r

for all 1 <r < n—1, where, as usual, Y[N] := N-Y - N and for a size n matrix
A = (aij)}j—1, Ay denotes the matrix A, = (a;;) . Then, from [D], we have
the following

Lemma 1. ([D]) There exists a constant ¢ depending only on r such that

v
i,j=1

r
ReSST:#gi(Y; Spy ey Sn—l) =Cp - §:+1(Y, S’r‘-‘rl + 57 ST+27 ceey Sn—l)'

(Please correct a misprint in [D] for this formula.) Consequently, taking r = 1
and repeating this process, we obtain the following

n—1
Ress, ,=1--Ress,—1Resg, =1 (éf(Y; 81,59, ..., sn,l)) =Y =,

up to a constant factor.

Similarly, for the standard parabolic group P = P, n,,..n, corresponding
to the partition n = ny +no + - - - + ng, define the associated Siegel’s Eisenstein
series by

EP(Sly) ::Em,nz,---,nq (S|Y)

g N _l’_ n: 1
= H H [YTA;]1~%, Res; > %
(Ajx)=A€l, /P,A;jez™*Ni j=1

where s = (s1,82,...,8¢) and N; = n3 + ng + --- + n;. Define also Koecher’s
zeta function by

Lo, 8) = 3 X[A]™*,  Re(s) >
Aeznxm /GL(m,Z),rkA=m

n
5 .
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Lemma 2. (See e.g. [Te]) (1) En, ng,...n,(8]Y) and Zpn—m(X,s) are well-
defined in the above indicated regions and admit meromorphic continuation to
the whole parameter spaces; and

(2) They satisfy the following relations (see e.g. [Te]):

V|~ Ep11(1;8]Y ™) = By 1 (1;8|]Y) = Z1 01 (Y5 8)/Z10(I;8)

and

n—1
Zn,O(Xvs) = |‘X|7S : H <(2S _.]>
j=0

In parallel, for a positive definite Y with |Y| = 1 and s = (81, 82,..., Sn),
introduce as usual the power function

n

p-s(Y) =T V57",

j=1

Then the associated Siegel’s Eisenstein series for the Borel B = Py, .1 is
defined as

Ey(slY) := Z p-s(Y), Res; >1,j=1,2,...,n— 1L
~yeT R /P11, 1

Lemma 3. We have
giﬁ(yv 51,825+, Sn—l) = E(n)(sl7 52y ..,y Sn|Y)7

and

By (sY ™) = Ey (571Y)

where s* := (Sp—1,Sn—2,.-.,82,81, — (81 + 82 + - - + 8,)). Consequently,

SV Nttty tn1) =& (Yt 1, ...ty t).

Thus, in particular, for the Siegel Eisenstein series corresponding to the
maximal parabolic subgroup P,_1 1, i.e., for

En_1,1(s1,52]Y) :=Ep_1,1(1; 51, 52]Y)
- > YA YA,

(A1%)=A€Tl,, /Pp_11,A1€Zm* (1)

we have, by Lemma 3,

En-11(s,t]Y) =|Y[™"- > Y [A]]7*
(A1x)=Ael, /Ppn_11

=Y Y YAl =6 (Y.

A€l /Pp_1.1
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Here, we used the fact that the group involved is SL(n).

Consequently, by Lemmas 1 and 2, we obtain the following
Fact M. (1) &_,(Y;s) and E(A;s) are related by

n—1

. ylgy— L A= R
60759 = 55 XGWZ\{O}|Y[ 17 = s (A0 75)

where Y 1= g* - g and A denotes the lattice (Z"; p(g)) with the metric p(g) on
R™ induced by the positive definite matriz Y = g* - g; and

(2) §1(Y;51,82,- -+, 8n-1) = Eny (51,52, ..., 50|Y).

In particular,

E(A(9);5) = Rest,_y=1,t,_s=1, ... ta=1, 1 =161 (Vsns — 252  ty—o, bys, .. ., t2, 11).

A.3.2 Langlands’ Eisenstein and Siegel’s Eisenstein

To apply Fact E” directly, we still need write Siegel’s Eisenstein series introduced
using classical language in terms of Langlands’ Eisenstein series introduced using
a language which is more convenient for theoretical purpose. The point of course
is about the power function p and the function mpg. For this, write a positive
definite Y (with |Y| = 1) as Y = a[n] with a = diag(ai,az,...,a,) and n
upper triangular unipotent (with diagonal entries 1). Then a; = |Y;|/|Yi—1],7 =
1,2,...,n. Consequently, by definition,

p-s(Y) =] V57>
j=1

—(s2+s3+-+sn)
:|y1|f(sl+52+---+sn)<|y2|/|yl|) 2

—(sn—1+sn) —Sn
e (Yacal/1Ya-2]) (1Yl /1¥aal)

p— ces — e —_ _Sn
—a] (s14+s2+ +5n)a2 (s2tss+-+sn) angslnfl'f‘sn) . (a1a2 cee anfl)

_—(s1+sattsn—1) —(s2+sz+-+sn_1) —Sn—1
=0, g Tl

since [[}_, a; = [Y] = 1.
On the other hand, if Y = gtg with T'(g) = diag(t1, ta, ..., ), then we have
a;j = t3 and
mp(g)*PE = T(g)* "

where as usual, we let A = (21, 22,..., 2,) € C", Z?:l z; = 0 so that
- _(n—l n—1 1 1 n—1 n—l)
P =PB = 2 ' 9 sy 9 2 .
Hence, by a direct calculation, we get
mp(g)\ e
7t7[(nf1)+(221+Z2+~~~+zn71)] ) t*[(n72)+(Z1+222+---+zn71)] » .t*[1+(Z1+22+---+22n71)]
= 2 n—1 .
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Recall also that the Langlands Eisenstein series associated to the constant
function 1 on the Borel B = P; ;.. 1 (related to SL(n)/B) is given by

E(1;7)(g) = > mp(5g)* .

'VGSL(n,Z)/Pl,l ,,,, 1:B
So if we make the variable transformation from A to s by
281 = 14 (21 — 22)
289 = 1+ (22 — 2’3)
28p-1= 14 (zpn-1—2n)

Then we arrive at the
Fact M'. (1) B(LiA)(g) = Eu(s|Y),

where A = (21, 22, ..., 2n) with Z?Zl zj =0 ands = (s1,52,...,Sn—1) satisfying
251 = 14+ (21 — 22)
282 = 1 + (22 — 23)

28p-1= 14 (zn—1— 2n).
(2) Introduce the variable s via 2ns —n + 1 = z, — za,, we have

E(A(g); s) =Res,,—zg=1ReS8,,—2,=1 - Res., .. =1F(1;21,29,...,2,)(9).

A.3.3 New Zetas: Genuine but Different
Recall that, by Fact D, high rank zetas are given by

é.(s) = /M@’Tm B(%: 5 s)dao(4).

Thus by Facts G-I-J and M, to offer a close formula, it suffices to evaluate the
integration

/ RGSZ27z3:1 e Resza—24:1 e Resz,‘,lszZI (E(17 Z15 22y« v ZT)(g)) d:u(g)
§(0)

Thus, if we were able to freely make an interchange between

(i) the operation of taking integration fg(o) and

(ii) the operation of taking residues Res,, .,—1 - Res.;—.,—1---Res, _,_. -1,
it would be sufficient for us to evaluate

Res.,—»5—1---Res,;_.,—1---Res,,_, . -1 (/ E(1; 21, 22,...,2:)(9) du(g)),

5(0)
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or better, to evaluate the expression

RGSZ2723:1 e ReSZ37Z4:1 e Reszr,lszzl

: . _&(hav)
(WZGQ HO‘GAO (WA —p, ) a>01,:u[a<0 §(<)‘a av) + 1))

where A = (21, 22, ..., 2,) With 21 + 20 + - - - + 2, = 0, since by Fact G,

/ E(Liz1 72, 2)(9) dulg)
3(T)

ATE(]-;ZleQa .- 72"“)(9) d:u(g)

/SL(T,Z)\SL(T,]R)/SO(T)
) e 1 )
we HaEAO <’U})\ - P av> a>0,wa<0 §(<)‘7 a\/> + 1)

by Fact L.
Unfortunately, this interchange of orders of two operations is not allowed
in general. As examples, one can observe this by working on SL(n) and by

comparing the poles for the resulting expressions. (For details, see the remark
at the end of A.3.4 below.)

On the other hand, even with the existence of such discrepancies, the func-
tion

Res,,—24=1---Res,,_,,—1---Res, ,_, —1

Z 1 ) H §(</\7 av>)
weWw HO‘EAU <’LUA - a\/> a>0,wa<0 §(<)\’ a\/> + 1)
proves to be extremely natural and nice. This then leads to

Definition 2. The single variable period Z(SL(T)(zl) associated to SL(r) over
Q is defined by

SL(r)
Zy (z1) :==Res.,_24—1---Res;y_-,—1---Res, _, . -1

1 | (v a))
<w;[/ HaEAo<w)‘_pao‘V> H €(<)\7a\/>+1)>’

a>0,wa<0

where A = (z1,29,...,2,) with 21 + 20+ -+ 4+ 2. = 0.

Clearly, there are some factors (ax + b)’s left in the denominator even after
all cancelations made. To clear them, we make the following observations:
(i) there is a minimal integer I(SL(r)) and finitely many factors

SL(r SL(r SL(r SL(r SL(r SL(r
5(01 2 +b) ( )), 5(@2 " + by ( ))7 B 5(“1(S(L%r)))‘1’ +bI(S(L2r)))’
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such that the product [HI(SL(T)) §(aisL( )2 —i—bSL(T))] -ZSL(T)(zl) admits only
finitely many singularities.
(ii) there is a minimal integer J(SL(r)) and finitely many factors

g(ch(r)>7 §(c§L(T)>, . g( i(LsSZ(r )
such that there are no factors of special £ values appearing at the denominators
in the product [H;-]:(fL(T)) f(C;SL(T))} : ZSL(T)(zl).

Definition 3. The zeta function 555)(” for SL(r) over Q is defined by

é.SL(T ( ) — SL(T‘)( )7

Res> 0

I(SL J(SL(r))

(r))
_SL(r) SL (r) SL(r)
[ <[ ) I e(™7)

i=

Clearly, Definitions 2 and 3 here are special cases of Definitions 2 and 3 in
the main text. In fact here implicitly the maximal parabolic subgroup P._1; is
used.

Remark. We remind the reader that the version with parameter T is in fact
also very important. In rank two case, one can show that for 7' non-negative,
the associated period also satisfies the functional equation and the RH. For
general cases, the structure is more complicated on one hand, and beautiful

SL(n)/Pm n—m;T

on the other: Say the functional equatlon for &, is related with a

different function §SL(")/ Pr—m,miT (for a different maximal parabolic subgroup),

based on another type of symmetry between E, ,—n, for Y and E,_,, , for
Y ! stated above (for classical Siegel Eisenstein series). However, when 7' = 0,

§SL(n)/Pm’"’m;0 is essentially the function fSL(")/P" 7m0~ All this then leads

to the functional equation for §SL ™)/ P (s).
A.3.4 Functional Equation and the Riemann Hypothesis

Just as high rank zetas, we certainly expect that these new zetas introduced
in the previous subsection satisfy the functional equation and an analogue of
the Riemann Hypothesis. For this we have the following

Conjecture. (Functional Equation) There exists a constant csr () depend-
ing on r only such that

55;@( )(CSL(r - 8) = §SL(T ( )

To make the functional equation canonical, i.e., reflecting the standard sym-
metry s <+ 1 — s for the standard functional equation, we make the following
normalization.
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Definition 3’ The zeta function §SL(T) (s) for SL(r) over Q is defned by

a8 = 20 - 25

As such then we have the following
Conjecture’. (Functional Equation) {sr,(),0(1 — 5) = £s1.(r):0(5)-

The most remarkable property shared by all these newly introduced zetas is
the following Zeta Fact about the uniformity of their zeros. That is to say, we
expect the following

The Riemann Hypothesis S/P.

All zeros of the zeta function Egp(r)q(s) lie on the central line Res = %
Remark. Examples with SL(3) shows that {g,,(s) is not the same as gr,(-).0(5)
in general. (In fact, while {p 3(s) has only two singularities at s = 0, 1, £g1,(3);0(5)
has four singularities at s = 0, %, %, 1, by the precise formula listed in Appendix
B.) We detect such a discrepancy only quite later, indeed, not even until the
first version of this paper was written on Dec. 4, 2007: so quite some time, we
wrongly believed that {g,,(s) are sr,(,);0(s) are the same.

After making these conjectures, or more correctly, after making the RH for
high rank zetas open, (with the mistake mentioned in the remark above,) we felt
that more examples should be provided at least numerically. This then led to
the problem of finding precise expressions for ‘(g ,(s)” with = 4,5. For quite
some time, we could not make an advance. However, this was changed with the
short visit of Henry Kim in the summer of 2007, who brought us the paper of
Diehl [D]. With [D], being compatible with our old approach for rank 3 zeta
by taking residues in [W3], we were afterwards able to see the structure for the
zetas, modulo a few mistakes. Accordingly, we did some painful calculations:
a) For rank 4, totally 24 x 6 = 144 cases were discussed, from which we obtained
the final zeta consisting of 12 terms;

b) For rank 5, totally 120 x 10 = 1200 cases were discussed, from which we
obtained the final zeta consisting of 28 terms.

For details, see Appendix B: Examples. Based on all these calculations, we
are able to exposes the following

Fact N. (1) (Functional Equation<s)
Espimsa(l —8) = Esrrya(s) when r =2, 3, 4, 5;

(2) ([LS], [S]) (Riemann Hypothesisgy, (2, 3):0)

All zeros of &sr,2).0(s) and Esp(3),0(s) lie on the central line Re(s) = 1.
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A.4  Zetas for (G, P)/Q

A.4.1 From SL to Sp: Analytic Method Adopted & Periods Chosen

For quite sometime, we want to use geo-arithmetic method to find an analogue
of high rank zetas for other reductive groups. The first natural target is Sp.
However, this proves to be very difficult, since for the completed theory, we
should start with what might be called principal lattices associated to Sp and
establish all the Sp properties corresponding to Facts listed above for SL.

Fortunately, for the purpose of finding corresponding zeta functions £, (2n):0(5)
for Sp, with our success for SL discussed above and the paper of Diehl [D], which
in fact deals with Sp instead of SL, we realize that instead of the approach us-
ing geo-arithmetic method, an alternative way using pure analytic methods is
sufficient. This goes as follows.

Let G = Sp(2n) with G(R) = Sp(2n,R) the symplectic group of degree n
over R. For any Z € 6 = G,,, the Siegel upper half space of rank n, write
Z = X + v/—1Y according to its real and imaginary parts. By definition,
é, g) € Sp(2n,R),
as usual, set M(Z) := (AZ + B) - (CZ + D)~ ! and write Y/(M) := ImM (Z).
Note that the action is transitive and the stablizer in Sp(2n,R) for /—11 is
given by Sp(2n,R) N .SO(2n). Consequently, we obtain a natural isomorphism
Sp(2n,R)/SO(2n) N Sp(2n,R) ~ &,,.

Introduce also I', := {diag(£1, +1,--- ,£1)}\Sp(2n, Z) the Siegel modular

Y =ImZ >0 and Z' = Z is symmetric. For an M = <

group, and B = P, = { E; : € I‘} the associated maximal parabolic

subgroup.
Fix Z € &, define then the associated Siegel-Maa3 Eisenstein series, or
better, the Siegel-Epstein zeta function by

Y|
En(Z;s) = LS E—
(Z:5):= 2. ICZ + D%
yeB\I

Motivated by our study on high rank zetas associated to SL(n), for suffi-
ciently positive T, we define a principal period for Sp(n) over Q by

Cspm.a(®) = /F\G N En(Z;s) du(Z).

This is then a function on s depending also on the parameter T'. It is then
an open problem whether we can evaluate this expression at T" = 0 since the
corresponding Fact G-I-J for Sp is still missing. Assume that the answer to this
is affirmative, then

Cop(n).0(5) = Cpmy.0(5) = CEpiny.a(8)IT=0

may be viewed as an Sp-analogue of the high rank zeta functions, call it the
principal zeta function for Sp(n) over Q.
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As for the case of SL(n), it is, for the time being, very difficult, in fact,
quite impossible, to offer a precise formula for the Eisenstein period <§p(n) Q(s)

However, motivated by our study for SL(n), we want to introduce an analogue
for the new type of zeta functions {g,(r);0(s). For this (a bit changed yet very
meaningful) purpose, we make the following preparations.

a) Siegel Eisenstein series. As usual, corresponding to the partition n = r +
1+1+---41, introduce the standard parabolic subgroup ‘B, := { (A *) € F}

0 B
Ht H!
10 1 %
where A = ' ,B= ' with H = H") | |H| =
* . 0 ..
1 1
1. Accordingly, define the associated Siegel Fisenstein series by

E(Z;8py...,8,) = Z H|Y(7)U)|_S“.

YEBAT v=r

It is known that these Siegel Eiesnetsin series are naturally related to the Siegel
zeta functions associated to the standard parabolic subgroup 9, of SL(n),
used already in our study for zetas associated to SL(n). Recall that, if R :=
{diag(£1,...,£1)}\SL(n,Z) and 9, is the standard parabolic subgroup asso-
ciated to the partition n =r+ 1+ 1+ --- 4+ 1, then the associated Siegel zeta
functions are defined by

n—1
E(Visrsna) = > [[IVINI~*

Ne, \R v=r
foralll1 <r<n-—1.

Lemma 1. ([D]) We have
(i)
E(Z;8py...,8n) = Z Y ()|~ - & (Y(W); Spyenes sn_l);

~yeB\I
(ii) There exists a constant ¢ depending only on r such that
N r
ReSST:#g:(Y; Spy ey Sn—l) = CT§T+1(Y; S’r‘-‘rl + 57 ST+27 vy Sn—l)'
Consequently,

_n-1
Ress, ,=1---Ress,—1Resg, =1 (g’f(Y; 81,82, .., sn,l)) =Y =
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up to a constant factor. Therefore, up to constant factors,
Ress, ,—1---Ress,—1Ress, =1 B, (Z; 8, ..., Sn)
= Z [Y'(7)]7°" - Ress, ;=1 - Ress,—1Resq, =1 (Y (7); Spy o+ -5 Sn—1)

yeB\I
n—1 n—1

=3 YOI YT = Bu(Zisa +
yeB\TI

).

b) Siegel Eisenstein series and Langlands Eisenstein series. As for the
case of SL(n), we next write the classical Siegel Eisenstein series in terms
of Langlands’ language. This is given by the following formula: Let A =
(21,22,...,2n) € agp, then by defintion,

a’(Z2) =[[ay>  with  ay=|Yo|/[Youl.

is given by

n n
[T 1Yl =p-s(v) =2’ () = [] o™
p=1 v=1
:|y1|—Z1+ZQ|y2|—ZQ+23 . |Yn_1|—zn71+zn|yn|—zn'
That is to say, we need make the following change of variables
§1 =21 — 22,82 =22 —Z23,-.-,51—1 = Zn—1 — Zn,Sn = Zn.
Consequently, we obtain the following

Fact M". (1) E(L; \;Y) = E1(Z; 81,82, -, 8n), and
(2) Up to a suitable constant factor,

n—1

E.(Z, z, + )

=Res;, ,—z,=1"" 'ReSZ2fz3:1ReszlfzzzlE(1; R1, %25+« ”n; Y)
In particular, when n = 2, i.e, for Sp(4), we have
1
Resy, —s=1E(1;21,8Y) = Ep(Z,s + 5)

c¢) The Sigel-Maag-Eisenstein period. Note that the constant function
one on the Borel is cuspidal, by the result of [JLR] cited above, and using
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the corresponding Gindikin-Karpelevich formula for the associated intertwining
operator, we have the following:

Fact EG). Up to a constant factor,

/ AT E1; X\ M) du(M)
Sp(n,Z2)\G,

elwA=p.T) £\ aY)
I ( )

R 3R e e R S et

With all this, we are now ready to introduce our new zeta for Sp(2n): first
define (not-yet-normalized) zeta as the residue

Resznflfznzlw“ ,22—23=1,20—21=1

1 _ £((1,aY))
Z 11 H §(<)\,04V>—|—1)7

— \Y
weEW O‘EAU<wA P, > a>0,wa<0

since (p,a¥) =1 for all @ € Ay, where \ = (21, 22,...,2,) € dp, corresponding
to Definition 2; then, make certain normalizations following Definition 3. As
such, we finally obtain a new series natural zetas {sp(2n),0(s) for Sp(2n) over

Q, which in fact coincide with 5510 (2n)/ % (s) defined in the main text.
As concrete examples, we worked out all the details for n = 2. Similarly, we
have the functional equation

5510(4),@(1 —5) = §sp(4),Q(8)-

For details, see Appendix B below.

In summary, what we have done for Sp is as follows:
(i) First, motivated by our study for high rank zeta functions associated to
SL(n), we introduce a principal zeta for Sp(2n) by evaluating the integration

/ N E,(Z;5) du(Z)
Sp(2n,Z)\&,,

at T = 0: in assuming that Fact G-I-J for Sp can be established, even in the
integration T is supposed to be sufficiently positive, an evaluation at 7' = 0 is
allowed;

(ii) By b), we know that, up to constant factors,

n—1
En(Za Zn) - Reszn,lfznzl,--- ,Z27Z3:1,Z27Z1:1E(1; 215225y ”n—1, Zn+Ta Y)
So it suffices to evaluate
/ Reszn,lfznzl,--- ,zo—z3=1,2z0—21=1
Sp(2n,Z)\ &,
n—1
(AT B 2,2, 0 20120+ 53 Y)) dia(Y);

27



(iii) Even an interchange of fSp(?n NG and Res;, |z, —1,... 20—z25=1,20—2,=1 IS
not allowed, we, motivated by our success for SL(n), still decide to study the
period

Resznflfznzly“722*23:1722*21:1
T ' n—1
/ (/\ E(17217227'-'72n—172n+T
Sp(2n,Z)\&,,

(iv) Now by c¢), for sufficiently positive T fSp(?n,Z)\Gn ATE1; A Y)du(Y) is
simply

Y)) du(Y);

SR _&(ha”))
w;V HaeA0<W)\—p,aV> H §(</\,Ozv>+1)'

a>0,wa<0

(v) Evaluate the latest period at T = 0 using the expression appeared in the
right hand side and further take the residue. This then leads to the not yet
normalized new zeta function for Sp(2n) over Q:

Resznflfznzl-,"' ,22—23=1,z0—21=1

1 £((\aY))
(% AL )

weW HO‘EAU <’LUA P a\/> a>0,wa<0

(vi) Suitably normalized, we obtain a new type of zeta function g, 2n)0(s) for
which we have the following

Conjecture. (1) (Functional Equation) {gp,2n):0(1 — 8) = {sp2n):0(5);
(2) (The Riemann Hypothesis g,(2,,),0)

1
All zeros of the zeta function Esy(anyo(s) lie on the central line Res = oh

Up to this point, the importance of the period

— 1 . _&(aY)
RAVEDY (H 11 §(</\,av>+1))

_ \
weW O‘EAU<U))\ p, > a>0,wa<0

has been fully realized and the huge symmetry induced from the Weyl group W
is noticed.

A.4.2 G9: Maximal Parabolics Discovered

The success of introducing natural zetas for Sp(n) which are supposed to satis-
fying the Riemann Hypothesis proves to be very crucial. Passing this point, we
then seriously try to find natural zetas for other types of classical groups.

Practically, to be able to find such zetas, we still need solve two main tech-
nical problems:

1) how to introduce an analog of Epstein zeta function for other groups? Such
a function should at least satisfy the property that it can be obtained as the
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residue along certain singular hyperplanes of the (relative) Eisenstein series
ECS/B(1;\)(g) associated to constant function one on the Borel; and

2) what are singular hyperplanes along which the residues should be taken?

However, by reviewing what has been done for SL(n) and Sp(2n), for the
purpose of introducing zetas, we realize that the completed theory for (1) is not
really needed absolutely: What matters (for introducing our new zetas) is not
Epstein type zeta, but the period

=3 1 I e

weW HO‘EAU <’U}/\ —p av> a>0,wa<0 §(<)\’ aV> + 1) .

With (1) solved, we then shift to (2). At the very beginning, we had no
idea on how to deal it — to solve this problem we first need understand where
are singularities for E¢/B (1; M) (g); more importantly, even if knowing the sin-
gularities, we still need figure out along which singular hyperplanes we take the
residues, as there are many many possible choices.

As such, at this preliminary stage of our study, we decide to be more prac-
tical. That is, not try to solve the problem completely, but try to work with
examples with the hope to expose hidden structures: After all, the most impor-
tant points are to introduce new zetas, and once introduced to check whether
they satisfy the functional equation and further the Riemann Hypothesis.

For such a limited practical purpose, then clearly, among all classical groups,
we need test these groups which are with relatively smaller ranks and with
reasonable smaller sizes of Weyl groups. By looking at B,,, D,,, Eg 78, F1 and
G, it is obvious why we decide to focus on Gy — G2, being exceptional and
interesting, is of rank two and with only 12 Weyl elements. This is extremely
nice: rank two should make our study more like to be successful — after all, the
period

) 1 E((N, aY)
wg (21722): Z <w/\_p7a H ( )

wew ;/hort> : <’U})\ =P a}gng> a>0,wa<0 §(<)\v av> + 1)

is a function with two variables (z1,22) = A € ag, where Ag = {Qshort; Qlong |
with aghort the short root and agpert the long root. Consequently, we only need
find a single singular line az; + bzs + ¢ = 0.

At this point, then by recall what has happened for SL and Sp, we con-
clude that in fact all singular hyper-planes appeared there are factors of the
denominator of the term in w(g(/\) corresponding to the identity Weyl element
Id. Applying this to Go, we are led to

1

<U))\ - P, a;/hort> ' <w/\ - P O‘]\gng> '

Now it is crystal clear that we should do — There are two possibilities for the
choice of a single singular line:
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(1) (wA = p, %) = 0 or
(2) <’U})\ - P aﬁ)ng) = 0.

In this way, then we obtain two new zetas for G2. Now recall that by Lie the-
ory, there is a one-to-one and onto correspondence between maximal parabolic
subgroups and simple roots, it is then only natural for us to name the corre-
sponding zeta functions @g 2/ Plong (s) and @g 2/ Pebort (s) respectively, where Pgshort
and Pong correspond to aieng and aghore respectively. The precise calculation is
carried out in Appendix B. In particular, the result confirms that we have the
functional equation

582/Plong(1 —5) = ggZ/Plong (s) 582/Pshort(1 —5) = gz/Pshort (s).

and

A.4.3 Zetas for (G, P)/Q: Singular Hyper-planes Found

With the discovery of importance played by the period wg (A) in our study
of zeta functions, and the success of the discussion on G2, we next want to
systematically understand how singular hyperplanes are chosen in the process
of taking residues. For this we go back to examine the examples of SL(n), Sp(2n)
and Gs.

a) For SL(n), a rank (n — 1) group, as usual,

Ao ={e1—ez,ea—€3,...,6n_1 — €},
with

n
A= (z1,22,...,2n) € a9 C C", Zzi:Oa
i=1

where e;’s are the standard ON basis for C". In the definition of £g7,,),0(5),
the (n — 2)-singular hyperplanes are chosen to be

znn—zm=lLzan—zm=1... 22—z, 1=1;
b) For Sp(2n), a rank n group, as usual,
AO - {61 —€2,€62 —€3,...,6pn—-1 — €n, 2677,}

with A = (z1,22,...,2,) € a9 = C". In the definition of £g,(2n),0(s), the
(n — 1)-singular hyperplanes are chosen to be

z1—2zo=1,29—23=1,...,2p_1 — 2, = 1;
c¢) For G, a rank two group, as usual
A0 = {ashort; along}-

In this case, we decided to use A = 21 (2aghort + Qong) + 22(Qshort + ong). As
said above, two different choices of a single singular line are chosen: z; — 22 =1
and z9 = 0.
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As such, by looking at these singular hyperplanes more carefully, we conclude
that
a) For SL(n), they are given by

(WA —p,e; —ea) =0, (WA —p,ea—e3) =0,..., (WA —p,ep_2—e€,_1) =0,
or better, are given by
(wX — p,aV) =0, ae A\{e,—1 —en};
b) For Sp(2n), they are given by
(WA = p,e; —ea) =0, (WA —p,ea—e3) =0,..., (WA —p,ep_1—e,) =0,
or better, are given by
(WA= pa) =0,  aeA\{2e.)

c) For G, easily with the choice A = 21 (2short + Mong) + #2(Qshort + Qlong ), the
line z; — 2z = 1 corresponds to (A — p, aY,..) = 0, while line z5 = 1 corresponds
to (A — p, ayy,,) = 0. Or better put, the line 21 — 22 = 1 is given by

<)‘ - puav> = 07 (NS AO\{along};

while the line zo = 1 is given by

(A= p,a”) =0, a € Ao\{short }-

Recall now that, to introduce new zetas, we are determined to use

WG (N) = 1 . RGN
Q()\)_ Z <HaeA0(<)\,w1av>_1) H §(<)\’av>+1)>7

weW a>0,wa<0

a special period governed by huge symmetries. Recall also that, for finding
singular hyper-planes, our success for SL and Sp led to the term corresponding
tow = 1:

1 1= 1

[Toea, (A a¥) = 1) [Taea, (A a¥) —=1)

With such a focus, it is then not too difficult for us to detect that
all (r —1)-singular hyperplanes are taken from the total r-factors in the denom-
inator of this term, where r is the rank of the group.
Once this is observed, then it is extremely clear what we have done so far: a
special choice of the (r — 1)-singular hyperplanes correspond to a fixed choice of
certain special maximal parabolic subgroup. More precisely, for a fixed standard
maximal parabolic subgroup P, by Lie theory, there exists a single simple root
ap such that P corresponding to Ag\{ap}. As such, the (r — 1) singular
hyperplanes chosen may be understood as these given by (A — p,a¥) = 0 for
a € Ao, # ap.
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Upon this point, we are quite sure how a new type of zetas for (G, P) should
be introduced. And more importantly, we understand the importance of the role
played by the symmetry. This then leads to Definition 2 of periods of (G, P)/Q:

G/P
w§!" (5) 1= Resgr- p.av)=0:acso\(arn) (4§ (V)

where ap is the simple root corresponds to the maximal parabolic P. With suit-

able normalization as done in Definition 3, we then finally obtain our new zetas
58 / P(s) for (G, P) over Q, whose importance can be read from the following

Conjecture. (1) (Functional Equation) fg/P(l —3) = fg/P(s);
(2) (The Riemann Hypothesis S/P)

All zeros of the zeta function §S/P(s) lie on the central line Res = —.

To support this new approach, we start working on more examples (for these
new zetas) associated to other type of standard maximal subgroups (of SL(3),
SL(4), Sp(4) and G3). The details are given in Appendix B.

A.5 Conclusion Remarks

A.5.1 Analogue of High Rank Zetas

We here propose an approach aiming at introducing genuine zeta functions for
(G, P)/F, as a natural generalization of high rank zeta functions.

Denote by Ap the adelic ring of F. Let GG be a reductive group defined over
F, and P a maximal parabolic subgroup. Then for the constant function 1 on
P, we form the relative Eisenstein series £(1; Aq/p; g) = ECG/P(1; Ag/p; g). For
a fixed sufficiently positive T" € ag, the space of characters of the Borel B of G,
introduce a single variable period

BypeOare) = [ AT ES/P (17 i) )
Zgnp)G(F)\G(AF)
We expect that
An analogue of Fact G-I-J for G-principal lattices exists.
If so, then it makes sense to introduce

wa/p,r(A) ::wg/P;F(/\”T:O

-/ ES/P(1: A pig) dia(g).
§c(0)CZG ) G(F)\G(AF)

In particular, from wg,p.p(A), a suitable normalization will then finally lead to
an analogue of high rank zetas for (G, P)/F.

Questions. (1) Is it possible to get ES/P(1;Ag,p; g) from ES/B(1;;g), the
relative Eisenstein series associated to the constant function 1 on the Borel, by
taking residues along with suitable rank(G) — 1 singular hyper-planes?
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(2) Can we take these singular hyper-planes simply as (A — p,a¥) = 0, o €
Ao\{OéP}? ~

(3) Is it possible to introduce a completed Eisenstein series E%/F(1; g/ p; g)
from EG/P(I;Ag/p;g) so that the resulting zeta function admits only finite
many singularities, satisfies a simple functional equation, and the Riemann Hy-
pothesis?

A.5.2 T-version

In our discussion above, by adapting an analytic method, we can extend our
discussion for periods defined originally for sufficiently positive T" to these for
T = 0. This makes the theory more canonical and elegant. However the use
of T-version proves to be quite helpful — as example for SL(3,4,5) shows, such
a T-version can be used to help us to understand the additional symmetry for
our new zeta functions. For example, we know that

5@ L(3)/ P, 1(8) _ 55L<3)/P1’2(S) 5@ L(4)/Ps, 1(8) — 55L<4)/P1’3(S)

) )

and

féL(5)/P4’1(S) _ SSL(5)/P1’4(S) 5514(5)/1’2,3 (S) _ ggL@)/PS,z (S)

On surface, these relations may be viewed as a reflection of the symmetry be-
tween the Eisenstein series I, _, n, associated to the maximal parabolic P_,
and the Eisenstein series Ey, ., associated to the maximal parabolic Py, »—p,.
(See A.3.1 for details.) More deeply, it roots into the symmetry between Pr._, m,
and P, ,_, for maximal parabolic subgroups of SL(r).

Put this in concrete term, for SL(3), we can further introduce T-version

SL(3)/P2 1, ( ) and gSL(3)/P1’2;T(S) SL 3)/P2 1(5)

zeta functions &g , analogues of £y

and §SL RIGE ?(s) respectively, starting from the T-version period wQ L(3); TN
in A. 2 6. Then one checks that with T" € C - p, i.e., with T specialized as points
on the line spanned by p, we have

Py 1T SL Py 2T
g T (1= ) = " ().

This is then the root of the equality
,;.SL 3)/ Pa, SL(3)/P;

We expect that holds for all zetas related to (SL(r), Pr—m.m)/Q.

Along with this line, then we also expect that the symmetry, or better, the
duality, between type B, and C), groups will have similar impact to our new
zetas. In a sense, various symmetries are the main reason why our new zetas
satisfy the functional equations and the Riemann Hypothesis.

We end this T-version discussion by pointing out that the Riemann Hypoth-
SLE)/Par; ' (s) if T is not 0. So our new zetas 58/13(5),
2" (s)

esis does not hold for £

being specialization of T-version zetas o to the ground zero and hence
delicate, are quite canonical, hence absolutely beautiful.
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A.5.3 Where Lead To

It is hard to predict, being new and rich. In general terms, two aspects are
worth being mentioned. One is for the zetas themselves, the other is for possible
applications.

For zetas themselves, the first and the up-most task is then concentrated on
the (proof of) functional equations and the corresponding Riemann Hypothesis.
Examples listed in Appendix B for SL(2,3,4,5),Sp(4) and G2 show that the
associated zetas satisfy the Functional Equation. This is beautiful, reflecting
additional symmetry, and supposedly doable even expected to be very compli-
cated. On the other hand, for the Riemann Hypothesis associated to new zetas,
responding to our inquires ([W4]), Suzuki first made several crucial numerical

tests on zeros of zetas {sr,(4):0(5), Esr(s):0(8) and Egpay;0(s) ([S2]). Shortly af-

ter, in January 2008, he was able to theoretically verify the Riemann Hypothesis
for zetas £gp(a);0(s) and 552/13(3) ([S3,4]), by strengthening a method used for
establishing the RH of {g7,(2).0(s) ([LS]) and of {s1,(3);0(s) ([S]). (In fact, this

method can also be used to show that outside a certain finite box, all zeros of

551)(4)/132&2 (s) lie on the line Re (s) = § as well.)

The third is about a generalization to all reductive groups. Even physically,
this can be done simply since all the framework works in this generality. But we
are somehow a bit hesitated feeling that time is not ripe to make such a move,
even we know that, up to a constant factor,

gl X Ga/P1 XGo (S) _ ggl/Pl (8)

and that the RH holds for all rank 2 groups (modulo the finite box mentioned
above for §Sp(4)/P2€2 (8)).

For applications, an obvious is about the relation between new zetas and
the classical Riemann zeta function. Problems likely to be asked here are: what
should be the relations between their zeros? This can be put more precisely, for
example, as: if we just consider a series, e.g., the series for SL(r)/P,_1 1, or a
collection, e.g., the collection of rank r groups, what should be the sequence of
the n-th zeros for a fixed n? what about the distributions of these zeros, the
gaps between ordered pairs of zeros? etc. For this, a related interesting point
should be mentioned: the completed Riemann zeta function can be written as
a difference between two entire functions which both satisfy the RH. This is a
new structure emerged in our understanding of {g7,3),0(s). (See also [S3] for
Esp(a)0(5)-)

We end this appendix by proposing a bit indirect, but quite speculating use
of our new zetas. We call this a ‘wonderful idea’ — the final gold is to replace the
original Riemann Hypothesis in the study of distribution of primes, of classical
problems such as the Goldbach conjecture, etc., with the RH for our zetas, some
of which have been established.
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B Examples

We here list zetas gg/P for G = SL(2, 3, 4, 5), Sp(4) and G3. Consequence, all

these zetas satisfy the FE gg/P(l —5) = S/P(s). (Detailed calculations were

given in version 2007 of this paper, but are omitted here as zetas for SL(2, 3),
Sp(4) and G2 are now available in [W1,3, 4] and [SW] respectively).
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B.4 T-version for SL(3)

B.1 SL(n)
B.1.1 SL(2)

A degenerate case, since P = B, the Borel. We have

_ o(2s)  &o(2s-1)
T os—1 s

(1)

&P P (s) = g2+ (5)

It is the first natural example exposed that satisfies the RH ([W1,2,3], [LS]).

B.1.2 SL(3)

Two maximal parabolic subgroups P, corresponding to partitions 3 =2+ 1 =
1+ 2. They share the same zetas:

€517 (5) =£(2) - 5 €a(39)

1
—&0(2) - 2 §o(3s —2)
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DO = DN =W
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Contradicting to the claim in Ch.9 of [W3], by examining poles, this example

shows that &g, (s) # §SL (r)/Frn, "' (s). So high rank zetas &g (s) are different
from the zetas for (SL(r ) »—1,1)/Q. The RH is confirmed ([S]).

B.1.3 SL(4)

Three maximal parabolic subgroups P, corresponding to partitions 4 =3+ 1 =
2+ 2 =1+ 3. Denote the corresponding maximal parabolic subgroups by
Ps 1, P9, P13 respectively. We now know that P 3 and P3; share the same
zetas, while the zeta for P» o is different. More precisely, they read as follows:

55L<4)/P3'1 (S) :ggL(4)/Pl'3 (S)

1

1
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1 1
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5(SL(4)/Pz,2(S) — 231 35(2) £(25)6(25 +1) — ﬁg( )-€(25s —2)€(25 — 1)
g E28)EQs + 1) — o - €25 — 2)6(25 — 1)
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1
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B.1.4 SL(5)

Four maximal parabolic subgroups correspond to the partitions 5 = 4 4+ 1 =
34+2 =2+3=1+44. Denote the associated standard maximal parabolic
subgroups by Py 1, P32, P» 3, P 4 respectively. Then we know that the zeta for
Py is the same as that for P; 4, while the zeta for P35 is the same as that for
Py5.

More precisely, the new zeta functions §SL(5 /Fa, t(s) = 55“5)/131’4 (s)

are

given by
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+ 1 es - 4) - 9|27
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(which, as well as the next one, is quite complicated to obtain: totally 1200
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cases should be discussed from which further residues should be taken,) and

SL(5)/P. SL(5)/P. SL(5)/P:
5@ ( )/ 3,2 (S + 1) = 5@10( )/ 3,2(5) — 5@ ( )/ 2,3 (S)
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B.2 Sp(4)

Two maximal parabolic subgroups corresponding to simple roots {e; — e2} and
{2e3} respectively. Their zetas read as follows:
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The RH for fgp(4)/P1 (s) is confirmed ([S2]), whose method, a generalization of
([S] and/or [SW]), can also be used to show that outside a finite box, all zeros

of 551)(4)/132 (s) lie on the line Re(s) = %

B.3 G,

Two maximal parabolic subgroups corresponding to the long and the short root
respectively. Their zetas read as follows:
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and

1

g/ Povere () =—5¢(2) &(s +2)5(25) - F125(2) (s =2)¢6(25 = 1)
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1 1
"~ s(s—3) s = 1E2s 1) = (s —=1)(s+2)

1 1
— o S(8)6(2s) — @s)(s—2) “€(s)é(2s = 1)

(2s —2)(s+1)

(s +1)€(2s)

(10)
The RH for SSQ/P (8) is confirmed by Suzuki ([SW]).

B.4 T-Version for SL(3)

In this subsection, we indicate how functional equation for our zetas can be

obtained from a general T-construction. For simplicity, we consider only G =
SL(3).
By definition,

G;T o <w)‘ - P T> §(<)‘v av>)
wg (s) = Z (H ' H §(<)\7av>+1)>'

_ \%
weW a€A0<w)\ P, > a>0,wa<0

In particular, for G = SL(3), we may take A\ = (21, 22, 23) with 21 + 20+ 23 = 0,
T = (x,y,—x—vy), p=(1,0,—1) and W = S3 with w € W = S5 acts via the
corresponding permutation on lower indices.

Thus by taking residue along z;1 —z2 = 1 and assuming zo = t,21 = t+1,23 =
—2t — 1, we get, using the tables in subsection B.1.2,
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313053 ST e
Similarly, by taking residue along zo — z3 = 1 and assuming z3 = §,20 =
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s+ 1,21 = —2s — 1, we get, using the tables in subsection B.1.2,
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Clearly, there is no functional equation at this stage. However, if we set y = 0
inT = (z,y,—x—y) so that T = (x,0, —z), that is to say, T = xzp € C- p sitting

on the line spanned by p, then we have

SL(3)/Pyo;x 1 A
wg (3)/ P12 P(t) :gg(z) S E(3t+3)- Bt

5(315 + 3) . e(3t+3)m
L f(Bt41) e

1 X
-~ 3t B ) e

1 1
3t3t+3

£(3t +2) - om0t

and

SL(3)/P2,152p _ 1 —3sx+x
WGHOIPTE () = L g(2)- €354 1) ¢
1 1
o . £(3 3). (3s+3)x
231 (Betd)e
+1 1
23542
1 1

T 3s35+3
1 x
+526(2) £Bs +3) e

E(3s41) - e

5(38 4 2) . e3sw+4z

In particular, we have the functional equation

SL(3)/P1,2;x SL(3)/P21;x
wg (3)/P1,2 P(_l_s):w(@ (3)/ P21 p(x)
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Or put it in a better form, we set

1 1
§SL(3 /P, 2(8) ::m§(2) 5(38) L T3stl _ g5(2) (35 — 2) T
1 1 3s L1 —35+3
—5%_2-&%yT t33 7 Bs-2) T 3 (11)
1 _ _ —3s+4
"~ 35—33s -1 T
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1
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1 1 3541
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Then we get
§SL(3/FH2( . ) §SL(3/P51(S) (13)

This exposes a new symmetry for our zetas.

REFERENCES

[LS] J. Lagarias & M. Suzuki, The Riemann Hypothesis for certain integrals of
Eisenstein series, J Number Theory, 118(2006) 98-122

[S] M. Suzuki, A proof of the Riemann Hypothesis for the Weng zeta function
of rank 3 for the rationals, in Conference on L-Functions, 175-200, World Sci.
(2007)

[S2] M. Suzuki, The Riemann hypothesis for Weng’s zeta function of Sp(4) over
Q, preprint, 2008, available at http://xxx.lanl.gov/abs/0802.0102

[SW] M. Suzuki & L. Weng, Zeta functions for G and their zeros, preprint,
2008, available at http://xxx.lanl.gov/abs/0802.0104

[WO0] L. Weng, Non-abelian zeta function for function fields, Amer. J. Math 127
(2005), 973-1017

[W1] L. Weng, Geometric Arithmetic: A Program, in Arithmetic Geometry and
Number Theory, 211-390, World Sci. (2006)

[W2] L. Weng, A Rank two zeta and its zeros, J of Ramanujan Math. Soc., 21
(2006), 205-266

[W3] L. Weng, A geometric approach to L-functions, in Conference on L-
Functions, 219-370, World Sci (2007)

[W4] L. Weng, Zeta function for Sp(2n), Appendix to [S2], preprint, 2008,
available at http://xxx.lanl.gov/abs/0802.0102

45


http://xxx.lanl.gov/abs/0802.0102
http://xxx.lanl.gov/abs/0802.0104
http://xxx.lanl.gov/abs/0802.0102

Lin WENG]

Graduate School of Mathematics
Kyushu University

Fukuoka 812-8581

Japan

Email: weng@math.kyushu-u.ac.jp

and

Chennai Mathematical Institute
Plot H1, SIPCOT IT Park
Padur PO, Siruseri 603103
India

1 Acknowledgement. Special thanks due to Deninger and Ueno for their constant encour-
agements, due to Henry Kim for bringing to our attention the paper of Diehl, and due to
Suzuki for testing numerically the RH associated to SL(4,5), Sp(4) and Ga.

This work is partially supported by JSPS.

46



	Discovery of Zetas for (G,P)/Q
	High Rank Zeta Functions
	Periods
	New Zetas for SL(n)/Q
	Zetas for (G,P)/Q
	Conclusion Remarks

	Examples
	SL(n)
	SL(2)
	SL(3)
	SL(4)
	SL(5)

	Sp(4)
	G2
	T-Version for SL(3)


