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Stability

Setting

@ X/Fq: irreducible, reduced, regular proj curve of genus g
@ F: function field, A: adelic ring
@ M ,: moduli stack of rank n bdles of on X
GL(n, F)\GL(n,A)/K
d): moduli stack of s.stable bdles of rank n, degree d
= > Vemy o(d) ##t() independent of d
= ZVEMSS ) E Aut( vy, dependent of d
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Cx( ): complete Artin zeta function of X
fn=n+nm+---+m, N:=m+---+n,N:=n—-N,
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Mumford’s Intersection Stability

Stability
V/X: vector bundle
V: semi-stable &

deg(V4)
rank( V1)

deg(V)
rank( V)’

< vV <V

Various Spaces
@ Moduli spaces do not work well
@ Moduli stacks work

@ Best one: Adelic space
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Tamagawa Number, Parabolic Reduction

Theorem (Tamagawa Number, Parabolic Reduction)

o (Weil) My n(d) = Cx(1)Cx(2) - - Cx ().

@ (Harder-Narasimhan, Desale-Ramanan and Zagier)

msx‘ (O) n 1 K
X,n k—1
——— — =1 | | mx,n (0
q”(”2*1)(g71) Z( ) Z ]/.(:711(qf7i+f7/+1 o 1) g X’n/( )

k=1 ny+---+ng=n
ny>0,---,n>0

@ (Weng-Zagier: in preparation)

V’NN K m;,nj((sj)

n-my n(d Z Z Z H NN/ _ H nj(nj—1)

k= Mt Emen 5eq0,1,n—1} i1 q- e e ml Canl)
ny>0,---,n >0 i=1,2,

AAAAA

Here v; € [0,1) N Q satisfying v; = 2 — Si41 (mod 1)

nj Niq
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Split Reductive Groups: Number Fields

Setting

@ F = Q: field of rational, A: ring of adeles
G/ F: split reductive group
B/F: Borel, P/F: standard parabolic subgroup
P = M - N: Levi decomposition w/ M Levi factor
M ~ 1%, M; simple decomposition w/ M;’s reductive
ME g: moduli space of G-lattices
~ G(F)\G(A)/K
° Mﬁ_ﬁvG: (compact) subspace of s.stable G-lattices

@ vFgi= Vol(/\/l/:vg), VEGg = Vol( 7_§G>
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Parabolic Reduction, Stability & the Volumes

Theorem? (Weng)
@ Parabolic Reduction d cp € Qs0, ep € Q<o

VF,.G = Z epVE p,
I/F G~— Z sgn - Cp - VF p.

Here P=M-N, Mw]‘[ij
and VEp = Hj VE.M;» VEp = Hj V?—'S,Mj

e Cp, but not yet ep: explicit expressions in terms of root system
o Different Systems of basis: v . < vFg
¢ Non-Abelian versus Abelian: Group structures involved at cp
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Volumes of Fundamental Domains

@ (Langlands)
vr,Gg = Cg - | [ Cr(1)~9).
i>1
Here cg = Vol (3 > A @n : @, € [0,1]
acA

ni(G) = #{a > 0,{(p,a¥) =i} — #{a > 0,{p,a") =i— 1}
with  A:simpleroots, p=3> . 0

Done by taking residues of Eisenstein series

Non-Abelian versus Abelian Invariants:
Group Structures involved !!!
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Example: SL,(Z), Stable Lattices

@ A C R™: rank n lattice.
@ A semi-stable if

rank(A
) ™ . YA CA.

)rank(/\1)

(Vol Ay > (Vol A

@ Mg, »[1]: moduli space of rank n lattices of vol 1
~ SL(n,7Z)\SL(n,R)/SO(n)

® Mg n[1]: (compact) subspace of s.stable lattices

® vgui=Vol(Maalll), v, = Vol (Ms,[1])

@ (y(s): complete Riemann zeta function
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Volume of Fund Domain, Parabolic Reduction

@ (Siegel)
1 ~ ~
= von = G(1)6(@) - Ga(n)
@ (Weng)
n k
5n: _1)kt 1 . -
Bo= 20T 2 T e

ny>0,--- ,n >0

@ (Kontsevich-Soibelman)

1 : 1 s
— - Vo,n = : VQ,n; -
n " Z Z m(m 4 ng)---(m -+ nk) - ng H e

k=1 Nq+--+ng=n j=1
ny>0,---,n>0
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Non-Abelian Zeta Function

Definition (Weng)
Pure Non-Abelian Zeta Function of X /F:

R(X,V) _ 4

= —s\x(X,V
xn(8) = ) q#Aut(V) (@)X dp, R(s) > 1.
VeMs; (nZ)

a, B-invariants

Bxald):= ) ZAu(V) mx »(d),

0= 2 TRav)

VeMs ,(d)
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Zeta Facts

lett=qg 5, T=1t",Q=q",

(9—1)-1 L
EX,n(S) = mZ:o aX,n(mn)‘ (Tm*(gJ) + (Q1T>(g 1) )
+axol0la =)+ 540 = Gy

@ (Initial State) EXJ (s) = Ex(s): complete Artin zeta
@ (Rationality) ZXJ,(S) is rational in T

@ (Functional Eq) szn(1 —8) = van(s)

@ (Residue) Resszfxﬂn(s) = Bx.n(0)
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Number Fields versus Function Fields

Parabolic Reduction & Periods

Parabolic Reduction: (i) Number Fields (Weng)

n

s =1l 1 :
o= (0T D ey e
=1l

k=1 ny+---+n=n
ny>0,--- ,ng>0

(i) Function Fields/Fq (Zagier)

n k—1

SS (71)

Mk (0) = o -1 me.n (0).
ny>0,---,n>0

Periods of G: Number Fields (Weng)

Z <H Wj\—pJW) . H Clyi\;va 2 ))

weW O‘EA a>0,wa<0 S
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Period of G/X

@ G/F: split reductive group, B/F: Borel

@ P/F: maximal standard parabolic subgroup

@ A: Simple roots, W: Weyl group , p: Weyl vector
@ ap € A: simple for P

@ {B1,...,Bp} = A\{ap}

Definition (Weng)
Period of G/F:

wG — 1 . EX(<>‘7 av>)
X (A) : V;V (HaeAU — g—(WA—p,a¥)) Q>01;V[a<o Zx(()\7av> + 1))
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Period of (G, P)/F

Definition (Weng)
Period of (G, P)/F:

wy'"(s)

G
= ReS(\— .67 )=0, (A—p,8) p)=0, ., (A—p,Bi(y _; p)=0 (wx(k)>

= ReS<Aip7ﬁ1v7P>:07 <)‘7p»ﬁg/,P>:O» i) <Aip7ﬁ‘v6‘,17p>:0

1 _ x((Aa”))
weZW (HaeA(1 = qi=eel) a>0,wa<0 (A av) + 1)>

e Various symmetries play key roles here.
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Special Uniformity of Zetas

Definition (Weng)
Zeta function Ef/P for (G, P)/F:

E)C(;/P(s) := Norm (w)cg\/P(s))

Zeta Facts (Weng)
@ Functional Equation
~G/P ~G/P
&F(1-9)=5"(s)

@ Special Uniformity of Zetas

ZX,H(S) : Z)\?Ln/Pn—1,1 (S)
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Example of Special Uniformity

(SLg, P2 )

/\

 x(2)Cx(3s) | x(2)Cx(3s - 2)

3 2,1 )
C)%IFQP (s) = 1— q3—33 1— q3$
. (x(1)¢x(3s — 1)
(1—-g3)(1 — g33)

Cx(1)¢x(3s — 2) . (x(1)¢x(3s)

TP —g= )  (T-@)(1 - @)

This is essentially rank 3 zeta function ZX’3(S).
Non-Abelian versus Abelian Invariants:
Group Structures Involved
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Consequence of Special Uniformity

Alpha and Beta Invariants

« and g invariants: completely determined by
(i) the Lie structure; and
(i) Special values of Artin zetas

Say, for rank 2:

Oéxig(zm) m 2(m—1i) . 1 =
——— — « - — q«
ax 2(0) ; q x,1(1 99 Zo x,1(

Intrinsic Relation among different Brill-Noether Loci
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The Riemann Hypothesis

The Riemann Hypothesis

ZX,n(S) =0 = R(s) =

Non-Abelian Zetas for elliptic curves:

E/Fq: elliptic curve

Q-1NT
1-T){d-Qn

ZE,n(S) = ag n(0) + Be,n(0)

Main Theorem (Hasse: n = 1, Weng-Zagier: n > 2)

CEn(s)=0 = R(s) =



The Riemann Hypothesis
Our Proof
Higher Sato-Tate

Zeros of Zetas for Elliptic Curves

Counting Miracle

Theorem A (Counting Miracle: Weng-Zagier)

th(E,V) —1 1 : ;
agnt1(0) = Z W = Z ZAutV B n(

vemy . ,(0) veMmy ,(0)

Corollary

E/F4: elliptic curve

Q-1)T1

() = Ben-1(0) + Benl®) =Ty — a7y
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Beta Invariants

Parabolic Reduction: Zagier’s formula

n
(_1)/(71
BE,H(O) - E E : k—1 ni—+-Niy 4 HHCE
k=1 ny+-+nk=n j:‘] (qj FAl = ] 1i=1
ny >0, ,n>0

Theorem B (Multiplicative Structure of Beta: Weng-Zagier)

Ber,(x Zﬂan 2 T]ce(s+n)

It is a wonderful world!!!
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Proof of the RH

Proof of the RH

(i) (Recursion)

g ' —q

n+ n+1 _ a
— Lﬁanq(o) - Wﬂanfz(o)-

BE,H(O) _ qn — 1
(i) (The Estimation)

VT -1 _ fen(0) _ T+
Va1 = agn(0)

(iii) (The Riemann Hypothesis)

CEn(s)=0 = R(s) = =
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Our Proof
Higher Sato-Tate
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Special Counting Miracle

Atiyah Bundles

E/F4: elliptic curve

Inductively define (indecomposible) Atiyah Bundle /I,/E:
I =Og

In, = the only non-trivial extension of /,_1 by Og:

00— Ilh—Ilh-1—0

since

Ext'(In, Og) = H'(E, IY) =~ HO(E, IY)V = H(E, I) ~ Ty
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Automorphisms

Automorphisms

Consider Atiyah bundles 69 /69 T 0<n<hp<---<r)

@ (Atiyah) hO(E, S ) Z/ 1 m;
@ (Weng-Zagier)

#Aut( S} /ﬁ?mf) = @? 21<i<j<s iMimy
S
x [ (@™ -

j=1

(g™ —a) -+ (g™ — g™ ")g" i,
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Special Counting Miracle

Theorem A’ (Counting Miracle: Weng-Zagier)
(i) (Special Counting Miracle: Combinatorial Aspect)

h(E,V) _ 4
At q
QE7n+1(0) = E g =1
V:Atiyah Bdl, rank=n-1 #Aut(V)

qn(n2—1)
(@"—=1)(g""=1)---(g—1)

1 t
= Z #Tt(\/) = Béyn(o)

V:Atiyah Bdl, rank=n

(i) (Geometric Aspect) Special CM < General CM




The Riemann Hypothesis
Our Proof
Higher Sato-Tate

Zeros of Zetas for Elliptic Curves

General Counting Miracle

Geometric Aspect

Very difficulty to classify semi-stable vector bundles of degree 0
defined over [Fy:

Rationality Problem — intrinsic arithmetic information such as
number of m-torsion points over IF’C‘, should be used.

But for V appeared in the « invariant, hi°(E, V) # 0 implies that
there is at least one factor of Atiyah bundles;

Moreover, this factor admits no non-trivial morphisms to other
factors

This gives the deduction without details calculation in general
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Zeros of Zetas for Elliptic Curves i (RIS (AREiEss
Our Proof

Higher Sato-Tate

Special Counting Miracle

Combinatorial Aspect: Generating Functions
Wehave  AM(x) = BA(x) = 10, g(n)<g)"

| q"
where M = g @ g @ ) M

AAt Z Z e(m) - (ms) X1+ TsMs
gN(r,m) ’
o<n<n< <rs
m1 >0, m>>0, ..., ms>0

BM(x) : Z S (germ S s(ms)

qN(r,m)
o<n<n< <rs
m1 >0, m>>0, ..., ms>0

s x1Mi++Tsms
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Sugahara’s Result

Theorem (Sugahara)

X /Fq: irreducible, reduced, regular projective curve of genus g:

ax,n41(0) = ¢ - x n(0)
Totally different approach:

motivated by the work of Reineke on Quives
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Sato-Tate

@ p:prime, N =#X(Fp),a=p+1-N

E ._ pti-N E
® cosfy, = S5 0<Or,<m
BE,n(0)
E —(Pn—1)‘ﬁ+(Pn+1)
@ cosb,, = ENGA

Sato-Tate Conjecture

For non CM elliptic curves E,and 0 < a < 8 < 7,

- prime, p< X, a < fF < B
jim 7P prime, pS X, a < 03, < B :1/ sin2 ¢ d.
e #{p : prime, p < x} T Jo
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Higher Sato-Tate

Higher Sato-Tate (Weng-Zagier?)
For non CM elliptic curves E,and 0 < a < 8 <,
p 2

#o: 2% (2 -0) 3[BT (5 08,) 1 (vB

n—1

s

2

_ prime,
PEX,

1
7)

#{p : prime, p < x}

— 1 (Psin?0ds,  asx — o

Sato-Tate = Higher Sato-Tate
@ (Weng-Zagier) As g — oo,

[(n=1)(g—a+1)|-2+3(a-2)/q+- -

I7

SE.n(O)
Bepo_1(0

= 7|4t

+0(
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Local Zetas for nodal curves

Local zeta for nodal curve/Fq

X /Fq: Singular but nodal curve
= Semi-stable bundles make sense =
Zetas for Nodal Curves:

ZX,n(S) = ax,n(0) - (- qpfsl)?((? C;”“S))

Px n(t"): deg < 2g polynomial in T = t" with constant term 1
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Global Zetas

Global Zeta: a definition

X/Q: regular curve

X/Z: a semi-stable model

Xp: semi-stable reductionatp =
New Global Zetas of X/Z:

Gen(s) = (Fr(ns)Te(n(s = 1)) - T] Pla(p™™)
P

Analytic and Arithmetic Properties
Central Questions

@ How can we meromorphic extend them?
@ What kinds of arithmetic they offer?
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Behrend’s Lefschetz Trace Formula
Beta Invariants for G-Bundles

. END
Weil Conjecture for Stacks: Semi-stable G-Bundles

Trace Formula for Algebraic Stacks

Behrend’s Conjecture

X: smooth algebraic F4-stack defined over Fq

®4: arithmetic Frobenius

H*(Xsm, Q): smooth cohomology of X

#X(Fq) = L¢erx) Fmmre = # Of Fg-rational points of X

X Tr by | H (Xm, Q) = #X(Fq)

¢ Analogue of Weil Conjecture ?!
e What are the reasons behind the RH for our pure non-abelian
zeta functions ?!
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Behrend'’s Lefschetz Trace Formula
Beta Invariants for G-Bundles
END

Weil Conjecture for Stacks: Semi-stable G-Bundles

B-Invariants for G-Bundles

® (G, Py, My; P,M,N;ap = ag ®ag, A= [)\]g + Mg ap;
®L D Ap;ipp = %Zaeq,; a; o € Ap, oY coroot ass. to a;
{w} dual basis to {a" : a € Ap})

@ P: collection of standard parabolic subgroups

@ Beta invariant of the moduli stack M} ;(Ag) of semi-stable
G-bundles on X with slope Ag

Bx,c(Aa) == #Mx g(\a)

® B4(\g): betainvariant of the moduli stack of all
G-bundles on X with slope Ag: Independent on Ag
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Weil Conjecture for Stacks: Semi-stable G-Bundles A

B-Invariants for G-Bundles

Conjectural Formula for s-Invariants of G-Bundles (Weng)

Bx.c(Aa) dim a§
qdmN-(g—1) > (—1)"m%
PC G: standard parabolic

< 2

AEAS, [N g=)g @€AP

g2 (epe’) <w§

total
q2 pp,aV) _ HS

where: < x >=1+[x] —x, A§:=X.(Ap )/Z GAGZQ and
M ~ T[; M;: induced from the Lie level simple decomposmon for
the Levi factor M.

Motivated also by Atiyah-Bott and Laumon-Rapoport

Key: normalization to make it independent of the environment !!!
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Behrend'’s Lefschetz Trace Formula
Beta Invariants for G-Bundles
END

Weil Conjecture for Stacks: Semi-stable G-Bundles

Thank You

Thank You

Tokyo, 30, 01, 2013
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