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Introduction (1)

e G :=PSL(2,R) =SL(2,R)/{£I}
o H:={z€C|Imz >0}, Gactson H by g.z := 2L c H
o I' C G : co-compact torsion-free discrete subgroup

= X :=T'\G/K is a compact Riemann surface of genus g > 2

o Let v € I' is hyperbolic < |tr(y)| > 2.

= the centralizer of v in T' is infinite cyclic and +y is conjugate in G to
N(y)'/? 0 -
~ i( _ ) with V > 1.
Y 0 N(v) 1/2 (")

e Prim(T") := the set of I'-conjugacy classes of the primitive hyperbolic elements
in T. (i.e, not a power of other hyperbolic elements)
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Introduction (2)

The Selberg zeta function for I' (or X) is defined by

Zr(s) := H H( (’H‘S)) for Re(s) > 1

pEPrim(T) k=0

Theorem (Selberg 1956)

Q Zr(s) defined for Re(s) > 1 extends meromorphically over C (actually entire)

@ Zr(s) has zeros at s = —k (k € N) of order (2g — 2)(2k + 1),
at s =0 of order 2g — 1 and at s =1 of order 1  : trivial zeros

© Zr(s) has zeros at s = § +ir,  : nontrivial zeros

Here, {\, = 1/4 412} is the eigenvalues of the Laplacian Ag = —yQ(a‘?—;2 + 25
acting on L2(I'\H).
e The theorem is proved by using the Selberg trace formula.
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Introduction (3)

Theorem (Functional equation)

s 1

Zr(1—s) = Zr(s)exp ( —4(g - 1)77/0 r tan(nr) dr)

by Selberg 1956. We have also

2g—2

Zp(1 - s8) = Zp(s) = Zr(s)(T2(s)l2(s + 1))

o I'y(2) := exp(¢3(0, 2)) with Ca(s,2) =37, 5o(n+m+2)7°
: the double T" function B

Problem

e Generalize Selberg's Theorem for I' C PSL(2,R) = " Theorem” for
I' Cc PSL(2,R)2.

e Construct Selberg type zeta functions for I' C PSL(2,R)?.

e Study analytic properties of the above Selberg type zeta functions for
I C PSL(2,R)%.

Yasuro GON (Kyushu Univ.) Selberg type zeta functions April 23, 2011 5/32



Selberg type zeta functions for the
Hilbert modular group of a real
quadratic field

Yasuro GON (Kyushu Univ.)



e K/Q : a real quadratic field with class number one
@ o : the generator of Gal(K/Q)
e d :=o0(a)forae K
@ Ok : the ring of integers of K

o'y’::(ccl,l Z/,)forfy:<z Z)EPSL(?,OK)

o ' :={(7,7) |~ € PSL(2,0k)} : the Hilbert modular group

e I'x C PSL(2,R)? : an irreducible discrete subgroup

@ 'y acts on H? (product of two upper half planes) by linear fractional
transformation

e I'x have only one cusp (00, 00) (I k-inequivalent parabolic fixed point)
@ Xy :=I'x\H? : the Hilbert modular surface

e Let (7,7') € 'k be hyperbolic-elliptic, i.e, [tr(y)| > 2 and |tr(y/)] < 2
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= the centralizer of hyperbolic-elliptic (v,7’) in I'k is infinite cyclic.
e Fix m > 4 : even integer

Definition (Selberg type zeta function for ')

o ) Lk
Zk(s;m) := H H (1 — eim=2)w N(p)_(k+s)> for Re(s) >0
(p,p’) k=0

Here, (p,p’) run through the set of primitive hyperbolic-elliptic T'k-conjugacy
classes of I'gc, and (p, p’) is conjugate in PSL(2,R)? to

1/2 cosw —sinw
(p,p") ~ (( N(%) N(p())—l/2 )’ ( sinw  cosw ))

e N(p)>1,we (0,7) and w ¢ Q.

e x € N such that k (x(—1) € N, (Cx(s) :Dedekind zeta function of K)
and m/j_l eEN(1<j<N){vi,va,...,un}: the orders of primitive elliptic
elements in I'x

Problem
@ Analytic properties of Zx(s;m)

@ Functional equation of Zk (s;m)
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Analytic properties of Zx(s;m)

For an even integer m > 4, Zg(s;m) a priori defined for Re(s) > 0 has a
meromorphic extension over the complex plane C.

Theorem 2

| A

Zx (s, m) has the following “essential” zeros and poles at

os:%:lzmj 7=0,1,2,--- : zeros
o s=21+iy, k=0,1,2,-- : poles
Here,

o {% + /1’3 |.7 = 07 ]-7 27 o } = SpeC(Aél)chr(Ag)))
[} {i + V]% | k= Ov la 27 U } = SpeC(A(()l)|Ker(A(2>—2))

are the sets of eigenvalues of the Laplacian Aél) acting on “Hilbert-Maass forms”
of weight (0, m) or (0, m — 2) and AP, Ag?_z are "Maass operators”.

A\
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Functional equation of Z(s;

e Zi(s,m) has another series of zeros and poles coming from the idenity, elliptic,
“type 2 hyperbolic” conjugacy classes of I'xc and “scattering terms”.

Zx (s, m) satisfies the following functional equation

Zi(s;m) = Zg (1 — s;m).

Here the completed zeta function Zg (s, m) is given by

Zrc(s;m) = Zic(s:m) (Zid(s) T (5) Zaer /hypz(s)) "

with
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Gamma and local factors

Gamma and local factors of Z(s;m)

Zia(s) = (

r, (3)1"2(5 N 1)) 2¢K (—1)

vi—=1=¢§;(m,j)

N
Zeu(S) = H F(sy—tl) Yi

Zset/hypa(8) = Ce(s = 2 = 1)(e(s — 2 —2)7!

e {v1,v9,...,uN} : the orders of primitive elliptic elements in '

i fl(m7]) € {0, L 72Vj - 2}

o (.(s):=(1—e72%)"1 ec: the fundamental unit of K

The zeros and poles of Ziq(s), Zen(s) and Zgci nyp2(s) are easily calculated.

= All zeros and poles of Zx (s;m) are determined !

e These analytic properties and functional equation of Zk (s;m) are obtained by
the “differences” of the Selberg trace formula for Hilbert modular groups.
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Maass forms of weight m (m € 2Z)

e I' C SL(2,R) : discrete subgroup, e A,, := fyZ(aa—; + 88722) +im y%

cz+d

«102) = (pq) f@wrer

L*T\H; m) := {f: H — C, C*®

*AnfE)=ME) olflt= [ FOTE G <o)

> o= Y G,

AESpec(An,) [v]€Conj(T")

e By considering the “differences” of the above STF, we have

mr(Auin) h(Amin) = D~ G(7). 35 C Conj(T). J
[h]es
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Hilbert Maass forms of weight (m,msa) (m; € 2Z>)

o I' C SL(2,R)” : discrete subgroup, e A, := —yjz-(g% + E%;) +im; yj%
J J

LA(T\H?; (mq,ms)) := {f H? - C, C*

o f is weight (mq, ms) w.rt T

By f=2OF 0B, f=2ADf o|f] < 00.}

STF for L*(T'\H; (my,ms)), h: test function

> RAD A = N G(y).

AW X®D)eSpec(Amy ,Am,) [7]€Conj(T")

e By considering the “differences” of the above STF, we have

3 AW AE) =3 G(y). 38 C Conj(I). J

(AW AE) YeSpec(Am, ,Am,) es

min
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First of all, we recall the differences of the Selberg trace formula for compact
Riemann surfaces.

oG::SL(Z,R):{g:(ZL Z)‘detgzl}.

o G = NAK : the lwasawa decomposition, M := the centralizer of A in K
= N~ (R,+), A~RZ, K =S0(2), M={£l}
G/K ~H:={z€ C|Imz > 0} : the upper half plane

. aztb
Gactson H by g.z:= 27 € H

I' C G : discrete subgroup

@ 7 is hyperbolic & |tr(y)] >2 & Fix(y) = {a,a™t} CRU {oo}
@ ~iselliptic < |tr(y)| <2 & Fix(y) ={o,a}, a € H
@ 7 is parabolic < |tr(y)] =2 < Fix(y) = {a} C RU {0}
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I' C G : co-compact discrete subgroup

e "\ is compact. <« I' has no parabolic ellements.

Assumption on I

o I' C G : co-compact discrete subgroup
= X :=T'\G/K is a compact Riemann surface

e velis hypf;lzaolic =« is conjugate in G to
N 0 .
7~ (Y)) N1 ) with N(7) > 1.

@ v € I'is elliptic = ~ is conjugate in G to
N ( cosf —sinf ) € 50(2)

sinf cos6
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Selberg trace formula for compact Riemann surfaces

o Fix m € 2Z>¢ : weight

° j,(2):= é;ig‘ foryel

o A, = —yz(aa—;2 + 88722) —|—z’mya% : the Laplacian acting on

o f(yz) = jy(2)" f() ¥y €T

daty _ )

Y
Let {\, = 1/4+ 12} is the eigenvalues of the Laplacian A,, acting on
L*(T\H; m) enumerated as A\g < A\ < Ap <--- <A, <0 = 00

L*T\H; m) := {f:]HI—)(C, c

A f(2)=Af(2) |IfIP = / LJETE

e h(r) = h(—r): test function, analytic on [Im(r)| < max{Z51 1} +§
(36 > 0) and |h(r)| < A[1+ |r|]727°

e g(u) = i ffooo h(r)e=" dr
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Selberg trace formula for L*(T\H; m) (T : co-compact,

Tih(rn) = %ﬁm){ /_ O:o rh(r) tanh(mr) dr
+m§:1 —1-2) ’“M)}
’ vg: 11</>§;N 7(()))—1/29(1% N(v))
+ mil iei(m;_%)“’ h(z‘(m —21 —2k) )}
part

o I'hyp (resp. T'en) : hyperbolic (resp. elliptic) I'-conjugacy classes
e mp : the order of the elliptic element R, 0 < 0gr < 7
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Maass operators

Definition (Maass operators (m € 27Z))

i 9 ,m ;s . 2 :
K, .—zyax—l—yay—k 5 : L*(T\H; m) — L*(T\H; m + 2)
A 0 0 m

9 _ Y . 2 o
m = o yay+2.L(F\H,m)—>L(F\H,m 2)

= Apyo Ky = KAy and Ay oAy = A Ay,
e Let L2(T'\H; A\, m) be a eigen-subspace with the eigenvalue \.

Proposition

o Ap[L?(D\H; X, m)] = L*(T\H; A, m — 2) whenever A # 2:(1 — 2)
K [L2(T\H; A\, m)] = L2(T\H; X\, m + 2) whenever \ # —Z2(1+ %)
A [L3(T\H; A, m)] = 0 when X = Z(1-2)
K [LA(T\H; A, m)] =0 when A = —2:(1+ )

= o {0(Am)} = {501 = )} U (Am—2) [N (Am—2) # 3 (1 - 3)}
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i(m—1)2
:%Jr(( 21) )2

be an even integer.

(d(m) _ 52’m) h(z’(m2— 1)) _ vol(;T\H) (m— 1) h(z’(m2— 1))
Z'ei(m—l)G z(m . 1)
* Rgl;e“ 2up sin O h( 2 )

ed(m) — b2, : the multiplicity of the eigenvalue A = (1 — %) of A, on
L3(T\H; m)

d(m) = Gam + vol(I"\ H)) (m—1) + Z G

47
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Differences of the Selberg trace
formula for the Hilbert modular

group

Yasuro GON (Kyushu Univ.)



Preliminaries

e G :=PSL(2,R)? = (SL(2,R)/{H})2

2 — b b 2
o G acts on H? by (g1,92).(21,22) = (B2, 22802) € H

o I' C G : irreducible discrete subgroup i.e, not comensurable with any direct
product I'; x T’y of two discrete subgroups of PSL(2, R)

Classification of the elements of irreducible I’

Q v = (I,I) is the identity
@ 7 = (71,72) is hyperbolic < [tr(y1)| > 2 and |tr(72)]| > 2
0 v = (71,72) is elliptic < [tr(y)] < 2 and [tr(y2)] < 2
= (71,72) is hyperbolic-elliptic < |tr(y1)| > 2 and |tr(y2)| < 2
= (71,72) is elliptic-hyperbolic < |tr(y1)| < 2 and [tr(y2)| > 2
0 v = (7,72) is parabolic & |tr(y1)] = [tr(y2)] = 2 )

e There are no other types in I'. (parabolic-elliptic etc.) (Cf. Shimizu 63)
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Hilbert modular group of a real quadratic field

e K : real quadratic field of the class number 1

D : the discriminiant of K

Ok C K : the ring of integers

€ : the fundamental unit

a’ = o(a), o is the nontrivial element of Gal(K/Q)
N(a) := ad’

Hilbert modular group

= fon=((4 ) (5 §)I(E 4)erseon)

= o I'¢ is an irreducible discrete subgroup of G' = PSL(2,R)? with the only one
cusp 0o := (00, 00).
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Selberg trace formula for Hilbert modular surfaces

e Fix (m1,m2) € (2Z>0)? : weight
° jy(z) = |czji;l\ for v € PSL(2,R) (j = 1,2)

° A%i = —yj(g?‘ka%jz)‘”mjyja%j (=12

LT \B2; (my,mg)) = { f: B2 = C, C ‘

o F((7,7) (21, 22)) = Jiy(21) ™ Gy (22)™ F (21, 22)  ¥(7,7) € Tk
o AL flz1,22) = XV f(21,22), AR f(z1,22) = AP f(21, 20)
IAD A?) ¢ R?

o||fI2 :/F . F(OF@ dulz) < oo.}

° du(z) = %% for 2 = (21, 22) € H?
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Proposition

We have a direct sum decomposition:
LY (T \H?; (m1,ms)) = L§ (T \H?; (m1,m2)) ® L, (Cx\H?; (m1,m2))

and there is an ortonormal basis {¢;}52, of L3 (Tx\H?; (m1,ms)).

o Let MEI)AEQ)) € R? such that
AN ¢ = A§1)¢j and AR g, = )\gz)qu

e Let Spec(my,ms) = {(r§-1),r§2))};‘;0 C R2. (discrete subset)

Here, we write /\gl) =1+ (r§l))2. (i=1,2)

Now we can say about the Selberg trace formula:
@ h(ry,r) = h(:trl, +ry): test function (satisfying certain analytic conditions)
o g(ui,up) = ;5 f f h(ry,re)e” riwtrau) qp dr,

e v is type 1 hyperbolic < ~ is hyperbolic and whose all fixed points are not fixed

by parabolic elements.
e v is type 2 hyperbolic < + is hyperbolic and not type 1 hyperbolic.
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Selberg trace formula for L*(T'x \H?;

( € (2220)2) .

ih D )

(my,m3))

Zograf 82, Efrat 87 for (mq,ms) = (0,0)

(Contribution from “Eisenstein series”)

7=0
vol FK\H2 // 8u 8u ul’u2) _'”1 0 =P
= 1 2 u U d d
1672 r2 sinh(uq/2) smh(u2/2) € - t1atz
vol(T,\G,) g(log N(v),log N(v'))
a Z = 1/2 —1/2
V)2 = N(y)~V2)(N(y)1/2 = N(y')~1/2)
'YGthp1
+ ZEml,mQ;R aF Z HE(ml,m2,7)+ Z EH(mlamZ;'V)
ReT gy YET hyp-ell YET el hyp
+ P(ma, m2) Z Hy(mq,ma;y)
YEhyp2
= h1(r1) ha(r2).

e Hereafter, we assume that h(ry,72)

o AP

Yasuro GON (Kyushu Univ.)
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o Let {1+ P30 = SpeC(A(()l)|Ker(A£,§’)) and recall that
Ker(AYP) = L2 (T \H?; (%, 2(1— 2)),(0,m)) i.e. Ao = Z(1 — Z')-eigenspace

Differences of STF for L*(Tx\H?; (0,m)) — L*(T\H?; (0, m — 2))

> (1) ha (R ) — 60 By (£)ha(%)
j=0

itm—1) VOL(T'g \H?) [°
= (m—1)hy (L) (1617(r> )/ r1hi(ry) tanh(zry) dry
ie(mfl)GQ . oo COSh(('/T _ 29 )T )
Ry (dm=1) / 1)), P
aF R(glozz)er ” 8vp sin 05 sin O, 2(=5) . coshm 1 (r1) dry
log N(Wo) Z‘ei(m—l)w im—1)
log N

2 N2 = Ny 7291 10s NO) —5rr—he(5570)

+

(7,w) ET hyp-ell
oo

—loge g1(0) hz(@) —2loge hz(i(m;l) ) Z 91(2k log £)e~F(m=1)
=

e We write the above formula as L(m) — L(m — 2) for m > 2.
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e Next we consider (for m > 4) : _
(L(m) — L(m — 2))ho(%2) =1 — (L(m — 2) — L(m — 4)) hy (107301

Theorem (Double differences of STF for L*(T'x\H?; (0,m)))

Let m € 2N and m > 4. We have

Z hi(p;j) = Z hi(vk) + Omahi (%) = volLx \H) / rhy(r) tanh(7r) dr
j=0

872 o
k=0
i(m—2)02 oo ,h _ 2
_ e . / cosh((m — 201)r) ha () dr
dvpsinby J_ cosh 7rr
3(91,92)€Fe”
log N('YU) i(m—2)w
_ Z N(’y)l/2 _N(’y)_l/le(lOgN(,y))e

(7,w) EThypeell

—9 logs Zgl(Qk log 5) (E—k(m—l) _ E_k(m_:})).
k=1
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Test function h/(’f’l, 7’2) = hl (7’1)]12(7’2)

Here, {1;}, {vi} are given by

° {% + 'u? ;.”;0 = SpeC(Agl)|Ker(A$§))) with
AR L2 (D \H2; (0,m)) — L2(Tx\HZ; (0,m — 2)). Note that
Ker(AR) = 12 (T \H?; (* Z(1-2)),(0,m)) i.e. Aa = (1 — 2)-eigenspace

’ 2
° {% + R0 = Spec( 0 |Ker(1\5§)_2)) with
A2, 2T \H?; (0,m — 2)) — L2(Cx\H2; (0,m — 4)). Note that
Ker(A( ) ) = L2(FK\H2 (, 252(2 — 2)),(0,m)) i.e
Ao = 2( — )-eigenspace

Let us consider the following test function h(r1,72) = hy(r1)ha(rs) :

1 1 : L
o - _ bl _ L s
® hy(r) 24 (s—3)2 r2+p? > i) 2510 25°

(or (525L)"hy(r) forn>>0)

o hy(r) such that ho (") 2£ 0 and ho((%2) £ 0
We consider DD-STF for the above h(rq, 7’2)
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Analytic continuation of Zx(s;m)

DD-STF for the above test function h; and hy

= 1 = 1
= 1 1
=HCK(—1)kZ:0[S+k—B+%+k}

+ 1 Zk(s) _LZ/ (3 +8) K Zy(s) _iZén(%‘f'ﬁ)
28—1ZK(8) 26 ZK( +B) 25_1Ze||(5) 2/8 Zell(%‘f’ﬁ)

Kk d ([l = g @) K . ,
sy 1@1%{ (1= e-@+m-2) } - %{(s —3) — B in the Ieft}.

OKMZFGCK( 1) eN.

82
= Analytic continuation and functional equation of < log Z g (s;m).
= Analytic continuation and functional equation of ZK(S m).
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e We remark that the scattering and type 2 hyperbolic components of Zx (s;m)
are local Selberg zeta functions for PSL(2,Z) :

Zsetjuyp2(8) = Ce(s + 2 —1)((s+ 2 —2)7!
with (. (s) = (1 —e~2)~!

e ¢ : the fundamental unit of K
Let I' = PSL(2,Z). The Selberg (Ruelle) zeta function for I' is given by

Go= [1 -Noy™)" = ) =T[0-e)2)7,

pePrim(T") K

-1

where, K run through “all” real quadratic fields over Q and e(K) and h(K) are
the fundamental unit and the class number of K.
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