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Abstract.

Introduction

Theory of zeta functions plays a central role in arithmetic. In this paper, we
use a new approach to study them. More precisely, we first reveal an intrinsic
relation between higher rank zeta functions and Epstein zeta functions, and
expose a fundamental relation between stability of lattices and distances of
the corresponding modular points to cusps. Applying to rank two, we then
explicitly express the associated zeta functions in terms of Dedekind zetas.
Based on such an expression, finally, we show that all zeros of rank two zetas
are entirely sitting on the critical line whose real part equals to %

As such, this work is built up on classics of number theory. Many fine
pieces of algebraic and analytic number theory are beautifully unified under
our zetas:

1) New Geo-Arithmetic cohomology for lattices over number fields, by fur-
ther developing Tate’s fundamental work, known as Tate’s Thesis;

2) A definition of new zeta functions for number fields, as a natural gen-
eralization (and hence offering a natural framework) for the classical
Dedekind zeta functions;

3) A relation between our zeta and Epstein type zeta functions, via the well-
known Mellin transformation;

4) A classification of lattices first according to their volumes and unit twists,
in connection with an intrinsic relation between GL,, and SL,, over a
number field K using Dirichlet’s Unit Theorem; and hence a relation
between the space of isometry classes of rank two lattices over ring of
integers and the upper half space model,;
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5) A construction of a fundamental domain for the action of special auto-
morphism group of rank two lattices on the associated upper half space
using normalized Siegel type distances to cusps, by generalizing Siegel’s
construction for totally real fields;

6) An intrinsic relation between stability of lattices and distances to cusps,
i.e., a lattice is semi-stable if and only if its distances to all cusps are at
least one, by deepening an algebraic result of T. Hayashi;

7) A Fourier expansion for Epstein zeta function, along with the classical
line;

8) An explicit expression of rank two zeta in terms of the associated
Dedekind zeta function, as an application of Rankin-Selberg & Zagier
method;

9) An analogue of the Riemann Hypothesis for rank two zetas, based on a
result of M. Suzuki and J. Lagarias.

1. High rank zeta functions and Eisenstein series

1.1 Projective O -modules

Let K be an algebraic number field with O its integer ring. An O -module
M is called projective if there exists an O -module N such that M @ N is
free. We have

(i) For an exact sequence 0 — My — M; — M — 0, M, ~ My ® M.
(i1) All fractional O-ideals are projective; and
(iii) Rank 1 projective O -submodules in K are simply fractional O -ideals.

Thus, by finiteness of the ideal class group of K, up to isomorphism, there
are only finitely many rank 1 projective O -modules in K. Choose integral
Og-ideals a;,7 = 1,..., h with h = h(K), the class number of K, such that

(a) Any rank 1 projective O -module is isomorphic to one of the a;; while
(b) None of the a, and a; are isomorphic to each other if i # j, i,j =
1,...,h.

Fix a choice of a;, 1 < ¢ < h satisfying (a) and (b) above and use a as a
running symbol for them.

Clearly for a fractional ideal a, P, := P, := O} ' @ ais arank r
projective O -module. Conversely, we have

Proposition. (See e.g. [8]).

(1) For fractional ideals a and b, P,., >~ P, iff a ~ b;
(2) For any projective Oy -module P, there exists a fractional ideal a such
that P ~ P,.
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In this paper, we use the natural inclusion of fractional ideals in K to embed
P.., into K", and write an element in K" as a column vector.

Lemma. For an Og-isomorphism A : P,, — P, induced from A €
GL(r,F), b ~ (det A) - a. In particular, if a, b are integral, (i) det A € Uk,
the group of units of K; (ii) a = b; and (iii) A € Auto, (P,.q).

1.2 Semi-stable O g -lattices

Let o be an Archimedean place of K, and K, its o-completion. Then K,
equals to either R or C. Accordingly, we call ¢ real or complex and write
oc:Roro:C.

By definition, an Og-lattice A consists of (1) a projective O g -module
P = P(A) of finite rank; and (2) an inner product on the vector space
V, := P®p, K, for each of the Archmidean place o of K.SetV = PRzR
sothat V = HU €S V.., where S, denotes the collection of all Archimedean
places, since as a Z-module, an Og-ideal is of rank n = r; + 2r,. Here
n = [K : Q], r1 (resp. 73) denotes the number of real (resp. complex) places.

Let P be a rank 7 projective Og-module. Denote by GL(P) :=
Auto, (P). Let A := A(P) be the space of (O-)lattices A whose underly-
ing Og-module is P. For o € S, let ./NXU be the space of inner products on
V5 if a basis is chosen for V; as a real or a complex vector space accordingly,

A, may be realized as an open set of a real or complex vector space. (See 1.3
below.) We have A = [] A, from which we obtain a natural topology

on A.

Given A € A and u,w € V,, let (U, w)a,» Or (U, w),, ) denote the
value of the inner product on the vectors v and w associated to the lattice
A. As such, if A € GL(P), we may define a new lattice A - A in A by
(uyw)apo, == (A7t - u, A7 - w), ,. Clearly, the map v — Awv gives an
isometry A = A-A of the lattices. Conversely, suppose that A : A; = Agisan
isometry of O -lattices, each of which is in A. Then, A defines an element,
also denoted by A, of GL(P). Clearly A = A - A;. Therefore, the orbit set
GL(P)\A(P) can be regarded as the set of isometry classes of O -lattices
whose underlying O -modules are all isomorphic to the fixed P.

Also if T' € Ry, then from A, we can produce a new O-lattice called
A[T] by multiplying each of the inner products on A, or better, on A, for
0 € S., by T?. Let then A = A(P) be the quotient of A by the equivalence
relation A ~ A[T]. As such, A admits a natural topological structure as well.
Furthermore, as it becomes clear later, the construction of A from A plays
a key role when we want to get the compactness statement for our moduli
spaces.

TESs
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Let A be an O-lattice with underlying O -module P. Then via restriction
of inner products, any submodule P; C P can be made into an O -lattice.
Call the resulting Og-lattice A; := A N P, and write A; C A. If moreover,
P/ P, is projective, we say that A; is a sublattice of A. Via orthogonal projec-
tions, we can give P/ P, an O-lattice structure, the quotient lattice A/A; of

Restriction of scalars makes an O -lattice into a Z-lattice. Recall that V' =
A ®; R = [],cs_ Vo Define an inner product on the real vector space V'
by (U, W)so := Y 5 (Uos Wo)o + >, . Re (Us, ws),. Let Resg /oA be the
Z-lattice obtained by equipped P, regarding as a Z-module, with this inner
product (at the unique infinite place co of Q).

We let rk(A) denote the O -module rank of P (or of A) and let dim(A)
denote the rank of P as Z-module. Define the Lebesgue volume of A, denoted
by Volpe,(A), to be the (co)volume of the lattice Res /g A inside its inner
product space V.

Example. Take P = O and for each place o, let {1} be an orthonormal
basis of V,, = K. This makes O into an Og-lattice Ox = (Og,1) ina
natural way and Volp.,(Of) = 2772 - /A, where A denotes the absolute
value of the discriminant of K.

More generally, take P = a an fractional idea of K and equip the same
inner product as above on V. Then a becomes an Ok -lattice @ = (a,1) ina
natural way with rk(a) = 1, and Volp.,(a) = 272 - (N(a) - Ak ), where
N (a) denotes the norm of a.

Due to the appearence of the factor 27", we also define the canon-
ical volume of A, denoted by Vol..,(A) or simply by Vol(A), to be
272tk Volp, ., (A). So in particular, Vol(@) = N (a)-v/Ax, with Vol(Ok) =
/Ay as its special case.

The canonical measure has an advantage theoretically.
Arakelov-Riemann-Roch Formula: For an Og-lattice A of rank r,

—log(Vol(A)) = deg(A) — glog Ag.

(For the reader who does not know the definition of Arakelov degree, he or
she may simply take this relation as a definition.)

Definition. An Oy lattice A is called semi-stable (resp. stable) if for any
proper sublattice Ay of A, Vol(A;)™™ > (resp. >) Vol(A)Veld1),

The last inequality is equivalent to Vol (Ay)™ ™ > Volpq, (A) VeI,
So it does not matter which volume, the canonical one or the Lebesgue one,
we use.

Remark. Even we introduce the stability for lattices independently, many
others, notably Stuhler, introduced the stability earlier. (See e.g. [Gr], [St].)
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1.3 Space of O -lattices via special linear groups

Via the Minkowski embedding K — R™ x C"?, we obtain a natural embed-

ding for P: P := O ™V @a— KM — (R™ x C2)" = (R")"™ x (C7)™,

which is simply the space V' = A®zR above. Thus, our lattice A then is deter-

mined by a metric structure on V' = []__g V;, orbetter, on (R")™ x (C")".

Hence, we need to determine all metrized structures on (R")™ x (C")".
For this, let us start with each component R” (resp. C").

(i) For any g € GL(r,R) (resp. g € GL(r,C)), there is an associated
metric structure_( g) or simply g on R" (resp. on C") given by the matrix

g - g" (resp. g - g*). More precisely, for z, y € R" (resp. C") (z,y), :=
(@ Y)o() = - (99") -y = (xg) - (y9)";

(i) Two matrices g and ¢’ in GL(r, R) (resp. in GL(r, C)) correspond to the
same metrized structure on R” (resp. C") iff there is A € GL(r, R) (resp.
GL(r,C))st.g' =g-Aand A- A® = E, (resp. A - A" = E,). That is
to say, g and ¢’ differ from each other by a matrix A from the orthogonal
group O(r) (resp. from the unitary group U (r)).

Therefore, metrized structures on (R™)™ x (C")"2 are parametrized by the
space

(GL(r,R)/O(r))™ x (GL(r,C)/U(r))"™.

Next we will shift from the general linear group GL to the special lin-
ear group S L. We start with a local discussion on Ok -lattice structures. For
complex places 7, clearly, by fixing a branch of the n-th root, we get natural
identifications

GL(r,C) — SL(r,C)xC* —  SL(r,C) x S' x R*

g = <ﬁgv detg) = <#\/ng7 (dji—ttga|det9|>
and U(r) — SU(r) x S1,U +— (w=—==U,det U), where SL (resp. SU)

Vdet U
denotes the special linear group (resp. the special unitary group) and S*
denotes the unit circle {z € C : |z] = 1} in C*. Consequently, we obtain

GL(r,C)/U(r) = (SL(r,C)/SU(r)) x R*%.

For real places o, one might try to use the same approach for C above. But
v/det g is not always well-defined in the reals. Accordingly, we modify our
approach by using the subgroups GL*(r,R) := {g € GL(r,R) : detg >
0} and O*(r) := {A € O(r,R) : det g > 0}. Clearly, (i) Ot (r) = SO(r),
the special orthogonal group consisting of these A’s in O(r) whose deter-
minants are exactly 1; (ii)) GL(r,R)/O(r) = GL*(r,R)/SO(r); and
(iii) There is an identification GL*(r,R) — SL(r,R) x R%,g —
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( L_g, det g). Consequently, we have GL(r,R)/O(r) = (SL(r,R)/

{/detg
SO(r)) x R%.

Hence, metrized structures on V' = [ g Vo =~ (R")™ x (C")™ are
parametrized by the space ((SL(r,R)/SO(r))™ x (SL(r,C)/SU(r))™) x
(R%)™*72. Furthermore, when we really work with O -lattice structures on
P, i.e., with the space A = A(P), from the above parametrized space of
metric structures on V' = [ .4 V., we need to further factor out GL(P),
i.e., the automorphism group Aute, (0% " & a) of O " @ a as Ok-
modules.

As such, naturally, now we want (a) to study the structure of the group
Auto, (O & a) in terms of SL and units; and (b) to see how this group
acts on the space of metrized structures

((SL(r,R)/SO(r))"™ x (SL(r,C)/SU(r))™) x (R} )™,

View Auto, (O% " @& a) as a subgroup of GL(r, K). Easily, for an
element A = (a;;) € Auto, (O @ a), det A € Ug. Moreover
Auto, (O Y @a) = GL(r, 0% ™ @ a)

arr&aij € OK,

=1 (a;;) € GL(r, K) : L hi=1 =1
a;r € a, aTJ-Ea s

det(aij) € UK}

In other words,

Auto, (00 & a)

={AeGL(r,K)N Ok | i det A € Uy
a

at ... al Ok

To go further, we still need to see how Aute, (O " & a) decomposes
with respect to the shift from G L to S L adopted in the discussion on metrized

structures. For this purpose, we first introduce the subgroup Autng ( 0%71) @

a) of Aute, (07" & a) consisting of these elements whose local determi-
nants at real places are all positive. Clearly, diag(—1,1,...,1) is an element
of O(r), which is supposed to be factored out in our final discussion. Note
also that GL(r,R)/O(r) ~ GL* (r,R)/O" (r) and Ot (r) = SO(r). Con-
sequenly, we obtain a natural identification of quotient spaces between

Auto, (05" ® a)\((GL(r,R)/O(r))"* x (GL(r,C)/U(r))"*)
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and
Autd, (O™ & a)\((GLT (r,R) /O (r)™ x (GL(r,C)/U(r))™).

As such, to shift further to the special linear group .S L, we need Dirichlet’s
Unit Theorem, i.e., finiteness of the group of units. Locally,

GL(r,R)/O(r) -=GL*(r,R)/SO(r)
—(SL(r,R)/SO(r)) x (R -diag(1,...,1))
~ (SL(r,R)/SO(r)) x R%.

via

[A] — [AT] — < AT, diag(Vdet A+, ... Vdet A+)>

1
vdet A+
1 . m

- (e V)
for real places, and
GL(r,C)/U(r) —(SL(r,C) x C)/(SU(r) x S")
—(SL(r,C)/SU(r)) x (R% -diag(1,...,1))

~ (SL(T, C)/SU(r)) x R*.

4] [4] <ﬁ/x, diag(Vdet A, ..., V/det A)>

1 -
e ——— A
< \r/mA, det A) ,
for complex places. Ideally, we want to have corresponding identifications for
elements in Aute, (O(Krfl) @a). However, this cannot be achieved in general,
since the 7-th roots of a unit in K lie only in a finite extension of K.

Recall that for a unit e € Uy, (a) diag(e, . ..,c) € Autp, (OF " & a);
and (b) det diag(e, ..., e) = &" € U := {e" : € € Uk }. So to begin with,
note that to pass from GL to SL over K, we need to use the intermediate
subgroup G L. Consequently, we introduce a subgroup U;: of U by setting

Ut :={e €Uk :e, >0,Vo real}

50 as to get a well-controlled subgroup Uy := U;f NU%. Indeed, by Dirich-
let’s Unit Theorem, the quotient group U}; /(U N U}) is finite.
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With this said, next we use U;-NU} to decompose the group Aute,. (ngl) @
a). Thus, choose elements wy, . . . , w, ., ry € U suchthat {[uy], ..., [u,( 7]}
gives a completed representatives of the finite quotient group U} /(U NUL ),
where 4i(r, K) denotes the cardinality of the group U /(U N Ug). Set

SLOY™ @ a) := SL(r, K) N GL(O% ™ @ a) as well.

Lemma. There exist elements Ay, ..., A, k) in GLT(OY ™ @ a) such
that

() det A; =u;i=1,...,u(r, K);

(i) Ai,...,Auq i) consist of a completed representatives of the quotient

Autd, (O Y @a)by SLIOL ™ @a) x (U" - diag(1,...,1)).

That is to say, for automorphism groups,

(2) Auty (O @ a) is naturally identified with the disjoint union
U A; - (SO @ a) x (U™ - diag(1,...,1)));

(b) The Ok-lattice structures A(P) on the projective Ox-module P =
Og_l) @ a are parametrized by the disjoint union

U AN(SL(OK ™ @ a)\((SL(r,R)/SO(r))"
x (SL(r,C)/SU(r))™))
x (U NUEN\RL)™)).

Proof. This is a direct consequence of (1) For all e € U};, diag(e,...,c) €
Auth(O(KTfl) @ a) and its determinant belongs to U;: N Uk; and (2) For
A€ Auty (0L @ a), by definition, det A € U}

Therefore, to understand the space of Oy -lattice structures, beyond the
spaces SL(r,R)/SO(r) and SL(r,C)/SU(r), we need to further study

(i) the quotient space |Uy N U |\(R% )™ "2; and more importantly,
(i1) the (modular) space

SL(OS™ @ a)\((SL(r,R)/SO(r))™ x (SL(r,C)/SU(r))™).

Now denote by MV k.(a) the moduli space of rank r semi-stable O-
lattices with underlying projective module (’)%_1) @ a. For our own conve-
nience, for a set X of (isometry classes of) lattices, denote by X the subset
of X consisting of lattices which are semi-stable. O
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Proposition. There is a natural identification between the moduli space
My (a) of rank r semi-stable Ok-lattices on the projective module
Og_l) @ a and the disjoint union of (the ss part of) the quotient spaces

U AN(SLOK ™ @ a)\((SL(r,R)/SO(r))"™
X (SL(r,C)/SU(r))"™))ss
< (U NUZNRL)™T™)).
Proof. By definition and the previous lemma,
M (a) = U AN(SLOE ™ @ a)\((SL(r,R)/SO(r))"
x (SL(r,C)/SU(r))™))
X (U NUZNRL)™ ) es-

Moreover, by definition, we can interchange the subindex ss with the disjoint
union symbol. With this said, it is sufficient to show that

[ANSL(OE ™ @ a)\((SL(r,R)/SO(r))™ x (SL(r,C)/SU(r))"))
x (|U NUENRY)" 7))l
=AN(SL(OK ™" @ a)\((SL(r,R)/SO(r))™ x (SL(r,C)/SU(r))"))ss
x (|Up NUEN (R 72)).

Clearly, an action of an automorphism of a lattice does not change the semi-
stability. Hence we need to check whether

(SL(OK™ @ a)\((SL(r,R)/SO(r))™* x (SL(r,C)/SU(r))™*))
x (U DU NRE)™ )]s

=[SL(OK™" ® a)\((SL(r,R)/SO(r))" x (SL(r,C)/SU(r))™ )]s

X (U N UE RS 7).

This is simple since a lattice A is semi-stable if and only if its [T7]-

modifications A[T'] are semi-stable for all " > 0. O

1.4 Structure of moduli space: action of O -units

To further understand the structure of moduli space of semi-stable Op-
lattices, let us consider the quotient space |Uj, N UL |\ (R% )™ 2.

We start with Uy, N Ut Clearly, U% C U}t On the other hand, by Dirich-
let’s Unit Theorem, up to a finite torsion subgroup consisting of the roots of
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unity in K, the image |Ug | of Uy (under the natural logarithm map) is a Z-
lattice of rank r; 4+ ro — 1 in R™ "2, As such, the image |U};| of U}, corre-
sponds simply to the sublattice r|Ux/, i.e., the one consists of all elements in
the lattice |Uy | which are 7-times of elements in |Ug|. Consequenly, U, as
well as U;: N U}, are all finite index subgroups of Ug.

Next, let us look at the quotient |U N U |\ (IR% )™ *72. For this, we adopt
Neukirch’s [19] presentation.

Let X be a finite G(C|R)-set, i.e., a finite set with an involution 7
7,V7 € X, and let n = #X. Consider the n-dimensional C-algebra C :=
II,cx Cofall tuples z := (2;);ex,2, € C, with componentwise addition
and multiplication. Set involutions z +— 2z € C (resp. z +— z*, resp., z — *2)
as follows; for z = (z,;) € C, the element z € C (resp. z* € C, resp.
*z € C) is defined to be the element of C having the following components:
(2); = Z:, (resp. 25 = z7, resp. *z, = Z;). Clearly, Z = *z*. As such,
the invariant subset R := [[[ . C]" := {z € C : z = Z} forms an n-
dimensional commutative R-algebra, and C = R ®g C. For example, for a
number field K of degree n with X = Hom(K,C), R coincides with the
Minkowski space K := K ®q R.

For the additive, resp. multiplicative group C, resp. C*, we have the homo-
morphism Tr : C — C,z +— ) _z,,resp. N : C* — C*, 2z +— [[_z,. Fur-
thermore, we have on C the hermitian scalar product (z,y) := > .7, =

Tr(z - *y) which is invariant under conjugation, i.e., (z,y) = (Z,y). Thus,
by restricting it to R, we get a scalar product (-, -), i.e., an Euclidean metric,
on the R-vector space R.

In R, consider the subspace Ry := {xr € R : 2z = 2"} = [[[ R]*.
Clearly, for = (x,) € Ry, its components satisfy x> = x, € R. For our
convenience, for § € R, we simply write > ¢ to signify that z, > ¢ for all
7. With this, then we introduce the multiplicative group R* := {z € Ry :
x> 0} = [[[, R%]T. Clearly, R consists of the tuples = = () of positive
real numbers ., such that x; = x,, and admits two homomorphisms: | | :
R* — R,z = (v;) — |z| = (|#.|),and log : R} — Ry, = (2,) —
logz = (log z,). For example, when X = Hom(K,C), R% = R is
exactly the (unit) factor appeared in our description of the moduli space of
semi-stable lattices above. Moreover, the G(C|R)-set X = Hom (XK, C) then
corresponds to the Minkowski space Kr = R = [[[_C]*, in which the
field K may be naturally embedded. In particular, N ((a)) = |Nk/qg(a)| =
|N(a)|, where N denotes the norm on R*.

Now let p = {7, 7} be a conjugation class in X. We call p real or complex
according to #p = 1 or 2. Accordingly, R} = Hp R’ , with R}, = R}
when p is real and R%, = (R} x R%)™ = {(y,y) : y € R’ }. Further,
define isomorphisms R, ~ R* by y — y resp. (y,y) — y? for p real resp.
complex, so as to obtain a natural isomorphism « : R’ ~ Hp R7.
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With this, by dy the Haar measure on R}, we mean that one corresponding

to the product measure Hp where 4L is the usual Haar measure on R,

call the Haar measure thus deﬁned the canonical measure on R’} . Under the
logarithm map log : R} — R, it is mapped to the Haar measure dr on R+
which under the isomorphism R, = [[, Ry, — [[, R (componentwisely
givenby x,, — x, resp. (z,, z,) — 2z, for p real resp. complex) corresponds
to the standard Lebesgue measure on [ ] R.

Obviously, for a unit € in Ug, its K/Q-norm gives £1 (in Q). Hence, the
image |Uf| of the unit group U under the map | | : R* — R is contained
in the norm-one hypersurface S := {z € R’ : N(x) = 1}. Write every
y € R in the form y = xt, where © = . Y t = N(y). We then obtain

a direct decomposition R, = S x R . Let d*x be the unique Haar measure
on the mulitplicative group S such that the canonical Haar measure ”;—y on R}

becomes the product measure dy =d'x x &

The logarithm map log takes S to the trace -zero space H := {x € R :
Tr(z) = 0} and the group |Ug| is taken to a full (Z-)latice G = Gk in H
(Dirichlet’s Unit Theorem). We claim that the group |U ;| of U}t is also a full
lattice Gt = G}, in H. Indeed, it is clear that |U%| C |Ujt| C |Uk|. But
|UZ| = 2|Ug| is a finite index subgroup of |Uk|. Thus, [G : G™] is finite, and
being a subgroup of G, a full rank lattice, of finite index, G has to be a full
rank lattice. Similarly, one sees that the image G; ,. of the group |Uj N U} |
is a full rank lattice in H as well. l

Choose now F I}" , to be the preimage of an arbitrary fundamental
parallelopiped D} & Of the lattice G}}}T in H, then the fundamental
domain F;’T cuts up the norm-one hypersurface S into the disjoint union
S = UneU;anr_i—K‘

Lemma. The fundamental domain FTJr w« of U NUL in S has the following
volume with respect to d*x: Vol(F, ) = r" "2 'Rf where Ry is the
narrow regulator of K.

Proof. Since I := {t € R% : 1 <t < e} has measure 1 with respect to dt
the quantity Vol(F, T+ ) is also the volume of F." "k < I with respect to d*x X <,

i.e., the volume of a(Fﬁ:  x I) with respect to ?y The composition ¢/ of

the isomorphisms R, Log R, 2, leoo R = R™*" transforms dy into the
Lebesgue measure of R™ 72, Vol(Ffy ) = Volgr+r (1 0 ) (F, +K x I)).
Let us compute the image (1) o o) (F.'x x I). Let 1 := (1,1,...,1) € S.
Then we find (¢ o a)(F," x I) = e -logt'/™ = Lelogt with the vector
¢ = (ep,---s6p,,,,,) € R e, = 1or2 depending whether p; is real
or complex. By definition of F/, we also have (¢ o o)(F," x {1}) =
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r® ;. where ®. denotes the fundamental parallelopiped of the totally positive
unit lattice G in the trace-zero space H. This gives (1 o o) (F./x x I) =
r®7 x [0, +]e, the parallelopiped spanned by the vectors ey, . .., €, 1r,—1, ¢
ifey,..., €. +,—1 span the fundamental domain <I>f{<. Its volume is %r””rl
times the absolute value of the determinant

€11 .- Cpi4pe—1,1 €p,
det

€lridre o0 Cridro—1i4r epr1+r2—1

Adding the first 7; + ro — 1 lines to the last one, all entries of the last line
becomes 0 except the last one, which is Z ; €p, = n. By defintion, the absolute
value of the determinant of the matrix above these zeros is equal to the narrow
regulator R}.. Thus we get Vol(FF,,) = rm*™2=1 R This completes the
proof. ' O

In summary, for (unit) factor [Uy N U |\ (]Ri)rﬁm, its structure may be
understood via natural decomposition (U NU;5)\S) xR* , with S the norm-
one hypersurface S := {x € RY : N(x) = 1}; together with a disjoint
union S = Uneus: nTF:K, where FTTK denotes a ‘fundamental parallogram’
of Uy N U} in S with r™ 271 R as its volume.

1.5 High rank zeta functions for number fields

Let K be an algebraic number field (of finite degree n) with A g the absolute
value of its discriminant and Ok the integer ring. For a fixed positive integer
r € N, denote by M f,. the moduli space of semi-stable O -lattices of rank r.
Denote by dy the natural associated (Tamagawa type) measure (induced from
that on GL). For each A € M ., define the associated 0-th geo-arithmetical
cohomology h°(K, A) by

h(K,A) := log (Z exp (—77 2.2, — 2772 \xU\Q(,))
o:R o:C

rEA

where © = (2, )ses.. and (p,)ses.. denote the o-component of the metric
p = pa determinet by the lattice A with S, a collection of inequivalent
Archimedean places of K. (See e.g. [9], [3] and [28, 29].) And following [28,
29], we introduce the following

Definition. Define the rank r zeta function i ,(s) of number field K by

ool = [ (@I ) (), R > 1
eMg r
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By the Arakelov—Riemann—Roch Formula, one can write the rank r zeta
function in the following form which fits more for practical purpose

SK,T(S) P <A§<>S/A y (ehO(KA)*l),(efs)deg(A) d,u(A), gg(s) > 1.

In [28, 29], we, for an O-lattice A, construct two geo-arithmetical coho-
mology groups

HK,A):=A, and H'(K,A):=V(A)/A

where V/(A) denotes V' := [[ g V5 for V, := A ®o, K, equipped with
the canonical measures. In such a way, both H°(K,A) and H' (K, A) are
topological groups. More precisely, H" is discrete, while H'! is compact. As a
direct consequence, then the corresponding geo-arithmetical counts for these
locally compact groups can be done by using Fourier analysis on them so as to
naturally get not only the above h° but also a new h' in a very natural way for
lattices. Moreover, fundamental results corresponding to the Serre duality and
Riemann—Roch Theorem hold for these newly defined h?,7 = 0, 1 as well. To
state them more clearly, as usual, introduce the dualizing lattice Ky of K as
the dual of the so-called different lattice ® x of K. (Here by the different lat-
tice D ., we mean the rank one O -lattice whose underlying module is given
by the different ? of K and whose metric is induced from the canonical one
via the natural embedding 0 — Kg, the Minkowski space.) Also as usual,
denote the (Arakelov) dual lattice of A by AY. Then we have the following

(1) (Serre Duality = Pontragin Duality)

(a) (Topologically) H@A) ~ HYK,Kx ® AY), where ~ denotes
the Pontragin dual of a topological group;
(b) (Analytically) h'(K,A) = h°(K,Kx @ AY);

(2) (Riemann-Roch Theorem) h°(K,A) — h'(K,A) =: x(K,A) =
deg(A) — 5 log Ak.

Remarks.

(1) While H° and H'! together with h° and h' are quite similar to those for
function fields via an adelic approach (see e.g., [4], [13], [20] or [27]),
two major differences should be noticed: (a) For number fields, H° is
discrete and H' is compact, while for function fields, both H° and H*
are linearly compact, i.e., are finite dimensional vector spaces over the
base field; (b) For number fields, h’ are defined using Fourier analysis,
say, a weight of Gauss distribution is attached to each element of H° in
defining h°. But for function fields, h’ are defined using a much simpler
count. Say, when the base fields are finite, the counts are carried out by
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a direct counting process, i.e., every element in H' is counted with the
naive weight 1.

(2) It is remarkable to see that the analogue of Serre Duality has a certain
topological counterpart via Pontragin Duality for topological groups and
an analytic counterpart via the Plancherel Formula, a special kind of
Fourier Inversion Formula.

(3) The Riemann—Roch Theorem is a direct consequence of the Serre Dual-
ity and the Poisson Summation Formula. So the above constructions and
results are almost in Tate’s Thesis, but not quite yet there.

(4) A two dimensional analogue of such a theory seems to be very much in
demanding — Such a two dimensional theory is closely related with the
Riemann Hypothesis via an intersection approach proposed in [28].

(5) The reader may learn how to appreciate the treatment here for H*’s and
h#’s by consulting Weil’s Basic Number Theory and Neukirch’s Algebraic
Number Theory. For the first one, mainly due to the lack of the construc-
tion above, Weil, unlike in the rest of his book, treated zeta functions for
number fields separately from that for function fields, while for the sec-
ond, Neukirch introduced a different type of i’ for which no duality is
satisfied.

With all this well-prepared cohomology theory, standard yet fundamen-
tal properties for high rank zeta functions can be easily deduced. It works
exactly as that for Artin zeta functions for curves over finite fields, as
done by H. L. Schmid. Indeed, it is now a standard procedure to deduce
the meromorphic continuation from the Riemann—Roch, to establish the
functional equation from the Serre Duality and to locate the singulari-
ties from both Riemann—Roch and Serre Duality. (For details, please see
Moreno [18] and/or Weil [27] and/or [28, 29].) That is to say, we have the
following

Fact

(I) (Meromorphic Continuation) The rank r zeta function £k ,.(s) is well-
defined when R(s) > 1 and admits a meromorphic continuation, denoted
also by Ex (), to the whole complex s-plane;

(I) (Functional Equation) £k (1 — s) = £k (5);
(III) (Singularities & Residues) &k ,.(s) has only two singularities, all are sim-

ple poles, at s = 0,1, with the same residues Vol (MK,T([AI%(D)’
where M , ( [A%D denotes the moduli space of rank r semi-stable

O -lattices whose volumes are fixed to be A}
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Remarks.

(1) Due to the fact that the volumes of lattices are fixed, the semi-stable
condition implies that the first Minkowski successive minimums of the
lattices involved admit a natural lower bound away from O (depend-
ing only on 7). Hence by the standard reduction theory, see e.g.,

Borel [1, 2], Mk, < [Afa ) is compact. Consequently, the volume
Vol (M Ko ( [Ai} )) appeared above does make sense.

(2) The Tamagawa type of volume Vol </\/l Ko < [Aa )) is a new intrinsic
non-abelian invariant for the number field K.

1.6 High rank zeta functions and Epstein zeta functions

Recall that we can choose integral Og-ideals a; = Ok, ao, . .., a; such that
the ideal class group C'L(K) is given by {[a;],..., [as]}, and that any rank
r projective O -module P is isomorphic to P,, for a certain 4,1 < ¢ < h.
Here, P, := P, , := O(T_l) @ a for a fractional O -ideal a. (Quite often,
we use a as a runmng symbol for A1, 0.0y O ) Consequently, Mg, =

uh 1MK +(a;) with My () = (A(P,, ))SS, the part of A(P,,) consisting
of only semi-stable O -lattices. B
As such, introduce a partial high rank zeta function {f ... (s) by setting

ral)i= [ (@1 () (), R(s) > 1.
My r(a)
Consequently, £z . (s) = Z”(T ) €k ran, (5) where
Erran,(5) = (N _1).(e2) N (), R(s) > 1
AEME ra. ()

with Mg .4, (a) the component of the moduli space of semi-stable O -
lattices whose points corresponding to these in

[AN(SLOE ™ ® \((SL(r, R)/SO(r))™ x (SL(r,C)/SU(r))™*))
X ([Ux NUZNRL)™ ™)) ss
= AN(SL(OK ™" @ a)\((SL(r,R)/SO(r))"
X (SL(r,C)/SU(r))™))ss x (Ui NUZN\RL)™2)).

under the natural identification above. Moreover, since A; is simply an auto-
morphism, its action does not change the total volumes as well as the h" of
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the lattices. We then introduce the (genuine) partial zeta function £ .4 () by
setting

Ek,ra(S) == /M ( )(ehO(KA) — 1) - (e77) oVl gy (A, R(s) > 1

where M ,.(a) denotes the part of the moduli space of semi-stable O-
lattices whose points corresponding to these in

(SLOE™ ® a)\((SL(r,R)/SO(r))™ x (SL(r,C)/SU(r))™))ss
x ([Ug N U\ (RE)™72)).

Consequently we then obtain the following

Proposition. £k a.4,(5) = £k ria(8), V5 = 1,..., p(r, K). In particular,

h
Excr(8) = n(r K) - ) Excai(s).

This been said, to further understand the structure of our zeta func-
. . . . Y
tion £k .(s), we next investigate how the integrand (e (5 — 1) .
(e=%)~ e Vol g4 (A) behaves over the space

(SL(OK ™" @ a)\((SL(r,R)/SO(r))"* x (SL(r,C)/SU(r))™*))ss
x (U N UENRL)™ ).

By definition, "' (¥ — 1 = > eenvgoy P72 g 175, —

21> o llzs,, ). Also, in terms of the embedding z € A = OV oa—
K@ — (R™ x C"2)" ~ (R")™ x (C")"2, 2 maps to the corresponding point
(2,) and ||z, ,, = ||go20 ||, Wwhere the metric p, is defined by g, - g_, for cer-
tain g, € GL(r,R) when o is real, and by g, - g’ for certain g, € GL(r, C)
when o is complex.

Recall that ||g,2,|| is O(r) resp. U(r) invariant when o is real resp.
complex. Similarly, Vol(A) is invariant. Consequently, (e’ — 1) .
(e=5)~leeVolld) s well-defined over (GL(r,R)/O(r))™ x (GL(r,C)/
U(r))r. .

To go further, we next study how (e 64 — 1) . (=)~ 1o VollA) changes
when we apply the operation A — A[t] for ¢ > 0. Clearly, in terms of each

local component, p, — t,p, witht, € R*, we have ||z, |7 , = t2-]|z.]? .

Hence (e’ Bl — 1) changes to > renvfo) XD ( —7 3 2zl - tE —
21y o llzallp, - té), while Vol(A[t]) decomposes to Vol(A) - [] tr

0ESs O
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fort = (t,). On the other hand, by changing the volume in such a way, d(A)
becomes [], . %= - dpi(Ay), where dpi(A;) denotes the corresponding
volume form on the space of semi-stable lattices corresponding to the points
in

Mipia [N(@) - A% | 1= (SLOK™V @ a)\((SL(r, R)/SO())"

X (SL(r,C)/SU(r))"™))ss,

due to the fact Vol(O\ ™V @ a) = A;(Tl - (N(a) - Ai) = N(a) - AZ.
(As we are going to identify the moduli space of lattices with its realization in
terms of S L, from now on we make no distinction between them.) Moreover,
note that the O -units have their (total rational) norm 1, hence O g -units do

not really change the total volume of the lattice. All in all, then we get for
R(s) > 1,

TESs 7

X .
/AeMp,r;a [N(u)-A’f] Z

K] ze(A\{oh/U}

- (—wznxanpg - el -tg) G ()

Therefore, by applying the Mellin transform and using |, OOO e~ At ¢ % = % .
A"F . F(%), we obtain that

Crrele) = (Vo)) /M[ iy

N(a)aZ] e€(A\{0}) /U .

(TG c1ntror()

o:R

< I1(5- @rlarl)” r<rs>)> dpn (4)

Q) ) e
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« (N(Cl) . Al’a‘()s ) \/IXGMFY":G[N(CI).A?{]

. 3 L) dun), wmes) > 1

x s
2E(AV{O}) /U 5 Il

Accordingly, for R(s) > 1, define the completed Epstein zeta function
EK,r;a(S) by

Brerals) = (75T (2)) - ((2m) 7T (rs))

(vo-a) Y

z€(A\{0}) /U,

All in all, what we have just said exposes the following

Fact

(IV) (Decomposition) The rank r zeta funtion of K admits a natural decom-
position gK,T(S) = M(’I", K) : Z?:1 $Koria (8);

(V) (High Rank Zeta = Integration of Epstein Zeta) The partial rank r zeta
function & .q(s) of K associated to a is given by an integration of a
completed Epstein type zeta function:

r

errals) = (3) - f Brra)di R(s) > L
o 2 Meoria [N(a)-A;E{]

Remark. The relation between high rank zeta and Epstein zeta was first
established for Q in our ‘Analytic truncation and Rankin-Selberg versus alge-
braic truncation and non-abelian zeta’, Algebraic Number Theory and Related
Topics, RIMS Kokyuroku, No. 1324 (2003). Furthermore, in [28, 29], we
develop a general theory of non-abelian L-functions for global fields, using
Langlands’ theory of Eisenstein series.

2. Rank two O -lattices: stability & distance to cusps
2.1 Upper half space model
2.1.1 Upper half plane

The upper half plane H in complex plane C is defined to be H := {z =
r+iy € C,x € R,y € R’ }. On H, the natural hyperbolic metric is given
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_ da? +du

by the line element ds> with the volume form dy := d””yAdy and

the Laplace-Beltrami operator A := y ( 8;2 +

The natural action on H of the group SL(2, R) of real 2 X 2 metrices with
determinant one is given by:

Mzm ZF0 o2 (¢ 0 csneR), »en.
cz+d cd

Easily, if Mz := z* + iy* with z*, y* € R, then
., (az +b)(cx + d) + acy?
o =

x Y
(cx +d)? +c2y2 7 Y (cx + d)? + c2y?

In particular, y* depends only on z and the second row of M.

As said, H admits the real line R as its boundary. Consequently, to com-
pactify it, we add on it the real projective line P'(R) with co = [1] Nat-
urally, the above action of SL(2,R) also extends to P! (R) via (¢ b) (5] =
[ ax+by ]

cr+dyd’
Back to H itself. The stablizer of ¢ = (0,1) € H with respect to the

action of SL(2,R) on H is equal to SO(2) := {A € O(2) : detA =
1}. Since the action of SL(2,R) on H is transitive, we can identify the
quotient SL(2,R)/SO(2) with H given by the quotient map induced from
SL(2,R) - H,g+— g -i.

2.1.2 Upper half Space

The upper half space H is given by
H:=Cx]0,00[ = {(2,7) : 2 =2 +1iy € C,r e R}
:{(xvyv ).$,yER,T€R+}-

Thinking of H as a subset of Hamilton’s quaternions with 1, ¢, j, k the stan-
dard R-basis of the quaternions, we may write points P in Has P = (z,r) =
(x,y,7) = 2z + rj where z = x + iy, j = (0,0, 1).

We equip H with the hyperbolic metric coming from the line element
ds? = w with volume form dy, = 42Adyrdr

—p2(0 L 2 9\ _ 0
operator A :=r (azz + 57 T 52 o

The natural action of SL(2,C) on H and on its boundary IP”( ) may
be described as follows: We represent an element of P'(C [ ] where

x,y € Cwith (z,y) # (0,0). Then the action of the matrlx M ( )
SL(2,C) onP}(C) is defined to be

HE e e

and Laplace-Beltrami



20 Lin Weng

Moreover, if we represent points P € H as quaternions whose fourth compo-
nent equals zero, then the action of M on H is defined to be P — M P :=
(aP +b)(cP +d)~', where the inverse on the right is taken in the skew field
of quaternions. Indeed, if we set M (z+7j) = z*+r*j with z* € C,r* € R,
then an obvious computation shows that

. (az+bd)(cz+d) +acr? r r

lcz+dP +|c2r2 T Jez+dP + |22 P +d|?

In particular, 7* depends only on P and the second row of M. Moreover
r* > 0,50 M(z+1rj) € Has well. (Here we have set P = z 4 rj and used
|cP + d|| to denote the Euclidean norm of the vector cP + d € R*, which is
indeed also the square root of the norm of cP + d in the quaternions.)

Furthermore, with this action, the stablizer of j = (0,0,1) € H in
SL(2,C) is equal to SU(2) := {A € U(2) : detA = 1}. Since
the action of SL(2,C) on H is transitive, we obtain also a natural iden-
tification H ~ SL(2,C)/SU(2) via the quotient map induced from
SL(2,C) = H, g g-j.

2.1.3 Rank two O -lattices: upper half space model

With above, by identifying H with SL(2,R)/SO(2) and H with SL(2,C)/
SU(2), we conclude that

M 2.a[N(a) - Ag] = (SL(Ok @ a)\(H™ x H™))s,

where as before ss means the subset consisting of points corresponding to
rank two semi-stable O -lattices in SL(Ox @ a)\((SL(2,R)/SO(2))™ x
(SL(2,C)/5U(2))").

Put this in a more concrete term, if the metric on Ok & a is given by matri-
ces g = (9 )oes.. With g, € SL(2, K,), then the corresponding points on
the right hand side is g(ImJ) with ImJ := (i("), j("2)), i.e., the point given
by (9o 7o )oes,, Where 7, =i, := (0,1) if o is real and 7, = j, := (0,0, 1)
if o is complex. As before, SL(Ox @ a) denotes elements in GL(Ox @ a)
with determinant 1: if (2%) € SL(Ox @ a), then ad — bc = 1 and a,d €
Ok,bca,andc € a .

2.2 Cusps

Now the working site is the space SL(Ox @ a)\(H™ x H") with H the

upper half plane, H the upper half space, and SL(Of @ a) the special auto-
morphism group defined by {A € ( S_KI oaK ) cdet A = 1}. Here the action

of SL(Ok @ a) is via the action of SL(2, K') on H™ x H">. More precisely,
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K? admits natural embeddings K? — (R™ x C™)? ~ (R?)™ x (C*)™ so
that O @ a naturally embeds into (R?)™ x (C?)"2 as a rank two O -lattice.
As such, SL(O @ a) acts on the image of Ok @ a in (R?)™ x (C?)"
as automorphisms. Our task here is to understand the cusps of this action of
SL(Ok @ a) on H™ x H". For this, we go as follows.

First, the space H"™ x H" admits a natural boundary R™ x C", in which
the field K is imbedded via Archmidean places in S,.: K — R™ x C"2. Con-
sequently, P!(K) — P*(R)" xP*(C)" with [ | ] := 00 = (00", 00(2)).
As usual, via fractional linear transformations, SL(2,R) acts on P'(R),
and SL(2,C) acts on P'(C), hence so does SL(2,K) on P'(K) —
P! (R)™ x P!(C)". Being a discrete subgroup of SL(2,R)™ x SL(2,C)",
for the action of SL(Ok @ a) on P! (K), we call the corresponding orbits (of
SL(Ok @ a) on P(K)) the cusps. Very often we also call representatives
cusps.

As before, we would like to study cusps by transforming ¢ € P*(K) to
00, and hence want to assume without loss of generality that { = oo in our
discussion. For this becoming possible, it is then supposed that we are able to
find, for ¢ := [ 5] € PY(K) an element M := M, := (5 g) € SL(2,K),

since then it is clear that (g g) . [é] = [g] that is, M - oo = (. This is
clearly possible, because if we set ¢ := O - a + Ok - (8 to be the fractional
ideal generated by cvand 3, then 1 € Ok = ¢-¢=! = ac~ '+ B¢~ L. Therefore,

there exist a*, * € ¢! C K such that o8* — a*3 = 1.

Theorem . (Cusp and Ideal Class Correspondence) There is a natural
bijection between the ideal class group CL(K) of K and the cusps Cr of
I' = SL(Ok @ a) acting on H™ x H" given by Cr — CL(K), [5] —
[OK o+ OB]

This type of results are rooted back to Maa3. But we here give a proof
using a method of Siegel, while we reminder the reader that our case at hand
is much more complicated.

Choose fixed integral O-ideals a4, ..., a, representing the ideal class
group CL(K). We want to show that the elements of P'(K) are divided

into h equivalence classes by the action of v = (‘CL Z) € SL(Ok @ a) on

P =["] € PY(K) defined by v P = [*""]  Letalso P = [*] be a fixed
point in P*(K) with p, s € K. Define 7(P) to be the ideal class associated

to the fractiona ideal Og - p+ a - s.

Claim.

(1) 7 : PY(K) — CL(K) is well-defined.
(2) m factors through the orbit space SL(O @ a)\P'(K).
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Proof.
(1) Indeed, if P = [ii] = [i;],then, as ideal classes,
s
Ok -p1+a-s1]= S—Q(OK'p1+a'81)} = |:OK'82'?+0'32
1 1
=[Ok - ps +a- sy

Here, we use [ | to denote an ideal class.

(2) Fory = (24) € SL(Ox ®a), w(y-P) =7 ([227]) = [Ok - (ap +
bs) + a - (cp + ds)]. But, by definition, a, d € O, b € a, ¢ € a™ L.
Hence,

Ok - (ap+bs)+a-(cp+ds) = (ap) - Og + (bs) - O + (cp) - a
+(ds)-aCp-Og+s-a
+p-(at-a)+s-a

=p-Og+s-a.

On the other hand, the inverse inclusion holds as well because the deter-
minant of -y is one. Therefore, (- P) = [Ok - (ap+bs)+a-(cp+ds)] =
[Ok - p+ a-s]. Done.

Consequently, we get a well-defined map
II: SL(Ok @ a)\P(K) — CL(K), [ﬂ — [Ok -p+a-s].

We want to show that II is a bijection.
Clearly the surjectity is a direct consequence of the following

Lemma. Forany two fractional Og-ideals a, b, there exist elements o, 3 €
K suchthat O -a+a-3=0.

Proof. Recall the following O
Chinese Reminder Theorem. Letp; for j = 1,..., s denote distinct prime
ideals of Ok, and let e; for j = 1,...,s be positive integers. Then the map

given by the product of the quotient maps f : O — H?:l Ox/ pjj vields an
. . . s e; s e;
isomorphism of rings O/ H]’:l p; ~ sz.l Ok /9y . '

In terms of congruence, this means that given x; € O forj = 1,...,s,
there exists x € O such that z = x; mod pjj; and moreover, this uniquely
determines the class of z mod []>_, pj’.
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With this in mind, let us go back to the proof of the lemma. We can and
hence now assume that both a and b are integral.(First we may assume that b
is an integral O -ideal. Indeed, there exist b € K and an integral O x-ideal b’
such that b = b-b’. Therefore, if there exist o', 3’ such that Og -/ +a-3' =
b/, thenb=0-0"=b-(Ok -/ +a-5') = Ok - (ba)+a-(bF'). Thatis to
say, &« = ba’ and 8 = bf’ will do the job. Then we may further assume that
a is integral. Indeed, there exists an @ € K* such that a - a = ' is integral.
Thus if there exist o/, 3’ € K such that Og - o' +a - 3/ = b. Then

b:OK'Oé/-FOI'B/:OK'O/‘i‘a,'(a'a_l)ﬂ/
—Ok-d+(@-a)-(a'f)=0x-o +a-(a'f).

That is to say, this time, « = o/ and 8 = a~!/3’ do the job.)

We want to find o, § € K such that O - o + a - 3 = b. (Clearly, if
done, then o, 3 cannot be both zero at the same time, hence define a point
[5] € P(K). Furthermore, we get II([ 5 | ) = b as desired.)

Choose now 5 € a~*b\{0} sothata-5 C a-a~'b C Ok - b = b. There-
fore, by the unique factorization theorem of integral O r-ideals into ]l)roduct
of prime ideals, we can assume that b = Hézl p D oa-f = [[_,p"
with m; > n; > 0, 1 < ¢ < [. Now choose b; € pfi/p?’i“ for all
1 = 1,...,l. By the Chinese Reminder Theorem above, there exists an ele-
ment o € Ok such that o« = b; mod p?”’l. Since, in terms of local orders at
i, Vp, () = vy, (b) for each ¢, we know that o € b. Thus Og -a+a-3 C b.

On the other hand, if p is a prime ideal of O which does not lie in the
set {p1,...,p}, then 0 = v,(3) = v,(b). Thus we have shown that for all
primes p of Ok, 1,(Ok - a+a-3) = inf{v,(Ok - @), v, (a-5)} = v, (b).
Therefore, Ok - a + a - § = b. This completes the proof of the lemma and
hence the theorem.

Remarks.

(1) Taking a = Ok, we in particular see that any fractional O-ideal is
generated by at most two elements, a simple beautiful fact that should
be included in all standard textbooks on Algebraic Number Theory. The
reader may find it in [8], whose proof we followed in our discussion
above.

(2) We would like to reminder the reader that during this process of studying
high rank zeta functions for number fields, all basic facts, not only the
finiteness results on ideal class group and units, but the Chinese Reminder
Theorem are used.

With this being done, we are left with the injectivity of II. For this, we use
the trick of Siegel, following the presentation of Terras [25].
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Take (; = [m] and (o = [m] in P!(K) with p;,s; in Og. Then

S1 82

by the discussion just above the theorem, there exist M; = (? 'y i ) and
M, = (’: ’ng) in SL(2, K) such that M, - co = (;, My - 00 = (5. Conse-

quently, (M, - M5 '), = ;. In other words, [%1] = (M, - My ") - [22].
Thus by the fact that p;, s; are all Ok -integers, easily, we have M7 - My e
GL(2,0k @ a) by writing down all the entries explicitly. Clearly, by defini-
tion, M, - My " € SL(2, K) as well. Hence M, - M, ' € GL(2,0x ®a)N
SL(2,K) = SL(2,0k @ a). This completes the proof.

In summary, what we have just established is the following bijection

I:SL(2,0k & a)\P"(K) ~ CL(K), [g] — [Oga+ af :==b].

One checks also that the inverse map I1~! is given as follows: For b, choose
ap, By € K such that Ok - ap + a - 3, = b; With this, then IT"*([b]) is
simply the class of the point [Z: | in SL(2, Ok ®a)\P*(K). Moreover, there

always exists Mra7 := (2% ) € SL(2, K) such that M a7 - 00 = [ 5].
[5] ~ ‘e 5] o

2.3 Stablizer groups of cusps

Recall that under the Cusp-Ideal Class Correspondence, there are exactly h
inequivalence cusps 7;, ¢ = 1,2, ..., h. Moreover, if we write the cusp 7; =
[g ] for suitable o;, B; € K, then the associated ideal class is exactly the one
for the fractional ideal Ok «; + a3; =: b;. Denote the stablizer group of 7; by

I, :={y€SLOkx&a):yn =n}, 1=1,2,...,h.

Quite often, we use 7 as a running symbol for 7).

We want to see the structure of I',. As usual, we first shift 7 to co. So
choose A = (g ;) € SL(2,K). Clearly A- 0o = A[;] = [5]. Conse-
quently, I, = A-T' - A™L

Next, we further pin down the choice of a* and §* appeared in A. For this,
we use a trick which according to Elstrodt roots back to Hurwitz.

Lemma. Let«, 3 € K such that Oxa + a8 = b # {0}. Then there exist
a*, B € K such that (1) (5. ) € SL(2,K); and (2) Oxf* + a~'a* =
bt

Proof. Notethatl € O = b-b™' = (Oga+af)-b~t = b ta+(ab™ 1) 4.
As such, we can choose $* € b~1, o* € ab~! such that a8* — Ba* = 1.
This gives (1). As for (2), it suffices to show that (Ox* +a 'a*) - (Oga+
af3) = Ok. One inclusion is clear. Indeed, by our construction, 1 € (O 5*+
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ata*) - (Oga+aB),so (Oxf* +ata*)  (Oga+aB) D Ok. As for
the inclusion in the other direction, we go as follows: Clearly,

(OB +ata*) - (Oga+aB) = Ok - (B*a) +a ! (a*a)
+(aa™h) - (@"B) +a- (B67).

But, by definition, b = Oga + af3, so a € b, 3 € a~'b. This, together with
B* € bt o* € ab™!, then gives

(OB +a7'a") - (Oga+aB) C Ok - (b7 -b) +a~" - ((ab~") - b)
+(aa”) - ((ab™") - (a7'b)) +a- ((a7'b)b ") = O

Consequently, we have the following structure of the stablizer I', ; O

Corollary. AT, A= {(, _1) :u € U, z € ab=2}. In particular, the
associated ‘lattice’ for the cusp 1 is given by the fractional ideal ab~2.

Proof. All elements in A~" - T, - A fix 0o, so are given by upper triangle
matrices. With this observation, let us now show that z € ab—2. This is easy.

Indeed, by definition, A~*-T",, - A consists of elements in the form ( f B 7;1* ) .
(a b).(a a: ) _. (au a12) with ay; = 0and ajs = (&—d)a*ﬁ*—c(a*)2+

cd az1 a22
b(5*)%. lgeﬁcall thataw € b, 8 € a~'band B* € b~ !, o* € ab™!, and that
for (ZZ) € SL(Okx ®a),a,d € Ok, b € a, c € a™!, easily we have
z=a12 C Og-((ab™)-b7")+a ' (ab™')*+a-(b~')? = ab? as desired.

To complete the proof, we still need to show that « is a unit. This may be
done as follows. Assume, as we can, that n = [g] with a, B € Og. Note
that for v = (‘ZS) € SL(Ok @ a) such that v - [5] = [5], we have
(aac+bB3) -8 = (ca+dB)  -a. Herea,d € Ok, b € a, ¢c € a !, and
a € b, B € atbwithb = Oga+af. Thus note that now the ideal generated

by (ac + bB3)3 = (ca + df)a is included in a~'b%. Dividing by it, we have
(acx +08) _ () (co+dB) _ (B)

b T b and a6 alb )

But (55:) (5, 5) = (£0)(55 )50 (U5 ) = (aias -)- Therefore,
(uer) = (ac + bp), and (uf) = (ca +dp). (*¥%)
Clearly, from (*) and (**), as integral ideals (uc) = (@), (uf) = (5). So
u € Uy as desired. O
Set now I o= {A(,7)A™" : z € ab?}. Then ', = T X

{A( 0 u-t )A Y tu € UK} Note that also componentwisely, ( 0 0 )z =
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Z

&= = u?z. So, in practice, what we really get is the following decomposition
r,=T)x UZ with

0 10
Ui:{A- C}L u‘1> -AlzueUK} i {A<0 u2>A1:uEUK}.

Now we are ready to proceed a construction of a fundamental domain for
the action of ', C SL(O @a) on H™ xH". This is based on a construction
of a fundamental domain for the action of I',, on H™ x H"2. More precisely,
with an element A = (g g ) € SL(2, K) used above, i) A - 0o = [ ]; and
ii) The isotropy group of in A~'SL(Of & a)A is generated by translations
T+ 7+ z with 2 € ab™?2 and by dilations 7 — w7 where u runs through the
group Uz.

Consider then the map

ImJ:
r T r1+ra
H™ x H™ — R,

T::(Zlv"' >ZT1;P1>" . >P’F2) = (%(zl)?" . >S(ZT1);J(P1)?" . >J(PT2))7

where if z = x + iy € Hresp. P = z 4+ rj € H, we set (z) = y resp.
J(P) = r.1tinduces amap (A~'-T",- A)\(H" xH"2) — UZ\RZ;", which
exhibits (A~!- T, - A)\(H™ x H") as a torus bundle over U%\IR”J”2 with
fiber the n = 7, + 2r, dimensional torus (R x C")/ab~2. Having factored
out the action of the translations, we only have to construct a fundamental
domain for the action of U2 on RZ;"2. This is essentially the same as in 1.4.
We look first at the action of U on the norm-one hypersurface S := {y €
RZ ™ : N(y) = 1}. By taking logarithms, it is transformed bijectively into
a trace-zero hyperplane which is isomorphic to the space R™+72~1

1
S BRFrel = {(al, ey ypy,) E R Zai = 0} ,

y— (logylv"' 710gyT1+T2)>

where the action of UZ on S is carried out over an action on R™ 271 by
translations: a; — a; + log e, By Dirichlet’s Unit Theorem, the logarithm
transforms U% into a lattice in R 77271, The exponential map transforms a
fundamental domain, e.g., a fundamental parallelopiped, for this action back
into a fundamental domain Sy for the action of UZ% on S. The cone over
Spz , thatis, R.o-Spz C R7™, is a fundamental domain for the action
of U2 on RZ;"2. If we denote by 7 a fundamental domain for the action of
the translations by elements of ab=2 on R™ x C"2, and set

ReZ (z1,... 205 Py, Pr) i =(R(21), ..., R(2, ); Z(P1), ..., Z(P,,))
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with R(z) ==z resp. Z(P) :==zif z =x +iy € Hresp. P=z+1rj € H,
then what we have just said proves the following

Theorem . The set E := {7 € H™ x H"™ : ReZ(7) € 7, ImJ (1) €
Ryg- SU%} is a fundamental domain for the action of A~'T', A on H™ x H".

For later use, we also set .7-",, = A;l -E
2.4 Fundamental domain

Guided by Siegel’s discussion on totally real fields [21], we are now ready to
construct fundamental domains for general number fields.

So we are dealing with rank two Oy -lattices whose underlying projective
modules P are all given by the same P = P, := Og @ a for a fixed fractional
Ok-ideal a. This then leads to the space SL(Of & a)\(H™ x H").

To facilitate ensuring discussion, recall that for 7 = (21,...,2.; Pi, ...,
P.)eH" xH™, wesetImJ(7):=(3(21),...,(z,), J(P1), ..., J(Py,))
€ R™*™ where §(z) = y resp. J(P) = v for z = x + iy € H resp.
P = z + vj € H. For our own convenience, we now set

N(7) := N(ImJ(r H\s i HJ v e ) (U1 )2
Then by an obvious computation, we have, for all v = (‘z 2) € SL(2,K),

N(tml(y ) = Ty ®

In particular, only the second row of -y appears.

As the first step to construct a fundamental domain, we need to have a gen-
eralization of Siegel’s ‘distance to cusps’. Recall that for a cusp n = [g] €
P! (K), by the Cusp-Ideal Class Correspondence, we have a natural corre-
sponding ideal class associated to the fractional ideal b := Ok - a4+ a - (.
Moreover, by assuming that «, 3 appeared above are all contained in O, as
we may, we know that the corresponding stabilizer group I',, can be described
by AT, - A = {y —(gu:)ef uEUK,zeab 2}, where
AeS L(2 K ) satisfying Aoo = 1 which may be further chosen in the form

A= (55)ESL(2K)sothat(’)Kﬂ +atar=b""4
Now define the reciprocal distance p(n, T) from a point 7 = (21, ..., 2y, ;
Pi,...,P,)in H™ x H" to the cuspn = [ 5] in P*(K) by
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w(n,7)
(1) ...S(z,) - J(P)? ... J(P,,)?
[TL (=892 + o)
[T2, (=89 P; 4 a?)|?

= N(a ' (Oga+aB)?) -

1 N@mJ(r)
 N(ab=2) [IN(=B7 +a)|*’

This is well-defined: if n = [ 5] = [Z:] in P!(K), there exists A € K* such

that o/ = X\ - «, 3/ = X - 3. Therefore, p(n, 7) in terms of [Z,] is given by

L NImI(T)__ where b’ = Oxo/ +af’ = (\)-b. Hence, pu(n, 7) in

N(ab’=2) " IN(—fm+a)]| - i)
o N(X . N (ImJ(7)) _ 1 . N(ImJ(r
terms of [ﬁ’] becomes o t5y Nz IN(Brra? — N@b ) [N(-Bria)]?’

which is nothing but (7, 7) in terms of [g] . We are done.

As such, our definition is clearly a generalization and more importantly
a normalization of Siegel’s distance to cusps. In particular, this definition is
enviromentally free.

Lemma 1. p is invariant under the action of SL(Ok @ a).

Proof. By the well-defined argument above, we may simply assume that for
acusp 1, «, 3 are fixed. Then the proof is based on the following observation.
For the cusp ) = [ ;] € P*(K), we may choose A, = (; ; ) € SL(2,K)
such that Aco = 7). (Surely, A, is not unique, however this does not matter.)
Clearly, A, 1= ( f B _s* ) Therefore, by defintion,

1

p(n,7) = N(ab ) - N(ImJ(A, ' (7)))- (**)

Note that even A,, is not unique, as said above, with a fixed 7, from (*¥),
N (ImJ(A, *(7))) depends only on the second row of A*, which is simply
(=0, @), uniquely determined by the cusp 7.

With (*¥*), the proof may be completed easily as follows. First, let us
consider the factor N(ab~?2). Clearly, with the change from 7 to yn for
v € SL(Og @ a), the fractional ideal ab—2 does not really change, so
this factor remains unchanged. Therefore, it suffices to consider the second
factor N (ImJ(A, *(7))). By an easy calculation, A,, = ~vA,. Conse-
quently, A7) (v7) = (vA,)"'(y7) = Ay M) = AN (v i) =
At(n). O

7
Lemma 2. There exists a positive constant C' depending only on K and
a such that if u(n,7) > C and pu(n',7) > C for 7 € H™ x H™ and
n, N € P1(K), thenn=r1.
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Proof. Set u(n,7) = m A( —- Since N(a ~1b) > N(a1'), it suffices
to show that there exists a positive constant c depending only on K such that
ifA(n,7) < cand A(n/,7) < cforT € H™ x H™? and n, ' € P(K),
thenm = 1.

By the Cusp-Ideal Class correspondence and the invariance property just
proved, we can write 1 = [ ] n = [ ] with O -integers «, 3, o/, 3’ such
that b := Oga+afand b’ := Ok’ —|— a3’ have norm less than a constant C'
depending only on K. For every (7, + ry)-tuple (¢1,...,t. +n,) of non-zero
real numbers, by Dirichlet’s Unit Theorem, there exists a unit ¢ € K such
that [t,e®)| < ¢ |N(t)]772 where N(t) := [[/", t; - H;IJZL t% with ¢ a
constant depending only on K. Hence, after multiplying o and 3 by a suitable

uint, we have
max{ 3(z;) ' = 8z + oW, J(P) %] - BYP; + oD}
<c-A(y,r) TE O < e T whm O,
This gives
max{ | — B9R(z) + al|- ()72, || - BVZ(F) + oD - J(F) "}
< c/2 . 2<r1+r2) Cm+r2

and max{ |39 |-S(z,)2, [|BD||- J(P;)} < ¢/2- T~ =wwa) . C7+73 . For
o' and [, we obtain similar inequalities. But now, for real places

() = B9(@) ) = (=BIR(=:) + )3 (z) - (8) IS (=) V2
— (=) OR(=1) + (@) )3(z0) 2
x -BO ()12,
while for complex places,
a? (YD — gl (")) = (—pYW Z(P ) + a(]))J(p) (ﬁ/)(j)J(Pj)
= (=B Z(P)) + (")) I (Py) - BV I (P;).
Consequently N (aff' — ') < (2¢)+72.T~1.C2 Soif T > (2¢)+72.C?,
the norm of the algebraic integer o3’ — (Ba’ has absolute value less than 1,
that is, a8’ — Ba/ = 0. This implies that 7 = 7’ as desired. O

More correctly, we should consider ﬁ as the ‘distance’ of 7 to the

w(n,
cusp 1. For example, if 7 = oo, the distance is just

N(Ok-1+a-0°N(r) _
~veorroe - = N ).

W . N(u)1/2 , since by

definition, p(00, 7) =
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Lemma 3. There exists a positive real number T' := T'(K) depending only
on K such that for T € H™ x H", there exists a cusp 1 such that pu(n, ) >
T.

Proof. Since N(a='b?) > N(a™!), and there are finitely many inequivalent
cusps, it is sufficient to find a solution of «, 3 in O satisfying the inequality

IN(=B7 +a)* - NImJ(7)) ™' < T
Consider the inequalities
| — BOR(z)+aD |- I(z) V2 <, |BD]-S(2)Y2 < dyy i=1,...,7
| = BIZ(B)+aP| - J(P) " <ejy 18D - J(P) < djy j=1,...,ms,

which we may write, using a Z-basis wy, ..., W, 1., of Ok as a system of
r1 + 27, linear inequalities (by changing the last r5 to the 275 inequalities
involving only real numbers with respect to complex conjugations). Accord-
ing to a theorem of Minkowski, we can find a solution @ = > a;w;, [ =
> biw; with a;, b; € Z provided that ([]¢; - Hd?) is no less than the
absolute of the determinant of this system. Clearly, this absolute value is sim-

ply w2 = Ag, the (absolute value of) discriminant of K. So we can
take ¢; = d; = AR, and hence T = 2™ - Ag. This completes the
proof. O

Now for the cusp n = [g] € P!(K), we define the ‘sphere of influence’
of n by

Fye={r € H"™ x H™ : u(n,7) > p(n',7), Y0 € PY(K)}.

Lemma 4. The action of SL(Ox © a) in the interior F)) of F, reduces to
that of the isotropy group I'), of n, i.e., if T and T both belong to F, U then
T = T.

p(y7in,m) < op(n,T)
Proof. We have I [
w(n A7) = p(yn, )
ities are strict if vn # 1.
Consequently, the boundary of F;, consists of pieces of ‘generalized iso-
metric circles’ given by equalities (1, 7) = u(n', 7) with ' # 7. O

for 7, y7 € F7, and the inequal-

Using above discussion, we arrive at decomposing the orbit space
SL(Ox @ a)\(H™ x H"™) into h pieces glued in some way along pants of
their boundary.
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Theorem . Leti, : I'\F, — SL(Ox @ a)\(H™ x H") be the natural
map. Then

SL(Og ® a)\(H™ x H™) = Unin(rn\Fn)a

where the union is taken over a set of h cusps representing the ideal classes
of K. Each piece corresponds to an ideal class of K.

Note that the action of I'), on H™ x H'" is free. Consequently, all fixed
points of SL(Ok @ a) on H™ x H" lie on the boundaries of F,.

Further, we may give a more precise description of the fundamen-
tal domain, based on our understanding of the fundamental domains for
stabilizer groups of cusps. To state it, denote by 7, ..., 1, inequiv-
alent cusps for the action of SL(Ox @ a) on H™ x H™. Choose
A,, € SL(2,K) such that A, 00 = 1n;, i = 1,2,...,h. Write S for
the norm-one hypersurface S := {y € RZ™ : N(y) = 1}, and
Sz for the action of U% on S. Denote by 7 a fundamental domain for
the action of the translations by elements of ab™? on R™ x C"2, and
E:={reH" xH™?:ReZ(r) € T, ImJ (1) € R - Syz } for a funda-
mental domain for the action of A, T, A, on H™ x H"™. Easily, we know
that the intersections of E with 4, (F},) are connected. Consequently, we have
the following

Theorem’.

(1) The set A, YE N F, is a fundamental domain for the action of T',, on F,
which we call D,;

(2) There exist ay, ..., a, € SL(Ox @ a) such that U!_,«(D,,) is con-
nected and hence a fundamental domain for SL(Ok @ a).

We may present this concrete discussion on fundamental domains in a more
theoretical manner. For this, we first introduce a natural geometric truncation
for the fundamental domain. So define a compact manifold with boundary

ST = SL(OK D ﬂ)\{T e H™" x H™ : ;L(’I],T) < TV?] € CSL(OK@Q)},

where Csr, (0, aq) denotes the collections of cusps, and T is so large that
for all cusps n, W(n,T) = {r € H™ x H™ : p(n,7) < T} is con-
tained in F},, so disjoint for different classes 77 and 77’. Clearly, then the bound-
ary 0St consists of h component manifold %, (I',)\OW (n, T')) of dimension
2r, + 3ry — 1. Moreover, let X := {(tl,... ey i Sty e ey Spy) € RIS
[T 612, s = 1} acton R™ x C" by component-wise multiplication.
The semi-direct product £ = (R™ x C™) x ¥ acts on H"* x H" by

(i, v5), (i, 85)) - (7= (235 Py)) == (Nizi + wis ;P + v;).
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The boundary OW (oo, T') is a partial homogeneous space for this semi-direct
product. We view A 'T',) A, \OW (00, Y’) as the quotient of £ by the discrete
subgroup A, 'T', A, . Ttis a 71 +2r5-torus bundle over U7\ ¥ with fiber R™ x
C" modulo the translations in A, 'T', A,,. The manifold with boundary St

is homotopically equivalent to SL(Ox & a)\(HT1 X Hrz). (See e.g. [?].)
Consequently, we have

SL(Okg @ a)\(H™ x H"™) = St Ups, (0S7 x [0,00)),

ie., SL(Ok @ a)\(H™ x H"™) is topologically a manifold with / ‘ends’ of
the form 7 *2"2-bundle over 7" +"27% x [0, 00).

With all this, we may end our long discussion on the fundamental domain
for the action of SL(Ok @ a) on H™ x H". The essentials are, of course,
that a fundamental domain may be given as Sy U F; (Y1) U. .. UF,(Y3) with
Fi(Y:) = A; - Fi(Y;) and

Fi(Y) :=={r € H" x H™ : ReZ(7) € &, ImJ(7) € Ror - Spz }.

Moreover, all F;(Y;)’s are disjoint from each other when Y; are sufficiently
large.

2.5 Stability
2.5.1 Upper half plane

So we are working with rank two Z-lattice of volume 1. The space, i.e., the
moduli space of all such lattices, is simply SL(2,Z)\SL(2,R)/SO(2), or
better, SL(2,Z)\'H. For it, we have a well-known fundamental domain D
whose closure is given by D := {z € H : |z| > 1,|z| < $}. Our question
then is:

What are the points in D corresponding to isometric classes of rank 2 semi-
stable lattices of volume 1?

The answer is given by classical reduction theory. For any rank two Z-
lattice A of volume 1 in R? (equipped with the standard Euclideal metric), fix
x € A\{0} such that its length gives the first Minkowski successive minimum
A1 = A1(A) of A. Then via rotation when necessary, we may assume that x =
(A1,0). Furthermore, classical reduction theory tells us that Al—lA is simply the
lattice of the volume A} ? =: y, generated by the vectors (1,0) and w := o+
iyyo € D. In particular, with one generator (1,0) being fixed, all lattices are
parametrized by only one vector, i.e., the (other) generator w = xo+iyo € D.
Consequently, our problem now becomes:
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What are the points w € D whose corresponding lattices, i.e., those generated
by (1,0) and w, are semi-stable?

To answer this, set Dy := {z € D : y = 3(z) < T}. Then by the
above discussion, up to points on the boundary, the points in Dr are in one-
to-one corresponding with rank two Z-lattices (in R?) of volume one whose
first Minkowski successive minimums \; satisfying A% < T, since A\;? =
yo < T. Write this condition in a better form, we have A\, (A) > T2, or
equivalently, deg(A) < % log T'. Then what we have just siad may be restated
in a more theoretical form as the following
Fact (VI)g (Grometric Truncation=Algebraic Truncation) Up to a sub-
set of measure zero, there is a natural one-to-one and onto morphism
MS% 1OgT[l] ~ Dy, where Mé% ]OgT[l] denotes the moduli space of rank
two Z-lattices A of volume 1 whose sublattices of rank 1 all have degrees
< tlogT. In particular,

2.5.2 Rank two Og-lattices: level two

We start with our discussion by citing a result of Tsukasa Hayashi [11].

Let A be a rank two Og-lattice of volume N (a) - A with underlying
projective module O @ a. Recall that, by definition, A is semi-stable if
for any rank one O -sublattice A; of A, equipped with the induced metric,
Vol(A;)? > N(a)Ag. To understand this condition, let us first understand
the structure of rank one O -sublattices A; of A.

By the discussion in §1.1, any rank one O -submodule of A has the form
C- (z) where ¢ is a fractional Og-ideal and ¢ - (z) € O @ a. Setb =
Ogx+a ty. Since c- x € O, ¢y € a, we have

b-cC(Okz+aly) - c=caz+a'(c-y) COx+a' a= 0.
Therefore, ¢ C b~!. This then proves (1) of the following
Proposition. ([11]).

(1) Any rank one sublattice of A = (O @ a, p, ) is contained in b™* ( z ) NA
where () € KQ\{(S)} and b = Ogx +a 'y,
(2) A is semi-stable if and only if

()]

0ES~

> N(ab%) = N(Ogx +a™'y) - N(Oky + ax),

<G\

Ay
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Proof. From (1), it suffices to check the semi-stable condition for all
rank one sublattices A; induced from the submodules b‘l(z), where
(,) € KQ\{(S) with b := Ogx + a~'y. Now, by Arakelov—Riemann—

Roch, Vol(A;) = N(c) - A2 - T] IL |G A, - Therefore, the semi-stable
condition becomes ((N(b )A}K/Q) [Les. e )H) ) - Ak. That
is to say,
2
IT|(5)] =) = Na©xa a0
0ES Yo Ay

= N(az + Oky) - N(Ogz +a™'y).

2.5.3 Stability and distance to cusps

In this subsection, we expose an intrinsic relation in Geometric Arithmetic,
which connects stability and distance to cusps in a very beautiful way.

Assume that A = (O @ a, py) is semi-stable. Then for any non-zero
element (z,y) € K @ K, set by := Ogx + a 'y sothat x € by, y = ab.
Thus by 'z € Ok and by'y C aand by ' (z,y) C (by 'z, b5'y) C Ok @ a.
Moreover, if P; is a projective Og-submodule of rank 1 in Og @ a, then
P, = ¢(z,y) with ¢ a fractional ideal and (x,y) € K & K\{(0,0)}. Since
cx C Ok and ¢y C a, we have

c-bp=0x -cx+a - cyCOg -Og +a ' a= 0.
Hence ¢ C by *. Consequently, P, = ¢(z,y) C by (x,%). Therefore,
() by (z,y) is a projective O -submodule of rank 1 in O & a; and
(ii) Any projective Oy -submodule of rank 1 in Ok @ a is contained in
by (2, y)-
Thus, the semi-stability condition becomes (Vol(b,'(z,v),ps))?

Vol(Ok @ a, py). That is, (N(bo)_2 . (A%{)Q) . H(m,y)HiA > N(a) - Ai(x
or better

v

[ME

Iz, )lI7, > N(ab). ()
On the other hand, for g, = (“ b) such that py = p(ga),

)5, = 1@ 9oal® = T Nawws + covol® + oo, + dyys *

€S
-1

() m)
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where N, = 1resp. 2 if o isreal resp. complex, and ImJ := (4,...,4, 7,...,7)
€ H™ x H™ withi = v/—1 € Hand j = (0,0,1) € H. (Recall that we
have set N(7) := N(ImJ(7)).) Indeed,

N Y = * ) I
x y) \cd W= ez ey bo+dy) ™

= Ty
U5, Tyy + Co, Yo, oo, + do, Yo, ’ ’

X 2,
Ao, Loy, T Cop Yo, Yo Top, + do, Yo,

* *
X T
<a7'1 le + ch yTl le le —"_ dTl yTl ) ]’ ’

X J
aT'rQ :BTTQ + c‘l’r2 yTr2 b‘l’r2 :BTTQ + dTr2 yT'r‘Q
x € H™ x H"™,

where o4,...,0,, (resp. 71,...,T,,) denote real places (resp. complex

places) in S... From here, to get (**), we use the following obvious calcula-

tions:

(a) For reals, if M = (24 5) € SL(2,R), for z = X +Yi € 'H with
X,)Y € Ryset M(X +1Y) = X* + Y*i with X*, Y* € R. Then
Y* = m. In particular, when applied to the local factor for
real ¢ in (**), we have C' = a,2, + ¢o¥Ys, D = bz, + d,y, and
X =0,Y = 1. Therefore, the corresponding Y * is simply

1

((aos + bsYs) - 0+ (boTo + doys))? + (Ao + Coys)? - 12
B 1

(oo 4 doYo)? + (a0To + CoYs)?

)

(b) For complexes, if M = (2 2) € SL(2,C), for P = Z + Vj € H with
Z eC,V E]R,setM(Z V]) :Z*+V*zw1ch* eC,V*eR
Then

1% 1%

V= = .
|CZ + D|?+|C|?V?  ||CP+ D|]?

In particular, when applied to the local factor for complex 7 in (¥*), we
have C' = a,x,+c y;, D = b,x.+d.y,and Z = 0, V = 1. Therefore,
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(ii1)

(iii")
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the corresponding (V*)? is simply

1 2
<|(aTxT +cy.) - 0+ (brzr + dry,))? + larz, + cry.|? - 12>

1 2
N <|bfxf +doy 2+ oz, + cfyf|2> ‘

Consequently, the relation (**), together with (*), implies

The lattice A = (Ok @ a, pa(g)) with g := (° Z) is semi-stable if and

only if for any non-zero (z,y) € K&K, N((, Z)(Z Z)ImJ)-N(ab%) <
1, where by := Ogx + a~1y.

But, by definition, for the lattice A = (Ox @ a, p(ga)), the corre-
sponding point 74 € H"™ x H"™ is given by g, (ImJ). Hence, we have
the following equivalent

The lattice A = (OK @ a,pa (g)) is semi-stable if and only if for any

non-zero (z,y) € K & K, N((, ;)TA> - N(ab2) < 1, where by :=

OKZE + Cl_ly.

Setnow z = —(3 and y = a. Then by = O3 + a~'«. In particular,
B3 € by and o € aby. So if we define b := aby. Then o € b, 5 € a~tb,
and

Okxa+aBCb=aby=a-(OxB+a'a) COk-af+a ' aa
= Clﬂ + OKOé.
Therefore, b = Oxa + af, and ab? = a - (a7'b)?> = a~'b> Con-

sequently, the semi-stability condition (iii") becomes for any cusp n =
(5] € PY(K),

u(n,m) =N <<—*ﬂ Z) TA> N(a'p%) < 1.
Or better, in terms of distance to cusp,

1
(1, 7a)

In this way, we arrive at the following fundamental result, which exposes
a beautiful intrinsic relation between stability and the distance to cusps.

d(n,Ty) == > 1.

Fact (VII) The lattice A is semi-stable if and only if the distances of corre-
sponding point Ty € H™ x H" to all cusps are all bigger or equal to 1.
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Remark. One can never overestimate the importance of this relation. Being
stable, lattices should be away from cusps. More generally, while the stability
condition is defined in terms of sublattices, the relation above transforms these
volumes inequalities in terms of distances to cusps. In a more theoretical term
for higher rank lattices, the essence of this fact is that, sublattices and cusps,
as two different aspects of parabolic subgroups, are naturally corresponding
to each other: stability conditions for various sublattices are naturally related
with these for generalized distances to all cusps.

2.5.4 Moduli space of rank two semi-stable O -lattices

For a rank two Og-lattice A, denote by 7, € H"™ x H" the corresponding
point. Then, from the Fact in the previous subsection, A is semi-stable if and
only if for all cusps 7, d(n, T4) := ——— are bigger than or equal to 1. This

w(n,Ta)
then leads to the consideration of the following truncation of the fundamental

domain D of SL(Ox @ a)\(H™ x H"): For T > 1, denote by Dy := {7 €
D:d(n,7a) > T, Veusp n}.

D may be precisely described in terms of D and certain neighborhood of
cusps.

Lemma. For a cusp 1, denote by X,/(T) := {r € H™ x H™ : d(n,7) <
T Then for T > 1, X,,(T) A XL (T) £ 0 < 1, = 1.

Proof. One direction is clear. Hence, it suffices to show that if 7 € H" x H"
satisfies d(7,m;) < 1 and d(7,m2) < 1, then 1, = n,. For this, let 7, =
[ﬁi], N = [ﬁz] and b; = Oy + afy, by = Ogay + afs. Clearly,

N <<_>;1 oi) 7’) -N(a"'b?)

(G ) (G (B 2) ) e
() (G ) (s o)) s
) (o)) e

= 2 'N(ailb%)a
< * *) d

c- T
—0By

where ¢ = a5y — (1 s.
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We want to show that ¢ = 0, since then 77; = 715. Thus to continue, let us
recall that we have the following conditions ready to use:

N <<—*ﬁl ;) T> N(@'6?) > 1, N <<_;2 ;) T> N(a~'62) > 1.

*

As such, set 7 = (_*ﬁ2 s )7', then what we need to show becomes the

following O

Lemma’. Assume that (i) N(7')- N(a='63) > 1, (ii) N(7')- N(a"'b?) >
|er" + d|]?, and (iii) ¢ = o1y — Prag with oq, By, s, B2 € Ok. Then
c=0.

Proof. First note that o, € by, B € a='b; and a, € by, B2 € a~1by, we
have ¢ € a='b;b,. Thus

N(c) > N(a 'byby). (*)

Sublemma’. ||c7’ +d||? > N(c)*- N(7')2

Proof. Indeed, if suffices to prove this inequality locally. This is however an
CoZo + dUH2 = (coxy +
d,)* + 2y? > c2y?, done. (We leave the complex case to the reader.)

Thus by (ii), we have N(7/) - N(a='b?) > N(c)? - N(7')?. That is to
say, N(a='b?) > N(c)? - N(7’). Consequently, by (i), we have N (a~'b?) -
N(a='b3) > N(c)?, or better N(a"'b;by) > N(c), contradicting to (*).
O

obvious calculation. Say for real ¢, by definition,

All in all, then we have exposed the following
Fact (V1) . There is a natural identification between

(a) the moduli space of rank two semi-stable O -lattices of volume N (a) Ak
with underlying projective module Oy @® a, and

(b) the truncated compact domain D, consisting of points in the fundamental
domain D whose distances to all cusps are bigger than 1.

In other words, the truncated compact domain D; is obtained from the
fundamental domain D of SL(Ox @ a)\(HT1 X H”) by delecting the

disjoint open neighborhoods U U, F;(1) associated to inequivalent cusps
M1,M2, - - -, O, where F;(T') denotes the neighborhood of 7); consisting of
7 € D whose distance to 7); is strictly less than 7.

For later use, we set also Dy := D\ U U, F,(T), T > 1.
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3. Epstein zeta function and its Fourier expansion

3.1 Epstein zeta function and Eisenstein series

We start with a relation between Epstein zeta function and Eisenstein series
on H™ x H"™.

Motivated by our study on high rank zeta functions for number fields in
Chapter 1, for a fixed integer > 1 and a fractional ideal a of a number field
K, let us define the Epstein type zeta function E,. .4 (s) associated to an O -

lattice A with underlying projective module P, = O%_l) @ atobe
rs

Branls) = <7r—%r ( - )) (27" T(rs))™ - (N(Q)AL)®

1
2 B3Iy

x€0{ V@a/Uf  x#(0....,0)

where U | := {e" : € € Uk, e € Ui} = U N Ug. For example, note
that in the case r = 2, U , = Uf, we have

Esua(s) = (n°T(s))" (2 *T(25))" - (N(a)A)*

Z 1

2s°
x€EOK®a/UZ x#(0,0) I[I3
From now on, we will concentrate on this rank 2 case.

We want to relate the rank 2 Epstein zeta function defined in terms of lat-
tices to an Eisenstein series defined over {"* x H"2. This is based on the fol-
lowing simple but key observation, which serves as a bridge between lattices
model and the upper half space model. (See also our discussion on stability
and distance to cusps in Ch 2 above.)

Recall that, for any non-zero vector (x,y) € Ok @ a, the lattice norm of
(2, y) associated with the lattice A = (Ox @ a, pa(g)) where g = (¢ b) is

d
given by
a b
o (4 0)

= H((a[,xg + Co¥s)? + (boZo + doys)?)
o:R

2
I )R =

: H(|a‘rx‘r + C‘l'y7'|2 + |b7-177- + d7y7'|2)2
7:C
_ < N(ga(Imd)) )

[ - ga(ImJ) + y/?
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r1—times ro—times

where, by ImJ, we mean the point ImJ := (4, ..., 4,7, ..., j) € H™ xH".
(Recall that we have set N(7) := N(ImJ(7)).) Here for X € K, we set
| X == N(X) := [,z |Xs| - [L,.c|X-|> Also change the action of units
to the one induced from the diagonal action. Then,

Eaan(s) = (r~"T(s))" (272 T(25))" - (N(a)Ag)"
. 2 *
(z,y)EOK®a/Uk ,(z,y)#(0,0) |z - 7a + y|

Set then for R(s) > 1,

E27a(7', ) :==(7°T(s))™ (27 **T'(25))™ - (N(a)Ak)*
Z <N(ImJ(TA))>S
. 2 ’
eeoxeaTeanron T

Then we have just completed the proof of the following

Lemma. For a rank two Ox-lattice A = (O @ a, py), denote by T, the
corresponding point in the moduli space SL(Ox @ a)\(H™ x H"). Then
E2,a;A(8) = E2,a(TA7 5)'

3.2 Fourier expansions

For simplicity, introduce the standard Eisenstein series by setting

Foa(r,s) = 3 <M> R(s) > 1.

] 2
(o) coxma T @00 M T+l

Then the completed one becomes
E27a(7', 5) = (77 °T'(s))™ (2> T'(25))™ - (N(a)Ax)* - Eso(7,5). (%)

Following the classics, see e.g., [7], with suitable generalizations, we in this
subsection give an explicit expression of Fourier expansion for the Eisenstein
series.

As before, for the cusp n = [g] choose a (normalized) matrix A =

(g g ) € SL(2, F) such thatif b = Oga + a3, then O 3* + aa* = b~ 1.
(ilearly, Aoo = n, and moreover, A*F%A = {((1)“;) Tw E ab*Q}. Since
E5 o(7,s), and hence Es o(7,s), is SL(Ok @ a)-invariant, Es 4(7,s) is
I, C SL(Ox @ a)-invariant. Therfeore Es 4(AT,s) is ab™>-invariant, that
is, By 4(AT,s) is invariant under parallel transforms by elements of ab~2.
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As a direct consequence, we have the Fourier expansion Es ,(AT,s) =
> wre(an—2yv G (ImI(7),5) - e?m« ReZ(M) where (ab~2)Y denotes the
dual lattice of ab—2. Thus, if we use @ to denote a fundamental parallolgram
of ab=2in R™ x C"2, then

a, (ImJ(7),s) = W Z

) (c,d)e(OkPa)A/Uk ,(c,d)#(0,0)

N(ImJ(T)) —2 ReZ(r
d t 7T’LUJ e d o
/Q< ler+d2 ) “7° H !

. H dx.dy;.
T7:C

(As such, we are using in fact the standard Lebesgue measure, rather than the
canonical one. So the notation may cause a bit confusion. However, since the
canonical metric and the Lebesgue one differ by a constant factor depending
only on the field K, we, up to such a constant factor, may ignore the actual
difference: As can be seen in §4 below, even this makes results in this section
not as explicit as possible, it serves our purpose of understanding rank two
zetas quite well.)

Now, let us compute the Fourier coefficients in more details. For this, we
break the summation about a,, into two cases according to whether ¢ = 0 or
not.

1) Case when ¢ = 0. Then the contribution becomes

(0,d)E(O®a)A/Ur ,d#0

. g 2mi(w ReZ(r Hdmd Hd;vfdyT

_ 1 N (LmJ(7)) "
~ Vol(ab—?) 2 < [d? )

(07d)€(0K®G)A/UK7d7ﬁ0

x/e%“" ReZ(r Hdaz Hdm dy.,.
Q

So according to whether w’ = 0 or not, this case may further be classified
into two subcases.
1. a) Subcase when w' +# 0. Then, fQ e 2mi(w' ,ReZ(7)) [l,zdx

IL,.cdx-dy. =0.
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1. b) Subcase when ' = 0. Then fQ [L,gdzs - 1] .cdedy. =
Vol(ab~?2). Accordingly,

N(ImJ(7)\®
ao(ImJ(7), s) = Z <$>

(0,d)€(Ox®a)A/Uk ,d#0

— > N(d)™* | - N(ImJ(7))*.

(0,d)e(Ox®a)A/Uk ,d#0

To go further, let us look at the summation 2(07 D) E(OxBa)A Uk d£0
N(d)~% more carefully.

By definition, (O @ a)A = (Ox @ )( a*) with (ga ) €
SL(2, F) such that if b = O« + af3, then (’)KB +aa* =b"L

Claim. (OK D O)A/UK = (OKOé + aﬂ, OKOZ* + Oéﬂ*)/UK = (b ©®

)/ Uk.

Indeed, by defintion Ok« + a3 = b. So it suffices to prove that O a* +
af* = ab™!. Clearly o* € ab™!, * € b~ (as already used several times),
so Oga* + af* C ab~!. On the other hand, as showed before b=1 =
OB +a'p*soab ™ =a- (OxfB* +a'5*) Caf*+ Oga*.

As such, then the corresponding summation in the coeffcient ag becomes
the one over (ab=*\{0})/Ux. Now we use the following

Lemma. For a fractional O ideal a, denote by SR the ideal class associ-
ated with a™!.
(1) There is a natural bijection

(a\{0})/Ux — {belat]=R:bintegral O — 1deal}
a — b:=aa?

(2) C(R,8) = X pemp integral O —idear NV (0) 7% = N(a)*- (Zae(a\{O})/UK
N(a)—s).

Proof. All are standard. For example, (1) may be found in [19], while (2) is a
direct consequence of (1).
Therefore, we arrive at the following |

Proposition. For the subcases at hand, the corresponding Fourier coef-
ficient is given by ap(ImJ(7),s) = (N(a='b)** - (([a'b],25))
N(ImJ(7))*.
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2) Case when ¢ # 0. In this case,

a, (ImJ(7),s) := W Z

(C,d)E(OK@Cl)A/UK,C#()

N(ImJ ° o
% / < ( m (7_)2)> . e—2ﬂ'1<w ,ReZ(1)) dea'
o \ et +d| s
] dardy-.
7:C

. . 71 / EE
To compute this, consider the coset of A™'I") A among ( e d )

Claim. For (¢,d) € (Ox ® a)A/Uk, ¢ # 0 and w € ab™?, we have
(c,ew +d) € (O ®a)A/Uk, c#0.

It suffices to deal the component of d and cw + d. Note that A = ( g ; ) €

SL(2,F)withaw € b, 3 € a'b, a* €ab™!, B* € b~!, we have
ceOk-b+a-a'lb=0>b and deOg-ab ' +a-bt=ab™ "t

So, we should show that with ¢ € b, d € ab™! and w € ab—2, we have
cw~+d € ab~!. But this is clear since cw +d € b-ab 2 +ab™ ! =ab~ !
Done.

Now since ([ 5) (%) = (; asaq) With (¢,d) € (Ox ®a)A/Uk, ¢ # 0
and w € ab™2 Consequently, if we let R to be a system of representatives
of (Z Z) modulo the right action of AilF%A, or better, to be a system of
representatives of (¢, d) modulo the relation (¢, d) ~ (¢, cw+d) with (¢, d) €
(Ox ® a)A/Ugk, ¢ # 0 and w € ab~?, then for the case at hand, note that
forT € H™ x H™, ImJ(7 + w) = ImJ(7), we have

0 (ImJ (7). )
= ol Z // (v )

. e—27‘ri<w',ReZ(‘r)) H dxg X H dxrdy-r
o:R 7:C

Vol ab ( Z /erxm <\C7I'mTJEZ||)2)>S

. 6727ri<w'7ReZ(‘r)) H d.’L'a- . H dl'q-dy‘r
o:R 7:C
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ks X k[ (Mmeny
~ Vol(ab—2) N(0)* Jarxer \ 7+ ¢I1?
(7 2)er

6_27”<w ReZ(T)+4—4) Hd;p Hd(lf dyT

/d

Z e >/ N(ImJ(7))\"
~ Vol(ab2) ab ( N(c)®  Jarixcr KE
ER

cd

. g~ 2mi{w’ ,ReZ(7)) H dz, - H dx.dy,
a:R 7:C

2.a) Subcase when ' = (. Then

ao(ImJ(7), 8) = G2y ab Z N
cd)eR

(
ImJ
/( EE >Hd‘”’“’ Loy

So according to whether o : R or 7 : C, we have to compute the following
integrations:

2.a.1) For reals,

2.a.ii) For complexes,

T > dz d T
/<72 2) dxdyer_stiz o= —
c \Jz|2+r c (L+]z]?)% 2s — 1
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2.b) Subcase when w' # 0. Then
1
Vol(ab—2) Z
(F3)er
y / <N(ImJ(T))>S
R™1 XC"2 712

. g7 2milw ReZ(m)) H dz, - H dz, dy,.
o:R 7:C

So according to whether o : R or 7 : C, we have to compute the following
integrations:

2.b.1) For reals,

Y i 1 1\ e
/< 2y 2> e—2ﬂ1|w-zdx:_/ 5 6*27"l“’-’"§yd§.y
R \72+y v Je \ (5)7+1 y
1 o
— g l-s —27i|w \ytdt: 1—s,
v [ ’

1 a1 1
< (2l Ky el

—omilw’ . &
e 2mi{w ,C>

a, (ImJ(7),s) = NOE

=2 |W Ty s Ky (27w y);

2.b.ii) For complexes,

2s
T ) emillagy g
[ () s
r 2s
_ . —2m‘\w’|-rd d
/Rg <932+y2+7“2> ’ o
2s
_ / . 1 . T—256—27Ti|w/"%'7“d§ dg . 7'2
=\ (5) + (1) +1 n

. 6—27Tz|w |-x-r drd
=r ——dx
/Rz (a? + y2 FE

—27ri\w’|rmd d
// (y? —1—332—1—1 - var
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:7’2_25// ! d Y Va2 +1-
2s P}
R R( 241

. ’
i e—27r1\w |rmdx

dt =2l |ra
B TQ_QS/ </ > ’ —dx
R R (1 + t2)23 (1;2 + 1)25—5
=% |7 M ./Lw/mldx
I'(2s) R (22 +1)% 2
= 7’2728 . T2 . M
I'(2s)

X <2ﬂ2sé|wl|231r(251)

=

=

27'('28 |wl|2sfl

- WTKQS,1(2ﬂ|w'\T)

by using the calculation for reals. Or more directly,

2s
r —27i|w’ |-z
_ e dx d
/C <|z\2 + ) !

2s

(CBQ + 1)25

1 [
— 7'28/ 5 d6727rz\w |'7'T£ . lrdg 'l
C <M) +1 " r

1 o
2—2s —2mi|w’|-zr
=7 ——€ ~dxd

/<c (1+[2[*)% /

225 27'('28 |wl|2371

I'(2s)
27728 |w/ |2571

= WTKQS_l (27T|CU/|7“)

5 K1 (27 |W!|r)

All in all, we have then obtain the following
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Theorem . With the same notation as above, we have the following Fourier
expansion for the Eisenstein series

By o (A7, 8) = (([a7'0],25) - N(ab™!)72* . N(ImJ(7))*

1 1
" Vol(ab?) 2. N

(c cw:-d)eR

1 e27ri<w7z) 1 1
CN(ImJ(r)? - N(w')* 3
* Vol(ab 2) 2 Nge YUmIm)* - Nw)
(57)er
27rs 1 27r2s|w/|2371 T2
=T K. (2l - [ 2
X<r<s)> [ Crieloe) ( R )

1 Kaemr 27l |rr).

7:C

4. Explicit formula for rank two zetas: Rankin-Selberg &
Zagier method

4.1 The rank two zeta function for Q

Recall that if we set Dy := {x € D : y = (z) < T}, the points in Dr
are in one-to-one corresponding to rank two Z-lattices (in R?) of volume one
whose first Minkowski successive minimums \; satisfying A, (A) > T—1/2,
Thus if we set MS% °571] be the moduli space of rank two Z-lattices A of
volume 1 (over Q) whose sublattices of rank one have degree < % log T, then
up to a measure zero subset, there is a natural one-to-one and onto morphism
MS% log T

Q.2
stable lattices is given by M35[1] = Mgo[1] = D;. Moreover, motivated
by our definition of zeta functions, we introduce a (generalized) rank two zeta
function &) ,(s) by setting

[1] ~ Dy. In particular, the corresponding moduli space of semi-

~ dx N dy
£02(5) = | Elz5)

2
Dr )

, R(s) > 1.
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Fact (VIIL), For the generalized zeta function £ ,(s),

£(2s) §(2s - 1)

ST — -Ts,
£Gas) = T -

In particular, the rank two zeta function &g »(s) is given by

§2s) €25 1)

s—1 S

£o.2(s) = , R(s) > 1.

Proof. This is a direct consequence of [32]. Indeed, it is well known that the
Fourier expansion of F(z, s) is given by

~

E(z,s) = £(28)y° + £(2s — 1)y'~* + non — constant term.

Hence we have

€7 (s) = / <£<2s>ys>j—f‘;— / °°<g<25_1>yls);i_g
29 e 2oy

Remarks.

(1) Even though originally 7" > 1, we may extend it as a function of complex
variable 7" in terms of the right hand side. Denote this resulting function
also by £§ ,(s): for R(s) > 1,if T isreal and T' > 1, then £, (s) is the
integration of E(z, s) over the domain Dr. Based on this, even when T’
is real and 0 < T' < 1, we have a geometric interpretation for £, (s):

itis simply ([, —[p , )E E(z,s) - d“dy , where Dy 7 := DN {z =
z+iy:y <T,|z| <3} and D_ 1T:—{26H lz] <1} n{z =
wtiyy > T,z < 5};

(2) By taking the residue at s = 1, (Resszlﬁ(z, s)) - Vol(Dy) = &(2) —
Ress—1£(2s — 1);

(3) We see, in particular, for half positive integers n > %

((n=1)n) - &ga(n) = n-£(2n) — (n —1) - £(2n - 1).

So special values of the Riemann zeta at two successive integers are
related naturally via the special values of rank two zeta function. This
clearly is a fact which should be taken seriously. In particular, in view of
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Remark (1) above, we suggest the reader to see what happens for small
n’s by writting out rank two zeta in terms of the integrations for the terms
defining Eisenstein series. With this, it is very likely that the reader is con-
vinced that, when talking about specail values of £(s) at odd integers, it
is better to distinguish the values at 4Z- o — 1 from these at 4Z~q + 1.

4.2 Rankin-Selberg & Zagier method

In this section, 7' > 1 is assumed to be a positive real number.

Now let us compute the integration [, Es o(7, 8)du(7). Here Dy is
the compact part obtained from the fundamental domain D for SL(Ox @
a)\(H™ x H") by cutting off the cusp neighbouhoods defined by the con-
ditions that the distance to cusps is less than T—'. (Recall that, as such, D,
is simply the part corresponding to semi-stable lattices.) We use the Rankin-
Selberg & Zagier method, but in its simplest form as a generalization of the
one stated in the previous section.

For doing so, let us first consider the integration [[[, (Ag Es (7, 5))
du(r) where Ag :=>" A, + > A with A, = yg(% + %) and
A, = rf(% + 6‘9—; + %) — r%. (For the time being, by an abuse of
notation, we use A g to denote the hyperbolic Laplace operator for the space
‘H™ x H"2, not the absolute value of the discriminant of X which accordingly
is changed to D)

Note that A, (y) = s(s — 1) - 5, while A, (r?) = 2s(2s — 2) - % by
the S L-invariance of the metrics, we conclude hence that

AK(EQ,Q(T, $))=(r1-(s(s—=1))+ry-(25(2s — 2)))

Bau(r,s),  R(s)>1.

Hence [[[;,, Baa(r,s)dp(r) = 2222 [[[ A By o(7,5) dp(r).
On the other hand, using Stokes’ Formula, we have

//DT AKEQ,a(T7S)d’LL(T)
//DT AKEQaTS - Ldp(r ///1>TE2aTS (A1) du(r)

= //D (A Eoo(7,5)) -1 — Eao(r,s) - (A1) du(r)
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N // aEz}a(T’ S) 1= EQ,a(Tv S) ’ g dp
aD(T) 0

v ov

= // Mdu
aD(T) v

with 8‘% the outer normal derivative and du the volume element of the bound-
ary 0Dr.

To calculate this latest integration, we start with a trick initially used by
Siegel to make the following change of variables at cusps. (See e.g., [6].)

Two directions have to be studied: the ReZ direction for z, resp. z, =
T, + 4y, and the ImJ directions for g, resp. for r, =: v, when ¢ is real resp.
7 is complex. As used in the discussion for fundamental domains, the change
with respect to the ReZ direction is simpler, while the change with respect to
the ImJ direction is a bit complicated.

Indeed, for the ImJ direction, recall that here all components are positive.

In particular, (Yo,, ... Yo, ,VUr;s---,0r,) € R} resulting from the ImJ
direction of a point (z1, ..., 2., P1,..., P,.,)in H™ x H" admits a natural
norm
2
N(ya'lv"' yYor, s Urpy - >U7r2) = (ya'l Tee 'yarl) ' (Un et /UTTQ)

“T[v [
o:R 7:C

As such, the key here is that we need to find a variable change for the ImJ
directions so that

(a) the outer normal direction will be seen more clearly; and
(b) the fundamental domain for the stablizer group of cusps can be written in
a very simple way.

Our generalized version of Siegel’s change of variables in the discussion
of fundamental domains does exactly this. It is carried out by replacing
the original variables y,,,...,Ys, ,Vr,..., 0, With the new variables
Yo,Y1,..., Y 4r—1. To give a precise definition, let ;,...,,, 4r,—1 b€

a generator of the unit group Uy (modulo the torsion). Then by Dirichlet’s

1 log|6(11)\ . lOgls(rll)+r2—1|
Unit Theorem, the matrix | - . .

(r14r2)

is invertible. Set
1 logle; | -+ logle

(ri+r2) [
r1+ro—1

; —1 .. ... .
(e§”)§;g§2:1 T1H72 pe jts inverse. Then by definition and an obvious calcula-

tion,
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. . . . 0 .
i) the entries of the first row is given by e§ = s I = L2
.. r1+r 3 .
i) >00 2e§1) =0,i=1,...,7 +7ry — 1;and
L e () Dl — 5 -1
if) ijl e;” logley’| = Oip,i, kb =1,...,m + 7y — 1.
1 1 1
r1+rg r1+7r2 r1+7rg
. i)y e(l) e(l) 5‘1) -
In particular, (e;”) = . 2T frn
elritra=1) (ritra=1) = (ri+rz—1)
1 2 r1+7r2

With this, make a change of variables by

= = 2
K)'—N(y0'17~-'7yg-r17v7—1,--.,v7—"2)_Hyo_.H/UT7
o:R 7:C

71

1 S
Y, = 3 Zel(.l) log y,, + Zeg)ﬂ- log vfj

i=1 j=1
1 1 T2
ri+re—1 ri+ro—1
Y1 = 3 Zeg 1+r2 )log Yo, T Z 67(“114:7’ 2 )log 01172._7
i=1 j=1

Consequently, by inverting these relations, we have

1 ri+ra—1
_ r1+r2 1) |2Y, s
Yo, = Y, H \Eé)| a, i=1,...,7r,
q=1
1 ri+ra—1
2 _ rit+re (r147)12Y4\2 .
v, =Y, H (leg |#¥)%, j=1,...,79.
q=1

Further, by taking the fact that N, = 2 for complex places 7, for later use,
we set
1 ri4re—1 ]
tp=0? =Yy [ ()7, =1
qg=1
After this change of variables, from the precise construction of the funda-
mental domain for the action of I';, in SL(Ok & a) on H™ x H' in 2.4,

it now becomes clear that this fundamental domain for the action of I',, on
H™ x H"™ is simply given by

)

N =

1
O<}/E)<OO7 _§§Yi7"'7K1+T271§

(Toys e s oy 3205 s 2n,) € Fylab™?),
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with 7, (ab~?) a fundamental parallelopiped associated with ab~? in R x
Cr=.

To go further, we need to know the precise change of the volume forms in
accordance with the above change of variables. So we must compute some
of the Riemannian geometric invariants in terms of these coordinates at the
cusps. Clearly the hyperbolic metric on H" xH" is given by g = (“>” griz )
with the matrics for the ImJ and ReZ directions being given by

4 1 1 1\2 1)\?
mJ = ez, — dla Ty ey T o — g e —_— .
9imJ = YReZ g y% 3/31 v% ng

(Here we remind the reader that the twist resulting from N, = 2 for com-
. . . . . 132
plex places 7 is entered in the discussion: In the above matrix we used (v—g)
J
instead of a simple #.)
J
First for the ReZ directions, there is no changes here. Hence the ReZ part

of the matrix for the metric remains the same. As for the ImJ directions, from
above, the metric in the ImJ directions is given by

, 1 1 1\° 1\’
(gij) ‘= gimy = diag (y_%a B y—gla <U—%> y o <@> )

Recall that, in general, to find the matrix (g,;) obtained from (g;;) by the
change of variables, we need to calculate the partial derivatives so as to get
gij from g;; = Za, 5 %I—; ZL; Jap- (Here, in terms of g;; and g;;, the variables
are assumed to be renumbered as x!, 22, ..., 2" "2 and T, 2%, ..., 311"
respectively.)

More precisely, by an obvious calculation,

Yo, 1

= o s 1=1,...,7r,
Yy (it r2)Y, !

Yo, }
%K;:ﬂog\sgl)yym, i=1,...,r,qg=1,...,r1+ry—1
ot,, 1 ; .
= Tis =L1...,T2,
Yy  (ri+mr)Yo 7 J ?
ot .
8Y; :2log|5ff)|2-tfj, j=1,.. .y, gq=1,...,r1 + 1y — 1.

Thus by the formula g,; = Za, 5 g“f ZL; gop for the change of variables and

the symmetry of the matric matrix, we are led to calculate the following three
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types of products of matrices:

1 1 /1) 1)?
Xo'diag <—2, ceey o <—2> g ves <—2> ) Xé,
yl yT’l vl UTQ
1 1 /1) 1)\?
Xo'diag <—2, ceey o <—2> y ves <—2> > X;,
yl yT’l vl UTQ
(1 1 /1)’ 1\? .
Xp-dlag (E, ey y—%l, <E> g e <g> ) 'Xq

e Yoy Yor, try trpy
where X, := ((r1+r2)Y0 7T (ritr2)Yo ) (ritr2)Yo T (T1+T2)YO) and

X, = (2log \5(1)\ Yors -, 210g \5(”)| Yo, ,210g |£§,“+1)\2

E(Tl—‘r’r‘g) |2

v2,...,2log | TTZ)

forp,q=1,2,...,r +1ry — 1.
Hence, g;1 = W, gi; = g1 = 0,7 = 2,...,m + 12, since
St log el [4+3702 log el )2 = 0; while, ford, j = 1,...,r147y—1,

ri+re

g<@+1><7+1>—4zlog £ log [ +4 > log [ei” [P log ||,

p=1 p=r1+1

As for the new volume element, we use det(g;;) = %Pf where

R is the regulator of K, i.e., R := det (log || [);F2 7. (See e.g. [19].)
Thus, by taking also account of ReZ direction, we have

1
dw = ( det(g;) - W) dYydYy -+ dYy, ryy [ doo [ ] dz-
0 . .

2T1+7’2—1 dY
= ﬁR ?20 d}/l “ e d}/rl—b—rz—l H dﬂjg H dZT-

Clearly, the boundary D of Dy consists of

1) (the corresponding parts of) the boundary of the fundamental domain of
D; and
2) the hyperplane of D defined by the condition Yy = 7" := N(ab~?) - T
(Please note that the factor N (ab~?) is added in 2). This is because in
the definition of D7, what we used is the distance to cusp, not simply Yj.)
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Consequently, if we set du to be the volume element of this hypersur-
face, then

1
dyp =

“”22“”2 R-dYy - dYs o [ deo [] de--

Also if v is the unit normal to the hypesurface, since < a(;)/ , 830>

~11 12 —
’YO T (7'1 + TQ)T , W€ have v = (W7 y )
Thus the outer normal derivative of a function f is given by =

(\/m:m(),...,()) grad f = \/ri + 1y - T/e?xé’

Now by (the fact that the group SL(Ox @ a) is finitely generated
and) the concrete construction of our fundamental domain, we see that
the boundary 0Dz consists of finitely many of surfaces which are either
parts of horospheres or parts X;(7") of planes cut out by Yy = 77, where
T! = N(ab;?) - T (with b; the fractional ideal associated to the cusp 7,).
Moreover, besides the hyperplanes associated with Yy = 7T, the set of
horospheres appeared on the boundary is divided into the sets of equivalent
pairs for which the integral of the outer normal derivative along one surface
in a pair is equal to the integral of the inner normal derivative along the other
surface in the pair. (Say, in terms of Y),>;, they are given by Y, = :t% in
pairs.) As such, we further conclude that

1
E AgE
//DT QGTSdM() 7"1-1-47"285—1 //DT " QQ(TS)d'U()
- [ Bslna,
Dr 51/

L ~
1 1 Es o(T,
= E // 78 2a(7 5) ds,
r1 4 4ry s(s — 1) — JJx. ) ov

where X;(T") denotes the part of the boundary of Dz coming from

the pull back of the intersection of the hypersurface Y, = 7, with
F,.,i = 1,2,..., h. (Here we used the fact that for " > 1, X;(T") are

disjoint from each other. See e.g., the Lemma in 2.5.4.)

Thus far, we are ready to use Fourier expansion to do the final calculation.
Note that the average for e?™ (together with its derivative) over an interval
of length 1 is zero. Hence, in the above integration for F' over Dr, we are
in fact left with only the constant terms of the Fourier expansion for E(s).



A rank two zeta and its zeros 55

Consequently, with T/ = N (ab; ?)-T, then, up to constant factors depending
only on K,

//DTEgaTsdu()

- 7’1+47’25 5—1 //DTAKEM(T $)dp(T)

h
1 1 0
= Z(Api Y + BoiY)")d
r1+4r23(s—1);//xi(7~)8u( 0¥+ BoiYy ™" )dp
1

X (T)

ry 4 4ry s(s — 1)

, 0
z aY (A01YS + B01Y1 S)
T +T T T2 —
@2 o 1R'd}/1--'dy;’1+7’2—1'deg'HdZT
K o:R 7:C
T1 +7“2 1

— . 2r1+r2—1R
ry 4 4ry s(s — 1)

Z // (s AoiYo" ™" — (s — 1) Bo; Yo ™)
Xi(T)

xdYy...dY, 1 []de, - [] d2-

h
L+ Ty 1 _ s—1 —s
= 2rtrTlR. AgT!"" — (s — 1) By, T}
r1 4 4ry s(s — 1) ;(S 0i % (s ) BoiT}")
/ / ) A Hdat Hdz
X;(T)
7"1—1—7"2
= - Zontr-lp. D2 N(ab;
7"1+47"2 Z a4 )

=1

AOz T/s 1 BOiT‘/fs
s—1 s ’
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due to the fact that the lattice corresponding to the cusp 7; = 3t is given by
ab; % with b, = Oga; + aB; and Y, € [ -3 —] Thus w1th the precisely

272
formula we have for Ag;(s) and the functional equation with the change s <

1 — s, we finally obtain the following

Theorem . Up to a constant factor depending only on K,

//D Ea (7, 8)dpu(7) = gK(QS) et _§6(2228) o

s
Pro?f. By functional equation, we only need to calculate the coefficient of
:';T_l Note that, by Theorem in 3.3.2, the partial constant term A, ; for the
completed EQ,Q(T, s)is given by ((7~°T'(s))™ (27~ 2°T'(25))"2 (N (a) Ak )®)-
¢([a='b;],25) - N(ab;')~2. Hence, up to a constant factor depending only
on K, the coefficient of % in the integration [[[,, s (7, s)dpu(T) is sim-

ply the summation Zle of N (ab;?) Ay, timing with the factor N (ab;?)*~!
resulting from the discrepency between 7" and 7. That is to say, up to a con-
stant factor depending only on K, the coefficient of is nothing but

h

Y (@ T(s)™ (2n*T(28))" (N (a) Ak )*

i=1

~C([a7"b;],25) N (ab; ')~ - N(ab;®) - N(ab;*)*"
= Aj - (7 T(s))™ (2n*T(25))" Z ¢(la™

= A% - (m°T(s))™ (27 2T (25)) ™ (ke (28) = € (29),
since S0 ¢([a~'b;], 25) = Cx(2s), resulting from the facts that

(i) the h ideal classes [a~'b;] for fixed a run over all elements of the class
group of K;
(ii) the total Dedekind zeta function decomposes into a summation of partial
zeta functions associated to ideal classes.
O

Consequently, we have the following

Fact (VIII) Up to a constant factor depending only on K, the rank two non-
abelian zeta function { 5(S) is given by

Ex(2s) B Ex(2s—1)

s—1 s

Era(s) = R(s) > 1.
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Proof. This is because, by Fact VI in 2.5, we have the moduli space of rank
two semi-stable lattices of volume NV (a)A i with underlying projective mod-
ule Ok @ a is given by D;. But from the Theorem above, up to a constant
factor depending only on K,

///D B a(7,8)dp(r) = Er(2s) Ex(2—25)

s—1 s

That is, up to a constant factor depending only on K, £k 2.4(5) = % —

&‘(287_25). Therefore, by Fact IV, up to a constant factor depending only on K,

os—1 ]

Ei2(s)

. O

5. Zeros of rank two zetas for number fields

5.1 Zeros of rank two zeta of Q

Following what was happened in history, let me first start with Masatoshi
Suzuki’s weak result [23] and then give Jeff Lagarias’ unconditional result
[Lag] and/or [15]. Meanwhile, for an independent parallel work, please go to
Haseo Ki’s paper [14].

Theorem . If the Riemann Hypothesis for the Riemann zeta function holds,

then all zeros of &2 (s) lie on the critical line R(s) = %.

5.1.1 Proof

Let F(z) = —Z (1 + 2iz) with Z(s) = s(1 — s)&(s).
Proposition. (Suzuki)

(D F(z + ﬁ) — F(z — i) =iz(1 + 42?) é@}g(% + iz).

(2) Assume the RH, then all zeros ofF(z + i) — F(z - ) are real.

i
In particular, then the RH implies that {g o (% + zz) admits only real
zeros.

Proof.

(1) Simple calculation. Indeed,

F<Z+%> _— <%+2i<%+z>>
-7 <% - % —|—2iz> = —Z(2iz).
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So F(z — %) = —Z(l + 22'2;) and

= (14 2iz)(—2iz)&(1 + 2iz) — 2iz(1 — 2iz)&(2iz)

§(1+2iz)  £(262) )
2iz — 1 14 2i2
— iz(1+42%) - <£((l2ﬁ;; i_Z)l) (2 +iz) - 1)

1 .
b} +z )
. 9 1
iz(1+42°) &g gtz
such that

(2) Clearly, F'(2) is an entire function of order 1, so there are constants A, B

L (5) ()

Note that essentially, p are zeros of the completed Riemann zeta but trans-
formed from z to % + 2iz. Hence, by the RH, all p are real.

2iz(1 — 2iz)(1 + 2iz) - <

F(Z) — eA+Bz .

O
Moreover, since F/(z) = —Z (% + 2iz) with Z(s) = s(1 — s)&(s), we
have for x € R,
_ 1
F(zx)=-2(1/2+ 2ix) = =Z(1/2 4 2ix) = —Z <§ — 21'1:)
which by functional equation is simply —Z (1 - (% - 213:)) = -7 (% +
2iz) = F(x). That is to say, for € R, F(x) takes only real values. Hence,
A and B are both real.

Now let zg = x0+iy0beazeroofF(z—|—i) —F(z— i) =iz(1+
422) g2 (% + i2). Then zo = 0 and/or z, is a zero of £g»(% + iz) since
5@72(% + iz) admits simple poles at z = i%i.

In any case, F(zo + ﬁ) = F(zo —
sides,

3

4). By taking absolute values on both

eA+B(zD+%)'H <1_ Zo + Z) e
p

20+ %
@ (5)
p

et T (1 2%).
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Since B € R and p,, € R (which is obtained by the RH as said above), we

2
Zo—Pn 2 -3 . .
- (o=pu)?+ (s 4)2. Thus if yo > 0, then the right hand
(wO*Pn)2+(yo+%)

side is < 1, while if yy < 0, then the right hand side is > 1. Contradiction.
This leads then yo = 0, hence completes the proof.

hence get 1 = []

With this in mind, note that in the proof above, the RH was used to ensure
that p are real, which have the effect that then in the calculation for the expo-

. st e ()|
nential factor exp ( > ) the ratio m gives us the exact value 1.
exp | ——

That is to say, this factor of ratio of exp’s does not contribute.

However, one does not need such an argument from the very beginning to
eliminate the factors exp (%) . In fact, this is the improvement of Lagarias,
who gets his own unconditional result totally independently, as a part of his
understanding of de Branges’s work. The trick is very simple: Use the func-
tional equation. So instead of working on individual p,, in the product, we
may equally use the functional equation to pair p and 1 — p for the zeros
of the completed Riemann zeta function, or even to group p, 1 — p, p and
1 — p together. Consequently, the exponential factor appeared inside the infi-
nite product may be totally omitted. That is to say, from the very beginning,
we may simply assume that the Hadamard product involved takes the form
F(z) = eAtB= . H/p:F(p)ZO (1- %) where [] means that p’s are paired or
grouped as above. Form here, it is an easy exercise to deduce the following
result of (Suzuki and) Lagarias.

Fact (IX)q All zeros of {g 2(s) lie on the line R(s) =

1
3

Proof. Alternatively, as above, we have

; Z0+ 2 Z0+ %
eA+B(zo+4),H<1_ 0 4>.eXp< 0 4)‘
P p
eA+B(zo—§).H<1_ZO_i>.exp(zo_i>‘.
P p

Since B € R, so if we can take care of the factors exp (%) and

exp (Z"_i) in a nice way, we are done. For this, as said above, let us
group p, p, 1 — p, 1 — p together, we see that % + % 2?;(5) and
ﬁ + 1%/3 = 2&%8;‘(2”) are all reals, hence, the same prove as above

works. |
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5.1.2 A simple generalization

The above method works for the functions 5(5’2(5) as well, provided that T" >
1. Indeed, first, recall that we have the precise relation 56,2 (s) = % e —
5(255—_1) - T~*. Consequently, F'(z + 1) - T727% — F(z — &) . T—2%% =
iz(1+42°) &5, (% + zz) Therefore, using the same proof, we arrive at the
relation

eATB(20+%) | H <1 _ %) . exp <Zo;‘ Z)‘ ]
eAJrB(zof%) H <1 _ Zo; 1> . exp <Zo; Z>| . {Tizfé{'

20— pn)+go—1)? - .
That is to say, 1 = [~ EIE_Z";JE@; — iz - L. Or equivalently, T =
n 4

HOO (xo—pn)>+(yo—3%)°
n=1 (zo—pn)2+(yo+3)2"
Thus with T > 1, we have

(1) if yo > O, the left hand side is > 1, while the right hand side is < 1,
contradiction; while

(i) if yo < O, the left hand side is < 1, while the right hand side is > 1,
contradiction. That is to say, we obtain the following

Fact (IX')q For T > 1, all zeros of £ , () lie on the critical line R(s) = £.

5.2 Zeros of rank two zetas for number fields

Fact (IX) All zeros of rank two zeta functions for number fields are on the

critical line R(s) = 1.

Proof. This is a direct consequence of the following two facts:

First, we know that, by the Rankin-Selberg & Zagier method, up to a con-
stant factor depending only on K, £x »(s) = &;5215) — SK(QSS_D. Secondly,
s(s—1)-&x(s) is an entire function of order one [16]. Consequently, the proof
in the previous section on the zeros works here as well, by a simple change
from the Riemann & for the field of rationals QQ to the Dedekind {5 for the

number field K. O
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