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ADMISSIBLE HERMITIAN METRICS ON FAMILIES OF
LINE BUNDLES OVER CERTAIN DEGENERATING
RIEMANN SURFACES

WING-KEUNG TO AND LIN WENG

‘We show that a family of line bundles of degree zero over a
plumbing family of Riemann surfaces with a separating (resp.
non-separating) node p admits a nice (resp. almost nice) fam-
ily of flat p-singular Hermitian metrics. As a consequence, we
give necessary and sufficient conditions for a family of line
bundles over such families of Riemann surfaces to admit an
(almost) nice family of p-singular Hermitian metrics which
are admissible with respect to the canonical/hyperbolic (1,1)-
forms on the Riemann surfaces.

1. Introduction.

Let £ = {L;} be a family of holomorphic line bundles over a degenerat-
ing family of Riemann surfaces M = {M;}. We are interested in finding
necessary and sufficient conditions for {L;} to admit a family of Hermitian
metrics (or equivalently a Hermitian metric on £) satisfying certain curva-
ture conditions.

A degenerating family of Riemann surfaces {M;} is obtained by shrink-
ing non-trivial closed loops of compact Riemann surfaces to form a noded
Riemann surface M. This corresponds to a path in the moduli space M,
of compact Riemann surfaces of genus ¢ leading to boundary points in its
Deligne-Mumford compactification M,. When there is only a single node,
we have essentially two cases, depending on whether the node separates M.
An important subclass of degenerating Riemann surfaces with a single node
is obtained by means of plumbing (cf. [Wol] and (2.1)). Throughout this
article, we will restrict our considerations to such plumbing families of Rie-
mann surfaces. Also we assume ¢ > 2, and that M is stable, or equivalently,
its smooth part M? := M\ {node} admits the hyperbolic metric of constant
sectional curvature —1.

This work is motivated by earlier works on the asymptotic behaviors of the
hyperbolic metrics and the canonical metrics as well as those of their Green’s
functions on degenerating Riemann surfaces (cf. [F], [H], [Ji], [JW], [We],
[Wo2]). In particular, Wolpert [Wo2] showed that the hyperbolic metrics
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glue together to form a continuous and good Hermitian metric on the vertical
line bundle (induced by the tangent bundles of the fibers) over the universal
curve C, over M,. A notable feature is that this metric is not smooth along
the noded Riemann surfaces, and it is mildly singular at the nodes.

In this article, we consider line bundles over Riemann surfaces in general.
Our first main result is to give necessary and sufficient conditions for a family
of line bundles of degree 0 over a plumbing family of Riemann surfaces to
admit a nice/(almost nice) family of flat p-singular Hermitian metrics (cf.
Theorem 1 in §2 for the precise statements and the additional necessary
conditions in the separating node case; cf. also (2.2) for the definition of
‘niceness’ and ‘almost niceness’). As applications of Theorem 1, we also
give necessary and sufficient conditions for a family of line bundles over a
plumbing family of Riemann surfaces to admit a nice/(almost nice) family
of Hermitian metrics which are admissible with respect to the hyperbolic
(resp. canonical) (1,1)-forms (cf. Theorem 2 and Theorem 3).

We sketch our approach in proving Theorem 1 as follows. First we con-
struct a family of ‘almost flat’ Hermitian metrics using the flat Hermitian
metric on the line bundle over the noded fiber. Then it is modified to a flat
family by using the hyperbolic Green’s operators. We remark that this ap-
proach is similar to [Wo2] in spirit, and it depends crucially on the initially
constructed family of metrics being sufficiently close to a flat one. There
are small but subtle differences in the construction and estimates involved
in the two cases of a non-separating/separating node, and we treat the two
cases separately in §3 and §4 respectively. The proofs of Theorem 2 and
Theorem 3 depend on Theorem 1 as well as results of Wolpert [Wo2] on
the continuity and goodness of the family of hyperbolic metrics and those
of Wentworth [We] on Arakelov Green’s functions respectively.

The authors would like to take the opportunity to express their sincere
thanks to the referee whose suggestions and clarifications lead to the article
in its present form.

2. Notation and statements of results.

2.1. Throughout this article, we consider plumbing families of compact
Riemann surfaces of fixed genus ¢ > 2 degenerating into a stable singular
Riemann surface M with a single separating or non-separating node p. First
we recall the plumbing construction of a degenerating family of Riemann
surfaces starting from M in both cases as follows (cf. e.g., [F], [Wo2]).

In the non-separating node case, the normalization M of M Is a compact
Riemann surface of genus ¢ — 1. In the separating node case, M consists of
a disjoint union of two compact Riemann surfaces Mi, Ms of genus q1, g2
respectively such that ¢; + g2 = ¢. The stable condition on M implies that
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q1, g2 > 1. In both cases, the node p corresponds to two points p1, ps in M
(with py in My, k = 1,2, in the separating node case) so that M? := M\{p}
can be identified with M\{p1,p2}. Denote the unit disc in C by A. In
both cases and for k¥ = 1,2, fix a coordinate function z;, : Uy — A such
that z(pr) = 0, where Uy, is an open coordinate neighborhood of py in M
(and thus in the separating node case, Uy, C My, k = 1,2). Also for each
t €A, let S = {(21,22) € A?| 229 = t}. Then for each ¢ - € A, remove
the discs |z| < || from M and glue the remaining parts of M with S; via
the identification z1 ~ (21,t/21) and 29 ~ (t/z2,22). The resulting surfaces
{M;}te form an analytic family 7 : M — A with My = M, where 7 denotes
the holomorphic projection map. It is easy to see that for ¢ # 0, each M; is a
compact Riemann surface of genus q. We remark that for fixed ¢ € A*, one
may adjust the sizes of the removed discs and the plumbing collar z12zo = t in
the plumbing process without changing M;. Also, away from the plumbing
collars, the resulting family may be described as the Cartesian product of
an open subset of M \ {p} and A, shrinking A if necessary. The restriction
of ker(drm) to M\{p} forms a holomorphic line bundle 7 over M\{p} such
that T}Mt = TM; for t € A* and T‘MO = TM°. Note that 7 extends

uniquely to a holomorphic line bundle T over M known as the vertical line
bundle.

2.2. Let R be a smooth compact Riemann surface or a noded Riemann
surface with a node p, and let L be a holomorphic line bundle over R. We
define a p-singular Hermitian metric h on L to be simply a C'*° Hermitian
metric on L‘RO, where R? := R\{p} is the smooth part of R (thus in the
case when R is smooth, i.e., when p is absent, such an A is simply a smooth
Hermitian metric on L). Now let x be a smooth (1,1)-form on R°. In both
the smooth and noded cases, a p-singular Hermitian metric h on L is said
to be p-admissible if its first Chern form satisfies ¢1(L,h) = deg(L) - p on
RY, where deg(L) denotes the degree of L over R. We remark that when R
is a noded Riemann surface, deg(L) is simply the sum of the degrees of f*L
over all the components of }N%, where f : R — R is the normalization of R.
Observe also that  is necessarily normalized (i.e., [ p = 1) in the smooth
case (but not necessarily so in the noded case). Also h is said to be flat if
c1(L,h) =0 on RY.

Next we recall the definition of ‘good’ Hermitian metrics introduced by
Mumford [M] in the special case of line bundles over complex manifolds. Let
X be an n-dimensional complex manifold with an open subset X such that
X — X is a divisor with normal crossings. Consider coordinate polydiscs
U = A" C X such that UNn X = (A*)¥ x A" % for some 1 < k < n,
and denote by wynx the product metric on U N X induced by the Poincaré
metric ds®> = (|dz|/(|z|log|z]))? on each A* and the Euclidean metric on
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each A. Now let L be a holomorphic line bundle over X and let L be the
restriction of L to X. A smooth Hermitian metric h on L is said to be
good on X if there exists a finite set of coordinate polydiscs {U,} covering
an open neighborhood of X — X in X such that for each U, = A", there
exists a non-vanishing holomorphic section v € F(Ua,f’UQ) such that on

Us NX = (A%)F x A"k,
k 2m
(1) |hos|s 1/|hes| < 01(210g|zi|) for some C7 > 0, m > 1, and
i=1

(ii) dlogh(v,v) and 9dlogh(v,v) have Poincaré growth on U, — U, N X,
i.e., there exist constants C9, C'3 > 0 such that

|0y, log hm;|2 < Cowy,nx(t1,t1) and
|01, 05 10g hos|* < Cswir, nx (ta, ta)wy, nx (3, t3)
for all t1,to,t3 € Tx(Ua N X), rzeU,NX.

One easily sees that the above definition does not depend on the choice of
local coordinate functions and local trivializations of L on each U,. More-
over, it is known that given (L, h), there exists at most one extension L of
L to X for which h is good (cf. [M, §1]).

Let M = {M;}1ea be a plumbing family of Riemann surfaces degenerat-
ing to a singular Riemann surface M with a separating or non-separating
node p as described in (2.1). Also let £ = {L;};ea be a holomorphic fam-
ily of line bundles over {M,;}:ca, i.e., £ is a holomorphic line bundle over
M and L; = £|Mt for t € A. Now let {}iea be a family of p-singular
(1,1)-forms on {M;}ien, i.e., each py; (resp. po) is a (1,1)-form on M, (resp.
MO = M\{p}) for t € A* (resp. t = 0), and they form a continuous section
of T* @ T* over M\{p}, where 7 is as in (2.1).

Definition 2.2.1. h = {h;}tea (with hy = h‘Lt for t € A) is said to be a
nice family of {u}ten-admissible (resp. flat) p-singular Hermitian metrics
on L{L;}ien if the following conditions hold:
(i) for each t € A, h; is a p-admissible (resp. flat) p-singular Hermitian
metric on Ly;
(ii) h is continuous on M\{p}, and the restriction h* of h to ﬁ‘j\/tv where
M* := M — My, is smooth on M*; and
(iii) the Hermitian metric h* on 'C‘j\/( is good on M.
If {hi}ten satisfies only conditions (i) and (ii) above, then we say that
{ht}ien is an almost nice family of { p }rea-admissible (resp. flat) p-singular
Hermitian metrics on {Lg}en.

Remark 2.2.2. It is well-known that for a family of line bundles = £ =
{Lt}ten over M = {M;}ica as above, deg(L¢) remains the same for all ¢ €
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A. In fact, this can easily be proved by first fixing a smooth Hermitian metric
h on L over the manifold M, letting h; = h‘ L, for all t € A, and then using

the dominated convergence theorem to show that lim;_q f M, c1(Lg, hy) =
fMo\{p} c1(Lo, ho) = deg(Lg) (here the last equality holds since (f*Lg, f*ho)

is a smooth Hermitian metric over M , where f : M — M denotes the
normalization).

Remark 2.2.3. Let {M;}ica, {ftt}en be as above, and let £ = {L;}ien,
L' = {L}}tea be two holomorphic families of line bundles over {M;}en.
Then one easily checks that the following statements hold:

(i) If both £ = {Li}ten and L' = {L}}ican admit nice (or almost nice)
families of {u¢}iea-admissible (or flat) p-singular Hermitian metrics h =
{hit}ten and B/ = {h}}ica respectively, then so does L @ L' = {L; ® L} }ten
(given by h @ b/ = {ht @ h}}ien).

(ii) If L9 = {LP™},en admits a nice (or almost nice) family of {p }rea-
admissible (or flat) p-singular Hermitian metrics h = {h¢}tea for some

1
nonzero integer m, then so does L itself (given by (s, s) = (h(s®™, s®™)) ™).

Remark 2.2.4. As an example, it follows from a result of Wolpert [Wo2,
Theorem 5.8] that the hyperbolic metrics on {M;}ica glue together to
form a nice family of {&pyp+}tca-admissible p-singular Hermitian metrics
on the family of line bundles defined by 7 (cf. (2.4) for the definition of

{‘I)hyp,t}teA)-

2.3. For a plumbing family of degenerating Riemann surfaces { M; };cA with
singular fiber M with a node at p, we recall from (2.1) the normalization
f+ M — M with points p;,p2 € M corresponding to p (and recall also
that M = M; U M, with My, of genus qi and pr € Mg,k = 1,2, in the
separating node case). Also in the separating node case, for a family of
line bundles £ = {L¢}tea of degree d over {M;}ien (cf. Remark 2.2.2),
we denote Lgj = f*LO‘Mk and denote dj, := deg(Lo ), k = 1,2 (and thus
dy + dg = d). Our first main result in this paper is the following:

Theorem 1. Let M = {M;}ien be a plumbing family of compact Riemann
surfaces of genus q > 2 degenerating to a stable Riemann surface M with a
single separating or non-separating node p as described in (2.1). Suppose L =
{Li}ten is a holomorphic family of line bundles of degree 0 over {M;}ien.
Then the following statements hold:

(i) In the case of a non-separating node, {Li}ien always admits an almost
nice family of flat p-singular Hermitian metrics h = {hi}ren such that f*hg
extends across p1,p2 to a smooth flat Hermitian metric on f*Lg over M.
(ii) In the case of a separating node, {L}ien admits a nice family of flat
p-singular Hermitian metrics h = {hi}tea such that f*hg extends to smooth
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flat Hermitian metrics on Lo over My and Loa over My if and only if
di = dy = 0.

Remark 2.3.1. In both cases, it is easy to see that such {h;}ica is unique
up to a positive continuous multiplicative function on A which is smooth on
A*.

Remark 2.3.2. In the case of a non-separating node, we do not know
whether the almost nice family of flat p-singular Hermitian metrics A =
{ht}ten constructed in Theorem 1(i) is actually nice or not. In the case
of a separating node in Theorem 1(ii), an important fact which allows us
to prove the goodness of h is that we can construct flat Hermitian metrics
on Loy and Lo agreeing at p (cf. §4). Such an ingredient is lacking in
Theorem 1(i) (cf. Remark 4.2.11).

2.4. Let M = {M;}ien, M° = M\{p}, be as in (2.1). The stable con-
dition on M implies that each irreducible component of M\{p} admits
the complete hyperbolic metric of constant sectional curvature -1, which
will be collectively denoted by ds]?lyn0 on M°. For t # 0, we denote the
hyperbolic metric on M; by dsﬁyp,r Their associated (1,1)-forms (resp.
normalized (1,1)-forms) will be denoted by whyp ¢ (resp. ©Ohypt), so that
Whypt = 4m(q — 1)@pyp+ for t € A. By a result of Wolpert [Wo2, Theo-
rem 5.8], {dsﬁyp,t}teA (and thus also {Whypt}ttea and {Onypstiea) forms a
p-singular family on {M;};ca. We have:

Theorem 2. Let M = {M;}ien be as in Theorem 1, and let L = {L;}ien
be a holomorphic family of line bundles of degree d over {M;}ien. Then the
following statements hold:

(i) In the case of a non-separating node, {Li}ien always admits an al-
most nice family of {@pyp + }ren-admissible p-singular Hermitian metrics h =
{\fit}teA such that the Hermitian metric f*hg on f*LO‘M\{pl,pQ} is good on
M.

(ii) In the case of a separating node, {Li}ien admits a nice family of

{@hyp,t }rea-admissible p-singular Hermitian metrics h = {hs }ea if and only
if di/(2q1 — 1) = da/(2q2 — 1). Here dy,da, q1,q2 are as in (2.3).

Remark 2.4.1. (i) One easily checks that the condition d;/(2¢; — 1) =

dy/(2g2 — 1) is satisfied by the vertical line bundle 7 in (2.1). In this regard,
Theorem 2 generalizes in part Wolpert’s result [Wo2, Theorem 5.8] (cf. also
Remark 2.2.4).

(ii) As exemplified by {dsﬁyp Jtea on 7T, the Hermitian metrics in Theorem
2 is singular at the node p in general.
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2.5. On a smooth compact Riemann surface R of genus ¢ > 1, the canonical
(1,1)-form is given by wean(R) = @ ST i A\ i, where {¢1,¢a,. .., ¢} is
an orthonormal basis of holomorphic 1-forms on R with respect to the inner
product (¢, ¢') = /—1 [ d A . Tt is easy to see that wean(R) is normalized
and does not depend on the choice of the orthonormal basis. Let M =
{M;}ien, M® = M\{p}, be as in (2.1). It is known that the canonical (1,1)-
forms form a p-singular family {wean ¢ }tea on {M;}ea as follows: weant =
Wean (M) for t € A*; in the non-separating node case, Weano O MO (=

M\{pl,pg}) is given by q%qlwcan(ﬂ)‘Mo; and in the separating node case,
Wean,0 Ol MO (= My\{p1} U M\ {p2}) is given by q?kaan(Mk)’Mk\{pk}’ k=

1,2, where M, My, Ms, q,p1,p2,q1,q2 are as in (2.1) (see Proposition 6.1.1
and Proposition 6.2.1 for more details). We have:

Theorem 3. Let M = {M;}ien be as in Theorem 1, and let L = {Li}ien
be a holomorphic family of line bundles of degree d over { My}ien. Then the
following statements hold:

(i) In the case of a non-separating node, {Li}en always admits an almost
nice family of {wecant}tea-admissible p-singular Hermitian metrics.

(i) In the case of a separating node, {L;}1en admits an almost nice family of
{Wean,t }tea-admissible p-singular Hermitian metrics if and only if di/q1 =
da/qa. Here di,ds,q1,q2 are as in (2.3).

Remark 2.5.1. In the non-separating node case, wean,0 is not normalized,
and this is reflected by the fact the Hermitian metric on Lo over MY is highly
singular at the node p.

3. Family of flat p-singular Hermitian metrics in the
non-separating node case.

3.1. In §3, we are going to prove Theorem 1(i). As a preparation, we first
describe in this subsection a procedure for the glueing of two Hermitian
metrics on a holomorphic line bundle over an annulus. This procedure is
known as ‘grafting’ in the case of Hermitian metrics on the tangent bundle
of the annulus in [Wo2].

First we fix a smooth function 7 : (0,1) — R such that

0, if0<s<i

3.1.1 = ’ 4
( ) n(s) {1, if% < s <1, and
0<n(s) <1 foral0<s<]l.

Given two real numbers a,, b, > 0, we consider the Euclidean region

(3.1.2) T(ao) ={¢=a+ibeCl0<a<a,}



448 WING-KEUNG TO AND LIN WENG

under the action of Z given by & — £ + inb,, n € Z. The quotient space is
an annulus which we denote by A(a,;b,). Now let L be a holomorphic line
bundle over A(ay;b,), and let hq, he be two smooth Hermitian metrics on
L. Then we construct a new smooth Hermitian metric h = h(n, hy, hy) on
L given by

(3.1.3) he,e) = hi(e, €)@/ py(e, ¢)1—m(a/a0)

for any [¢] € A(ao;bo) (With § = a+1ib, 0 <a < a,) and e € Lyg. It is easy
to see that h is well-defined on A(ay;b,) (i.e., the definition does not depend
on the choice of ¢ for [¢]). Following [Wo2], we call h the grafting of h; and
ho on A(ay;b,) relative to n.

To state our next proposition, we need to make some more definitions.
Let T'(ao), A(ao;bo), L, h1, ha, h be as above. We = consider the Euclidean
region

(3.1.4) T (a,) := {f =a+ibeC % <a< 7;%} C T(ao),

and let A’(a,; b,) be the sub-annulus of A(a,;b,) corresponding to the subset
T'(a,) of T(a,). Since hy and hy are two Hermitian metrics on the same
line bundle L, log(hi/h2) is a well-defined smooth real-valued function on

A(ao; bo). Then we define
h
o (1) (D).

Next we define a smooth function associated to given by
omer (L, h)
(1/2)dg N d€
Here, in terms of the Euclidean coordinate & on T'(a,), (i/2)dé A d€ denotes
also the flat (1, 1)-form on A(a,; b,) descended from the Euclidean (1,1)-form

on T'(a,). We remark also that ratio of (1,1)-forms makes sense here since
A(ao; b,) is a 1-dimensional complex manifold.

(3.1.5) ®(hy,hg) ==  sup
[E]eA (aosbo)

(3.1.6) Yy = on A(ae;b,).

In the case of the grafting of two flat Hermitian metrics, we have:

Proposition 3.1.1. Let n be as in (3.1.1). Then there erists a constant
C = C(n) > 0 such that for any flat Hermitian metrics hi, ha on any
holomorphic line bundle L over A(ao;b,), the grafting h = h(n, hi, h) of hy
and hy on A(ae;b,) relative to n satisfies

; _ b
1. 2Lde N dE < C - (Bhy, ho))? - -2
17 [ e <O @)

o

where ®(h1, ha) and v; are as in (3.1.5) and (3.1.6) respectively.
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Proof. Given a,,b, > 0, one easily sees that
(3.1.8) E=a+1ib, 0<a<ay, 0<b<b,,

gives a parametrization of A(a,;b,). By assumption on the flatness of hq, ho,
we have

(3.1.9) c1(Lyhi) =ci1(L,ho) =0 on A(ae;b,).

This implies that log(h1/h2) is a harmonic function on A(a,; b,) (cf. (3.1.5)).
Together with (3.1.3), it is easy to check that

(3.1.10) 2mer (L, h) = —v/=1((8:den(a/a,)) - log(h1/h2)

+ 9¢n(a/ao) - Oglog(hi/hs)

+ 9gn(a/ao) - O¢log(ha/ha))dé A dE.
Here we denote 0¢n := 0n/0&, etc. By the chain rule, one has
(3.1.11)

a\ , (a) 1 ,(a (a1 ,[a
f’f"(a)—af”(ao)—zao” <ao)’ and ‘3’585”(%)—4@3” (%)-

As in (3.1.4), we define

Qo 3a,
“<a<
15957y

(3.1.12) T"(ay) = {g —atibeC ‘ } C T(ay),

and let A”(ay;b,) denote the sub-annulus of A(a;b,) corresponding to
T"(a,) (so that T"(a,) CC T'(a,) CC T(a,), and A”(ay;b,) CC A'(ae; bo)
CC A(ao;bo)). From (3.1.1), (3.1.10), (3.1.11) and (3.1.12), one sees that
supp(2mey (L, h)) C A”(ao;b,) and hence supp(¢;,) C A”(ao;bo). By lifting
the function log(hi/hg) via the covering map from T'(a,) to A(ae;b,), we
get a harmonic function on T'(a,), which we denote by the same symbol.
Now for any point £ € T"(a,), one easily checks that the circle C'(&;a,/8)
centered at & and with radius a,/8 lies inside T'(a,). By differentiating
(with respect to & and &) the Poisson integral formula for log(hy/hs) over
C(&;a,/8), one easily sees from (3.1.5) that

(3.1.13) ‘85 log <hl> f
ha

16
Ozlog | — || < —®(h1, h
‘ g<h2)‘_ao - hz)
on T"(a,), and hence same estimate also holds on A”(a,;b,). Combining
(3.1.5), (3.1.6), (3.1.10), (3.1.11) and (3.1.13), one sees that there exists a
constant C; = C1(n) > 0 such that

)

(3.1.14) b7 ()] < %(I)(hl,hg) for all € € A" (ay;b,).

o
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Since supp(v;,) C A”(ao;bo), we have, with Cy as in (3.1.14),

@115 [ @ e dé

=/ (O P L A dE
A” ao bo)

bo [3ao/4 Cl 2
/ / ~2®(h1,ha)| dadb (by (3.1.12),(3.1.14))
ao/4 ag
b
2 2 0o
=C7 - (®(h1,h2))” 203
which leads to (3.1.7) (with C = C?/2(> 0) depending only on 7). Thus we
have finished the proof of Proposition 3.1.1. U

3.2. Throughout the rest of §3, unless otherwise stated, we let M =
{M,;}tea be a plumbing family of compact Riemann surfaces of genus ¢ > 2
degenerating to a stable Riemann surface M with a non-separating node p
asin (2.1). Also we let £ = {L;}1ca be a holomorphic family of line bundles
of degree 0 over {M;}ca as in Theorem 1(i).

First we recall from (2.1) the normalization f : M — M with points
p1,p2 € M corresponding to p, the coordinate functions z; : Uy — A,
k=1,2, with U C ]\7, and the coordinate neighborhood Uy x Uy ~ A? of p
in M such that M; N A% = {(21,22) € A? ‘ z1z9 =t} for t € A. Fix a small
number § > 0. We define, for t € A*,

(3.2.1) I = {(zl,t/zl) €A% | |12t < || < |t\%—25}
- {(t/zg,zQ) € A? | |tz < |z| < \t\%—%} c M.
Let tg := 41%46, and let 7 : M — A be as in (2.1). We fix an open subset of
M given by
1
(3.2.2) No = M\ Ug=12 {Zk| = 2}

From the description in (2.1), one easily sees that there is an associated open
subset N := Ny x A(t,) C M such that 7T‘N is given by the projection onto

the second factor. Here A(t,) := {t € A ’ |t| < to}. We denote
(323) Ny := Ny X {t} c M; for te A(tg)

It is easy to check that I; N Ny = 0 for any t € A*(t,) := A(t,) \ {0}. Also
we define the following open subsets of M given by

(3.2.4) L= Upea)le, Vi=Ur x Uz H(A(t,)).
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First we have:
Lemma 3.2.1. The line bundles L’V and E‘N are holomorphically trivial.

Proof. Since Uy x Us is Stein and contractible, it follows from the Oka prin-
ciple that E} UixUs is holomorphically trivial, and thus so is its restriction

L’V' By construction, we have N ~ Ny x A(t,). Moreover the projection
map onto the first factor is a deformation retract from N onto Ny, which
induces an isomorphism between H'(N,C*) and H'(Ny,C*), where C* de-
notes the sheaf of germs of non-vanishing continuous functions. Under this
isomorphism, the class [£| ] corresponds to [C‘ No]' Being a line bundle over

an open Riemann surface, E‘ No is holomorphically (and thus topologically)
trivial. Hence E‘  1s also topologically trivial. Since N is Stein, it follows
from the Oka principle that ﬁ‘ 18 holomorphically trivial.

Lemma 3.2.2. Notation as in Theorem 1(i). There exists a real-analytic
flat Hermitian metric hg on L()!M\{p} such that f*hg extends across p1, p2

to a real-analytic flat Hermitian metric on f*Lg over M.

Proof. By Remark 2.2.2, we have deg(f*Lo) = 0 on M and thus there
exists a flat Hermitian metric ho on f*Lg over M which is easily seen to be

real-analytic from the equation ¢i(f* Lo, hg) = 0. Then Lemma 3.2.2 follows
readily by identifying L0’ M\{p} with f*L()’ T\ {p1.p2} and letting hg to be the

restriction of %0 to LO‘ M\{p}
Next for |t| < ty, we define four open subsets of M; given by
Vi = {(zl,t/zl) e A?| 2t < || < 1},

{t/zQ,ZQ ) € A2 |11 < |z <1}
{zl,t/zl €A2‘<|Z1<1}

(t/z2,22) € A? ‘* <zl < 1}

Also we let
(3.2.5) Vi = U|t|<t0Vk7t> Ry = U\t|<t0Rk,ta k=1,2,

which are easily seen to be open subsets of M. Moreover, one = easily sees
from (3.2.1), (3.2.3), (3.2.5) that for 0 < |¢| < t,

(3.2.6)
VieUVo, UNy =My, VignNVoy =1, and Vpi NNy =Ry, k=1,2.
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With notations as in (3.1), one easily checks that for 0 < [t| < to, the
multivalent map
log 21 1

|log|t|| —§+25€T(45)

(3.2.7) (z1,t/z21) €y = &=

descends to a biholomorphism between I; and the annulus A(46; 27/ |log [¢]]).
Similarly, for 0 < [¢t| < tp and k = 1,2, the multivalent map

(3.2.8)  (z1,22) € Ry (with 2120 =t) — & = log 2z, +1log2 € T'(log 2)

descends to a biholomorphism between Ry ; and A(log 2; 27). From now on,
we will fix non-vanishing holomorphic sections

(3.2.9) ev € (V,L|,,) and ey €T(N,L|,),

which provide holomorphic trivializations of E‘v and E‘  respectively (cf.
Lemma 3.2.1). Also we fix a flat Hermitian metric hg on Lo‘ M\{p} 3 given in

Lemma 3.2.2. Next we consider three smooth Hermitian metrics (E‘V, hvi),
k=1,2, and ([”N’hN) given by

(3.2.10) hyi(ev,ev)(z): = ho(ev,ev)(21,0) for z = (z1,22) €V,
hva(ev,ev)(z) : = holev,ev)(0,2z2) for z = (z1,22) € V,
hn(en,en)(z,t) : = holen,en)(z,0) for (z,t) € N = Ny x A(t,)

respectively (cf. (3.2)). For k = 1,2, since Vj, C V (cf. 3.2.5), we obtain a
smooth Hermitian metric (E!Vk, hy, ) given by

(3.2.11) hv, = hvgly, -

Then we obtain smooth families of Hermitian metrics {(Lt‘Vk E hvi,. ) Yl <tos
k=1,2, and {(Lt‘Nta hNt)}\t|<t0 given by

(3.2.12) hv,, = hvk\vm, k=1,2, and hy, = hN\Nt

for [t| < tg. For each 0 < [t| < to, the Hermitian metrics hy, ,, hy,,, hy, may
not agree on the overlaps Iy, R1 ¢, Ra; (cf. (3.2.7)). Let n beasin (3.1.1). By
grafting hy; ,, hv,, on Iy (= A(44; 27 /|log [t]|) as given in (3.2.8)) relative to
n and grafting hy, ,, hn, on Ry, (= A(log2;27) as given in (3.2.9)) relative
ton, k =1,2 (cf. (3.1)), we obtain a smooth Hermitian metric hy on L.

At t = 0, we let ho := hg on Lo‘ M\{p} Then we consider the family of
p-singular Hermitian metrics h = {Bt}|t|<to on {Ly}y<¢, With iNL‘Lt = hy for
|t] < to. We have

Proposition 3.2.3. h is a smooth Hermitian metric on E‘Mmrl{ltkto}\{p}'
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Proof. Obviously h is equal to hy,, hy,, hy on Vi\(IU Ry), Va\(IU Ry),
N\(R; U R2) respectively. Also one easily checks from (3.1.3) and (3.2.8)
that for z = (z1,292) € 1,

. th (z)l—ﬂ((log |z1|/ log |t|—(1/2)+25)/45)'

Similarly one easily checks from (3.1.3) and (3.2.9) that for £ = 1,2 and
z = (21,22) € Ry,
(3.2.14)  h(z) = hy(z)"(o82[+log2)/log2) . hvk(z)lfn((logIZk\+10g2)/10g2)'

At t = 0, one also sees from (3.2.11) that hy;,hy,,hy are all equal to
ho on Vi, Va0, No respectively. Together with (3.2.13), (3.2.14) and the
smoothness of hy;, hy,, hy, the smoothness of h follows immediately. Thus
we have finished the proof of Proposition 3.2.3.

Finally we extend h arbitrarily (across {M;};>¢,) to a smooth Hermitian
metric on [,’ M\{p}? and we denote the extension by the same symbol. Thus

we get a family of p-singular Hermitian metrics {ﬁt}te A on {L¢}en, where
hi = h’Lt for all t € A.

3.3. Notation as in (3.2). We are going to obtain some estimates which
will be needed to prove Theorem 1(i). Recall from (2.1) the coordinate
neighborhood A? of p in M such that M; N A2 = {(z1, 20) € A? ’ z129 =t}
for t € A. For 0 < r, < 1, define A%(r,) := {(21,22) € A?||21],|22] < 70}
Let dsiyp7t, Whyp,t be as in (2.4). First we recall the following result of
Wolpert:

Proposition 3.3.1 ([Wo2, Expansion 4.2]). There exist constants Ci,Co
> 0 such that for all t € A* and k = 1,2, we have, on M; N AQ(%),

2 2
%) ( T oo logzl ’dzk’> <ds? . <C < T oo loglzl ’dzk\> .
loglt| ™ loglt] [zl ) = TP log[t|  loglt| |zl

Remark. Proposition 3.3.1 also holds in the case of a separating node.
For t € A*, we define the smooth function given by
27rcl(Lt,7Lt)
T = Whyp,t
where hy is as in (3.2) (cf. (3.1.6)). Let I, be as in (3.2.1). We have:

(331) d)t . on Mt,

1
Proposition 3.3.2. / gbfwhypt =0 +——— as t— 0.
I ’ | log [¢]]
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Proof. First we recall from (3.2.8) the biholomorphism I, = A(49;
27 /|log |t||) for t € A*. By (3.2.1), (3.2.8) and Proposition 3.3.1, one easily
checks that there exist constants C5, Cy > 0 such that for ¢t € A*,

(3.3.2) Cs %d{ N dE < whypy < C4 %dﬁ AdE on Ty,

where & is as in (3.2.8). Let to,6,V,I, Vi, Vo be asin (3.2), and let hg be as
in Lemma 3.2.2. Recall from (3.2) that on I, h; is obtained by grafting hy, ,
and hy,, relative to 7, where 7 is as in (3.1.1). From (3.2.1) and (3.2.4),

one sees that |z1], |z2| < |to\%72‘S < 1 for all z = (21, 22) € I. Together with
(3.2.11) and the extension property of hg as given in Lemma 3.2.2, one sees
that there exist constants Cs, Cg > 0 such that for k=1, 2,

(3.3.3) Cs < |hvi(ev,ev)(z)] < Cs forall z €1,

where ey is as in (3.2.10). Together with (3.2.12), (3.2.13) and using the
notation in (3.1.5), it follows that there exists a constant C7 > 0 such that
for 0 < |t| < to, one has

(3.3.4) CI)(]”LVM, hvm) < Cy

with respect to the annulus I, == A(46;2n/|log|t][). With 1 as defined
in (3.1.6), one sees from (3.3.1) and (3.3.2) that
(3.3.5) V5, (€) =2 Cs- (&) for £ €Iy, 0 < [t] <to.

From (3.2.11), (3.2.13) and the flatness of hy, it follows that for 0 < || < to,
hy,, and hy,, are also flat Hermitian metrics. Let C' = C(n) > 0 be as in
Proposition 3.1.1. Then we have

(3.3.6)
2 Cy 9 1 =
Giwhypt < =5 | bF sdEAdE (by (3.3.2), (3.3.5))
I Cs Jy, "2
C4 9 1 2 .
< —- : . : [ 8% 0.
<2 C-Cs? @05 Tog ] (by Proposition 3.1.1, (3.3.4))

=0 ; as t — 0.
(‘log|t||>

Thus we have finished the proof of Proposition 3.3.2.

Next for |t| < tg and k = 1,2, we let Ry, be as in (3.2.5), and let R}, be
as in (3.2.6). We have:

Proposition 3.3.3. Fork=1,2, / PZwnyps = O(|t]?) ast — 0.
Ry ¢
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Proof. First we recall from (3.2.9) the biholomorphism Ry = A(log2; 2m)
for t € A*. By (3.2.1), (3.2.9) and Proposition 3.3.1, one easily checks that
there exist constants C3, Cy > 0 such that for t € A*

1 — 7 _
(3.3.7) Cs 5d§k Adé, < Whyp,t < Cy §d§k Ad€, on Rk,ta

where & is as in (3.2.9). Let to, N, N, Vi, Vi, kK = 1,2, be as in (3.2),
and let hg be as in Lemma 3.2.2. Recall from (3.2) that on Ry, hy is
obtained by grafting hy, and hy, , relative to 1, where 7 is as in (3.1.1).
As in Lemma 3.2.1, Ele’ k = 1,2, are holomorphically trivial, and we fix
non-vanishing holomorphic sections e; € I'( Ry, E‘ Rk)’ k=1,2. Let ey, ey
be as in (3.2.10), and for k = 1,2, we let fx(z), gr(z) be the non-vanishing
holomorphic functions on Ry satisfying

(3.3.8) ev(z) = fu(z)ex(z) and en(z) = gx(2)ex(z) for z € Ry.

For simplicity, we denote [zk,-] to be (z1,-) or (-, 22) according as k = 1
or k = 2. Then for k = 1,2, |t| < top and z = [z,t/2,] € Rp+ (with
2 < |z < 1), one has

At (2) = hy(ex, ex)(2)
h‘Vk,t hV,k(ekv ek)(z>
_ hy(ensen)(2)  fu(2)P
 hvgleviev)(2)  [gr(2)]?
 holensen)ens 0] Li(2)?
~ ho(ev,ev)[zr, 0] gr(2)]?
_ gwlze, 0117 | fulzw, /2]
bz O [gnlzr, /2]
Using the Cauchy integral formula and shrinking ¢ if necessary, one easily
checks that for any 0 < € < %, there exists a constant C5 = C5(e) > 0 such
that for k = 1,2, 0 < [t| < tg and 5 + € < |z| < 1 —¢, one has

| frlzrot/z)1* grlze, t/ 2] 1P
| frl2, 0112 7 |gwlzr, 012

Using the notation in (3.1.5), it follows that there exists a constant Cs > 0
such that for £ = 1,2 and 0 < |¢| < o, one has

(3.3.11) O(hy,, hv,) < Colt]

with respect to the annulus Ry, = A(log2;27). With ;,, as defined in
(3.1.6), one sees from (3.3.1) and (3.3.7) that

(3.3.12) @D;Lt (&k) > C3- (&) for & € Ry, 0 < |t| < 2.

(3.3.9) (cf. (3.2.12) and (3.2.13))

(by (3.3.8))

(by (3.2.11))

(by (3.3.8)).

(3.3.10) 1— Cslt] < <1+ Csltl.



456 WING-KEUNG TO AND LIN WENG

As in Proposition 3.3.2, since hy, , and hy, are flat Hermitian metrics (cf.
(3.2.11), (3.2.13)), we have, with = C' = C(n) > 0 as in Proposition 3.1.1,

C
(3.3.13) Dronypt < =5 | & dfk/\dgk (by (3.3.7), (3.3.12))
Ry 1 C Ryt
OO~ (by Proposition 3.1.1)
fCQ 6 (log 2)? v Proposition 3.1.

= O(|t|*) as t — 0.
Thus we have finished the proof of Proposition 3.3.3.

For ¢t € A, we denote by || ||2 the L?-norm on M; with respect to wyyp.:.

1
Proposition 3.3.4. ||¢||2 = O <|1 ’tH) ast — 0.

Proof. From the construction of ht, it is easy to check that for 0 < |t| < g,
c1(L¢, he) = 0 on M\(I U R1+ U Rat). Then by Proposition 3.3.2 and
Proposition 3.3.3, we have

(3.3.14) / P whypt = / ¢t2whyp,t+/ (b?whyp,t"'/ O Whyp,
My I Ry Ra ¢

_ 1 2 2
=0 (13sa7z) + O+ OGeP)

=0 (1) ast — 0.
| log [¢]]

Thus we have finished the proof of Proposition 3.3.4.

3.4. Before we go on, we give a lemma which will be needed in subsequent
discussion.

Lemma 3.4.1. Let X be a smooth compact Riemann surface of genus ¢ > 2
and endowed with the hyperbolic metric, and let v € C*°(X). Then there
exist constants C1, Co > 0 (which do not depend on X or v) such that the
following statements hold:

(i) For any x € X and any real number r satisfying 0 < r < p,, where p,
denotes the injectivity radius at x, we have

C1 / .
v(z)] < v|2whyp + Co sinhr / Av|2whyp-
o)) < gt [ o \/ [ b,

Here B(z,r) denotes the geodesic ball centered at x and of radius r,
whyp denotes the hyperbolic volume form of X, and A denotes the
hyperbolic Laplacian.
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(ii) In particular, we have

o(z)] < G \ /
su vlxr vw
vex = (g — D) tanhpx | Jx P
Cq
— = 4+ (C9sinh A .
+()\17Xtanhpx+ 28I px) ” UH2

Here px denotes the injectivity radius of X, and A\ x denotes the first
non-zero eigenvalue of X.

Proof. Write A(R) := {z € C||z| < R} for R > 0 (so that A(1) = A).
The universal cover of (X,whyp) is (A, idz A dz/(1 — |2]?)?). Denote the
hyperbolic distance on A by d(-,-). It is well-known that |z| = tanh(d(0, 2))
for z € A. For any x € X and 0 < r < p,, we may identify B(z,r) with
A(tanh p;) via the covering map from A to X sending the origin to z. In
terms of such identification, we have

1
(341) 8Z82’U = *mA’U on A(tanh T).

Next we make a change of variable given by 2’ := z/(tanh p;), and denote
V(') := v(z), so that v" € C*°(A). Using Nash-Moser iteration technique
(cf. e.g., [GT, Theorem 8.24] and observe that the left hand side of the
trivial equation 0,03v = 9,050 is of constant coefficients, which implies that
the conditions in (8.5) and (8.6) of [GT] are satisfied), one deduces that
there exist constants C7,Cy > 0 such that

(3.4.2)

[0(0)] = [v(0)]
< 01\// W/ ()22 d2’ A dZ + CQ\// 10200500 (/)2 = d! A dZ'
A 2 A 2

Ch i _
< 2-dzNd
~ tanhr \//A(tanhr) ‘U(Z)| 2 Phaz

+ Co tanhr / \8285v(z)\2£dz Adz
A(tanhr) 2

Gy / 5 :
v(2)Pwhyp + Cosinhr / Av|2wpyn,
tanhr \/ A(tanhr) [0l A(tanhr) APy

where the last inequality follows from the inequality that %dz NdzZ < whyp

on A, (3.4.1) and the fact that

<

——— < cosh?r for |z| < tanhr. This
1—|z?
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finishes the proof of Lemma 3.4.1(i). To prove Lemma 3.4.1(ii), we recall
from standard spectral theory for elliptic operators that

1

2
1
3.4.3 o2 < (/ VW > + —||Av 2, and thus
849w (g ) + 5z laviE

1
< - -
Wl = et ‘/X”“’hyp

Then by letting r = px in Lemma 3.4.1(i), we have, at any =z € X,

_G
tanh px

1
+ —[|Av]|2.
P ¢

(3.44)  Ju(z)| < [0]]2 + C2sinh px || Av]2

< G / v
w
~ 4n(q— 1)tanhpx |/x Byp

Cy
Y vtanh oo T C2sinh A by (3.4.3
* (M,X tanh px +Czsin px> [Av]l2 (by ( ))s

which easily leads to Lemma 3.4.1(ii). Thus we have finished the proof of
Lemma 3.4.1.

3.5. Notation as in (3.1) to (3.3). Let {M;}iea be as in Theorem 1(i). For
t € A*, we denote by i the first non-zero eigenvalue of the Laplacian A
with respect to dsﬁyp’t on M;. We shall need the following:

Lemma 3.5.1. Let {M;}ien be as in Theorem 1(i) with a non-separating
node p. Then there exists a constant o > 0 such that A1z > o for allt € A*.

Proof. The above lemma is well-known and follows from results of [SWY]
and [H] (see e.g., [Ji, Corollary 3.4]).

For t € A*, we define the smooth function
(351) Uy = Gt¢t on Mt,
where ¢; is as in (3.3.1), and G; is the Green’s operator with respect to

dsﬁyw on My, i.e., us is the (unique) smooth function on M; satisfying

(3.5.2) Ayuy = ¢y,  and /M Ut Whyp,t =0

(cf. e.g., [GH, p. 84] for the definition of the Green’s operator).

Proposition 3.5.2. Let {M;}iea be as in Theorem 1(i) with a non-sepa-
rating node p, and let uy be as in (3.5.1). Then for any continuous section
{zt}ten € {Mi}ien with z, € M, and zy # p, we have ui(z) — 0 as t — 0.
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Proof. Since each L; is of degree 0, it follows from (3.3.1) that | M, Pthypt
=0 for t € A*. = Together with (3.5.2), it follows from standard properties
of Green’s operator that

1
(3.5.3) lucllz < 5 —lll> - for t € A"

)

Since zg # p, it is easy to see that there exist constants = p1, po > 0 such
that p1 < p,, < po for all =t € A* where p,, denotes the injectivity radius
of z; in M;. Then by Lemma 3.4.1(i) and (3.5.2), we have

(3.5.4)

C
Jug(2e)] < —

tanh p;

[0e]2 + Co sinh p2|| ¢l

C
< <1 + C9 sinh pg) |ptll2  (by Lemma 3.5.1 and (3.5.3))
atanh p;

— 0 ast— 0 (by Proposition 3.3.4).

Here C, Cs are as in Lemma 3.4.1, and « is as in Lemma 3.5.1. Thus we
have finished the proof of Proposition 3.5.2.

Next we define a family of p-singular Hermitian metrics = h = {h¢}sen
on {L¢}ien by letting

(3.5.5) he = e “h, fort € A*

and letting hg be as given in Lemma 3.2.2. We are ready to give the proof
of Theorem 1(i) as follows.

Proof of Theorem 1(i). Let M = {M;};ean (with a non-separating node
p € M), L ={Li}ten and f : M — M be as in Theorem 1(i). Also let
h = {ht}ten be as in (3.5.5). By (3.5.5), we have

1 _ -
(3.5.6) Cl(Lt, ht) :?80% + 1 (Lt, ht)

1 -
= _%Atut “ Whyp,t + c1(Lt, he)

=0 on M; (by(3.3.1), (3.5.2)).

Together with Lemma 3.2.2 (for hg), it follows that for each t € A, ht
is a flat p-singular Hermitian metric on L;, and this verifies condition (i)
of Definition 2.2.1 for {h}tea. From (3.3.1) and the construction of h =
{hi}rea in (3.2), it is easy to see that {¢;}ren+ glue together to form a
smooth function on M\Mj. Also, it is obvious that for each ¢, € A*,
there exist A\, = Ai(ts) > 0 and € = €(tx) > 0 such that A\;; > A, for
all |t —t.| < e (cf. [KS, Theorem 2] or Lemma 3.5.1). Thus by [KS,
Theorem 3] and (3.5.1), {ut}tea~ glue together to form a smooth function
on M\My. Then the smoothness of h on M\M, follows from those of
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{u}ten~ and h. Moreover, by letting ug to be the constant zero function on
M\{p}, if follows from Proposition 3.5.2 that {u;}tca glue together to form
a continuous function on M\{p} (with (3.5.5) also satisfied at ¢ = 0). Then
the continuity of & on M\ {p} follows from those of {u;}sca and h, and this
verifies condition (ii) of Definition 2.2.1 for {h;}iea. Thus {h;}iea forms an
almost nice family of flat p-singular Hermitian metrics. By Lemma 3.2.2,
f*ho extends to a smooth flat Hermitian metric on f*Ly over M. Thus we
have completed the proof of Theorem 1(i).

4. Family of flat p-singular Hermitian metrics in the separating
node case.

4.1. We are going to prove Theorem 1(ii) in §4. In (4.1), we will first prove
that under the conditions of Theorem 1(ii), {L;}tca admits an almost nice
family of flat p-singular Hermitian metrics h = {h;};ea. To streamline our
discussion, we will keep the notation as close to §3 as possible and simply
refer to §3 when the arguments and calculations in §3 also prevail verbatim
in the present case of a separating node. The goodness of h will be proved
in (4.2).

Throughout §4, unless otherwise stated, we let M = {M; };ca be a plumb-
ing family of compact Riemann surfaces of genus g > 2 degenerating to a
stable singular Riemann surface M with a single separating node p as in
(2.1). Recall also from (2.1) the normalization f : M (= M; U M) — M
with points py € My, where M} is a smooth compact Riemann surface of
genus ¢, k = 1,2 (so that ¢1,q2 > 1 and ¢1 + g2 = q). We also denote
the two components of M\{p} by M{ and MY, so that via f, we have the
identifications

(4.1.1) MY ~ Mi\{p1}, M3 ~ M;\{p2}.

Let £ = {Li}ten, Lok = f*Lo‘Mk, k =1,2, be as in Theorem 1(ii), so that
dp = deg(Lox) =0, k=1,2. Via f, we have an identification of the fibers

(4.1.2) Lol (= Loalg,y = Loz,

Fix a small number § > 0, and let t, := 1/4'% 2. : U, — A, Vi, Ry, V,
N, I, Nyt € A% k= 1,2, be similarly defined as in (3.2). Note that in the
present case of a separating node, N and the N;’s consist of two components.
Using the arguments in Lemma 3.2.1, one easily sees that ﬁ‘v and £|  are
all holomorphically trivial, and as in (3.2), we will thus fix non-vanishing
holomorphic sections

(4.1.3) ey € D(V,L|,,), en €T(N,L|y)

throughout the remaining section.
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Lemma 4.1.1. For k = 1,2, there exists a real-analytic Hermitian metric
ho,i on LO}MO such that f*hoy extends across py to a real-analytic flat Her-
k

mitian metric f*hg . on Lo over My ; moreover, under the identification in
(4.1.2), we have

(4.1.4) (Loas f*ho1)| g,y = (Lo2, [*ho2) -

Proof. Asin Lemma 3.2.2, the existence of such real-analytic flat kg j (minus
the condition (4.1.4)) follows easily from the degree condition deg(Lo ) = 0,
k =1,2. Then (4.1.4) can easily be attained by multiplying hg 1 by a suitable
positive constant, if necessary.

By means of grafting (relative to an 7 as given in (3.1.1)) as in (3.2)
and with hg replaced by hoj on My, k = 1,2, we obtain a smooth family

of p-singular Hermitian metrics h = {Bt}|t\<to on {L}ien with B‘Lt = Iy
for [t| < to. Also, we let hy;, hvy, hn, hvi,, hvs,,, by, be the intermediate
Hermitian metrics involved in the construction of h as in (3.2). Asin (3.3.1),
we let

. 2%01([@,%1;)

Whyp,t

(4.1.5) O for t € A,
We shall need the following stronger version of Proposition 3.3.2 in the case
of a separating node:

Proposition 4.1.2. There exists a constant v > 0 such that
(4.1.6) / Grwnypr = O([t]") ast— 0.
I;

Proof. We are going to prove Proposition 4.1.2 by modifying the proof of
Proposition 3.3.2 as follows. From Lemma 4.1.1 and (3.2.11), one sees that
the Hermitian metrics hy; and hy 2 on E{V are real-analytic, and they agree
with each other at p. Together with (3.2.12) and (3.2.13), it follows that for
0 < |t| < toand z = (21, 22) € I; (with 2129 = t), one has

hvy

4.1.7
(417 e

hy, ‘
—(z
hyv, (

(2)‘ <1+ Ci|z1| + Cal2]

<1+ Gyl (cf. (3.2.1))

for some positive constants C7, Cy, C3 independent of ¢. As in (3.3.4) and
using the notation in (3.1.5), it follows that there exists a constant Cy > 0
such that for 0 < [t| < tp, one has

(4.1.8) ®(hyy,, hvy,) < Calt]2™2
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with respect to the annulus I; = A(46;27/|log|t||). Then (4.1.6) follows
easily from a calculation similar to (3.3.6) with (3.3.4) replaced by (4.1.8),
which gives Proposition 4.1.2.

Proposition 4.1.3. For k=1,2, / PZwnyps = O(|t]?) ast — 0.
Ry ¢

Proof. The proof of Proposition 4.1.3 (for the separating node case) can
easily be obtained by adapting that of Proposition 3.3.3 (for the non-sepa-
rating node case).

Analogous to Lemma 3.5.1, we have:

Lemma 4.1.4. Let {M;}ica be as in Theorem 1(ii) with a separating node.
(i) Then there exists a constant 3 > 0 such that \i; > ﬁ/‘ log |t|’ for all

te A
(ii) There exist constants c1, ca > 0 such that
c 2
< pr <
[og ] | log [¢]]

for all t € A*, where p; denotes the injectivity radius of M.

Proof. By [SWY], there exists a constant C; > 0 such that for all t € A*,
A1 > C1ly, where [; is the minimum of the lengths of simple closed geodesics
(with respect to dsﬁyp’t) on M; which separate M; into two components.
In our separating node case, it is well-known that there exist constants
Cs,C3 > 0 such that for all ¢ € A*,

&< S
| Tog [¢]] | log [¢]]
(cf. e.g., [Wo2, Example 4.3]), which leads to Lemma 4.1.4(i). Lemma
4.1.4(ii) follows from (4.1.9) and the simple fact that p, = l;/2.

We shall need the following stronger version of Proposition 3.3.4 in the
separating node case:

(4.1.9)

Proposition 4.1.5. There exists a constant p > 0 such that ||¢¢||2 = O([t|*)
ast — 0.

Proof. As in Proposition 3.3.4, it follows from Proposition 4.1.2 and Propo-
sition 4.1.3 that

(4.1.10) / ¢%Whyp,t = / ¢twhyp,t+/ ¢twhyp,t+/ ¢twhyp,
Mt 1t

= O(|t]") + O([tI*) + O(It]*)
= O(|t}) ast—0,

where 7 is as in Proposition 4.1.2 and p/ = min{y, 2} > 0, and this leads to
Proposition 4.1.5 with p = u'/2.
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As in (3.5.1) and (3.5.2), we let u; := Gy¢p on M;. Then = similar to
Proposition 3.5.2, we have:

Proposition 4.1.6. (i) There exists a constant u > 0 such that
lullz = O(t)")  and [|Oue]l2 = [|Ouc]l2 = O(|t]*) as t — 0.

(ii) For any continuous section {zi}ien in {Mitien with zz € My and
20 # p, we have ui(z) — 0 ast — 0.

Proof. As in (3.5.3), we have

1
(4.1.11) furll2 < 5l
1t

1
[
— B/[log t]]
= O(|t|"'?) ast — 0,
where 5 and p > 0 are as in Lemma 4.1.4 and Proposition 4.1.5 respectively,
and we have used the simple fact that lim,_,oy 2%logz = 0 for any a >

0. Replacing p by 24 in (4.1.11), we get the first estimate of Proposition
4.1.6(i). Since wu; is real-valued, we have

(4.1.12)
10w |3 = [|3u 3 = / (Bte, D)oy

My

|t/ (by Lemma 4.1.4 and Proposition 4.1.5)

= / <Atut7 ut>whyp,t
My

= / <¢t7 Ut>whyp,t
M,

< [|@ell2luell2
=O(|t|*) ast— 0 (by Proposition 4.1.5 and (4.1.11))

for some p > 0. This finishes the proof of Proposition 4.1.6(i). Let {z:} be
as in Proposition 4.1.6(ii). Using the arguments in the proof of Proposition
3.5.2, one easily sees that there exist constants C,u > 0 such that, as in
(3.5.4),
(4.1.13)  Jug(ze)| < O(lluell2 + [[dell2)

=O([t|") ast—0

(by Proposition 4.1.5 and Proposition 4.1.6(i)),

which gives Proposition 4.1.6(ii).

We remark that Proposition 4.1.6(ii) will be strengthened later in Propo-
sition 4.2.4, and it is proved here for the sake of exposition. To summarize
our results at this point, we have:
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Proposition 4.1.7. Let M = {M;}ien (with a separating node p € M),
My, My, £ ={L}ea and f: M — M, Lo, Los, di and dy be as in The-
orem 1(ii). Then {Li}ien admits an almost nice family of flat p-singular
Hermitian metrics h = {hi}ien such that f*hgy extends to smooth flat Her-
mitian metrics on Lo 1 over My and Lo o over My if and only if di = do = 0.

Proof. The ‘if’ part of Proposition 4.1.7 can be proved by using the ar-
guments in the proof of Theorem 1(i) in (3.4) with Proposition 3.5.2 and
Lemma 3.2.2 replaced by Proposition 4.1.6(ii) and Lemma 4.1.1 respectively
(and with each h; constructed as in (3.5.5)). The ‘only if” part of Proposition
4.1.7 simply follows from the calculation that

dp = / c1(Log, hox) =0,
My,

where hgj denotes the smooth flat Hermitian metric on Lgj obtained by
. N _
extending f*hg on Lo’kle\{Pkp k=1,2.

4.2. Notation as in (4.1). Let M = {M;}ea (with a separating node
p € M) and £ = {L;}tea (with di = da = 0) be as in the ‘if’ part of
Theorem 1(ii). Also let h = {ht}tea be the almost nice family of flat p-
singular Hermitian metrics on £ = {L;};ea constructed in (4.1) in the proof
of the ‘if” part of Proposition 4.1.7. In this section, we are going to complete

the proof of Theorem 1(ii) by showing that the restriction h’M\M is good
0
on M (cf. (2.2)).

First we recall the family of p-singular Hermitian metrics & = {h};ca on
L = {Lt}ten constructed in (4.1).

Proposition 4.2.1. h is good on M.
M\ Mo

Proof. First we recall from (4.1) that h is smooth on M\ {p}. Thus, to prove
the goodness of h, it suffices to consider a coordinate open neighborhood of
pin M. Let V.C Uy x Uy = {z = (21,22) | |21], |22| < 1} be as in (4.1).
It is easy to see that one can choose a sufficiently small 7o > 0 such that
the subset A*?(rg) := {z = (21,22) |0 < |21], |22| < ro} C Uy x Uy satisfies
A*%(rg) C V and A*%(rg) N Ry = 0, where Ry, is as in (3.2.6), k = 1,2. Let
n, § and ey be as in (3.1.1), (3.2.1) and (4.1.3) respectively. Then as in
(3.2.14), one sees from (3.1) and (4.1) that for z = (21, z2) € A*?*(rp),

(4.2.1)

hiev,ev)(z) = (h071(ev,ev)(z1,0 )77( 7) 2(ev,ey)(0, zg))lfn(T), where

1/ gl ; + s
45 \log |21| + log | 2] 2"
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From Lemma 4.1.1, one sees that there exists a constant C; > 0 such that for
k,l,m,n = 1,2 and [z¢,0] with |z¢| < ro (here, as in (3.3.9), [2¢,0] = (21,0)
or (0, z2) according as £ = 1 or 2), we have

1
(4.2.2) = < hox(ev,ev)[z, 0] < Ch,
‘82771 log ho k(ev, €V S C and
|0z, 0z, 10g ho, k(ev,ev < Ch.

First we see from (3.1.1), (4.1.1) and (4 2. 2) that there exists a constant
Co > 0 such that for z € A*2(rg),

(4.2.3) — < hley,ev)(z) < Os.

For k,/ = 1,2 and z = (21, 22) € A*?(rg), one computes directly from (4.2.1)
that

)| = 1 log | 22|
8621 (log | 21| 4 log | 22|)?
1

%121 ([ log |21]|

(4.2.4) |0z (7

for some constant Cs > 0. Similarly, one can verify that there exists a
constant Cy > 0 such that for k, £ = 1,2 and z = (21, 22) € A*2(r),

1

22| | log | 22|’
1 1

|z [log 21| |2el] log |||

(4.2.5) |0:2,m(7)| < Cy - and

‘8%3577(7)‘ < 04 '

Finally by differentiating log h(ey, ey )(z) using the product rule, one sees
from (3.1.1), (4.2.1), (4.2.3) and (4.2.5) that there exists a constant C5 > 0
such that for k, ¢/ = 1,2 and z = (21, 22) € A*2(r),

- 1
(4.2.6) |02, log h(ey,ev)(2)| < C5 - ——,
|2k || log | 2|

{8Zk8510g }Nz(ev,ev)(z)} < Cjs- L . 1 )
|2k || log [kl |zl | log |zl|

and

which, together with (4.2.3), lead to the goodness of h, and this finishes the
proof of Proposition 4.2.1.

To facilitate ensuing discussion, we recall briefly the family of diffeomor-
phisms {®; : M;, — M;}o<jej<|t,| constructed in [Wo2, 5.4T]. Recall from
(4.1) the coordinate neighborhood U; x Uy = {z = (21, 22) | |z1], |z2] < 1} of
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p in M, so that V; := (U; x Uy) N My is defined by the equation z129 = t,
t € A% Let V* := Ug<t/<|t,| V2. Fix a number ¢, such that 0 < [t,| < 1. Let

log 21 , logz _ logt

4.2.7 vi=——— Vi=—" ei=——
(4.2.7) log |t log |1, log [t

)

so that the equation 2129 = t becomes v+’ = 1+¢, and t = |t,| corresponds
to € = 0. The universal cover of each annulus V; = Vj() is given by =
He:={C€C|0<Re( <1+Ree} with deck transformations

(4.2.8) ¢ — ¢+ 2nmi/loglt,|, neZ.

The inclusion V; C (U \{]z1] < |t|}) x (U2\ {|22| < |t|}) induces an inclusion
on their universal covers given by

(4.2.9) (e H.— (v,V)=(¢,1+e—() € H. x H..

Fix a small constant 0 < &, < % and fix a smooth increasing function

2
o(z), 0 <z <1, such that
(4.2.10) ©(0)=0, ¢(1)=1 and supp(¢’) C[61,1— &)

To distinguish the ¢ coordinate on Hy from that on a general H, we denote
it by ¢. Now we define a mapping f : Hy x {e € C ’ Ree > 0} — C given by

(4.2.11) F(C,€) :=C + ep(Re().

It is easy to see that for each €, f(-,€) is a diffecomorphism from Hy to H..
In addition, each f(-,€) descends to a diffeomorphism between V;, and Vi(e)s
which we denote by the same symbol. Recall from the plumbing construction
in (2.1) that each M; \ V; is canonically biholomorphic to My \ (U1 U Us),
so that each M; \ V; is canonically biholomorphic to M;, \ V;,. Finally
we define @, : M;, — M, to be f(-,€¢) on V; and the inverse of the above
canonical biholomorphism on M;, \ V;,. Then one easily sees that each ®; is
a diffeomorphism from My, to My, and {®;}o<|¢|<|¢,| forms a smooth family
of diffeomorphisms.

Throughout the remaining discussion in (4.2), we will fix a coordinate
open cover of the total space of {M;}o|y <, as follows. First we fix coordi-
nate open subsets {(Uq, (o) }aca of M;, covering M;, \ Vi, (1 — d2) for some
d2 > 0 and such that

(4212)  UaOVi, € {(z1t0/21) 2] > £l or [21] < o] =01/2)

for all @ € A, shrinking s if necessary (such choice of dy ensures that
supp(p) N U, = 0 for all & € A, where ¢ is as in (4.2.18) below). Here
(o denotes the coordinate function on Uy, and 4 is as in (4.2.10). Via the
maps z;% Ok, k=1,2, as above, one sees that

(4.2.13) {V7(1 = d2)} U{(Ua x A%([to]), (Cast)) Faea
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forms a coordinate open cover of {M;}o<s<|s,|, Where V*(1 — &) := V* N
(Uik(l—éz) X U;(l—ég)), so that V*(1—52) = U0<\t|<\to|m(l_52) (Cf. (4.2.15)
below). Shrinking ds if necessary, it is easy to see that we may assume that
supp (¢¢) N (Uy x {t}) = 0 for 0 < |t| < [to] and each o € A. By (4.2.7),
we may write 2 = log[to|- = t& on A*. Associated to { @i }ocie|<t,| 18 @
lifting of the vector field 9/0e to a smooth vector field 9/0o on the total
space of {M;}o<<|t,| as follows. First observe that on V* and in terms of

(¢,€), we have (C,€) = (f(C,€),€), and 9/do is given by

(1.2.14) 0 _0,9/0_20,,0

90~ dc " @cac ac T¥ac V-

Also for each a € A, 0/0c is simply given by 0/0¢(= log |t,| - t(0/0t)) on
Ua X A*([t,]). Using (4.2.12), one can check that 9/do forms a smooth global
vector field on the total space of { M; }o<|y|<|s,| Such that . (0/00)(2) = 0/0¢
at any point z € {M;}o<|¢<|t,|, Where T : M — A denotes the projection
map. Notice that there is a slight abuse of notation here, as 9/do is not a
coordinate vector field. Observe also that by (4.2.8), 9/0¢ descends to a non-
vanishing tangent vector field on each My, 0 < [t| < |to|, and {0/00,0/0(}
forms a basis of T,V* at each z € Vx.

Write Uy x Uy = (U \ {0}) x (U2 \ {0}). For 0 < r < 1, we define
Ui (r) x U3 (r) :== {z = (21,22) | 0 < |21, |22| <7} C Uy x Us, and we define

(4.2.15) Vi(r) == Vi 0 (U (r) x Ui (r)) C M,

For a tangent vector v on Uy x Uj, we denote by |v[lyrxy; the norm
of v with respect to the product metric induced by the Poincaré metrics

|dzx ]2/ )22 log | 24| |* on Uf, k = 1,2.

Lemma 4.2.2. Lett,, 8%’ % be as above. Then for any constant 0 < k < 1,
there exist constants C1 = C1(k),Co = Cao(k) > 0 such that

Clw < H;C(z)]

| log = O

UpxUs —

0
U xUg’ H%(z)‘
for any 0 < |t| < [to]| and z € Vi(k).

Proof. Using the chain rule and the correspondence in (4.2.9), one easily
computes that on V* C U x Uy, we have

(4.2.16) <;’%) = (é D (ZZC) = (19090 D (2%) ’
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where the second equality follows from (4.2.14). Solving (4.2.16), we get

o a9 9 ) )
421 _— = = —— = 1 tO - - ,
4217) 50 =gy ~ g~ log bl <Zl 9z 2 aZ2>

9 09 -0 St (02 + (1 — )2l
80 Y ov Pl — O8Il ¥ 1821 ¥y 2822 ’
where the second inequality on each line of (4.2.17) follows from (4.2.7).

Together with the boundedness of ¢ and the fact that ||2,0/02|lus xvz ~
1/|zk| on Uf (k) x U5 (k), one obtains Lemma 4.2.2 immediately.

From (4.2.9), one sees that ((,€) provides coordinate system for V*. Let
¢ be as in (4.2.11). Define
(4.2.18) PG 0) = 9(C) for (Ge) eV,

where ¢ = ((C,€) is defined implicitly by (4.2.11), i.e., ¢ = ¢ 4 ep(Re().
Denote the Lie bracket of two vector fields X,Y by [X,Y], and denote
pe = 0p/O Al denote ¢, == 2, et that G = ¢

G¢ $/0C, ete. so we denote P, := 7o, etc., so that ¢.c = P,

N

__ 0 (0>
Pl = 3—4—(%)@, etc.
Lemma 4.2.3. (i) On V*, we have

9 91_,9 19 97_, 90
[ag’aa BT [85,00} BT

9 97_,9 10 97_. 0 p
[aq’aa BRAY Y [a&’aa}*%aé’ o
o a1 .. .9 . .9
[%,%_ = (%ﬂﬂ%)a?— - (soe+wg)67.-

(i) Let (Uy x A*(|to]), (Cart)), e € A, be as in (4.2.13). We have

{a a}:[a 8}:[3 a}:[a a]:o on Uy x A% ([t,]).

5. 00 ~ 0G50 = 66 501 = log 30
(iii) There exists a constant C' > 0 such that ¢ and its partial derivatives
satisfy

where each subscript x can be (,(, € or €.
(iv) There exists a constant C' > 0 such that

@7***’ S C, on V*,

~
790*) 9

Pk

[l |

where each subscript x can be (,(,0 or &.

) )

Proof. Lemma 4.2.3(i) follows easily from (4.2.14) and the fact that ¢ is
a real-valued function. The commutation relations in Lemma 4.2.3(ii) are
trivial since ({4, o) provide smooth coordinates on U, x A*(|t,]). Lemma
4.2.3(iii) follows easily from the chain rule, the boundedness of ¢ and its
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derivatives and that of g—g and g—g. Finally Lemma 4.2.3(iv) follows easily

from Lemma 4.2.3(iii) and (4.2.14), and this finishes the proof of Lemma
4.2.3.

Let to,1t, Ry, k = 1,2, be as in Lemma 4.2.2, (3.2.1) and (3.2.6) respec-
tively. It is clear from (4.1.10) and the plumbing construction in (2.1) that
shrinking ¢, if necessary, there exists r, > 0 such that

1
(4.2.19) I; CU{(ro) x Us(r,) and By(z,pt) C Vi <2)

for z € Uf(ro) x Us(r0), 0 < [t| < |to|. Let ¢ be as in (4.1.5), and let u; be
as in Proposition 4.1.6 (so that (3.5.1) and (3.5.2) hold). First we strengthen
Proposition 4.1.6(i) in the following:

Proposition 4.2.4. There exists a constant > 0 such that

sup |ut(z)| = O([t|*) ast— 0.
z€My

Proof. Let A1+ and p; be as in Lemma 4.1.4. By Lemma 3.4.1(ii), (3.5.2)
and (4.1.5), there exist constants C,Cy, C3,Cy > 0 such that
Cq

Motanhpy + Cesinhipn ) [dllz

sup |ug(z)| < (
z€ My

< (Cs|10g [t]|* + Cu|1og [t]]) | 6]l

where the last inequality follows from Lemma 4.1.4 and the identities

iig%)tanha:/x = iii%sinhx/x = 1. Together with Proposition 4.1.5 and
the identity xl_i)r& 2%logx = 0 for any a > 0, Proposition 4.2.4 follows im-
mediately.

Denote
(4.2.20) u = {ut frenx.

Then u forms a smooth function on {M;};ea~ (cf. Proof of Theorem 1(i)).
Recall that 9/9( is only defined on U; x U and is tangential to each fiber
Vi C My, while 0/00 is a vector field on the total space of {M;}o<ir<t,|
but not tangential to any M;. With slight abuse of notation, we denote, for
te A*,
0 0 /0
Upe 1= 8—C(u), Ut = %(%(u)) on M;, etc.
Notice that us¢ = é%(ut), while for fixed ¢, a%(ut) does not make sense.

Lemma 4.2.5. (i) There exists a constant p > 0 such that

sup [ugez| = O(*) and  sup fuyez,| = O(H1*) ast— 0,
zeVy ze=V;
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where each subscript + may be ¢,(,0 or &.
(ii) For 0 < [t| < |to| and a € A, we have uy. ¢ =0 on Uy x {t} C M;.

Proof. 'To prove Lemma 4.2.5(i), we first recall that
(4.2.21) Uyl = —GpccPr on Vi

(cf. (3.5.2)). First we recall that supp(¢¢) C I; URy U Ry (cf. e.g., Propo-
sition 3.3.4), and thus by (4.2.21), we also have supp(u;c¢), supp(u¢¢.);
supp(ty,c¢ye) C LU R U Roy. From (4.1.5), (4.2.1), (4.2.7) and (4.2.9), one
sees that on I,

(4.2.22) uy. ¢ = 0cOf log hiey,ey)
= 8405(7? -logh), where
(1 Re¢ 1 1
(G =n <45 1+ Ree 8 & 2> , and
A h 0
h(Z) e 0,1(6‘/76‘/)(217 )
ho2(ev, ev)(0, 22)
Here 1, ho,1, ho2,ev,d are as in (4.2.1). One easily = checks that
Ly ReC
T 851 +Ree) 7" 851+ Ree)?
Since Ree > 0 and | Reg | = log 1] $+20on ] (cf. (3.2.1) and (4.2.7)),

1+Ree log [¢]
it follows that 7j¢, 7 are uniformly bounded on I; for 0 < [t| < |t,| (and

hence so is 7., := (0/00)n by (4.2.14) and Lemma 4.2.3(iv)). Similarly, one
can show that there exists a constant C; > 0 such that for 0 < [¢t| < [t,],

(4224) ’ﬁ,****‘ < Cl on It7

for z = (21, 22) € L.

(4.2.23) A

where each subscript * may be ¢,(,0, & or empty (so that M.5¢] < Ch,
etc.). By Lemma 4.1.1, log h is a real analytic function and is equal to 0 at
z = (z1,22) = (0,0). Thus we may write

(4225) logﬁ =121 + Co20 + €121 + C222 + A(ZQ) (Zl, ZQ)

for some constants ¢y, ¢, where A(Z?) (21, z5) denotes a (convergent) power
series in 21, Z1, 22, z2 such that each term is of degree > 2. Together with

(4.2.17) and the fact that |zx| = O(]tl%_%) on I;, one can easily show that
there exists a constant p; > 0 such that

(4.2.26) up [(10g i)ves ()], sup [(l0g ) (2)| = O(111")
zely

z€ly

as t — 0, where each subscript * can be (, {, o or . Combining (4.2.22),
(4.2.24), (4.2.26) and Lemma 4.2.3(iv), one sees that

(4.2.27) sup gz, ()], sup [z, (2)] = O(1#")
z€ly z€ly
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as t — 0, where each subscript * can be ¢, {, o or &. Similarly, one can
show that there exists po > 0 such that for k =1, 2,
(4.2.28) sup [ucn(D)s Sup g (2)] = O(#12)

ZeRk,t

ZERk’t

as t — 0, where each subscript * can be ¢, ¢, o or . By combining (4.2.27)
and (4.2.28), one obtains Lemma 4.2.5(1) immediately. Lemma 4.2.5(ii)
follows easily from the equality w,. z = —g; ¢ ¢+ on Uy and the fact that
supp(¢¢) N U, = 0 for each o € A, and this finishes the proof of Lemma
4.2.5.

Proposition 4.2.6. There exist constants C' > 0 and m > 1 such that for
any 0 < |t| < |to| and z € V4,

. ¢ 2
(i) l9,.cc(2)l, l95°(2)] < | log ]|, and
(ii) for any constant 0 < Kk < 1, there exists a constant C = C(k) > 0 such
that for all 0 < |t| < |to],
(4.2.29)
|(log g, ¢¢):¢

—| <C" onVi(k).

|08 gy.co)iol, 1108 94.6) el

)

Proof. From (4.2.17), one sees that 9/9¢ is a local non-vanishing holomor-
phic section of the vertical line bundle T near the node p. Then Proposition
4.2.6(1) and the first two inequalities of Proposition 4.2.6(ii) follow from
Wolpert’s result [Wo2, Theorem 5.8] that {whyp+} is good (cf. (2.2)) and
the fact that for log |z1| + log|z2| = log |t| for = z = (21, 22) € V;. Since the
verification of the third and fourth inequalities of Proposition 4.2.6(ii) are
similar, we will only prove the latter. The goodness of {whyp:} also implies
that on U] x Uj, one has

(4.2.30) ’(%loggt,@) (a 3(,)' H ‘

for some constant C1 > 0. By expanding d(0log g, .¢), one has, for 0 < [t <
lto] and 0 < Kk < 1,

(4.2.31)

g 0 o 0
|(log 9 )00 | = ’ (001og g; ¢) (80’ 80> — (9log g, c¢) ([807 60])‘

= g 0
< ‘(%loggt,«) <80, 85> ‘ +
< Cy on Vi(k),

Ui xUs

(e + ¢2¢)(010g gy c2)¢|

where the last inequality follows from (4.2.30), Lemma 4.2.3(iii) and the first
inequality of (4.2.29). This finishes the proof of Proposition 4.2.6.
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Proposition 4.2.7. Let r, be as in (4.2.19). There exists a constant p > 0
such that

sup |upc(2)] = O(|t]") ast — 0.
2€Vi(ro)

Proof. Similar to the proofs of Proposition 3.5.2 and Proposition 4.2.4, it
follows from Lemma 3.4.1(i) and Lemma 4.1.4(ii) that there exist constants
C1,Ca > 0 such that for 0 < [¢| < 3 and z € Vi(r,),

(4.2.32) [ug(2)] < C’l‘log ]tH\// ( )\ut;d?whyp,t
By (z,pt

Cy /
+ | A (u, ) Pwn, Nz
‘ log |t|‘ \/ Bi(z,pt) ¢ '

First we have

(4.2.33)

o 112
/ ’ut;dzwhyp,t :/ Haut”QHa*H Whyp,t
Bt(z,pt) Bi(z,pt) ¢

< C3|log [t]|*™(|du]|3  (by Proposition 4.2.6(i))
= O([t|"*) (by Proposition 4.1.6(i))

as t — 0, where C3, u; > 0 are constants independent of ¢, and m > 1 is as
in Proposition 4.2.6(i). Since By(z, pr) C Vi(3) C V; (cf. (4.2.19)), one has

(4.2.34) / | A (ut0) [ Whyp,e
Bt(Z,pt)

S/ ‘gt&:ut C yzwhyp,t
) 1ees

2

< 04’ log \tH4m - sup ‘“t-g§g|2 (by Proposition 4.2.6(i))
2eVy
= O(|t|"*) ast— 0 (by Lemma 4.2.5),

where 15 > 0 is some constant. Finally by combining (4.2.32), (4.2.33) and
(4.2.34), one obtains Proposition 4.2.7 immediately.

Proposition 4.2.8. There exists a constant p > 0 such that

sup |ut(2)] = O(Jt]*) ast — 0.
z€ My

Proof. Similar to the proof of Proposition 4.2.4, it follows from Lemma
3.4.1(ii) and Lemma 4.1.4 that there exist constants C1,Co > 0 such that
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for 0 < [t| < 1, one has

(4.2.35)

sup |uge(2)| < Cl| log|t|‘ ‘/ Ut;oWhyp,t
My

2
+ Co| log [t]] 7| At (uto) 2.
z€M;y

First by (3.5.2), we have [}, uwhyp¢ = 0 for all t = t(e) # 0, which implies
that

0
(4.2.36) a/ UtWhyp,t = / Ut;oWhyp,t +/ UtLa/aa(whyp,t) =0,
€ J M M

where L9, denotes the Lie derivative with respect to d/0o. For each
0 < [t] < |to], it follows from (4.2.13) that {Vi(1 —d2)} U{(Ua X {t},Ca)}aca
forms an open cover of M;. On Vi(1 — d2), the ((-component of the tensor
Ly (Whyp,t) is given by

(4.2.37)

0 .
‘(La/ao(whyp,t));gf‘ = ‘ 90 (90.c0) + Pcdice ‘
= 19:cc(108 91.¢) , + e el

)

< C39;¢¢ (by Lemma 4.2.3(iii), Proposition 4.2.6)

for some constant C3 > 0. On each U,, one has
(4.2.38)
’ (La/ao (whyp,t)>

0
iCala - ’ De (gt’caéo‘)

0
= ’ ].Og ’t0| . t&(gt’caza)
< Calt] - g6, (cf. [Wo2, Expansion 4.2])

for some constant C, > 0. Thus we have

(4.2.39) ' /M Ut Wy (by (4.2.36))

= ‘/ utLB/Bo'(whyp,t)
M

< 04/ ]ut\ Whyp,t (by (4.2.37), (4.2.38))
My

< Cy-4m(q—1) sup |u(z))
z€M;

=O0(|tj*"') ast— 0 (by Proposition 4.2.4),
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where Cy, 11 > 0 are some constants. On Vi(1 — d2), we have
(4.2.40)
A _ ¢ _

t(Ut;a) 9t Utolc

= =i (o + (Petisc)c) - (by Lemma 4.2.3(1))
= _gtcé(utf{a + @cugee + Peurce + gb@ut;g) (by Lemma 4.2.3(1)).
Using the identity (V(9ut))¢c = wi,cc — (108 9y ¢¢);cu¢, one has, on Vi(1—4d2),
(4.2.41)
9 urcel? < 20V (@u) P + 2195 (05 g1, c¢) curc
< 2|V (duy)|[% + Cs| log |t]|*™ |9ue|®>  (by Proposition 4.2.6)
for some constant Cs > 0 and with m > 1 as in Proposition 4.2.6(i). Also,

(4.2.42)
IV (Buy)|f3

— / <V(aut)a V(aUt)> whyp,t
M

= / <V*V(8ut)7 aut> Whyp,t
M

:/ (0% 00Uy + Ouy, Ouy) whype  (cf. e.g., [S, p. 63, Equation (1.3.4)])
My

:/ (éaut,éaugwhyp,t—i-/ (Ouy, Oug) Whyp t
Mt Mt

= [|Apu||3 + [|Oue]|3.
Combining (4.2.41) and (4.2.42), we have
C 2
(4.2.43) / 195 “wrsce Ponype < 20| A3 + (2 + Cs | log [¢]|*™) [0 |3
Vi(1-62)
2
= 2||¢¢|[3 + (2 + Cs| log [¢||”™) || Oue 13
=O([t|"*) ast—0,

where ps > 0 is some constant, and the last line follows from Proposition
4.1.5 and Proposition 4.1.6(i). For 0 < [t| < |t,] and « € A, one sees from
Lemma 4.2.3(ii) that on U, x {t},

(4.2.44)
At(utw) = _gfacaut;o'gafa = _gtcacaut;(afag =0 (by Lemma 425(11))
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Thus we have
(4.2.45)

1A (o) I3

= / |A (o) Pwnype  (by (4.2.44))
Vi(1-62)

S 4/‘;(1 ) |gtcc|2(|ut7gt§o'|2 + ‘@CutfdQ + |¢§utyCC|2 + |¢§Cut,<|2) whyp,t
t{(1—02
(by (4.2.40))

4
S 05‘ IOg |t|| m/ ( ) |ut;ECU|2whyP7t

t(1—02
+Collal+Cr [ IgfunccPonn
Vi(1—02
+ Cg|log [t|| "™ |0u||3  (by Proposition 4.2.6(i), Lemma 4.2.3(iii))
=O([t|**) ast—0,
where C5, Cg, C7, Cg, o > 0 are some constants, and the last line follows
from Lemma 4.2.5, Proposition 4.1.5, (4.2.43) and Proposition 4.1.6(i). By

combining (4.2.35), (4.2.39) and (4.2.45), one obtains Proposition 4.2.8 im-
mediately.

Similar to Proposition 4.2.7 and Proposition 4.2.8, we have:

Proposition 4.2.9. Let r, be as in (4.2.19). There exists a constant 1 > 0
such that

(4.2.46) sup |ug,¢(2)| = O([t["), and
Ze‘/t(’l"o)
(4.2.47) sup |utes(2)| = O([t|") ast— 0.
ZEMt

Proof. The proofs of (4.2.46) and (4.2.47) are similar to those of Proposition
4.2.7 and Proposition 4.2.8 respectively, and we will leave their verifications
to the reader.

Summarizing our discussion in this section, we have:
Proposition 4.2.10. Let 1, be as in (4.2.19), and let u = {ut}ren~ be as
in (4.2.20). Then there exist constants Cp, Cy, C3 > 0 such that
(i) |u(2)| < Ch,
(i) [0, u(2)| < Colltrlluy o) xvg (o) ad
(iii) |0k, O u(2)| < Cslltallus (ro) x Uz (ro) IE3 U7 (ro) x U3 (r0)
for all z € Uf (o) x U5 (ro) and ty, ta, t3 € TL(U;(r0) X Us(10)).
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Proof. First Proposition 4.2.10(i) follows immediately from Proposition
4.2.4. Recall that at each z € V; with 0 < |t| < |t,|, {9/9(, 0/do} forms
a basis of T, (U x Us). Thus, to prove Proposition 4.2.10(ii) and (iii), it
suffices to consider the case when t1, to, t3 € {0/0¢, 0/0c} . Then Proposi-
tion 4.2.10(ii) follows immediately from Lemma 4.2.2, Proposition 4.2.7 and
Proposition 4.2.8.

To prove Proposition 4.2.10(iii), we need to consider the four expressions

(4.2.48)

D 0N aou (22N ou( 22N dou (2.2

First, from (3.5.5), (3.5.6) and Proposition 4.2.1, one sees that

(4.2.49)
g 0 = . g 0
'88“ <8< 64) ‘(amogh(ev’ev” <8< 64)‘ o) xU3 ()
where ey is as in (4.1.3). As in (4.2.31), one has for z € W(ra),

__ (9 0
(4.2.50) ‘88u<aa’a§>

o 0
- \‘“M ~ou <[aa’ azm

< ‘ut 05‘ + [ el (by Lemma 4.2.3(i))
0
do

where the last inequality follows from Lemma 4.2.2, Lemma 4.?.3(111), Propo-
sition 4.2.7 and Proposition 4.2.9. Since we obviously have |88u(8%, a%)| =

<02‘

Ui (ro)xUj (7o) F(ro)xUs (r )

|88u( 30 5 C) |, the desired estimate for the third expression follows from that
for the second one. Similarly, we have
(4.2.51)

o 0 o 0
\33“(30 95 >\:\‘“Wa“({aava5]>\

< |utos| + |Pe + @@ellugc|  (by Lemma 4.2.3(i))
O 112

< C- ‘ —‘

< 03|15,

where the last inequality follows from Lemma 4.2.2, Lemma 4.2.3(iii), Propo-

sition 4.2.7 and Proposition 4.2.9. Combining (4.2.49), (4.2.50) and (4.2.51),

one obtains Proposition 4.2.10(iii). Thus we have finished the proof of
Proposition 4.2.10.

)
Ui (ro)xUs (7o)

Now we are ready to give the following;:

Proof of Theorem 1(ii). In light of Proposition 4.1.7, it remains to prove
that the restriction (to M\ My) of the almost nice family of flat p-singular
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Hermitian metrics h = {h¢ }ren Iy constructed in the ‘if” part of Propo-
0
sition 4.1.7 is good on M. First we consider the coordinate open neighbor-

hood Ui (r,) x Ua(r,) of the node p, where 7, is as in (4.2.19). Let h be
as in Proposition 4.2.1 and let u be as in (4.2.20). Then from (3.5.5), we
have h = e “h, which implies 9 log h(ey,ey) = —0u + dlog B(ev,ev) and
ddlog h(ey,ey) = —00u + ddlog h(ey,ey) on Ui (r,) x U (r,), where ey is
as in (4.1.3). Then by combining Proposition 4.2.1 and Proposition 4.2.10,
one easily checks that h is good on Uy (r,) x Ua(r,). Similarly

Us (ro)xUj (10)
one can prove the goodness of h on other coordinate open subsets of M
intersecting My. This finishes the proof of Theorem 1(ii).

Remark 4.2.11. We remark that if one attempts to use the above approach
to prove the goodness of h = {h;}iea in the non-separating node case in
Theorem 1(i), then in terms of the above notation and those in Proposi-
tion 4.2.10, one will only obtain estimates of the form |0, log h(ey,ey)| <
C|log [t]]"||t1] Uz (ro)xUs (rs) O (U7 (1r0) X U3(r,)) N M for some constants
C, n > 0, etc., which are slightly weaker than what is desired.

5. Family of admissible Hermitian metrics with respect to
hyperbolic (1,1)-forms.

5.1. Before we prove Theorem 2, we first make some remarks on good
Hermitian metrics on holomorphic line bundles over Riemann surfaces (cf.
(2.2)). Let R be a compact Riemann surface with points z1, z9, ..., 2, € R,
and let Ry := R\ {x1,22,...,Tm}

Remark 5.1.1. (i) For k£ = 1,2, let Ly be a holomorphic line bundle over
Ry and let hi be a smooth Hermitian metric on L, which is good on R.
Then it is easy to check that the Hermitian metric A1 ® hs on L1 ® Lo is
also good on R.

(ii) Let L be a holomorphic line bundle over Ry. Suppose that for some

non-zero integer m, a Hermitian metric A’ on L®™ is good on R. Then the
1

Hermitian metric h on L given by h(s,s) = (h/(s®™,s™))™ is also good

on R.

We shall need the following well-known fact:

Proposition 5.1.2. Let Ry = R\{z1,z2,...,2m} be as above. Suppose
that Ro admits the complete hyperbolic metric dsﬁyp of constant sectional
curvature —1. Then the Hermitian metric dsﬁyp on TRy is good on R,
and the corresponding line bundle extension is TR(log) :== TR ® [z1]7!' ®
@ [xm] "t Here [x1] denotes the divisor line bundle over R associated to
e, 1 <k <m.
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Proof. 1t is well-known that for 1 < k < m, there always exists a coordinate
unit disc A centered at xj such that dsﬁyp is given near zj by

dz ®dz
dsty, = —o—s A*,
e = LR(logl2])2

A local non-vanishing holomorphic section of T'R(log) near xj, is given by
v = z% € I'(A, TR(log)|a), so that dsﬁyp(v,v) = 1/(log|2])? on A*, from
which the goodness of dsﬁyp follows easily.

5.2. Now we have:

Proof of Theorem 2(i). Let £ = {L;};ea be a holomorphic family of line
bundles of degree d over M = {M;};ca with a non-separating node p € M,
and let f : M — M, p1,p2,q be as in Theorem 2(i). Recall from (2.1) the
vertical line bundle 7 = {Ti}ten over M such that T, = T M, for t # 0.
One easily sees that {T}}iea forms a holomorphic family of line bundles of
degree 2 — 2q, and f*Ty = Tﬂ(log) =TM® P17t @ [po] 7t (cf. e.g., [Wo2,
§1]). Next we define the holomorphic line bundle over M given by

(5.2.1) L =T g 222

Then one easily checks that £ = {L}}sea with L} = % ®L£®(2q_2) forms a
holomorphic family of line bundles of degree 0 over {M;};ca. By Theorem
1(i), there exists an almost nice family of flat p-singular Hermitian metrics
h' = {Rhi}iea on {L}}ica such that f*h{ extends across pi,ps2 to a smooth
flat Hermitian metric on f*L{. This implies easily that h’ = {h}};ca forms
an almost nice family of {&nyp ¢ }-admissible p-singular Hermitian metrics
on {L;}tea such that the Hermitian metric f*h{ on f*L6|1T/j\{p17p2} is good

on M. By [Wo2, Theorem 5.8, {dsﬁyp,t}teA forms an almost nice fam-
ily of ({Whyp,t}tea-admissible) p-singular Hermitian metrics on 7, and by

Proposition 5.1.2, the Hermitian alsiyn0 on = f*T0|1T/]\{p1,p2} is good on M.

Together with Remark 2.2.2(i) and Remark 5.1.1(i), it follows from (5.2.1)
that one obtains an almost nice family of {&nyp ¢ }tea-admissible p-singular

Hermitian metrics b’ = {h/}iea on L2202 = {L?(zqﬁ)}teA given by
Rl = h; ® (dsﬁypt)®(*d), t € A, such that the Hermitian metric f*h{
on f*Lg@(Qq*Q)\M\{pl pa} is good on M. Together with Remark 2.2.2(ii)
and Remark 5.1.1(i), one finally obtains the desired almost nice family of
{@hyp,t }tea-admissible p-singular Hermitian metrics h = {hs }rea on { L }ren
1

given by h(s,s) = (hg’(s®(2q_2), 5®(2q—2)))2T2’ and this finishes the proof
of Theorem 2(i).
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5.3. For a smooth compact Riemann surface X of genus > 2, we denote the
hyperbolic Green’s function on X by ghyp(-,+) € C*(X x X\{diagonal}).
It is known that ghyp(2,y) = gnyp(y, x) for all z # y € X. Also for a fixed
point x € X, it is known that in terms of local holomorphic coordinates z
near «, gnhyp(z,-) € C*(X\{z}) satisfies

(5.3.1) Ghyp (2, 2) = —log |z — z|* + a(z)
for some smooth function «(z) near z, and

(5.3.2) \éfagghyp(x, ) = whyp(X) on X\{z}

(see e.g., [Ji] for the definition and above properties of gnyp(-,-)).

Proposition 5.3.1. Let {M;}ien be as in (2.1) with a separating node p €
M. Let X = {x:}tea be a holomorphic section of {M;}ien such that xg €
Mi\{p} or zg € Ma\{p}. Then the family of divisor line bundles [X] =
{[®t]}ten does not admit any almost nice family of {whyp+}ien-admissible
p-singular Hermitian metrics.

Proof. For simplicity, we only consider the case when xy € M;\{p}, and
we suppose that {[z:]}:ca admits an almost nice family of {whyp}rea-
admissible p-singular Hermitian metrics h = {h¢};ea. Fix a (holomorphic)
canonical section sy = {sg, }tea of [X] = {[z¢]}ten (i-e., sy vanishes only
along X with vanishing order equal to one). Then for t € A*  we define the
function given by

(5.3.3) &1(2) = Gnypt(xt, 2) +1og hi(sa,, Sz, )(2)  for z € M\{z;}.

Since both gnyp:(7¢,2) and —logh¢(ss,, Sz, )(2) are of the form given in
(5.3.1) for z near x, it follows that ¢; extends uniquely across z; to a
smooth function on M; which we denote by the same symbol. By (5.3.2), it
is easy to see that
\/2?88(;5,5 = Whyp,t — Whyp,t = 0 on Mt\{l’t}

Thus ¢; is harmonic on M;\{z;} and hence also harmonic on M;, which
implies that ¢;(z) = ¢; for some constant ¢;. Now fix two continuous sections
{yt}ten, {zt}ten of {Mi}ien such that yo € Mi\{p,zo} and 20 € M2\{p}.
Then we have ho(Szg, Szo)(W0) > 0 and ho(Szg, Szo)(20) > 0. Also, since
x0,Y0 € Mi\{p} and zp €= Ms\{p}, it follows from a result of [Ji, Theorem
1.1, part 2| that

(5.3.4) }ii%ghyp’t(a:t,yt) = 400, and %g% Ghyp.t(Tt, 2¢) = —00.
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Together with the continuity of {h:}ica (off p), we have

(5.3.5) ¢t = ¢t(Yt) = hypt(Te, ye) +10g hu(say, 52,) (Y1)
— +00 + 1og ho(Szg» Sao) (0)
=400 as t—0.

On the other hand, we also have

Ct = (bt(zt) = ghyp,t(xb Zt) + log ht(srtv sivt)(zt)
— —00 + log ho(8z, Sz, ) (20)
=—oc0 ast—0,

which contradicts (5.3.5). Therefore, {[z¢]}iea cannot admit any almost
nice family of {whyp,t}te A-admissible p-singular Hermitian metrics, and this
finishes the proof of Proposition 5.3.1.

Now we are ready to give the following:

Proof of Theorem 2(ii). Let £ = {L;}tca be a holomorphic family of line
bundles of degree d over M = {M;};ca with a separating node p € M
as in Theorem 2(i). Also we let f : M — M, M = M; U My, Lo 1, Lo2,
(k)
hyp
complete hyperbolic (1,1)-form on Mi\{px},k = 1,2. Then it is easy to

check that at t =0,

P1,D2,41, 92,4, d1,d2 be as in Theorem 2(ii). Denote by @, ~ the normalized

2k — 1 (k)

(5.3.6) [ Ohypo = 20— 3 v

on Mk\{pk}, k= 1,2.

Recall also that the vertical line bundle 7 = {T}}1en forms a holomorphic
family of line bundles of degree 2 — 2¢ such that T, = T'M; for t # 0 and
[*Tolar, = TMy, @ [pr] ™1, so that deg(f*Tolar,) =1 — 2qx, k=1,2.

To prove the ‘if” part of Theorem 2(ii), we assume that di/(2¢;1 — 1) =
da/(2q2 — 1). Define £’ := T @ £L&24=2) 5o that £ = {L;}ea (with
L, =T L;? (Qq_Q),t € A) forms a holomorphic family of line bundles
of degree 0 over {M;}ica. Moreover, one easily sees that deg(f*Lj|ar,) =
0,k = 1,2. Thus by Theorem 1(ii), there exists a nice family of flat p-
singular Hermitian metrics h' = {hj};ea on {L;}iea such that the f*hg
extends to smooth flat Hermitian metrics on f*Lg|ar, .k = 1,2. Then one
can construct the desired nice family of {&hyp ¢ }tea-admissible p-singular
Hermitian metrics on {L;}tea from {h}}en on {L}}iea and {dSﬁyp,t}teA on

T = {T,}4en as in Theorem 2(i), and this finishes the proof of the ‘if” part.

To prove the ‘only if’ part, we assume that £ = {L;};ca admits an
almost nice family of {wpyp ¢ }tea-admissible p-singular Hermitian metrics.
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We define

(5.3.7) £ — ®2e-1) Q ([X](X)(?th—l) ® D}]®(2Q2—1))®(_d2)
® [X]®(d2(2q1*1)*d1(242*1))

over M, and write £ = {L]};ea, where L} = L"|y;, for t € A. Then
it is easy to check that {L]};ca forms a family of line bundles of de-
gree 0 such that deg(f*L{|m,) = 0, & = 1,2. Thus by Theorem 1(ii),
{L}}tea admits a nice family of flat p-singular Hermitian metrics. To-
gether with the assumption and the ‘if’ part of Theorem 2(ii), it follows
that £, £%%, ([x]2C0-1 g [y]®(2qr1>)®(’d2) all admit almost nice fami-
lies of {Whyp,t}tea-admissible p-singular Hermitian metrics. Hence so does
[x]2(d22a1-1)=d1(22=1)) by (53.7) and Remark 2.2.2(1). If do(2q1 — 1) —
di(2q2 — 1) # 0, then by Remark 2.2.2(ii), [X] itself also admits an al-
most nice family of {whyp¢}tca-admissible p-singular Hermitian metrics,
which contradicts Proposition 5.3.1. Hence we must have d;/(2¢1 — 1) =
da/(2g2 — 1), and we have finished the proof of Theorem 2(ii).

6. Family of admissible Hermitian metrics with respect to
canonical (1,1)-forms.

6.1. Let R be a smooth compact Riemann surface of genus ¢ > 1, and
recall from (2.5) the canonical (1,1)-form wean(R) on R. Let {A;, Bi}i<i<q
be a standard symplectic homology basis of Hi(R,Z) (so that the intersec-
tion pairings satisfy #[AZ,AJ] = 0, #[AZ,B]] = 52']'7 #[BZ,B]] = 0, 1<
i,7 < q). In terms of its associated normalized basis of abelian differen-
tials {w1,...,wy} (so that [, wj = d;j, 1 < 4,5 < ¢) and period matrix
0= (Qij)lgi,qu with Qij = fBj wj, it is well-known that
(6.1.1) wcan(R) = \/2? Z (Im Q)i_jlwi A Wj,
1<4,j<q

where Im {2 denotes the imaginary part of €.

Now let M = { M, }+ca be a plumbing family of compact Riemann surfaces
of genus ¢ > 2 degenerating to a Riemann surface M with a non-separating
node p, and let f : M — M, p1,p2 be as in (2.1). Throughout (6.1), we will
make the identification M\{p1,p2} ~ M\{p} via f as in (2.5).

Proposition 6.1.1. Let M = {M;}ica be as above with a non-separating

nodep € M. Then there exists a family of p-singular (1, 1)-forms {wean t }ten
on {Mi}iea (cf (2.2)) such that Weant = Wean(My) fort € A*, and

-1 —
(6.1.2) Wean,0 = qucan(M Nangpy  on M\{p}.
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Proof. By [F, p. 51] or [Y, p. 135], one can find 2¢ continuous fami-
lies of closed loops {4, Bit}i<i<gtea on {M;}iea such that for t € A*,
{Ai+, Bit}1<i<q form a standard symplectic homology basis of M;, and at
t =0, {40, 10}1<z<q 1 do not meet p and form a standard symplec-

tic homology basis of M (under the identification M \{pl,pg} ~ M\{p});
moreover, the associated period matrices Q(¢) of My, t € A*, are of the form

(6.1.3) () = (QJ @ ) +0(),

a; 2m logt+ co

where = (£2;5)1<i j<q—1 is the associated period matrix of ]\7, and aq, ...,
aq—1, ¢o are constants independent of ¢, so that

. _ ImQ)-' 0

1.4 lim (Tm Q(£)) ! = ( ij .

(6.1.4) tiym ) = (5 0)

Moreover by [F, p. 51] or [Y, p. 135], on {M; }1en, there exist ¢ holomorphic
families of 1-forms {wi4,...,wq}tea such that for t € A%, {wiy,...,wee}
form the normalized basis of abelian differentials associated to
{Ai+, Bitti<i<q, and at t = 0, {wi,...,wg—10} is the restriction to

M\{p} of the normalized basis of abelian differentials associated to
{40, Bio}i<i<g—1 on M. Together with (6.1.1) and (6.1.4), by letting

Wean,t = (\/Z/QQ) Z (Im Q(¢ )) Wit N\ Wyt

1<i,j<q
for all t € A, one obtains Proposition 6.1.1 easily.

For a smooth compact Riemann surface X, we denote the Arakelov
Green’s function on X by gean(-,:) € C°(X x X\{diagonal}). It is known
that gean(Z,y) = gean(y, x) for all z #y € X. Also for a fixed point =z € X,
it is known that gean(z,-) € C°(X\{z}) satisfies an identity analogous to
(5.3.1), and

v —1
2T

(see [We, p. 432] for the definition and above properties of gean(:,-)). Let
M = {M;}ien be as in (2.1). For t € A*, we simply denote the Arakelov
Green’s function on M; by geant. At t = 0, by abuse of notation, we denote

(6.1.5) 99gcan(2,-) = wean(X) on X\{z}

by gean,0 the Arakelov Green’s function on M as well as its restriction to
M\{p}. We recall the following result of Wentworth:

Proposition 6.1.2 ([We, Theorem 7.2]). Let {M;}ien be as in (2.1) with
a non-separating node p € M, and let q(q > 2), p1,p2 be as in (2.1). Let
{zien, {ythen be smooth sections of {M}ien (ie., x,yr € My for all
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t € A) such that xy # yi for each t € A and xo,yo # p. Then
1

m [gcan,t(xta yt) — — 5 log ’t|:|

1. li
(6.1.6) — 1242

5
= Ycan,0 (l‘o, y0) + 67(]2.gcan,0 (plap2)

1

- 27(] |:gcan,0 (anpoz) + gcan,[)(y07pa)} .

a=1,2
Next we have:

Proposition 6.1.3. Let {M;}ica be as in (2.1) with a non-separating node
p € M. Let X = {xt}ten be a holomorphic section of {M;}ren with xo # p.
Then there exists an almost nice family of {wecan t }te-admissible p-singular
Hermitian metrics on the family of divisor line bundles [X] = {[x¢] }1en.

Proof. For t € A*, we define

1
(6.1.7) géan’t(z) ‘= Gean,t(Tt, 2) — 1247 log|t| for z € M\{xz}.
Also, for t = 0, we define
5
(6.1.8) Gean,0(2) =gean,0(0; 2) + =5 gean,0(P1, P2)
) 6q2
1
- 27 [gcan,O(anpa) + gcan,O(Zapa)} s
q a=1,2

for = € M\{p,zo}. Then one easily checks that gi,,, € C°°(M;\{x}) for
t € A" and gg,, o € C(M\{p,z0}), and gg,, , satisfies (6.1.5) for all t € A.
By (6.1.5) and (6.1.7), we have, for t € A*,

Ve! =y

(6.1.9) ?aégéan,t = ?gcan,t(mtv ) = weant  on Mi\{z:}.
Similarly by (6.1.5) and (6.1.8), we have
(6.1.10)
V=1, = 1 1
?aagcan,o = ?88 gcan,O(fEOa ) - ?qgcan,()('apl) - ?qgcan,(]('apﬂ

= uJcan(]\4) - ?qwcan(M) - ?qwcan(M)

= Wean,0 on M\{p,zo} (by (6.1.2)).

Fix a canonical holomorphic section sy of [X] (i.e., sy vanishes only along
X with vanishing order equal to one), which then determines a holomorphic
family of canonical sections {sg, }tea of {[z¢]}ien With sz, = sx|f,) for all
t € A. Then from (6.1.7), (6.1.8), (6.1.9), (6.1.10), one easily sees that
for each t € A, géan’t and s, defines uniquely a smooth wcan -admissible
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Hermitian metric hy on [z;] over M; (over M\{p} when t = 0) satisfying
hi (S5 82,)(2) = exXP(—Gran +(2)) for z € My \ {z} (for z € M\{p,zo} when
t = 0). Moreover, by Proposition 6.1.2, {g¢a}tea forms a continuous
family of smooth functions on {M;\{z:}}+ea\{p}, and this implies easily
that {h¢}ica also form an almost nice family of {weant}rea-admissible p-
singular Hermitian metrics. Thus we have finished the proof of Proposition
6.1.3.

Now we are ready to give the following;:

Proof of Theorem 3(i). Let £ = {L;}tea be a holomorphic family of line
bundles of degree d over M = {M,;};ca with a non-separating node p € M
as in Theorem 3(i). From the plumbing construction in (2.1), it is easy to
see that one can fix a holomorphic section X = {z;}tea of {M;}en such
that zo # p. Define the holomorphic line bundle £’ := £ ® [X]®(=9) over
M. Then £ = {L,}ien with L} = L; ® [2]®% forms a holomorphic
family of line bundles of degree 0 over {M;}ica. Thus by Theorem 1(i),
there exists an almost nice family of flat (and thus {wean  }tea-admissible)
p-singular Hermitian metrics b’ = {h} }tea on {L}}ica. Also by Proposition
6.1.3, [X] = {[z¢]}+ca admits an almost nice family of {wcan t }tcA-admissible
p-singular Hermitian metrics h” = {h]};ea. Then by Remark 2.2.2(i), h :=
W oh"® = {h,@h!/®*}1en is an almost nice family of {wean ¢ ea-admissible
p-singular Hermitian metrics on {L;}tea = {L} ® [24]%?}ten, and we have
finished the proof of Theorem 3(i).

6.2. Let M = {M;}ea be a plumbing family of compact Riemann surfaces
of genus ¢ > 2 degenerating to a stable singular Riemann surface M with a
separating node p as in (2.1). Also let f: M = My U Mas, p1,p2,q1,q2 be as
n (2.1). We will also make the identification M\{p} ~ M;\{p1} U M\{p2}
via f asin (2.5).

Proposition 6.2.1. Let M = {M;}ien be as above with a separating node
p € M. Then there exists a family of p-singular (1,1)-forms {weant}tea on
{Mi}ien such that weant = wean(My) for t € A* and

qk
(6.2.1) Wean,0 = ;wCan(Mk’)‘Mk\{pk} on Mi\{px}, k=1,2.

Proof. In the separating node case, it is easy to find 2¢ continuous families
of closed loops {4+, Bit}1<i<gtea such that for t € A*, {A;;, Bit}i<i<q
form a standard symplectic basis of My, and at ¢ = 0, {40, Bio}ti<i<q
(resp. {Ai0,Bio}tq+1<i<q) form a standard symplectic homology basis of
M; (resp. Mys). Then the associated period matrices Q(t) of My, t € A¥,
satisfy

. (0
(6.2.2) E%Q(t)_< . Q2>,
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where 7,9 are the associated period matrices of My, My respectively (cf.

g., [We, §3]). Moreover by [F, p. 38] or [Y, p. 129], there exist ¢ holo-
morphic families of 1-forms {wi4,...,wgt}tea on {M;}iea such that for
t € A%, {wiy,...,wgs} form the associated normalized basis of abelian dif-
ferentials on M, and at t = 0, {w1,0,...,wq 0} (resp. {wWg+1,0,---,wg0}) On
Mi\{p1} (resp. M>\{p2}) are given by the restriction of the associated nor-
malized basis of abelian differentials on M; (resp. Ms), and {wi,...,wq 0}
(resp. {wg,41,0,---,wWq0}) vanish identically on Ms\{p2} (resp. Mi\{p1}).
Together with (6.1.1) and (6.2.2), one sees that Proposition 6. 2 1 can be
obtained easily by letting weant = (v/—1/2q) D 1< j<g(Im Q2 )) Wit AN Wiy
for all t € A.

At t = 0, we simply denote gg;r)m = Gean(M}) as well as its restriction to

Mi\{pr}, k = 1,2 (recalling that M\{p} ~ Mi\{p1} U M2\{p2}). We will
need the following result of Wentworth:

Proposition 6.2.2 ([We, Theorem 6.10]). Let {M;}ien be as in (2.1) with
a separating node p € M. Let {xi}ien, {yt}ten be continuous sections of

{M;}ien such that xy # y for allt € A. Then the following statements
hold:

(i) If xo,yo € M1\{p1}, then

43 1) @2 (1)
%E% gcamt(ﬂ?ta yt) - q7 log |t|:| = Ycan O($0a yO) - Egcamo(l‘o,pl)

q2 (1
;ggail o(yo, p1).

Also similar statement holds for the case when xg,yo € Ma\{p2}.
(i) If xo € Mi\{p1} and yo € Ma\{p2}, then

192 (1) (2)

}lm gcant(xtuyt) + T lOg ’t’ ;gcan 0( 07]71) + Egcan 0(?/0)172)

Next we have:

Proposition 6.2.3. Let {M;}ica be as in (2.1) with a separating node p €
M. Let X = {zi}ien, Y = {yt}tea be two holomorphic sections of {M;}ien
such that xo € Mi\{p1} and yo € Ma\{p2}. Then the holomorphic family
of divisor line bundles [X]?1 @ [Y]®2 = {[24%? @ [1]®®}ien admits an
almost nice family of {wean t }ten-admissible p-singular Hermitian metrics.

Proof. First we fix two (holomorphic) canonical sections sy = {sz, }tea of
[X] = {[z¢] }ren and sy = {sy, }tea of [ V] = {[yt] }tea. For t € A*, we define

(623) géan,t(z) = q19(:an,t(xta Z) + qZQCan,t(yta Z) for z € Mt\{xta yt}-
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At t =0, we define

(6.2.4)
1 1
Q195 0(20, 2) — 22600 (o, p1)
2 (2 .
/ L +%g£azl,0(y07p2)a if z S Ml\{pla xO}v
gcan,O(’z) T (2) agq (2)
QQgcan,O(yO’ Z) - Tgcan,()(y()vp?)
2 (1 .
+4 g8 o0, p1), if 2 € Mo\ {ps, 30}
Then for ¢ € A*, it follows easily from (6.1.5) and (6.2.3) that
J—1 _
(6.2.5) ?Oﬁgéanvt = (q1 + @2)Weant = qWeangt on Mi\{z¢, ys}.

By (6.1.5) and (6.2.4), we also have, at ¢t = 0,

(6 2 6) \/jagg/ _ QIwcan(Ml) on M]_\{ply"ljo}’
2 can0 QQWCaH(MQ) on MQ\{])Q, y0}7

™
= qWean,0 on M\{p,zo,yo} (by (6.2.1)).

Also, for all t € A, it is clear that gl,,,(z) = qilog|z|* + O(1) in terms
of holomorphic coordinates z near x; with 2(x;) = 0. Similarly, gean: =
g2 log|z|> + O(1) for z near z; with z(y;) = 0. Together with (6.2.5),
(6.2.6), one easily sees that for each t € A, gg,,, and 55 @ 529 define
uniquely a weapn t-admissible Hermitian metric h; on [x]%% ® [y;]|®% over
M; (over M\{p} when t = 0) satisfying h(s5 ® sp22, sel' @ sp2)(z) =
exp(—géan’t(z)) for z € My\{z¢,y¢} (for z € M\{p, zo,yo} when ¢t = 0). Now
for any continuous section {z;}ten of {M;}iea such that zo € Mi\{p1,x0},
we have

%EI)(I) g(/:an,t (Zt)
= %E)I(I) [qlgcan,t(xtv Zt) + q2.gcan,t(yta Zt)] (by (623))
2
: q q192
= %E)% [Ch <gcan,t(xta Zt) - ;% log |t|> + g2 (gcamt(yt’ Zt) + ? IOg |t|>:|
1 q2 (1 q2 (1
=q (gﬁal,o(rco, 20) = ;géafl,o(xo,pl) - qgéafl,omm))

q1 (1 q2 (2 i
+ o <qgt(:a21,0(207p1) + qgéalvo(yo,p2)> (by Proposition 6.2.2)

= g::an,()(zo) (by (624))
Similarly, one can check that lim; .o glan +(2t) = Gean,0(20) for any continuous

section {z;}iea of {M;}iea such that zg € Ma\{p2,y0}. Hence {geans}ien
form a continuous family of smooth functions on {M\{z¢, v} ea\{p},
and this implies easily that {h;}tca also form an almost nice family of
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{wecan t Ftea-admissible p-singular Hermitian metrics. Thus we have finished
the proof of Proposition 6.2.3.

Similar to Proposition 5.3.1, we have:

Proposition 6.2.4. Let {M;}ica be as in (2.1) with a separating node p €
M. Let X = {x:}tea be a holomorphic section of {M;}ien such that xg €
Mi\{p1} or xo € Ma\{p2}. Then the family of divisor line bundles [X] =
{[zt]}tea does not admit any almost nice family of {weant}ren-admissible
p-singular Hermitian metrics.

Proof. From Proposition 6.2.2, we have
(6.2.7) %E% Gean,t(Te, yr) = —o0, and %g% Gean,t(Tt, 2t) = +00

for any continuous sections {x}ren, {yt}ten and {zi}ien of {Mi}iea such
that zo # yo € Mi\{p1} and zp € Ma\{p2}. Then Proposition 6.2.4 can be
proved by using the arguments in the proof of Proposition 5.3.1 with geant
replacing ghyp,: and with (6.2.7) replacing (5.3.4).

Finally we are ready to give the following:

Proof of Theorem 3(ii). Let £ = {L;}tea be a holomorphic family of line
bundles of degree d over {M;}ica with a separating node p € M as in
Theorem 3(ii). Also let f : M = My U My — M, p1,p2,q1,q2,d1,d2 be
as in Theorem 3(ii). We fix two holomorphic sections X = {z;}tca and

Y = {yt}ien of {Mi}ien such that zo € Mi\{p1} and yo € Mao\{p2}. Also
we fix two (holomorphic) canonical sections sy = {sz, }ten, Sy = {5y, }ten

of [X] = {[z¢]}tea and [V] = {[yt] }1ea respectively.

To prove the ‘if’ part, we assume that

d d d
(6.2.8) q—i - q—j - since dy +da = d, q1 + q2 = q.
Then we define
(6.2.9) L= L% ([X]%" @ D)]®q2)®(7d) over M,

and write £ = {L}}iea, where Ly = L/|j, for t € A. Using (6.2.8), it
is easy to check that {L}};ca forms a holomorphic family of line bundles
of degree 0 such that deg(f*L{|ar,) = gdp — dgrx = 0,k = 1,2. Then by
Theorem 1(ii), {L}}1ea admits a nice family of flat (and thus {weant}rea-
admissible) p-singular Hermitian metrics. By Proposition 6.2.3 and Remark
2.2.2(i), ([X]®" @ D)]®q2)®d also admits an almost nice family of {wean ¢ }tea-
admissible p-singular Hermitian metrics, and hence so does £%? by Remark
2.2.2(i) and (6.2.9). Then so does L itself by Remark 2.2.2(ii), and this
finishes the proof of the ‘if’ part.
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Finally the ‘only if’ part of Theorem 3(ii) can be proved by using the
arguments in the proof of Theorem 2(ii) with the line bundle in (5.3.7)
replaced by

L= L% @ ([X]°9 @ [y]®q2)®(*d2) ® [X]®(2a—die)

and with Proposition 5.3.1 replaced by Proposition 6.2.4. This finishes the
proof of Theorem 3(ii).

[Wo2]
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