Arithmetic Cohomology Groups

K. Sugahara and L. Weng

Abstract

We first introduce global arithmetic cohomology groups for quasi-
coherent sheaves on arithmetic varieties, adopting an adelic approach.
Then, we establish fundamental properties, such as topological duality
and inductive long exact sequences, for these cohomology groups on arith-
metic surfaces. Finally, we expose basic structures for ind-pro topologies
on adelic spaces of arithmetic surfaces. In particular, we show that these
adelic spaces are topologically self-dual.

Contents

1 Arithmetic Adelic Complexes

1.1 Parshin-Beilinson’s Theory . . . . .. ... .. ... .. .....
1.1.1 Local fields for reduced flags . . . ... ... ... ....
1.1.2  Adelic cohomology theory . . . . . ... ... .......
1.1.3 Anexample . . . . . ...

1.2 Arithmetic Cohomology Groups . . . . . .. ... ... ... ...
1.2.1  Adelic rings for arithmetic surfaces . . . . . . .. ... ..
1.2.2  Adelic spaces at infinity . . . ... ... ... ...
1.2.3  Arithmetic adelic complexes . . . . . . . . ... ... ...
1.2.4 Cohomology theory for arithmetic curves . . . .. .. ..

Arithmetic Surfaces

2.1 Local Residue Pairings . . . . . ... ... ... ... ... ...,
2.1.1 Residue maps for local fields . . . ... ... ... ....
2.1.2 Local residuemaps . . . . . . . ... ... ... ...

2.2 Global Residue Pairing . . . . . ... ... ... ... ......
2.2.1 Global residue pairing . . . ... ... ... ... ...,
2.2.2 Non-degeneracy . . . . . . . . . v v v vt

2.3 Adelic Subspaces . . . .. ...
2.3.1 Level two subspaces . . .. ... .. .. ... ......
2.3.2 Perpendicular subspaces . . . . ... ... oL

2.4 Arithmetic Cohomology Groups . . . . . . . ... ... ......
2.4.1 Definitions . . . . .. ..o
2.4.2 Inductive long exact sequences . . . . . .. ... .. ...
2.4.3 Duality of cohomology groups . . . . . . ... ... ....

© © o O ot gt



3 Ind-Pro Topology in Dimension Two 29

3.1 Ind-pro topologies on adelic spaces . . . . . .. ... ... .... 29
3.1.1 Ind-pro topological spaces and their duals . . . . . . . .. 29
3.1.2  Adelic spaces and their ind-pro topologies . . . . . . . .. 32
3.1.3 Adelic spaces are complete . . . . ... .. ... 33
3.1.4 Adelic spaces are compact oriented . . . . . .. ... ... 35
3.1.5 Double dual of adelic spaces . . . . .. ... ... ..... 35

3.2 Adelic spaces and their duals . . . .. ... ... ......... 37
3.2.1 Continuity of scalar products . . . . ... ... ... ... 37
3.2.2 Residue maps are continuous . . . .. ... ... ... .. 38
3.2.3 Adelic spaces are self-dual . . . . ... ... ... 38
3.2.4  Proof of cohomological duality . . . ... ... ... ... 40

Introduction

In the study of arithmetic varieties, cohomology theory has been developed
along with the line of establishing an intrinsic relation between arithmetic Euler
characteristics and arithmetic intersections. For examples, for an arithmetic
curve Spec O associated to the integer ring Op of a number field F' with
discriminant A and a metrized vector sheaf F on it, we have the Arakelov-
Riemann-Roch formula

_ — rankF
Xar (P, B) = deg,,(B) ~ ™%

log |AF|;

And, for a regular arithmetic surface 7 : X — Spec O and a metrized line sheaf
L on it, if we equip with X, a Kéhler metric, and line sheaves A\(£) and A\(Ox)
with the Quillen metrics, namely, equip determinants of relative cohomology
groups with determinants of L?-metrics modified by analytic torsions, then we
have the Faltings-Deligne-Riemann-Roch isometry
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More generally, for higher dimensional arithmetic varieties, we have the works
of (Bismut-)Gillet-Soulé.

In this paper, we start to develop a genuine cohomology theory for arith-
metic varieties, as a continuation of the works of Parshin ([P1,2]), Beilinson
([B]), Osipov-Parshin ([OP]), and our own study ([W]). Our aims here are to
construct arithmetic cohomology groups H}, for quasi-coherent sheaves on arith-
metic varieties, and to establish topological dualities among these cohomology

groups for arithmetic surfaces.

The approach we take in this paper is an adelic one. Here, we use three main
ideas form the literatures. Namely, the first one of adelic complexes initiated in
the classical works [P1,2] and [B], (see also [H]), which is recalled in §1.1 and used
in §1.2 systematically; the second one of ind-pro structures over adelic spaces
from [OP], which is recalled in §1.2.1 and motivates our general constructions in
§1.2.2; and the final one on the uniformity structure between finite and infinite
adeles from [W], which is recalled in §1.2.4 and plays an essential role in §1.2.3



when we construct our adelic spaces. In particular, we are able to introduce
arithmetic adelic complexes (A% (X, F),d*) for quasi-coherent sheaves F over
arithmetic varieties X, and hence are able to define their associated arithmetic
cohomology groups H{ (X, F) := H'(A},(X,F),d*). Consequently, we have the
following

Theorem 1. Let X be an arithmetic variety and F be a quasi-coherent sheaf
on X, then there exist a natural arithmetic adelic complex (A% (X, F),d*) and
hence arithmetic cohomology groups HE (X, F) := H (A (X, F),d*). In par-
ticular, H..(X,F) =0 unless i = 0,1,...,dim X,,.

To understand this general cohomology theory in down-to-earth terms, in
section two, we develop a much more refined cohomology theory for Weil divisors
D over arithmetic surfaces X. This, in addition, is based on a basic theory
for canonical ind-pro topologies over arithmetic adelic spaces. Recall that, by
definition,

¥ =A% (0Ox) ~ lim hm A% 15(D)/AY 15(
—D <E—<
Here A% 15(D) is one of the level two subspaces of A¥ introduced in §2.3.1.
Moreover, for divisors E' < D, AY 1,(D ) /A% X 12(E) are locally compact. Thus,
using first projective then inductive limits, we obtaln a canonical ind-pro topol-
ogy on A¥. In particular, we have the following natural generalization of topo-
logical theory for one dimensional adeles (see e.g., [Iw], [T]) to dimension two.

Theorem II. Let X be an arithmetic surface. With respect to the canonical
ind-pro topology on AY, we have

(1) A¥ is a Hausdorff, complete, and compact oriented topological group;
(2) A% is self-dual. That is, as topological groups,
K}? ~ A¥%.

With these basic topological structures exposed, next we apply them to our
cohomology groups. For this, we first recall an arithmetic residue theory in
§2.1, by adopting a very precise approach of Morrow [M1,2], a special case of a
general theory on residues of Grothendieck (see e.g., [L], [B] and [Y]). Then, we

introduce a global pairing (-, )., in §2.2 on the arithmetic adelic space A%, and
prove the following

Proposition A. Let X be an arithmetic surface and w be a non-zero rational
differential on X. Then, the natural residue pairing (-,-), : A% x A% — S! is
non-degenerate.

Moreover, we construct the so-called level two adelic subspaces A}{Ol, A%(r,oz
and A% ,(D) of AY in §2.3.1. Accordingly, we calculate their perpendicular
subspaces with respect to our global residue pairing.

Proposition B. Let X be an arithmetic surface, D be a Weil divisor and w be
a non-zero rational differential on X. Denote by (w) the canonical divisor on
X associated to w. Then we have

(1) Level two subspaces AY o1, A% oo and AY 15(D) are closed in A%;
(2) With respect to the residue pairing (-, ).,

(A o) = A% 01, (A% )" = A% e, and (A% 15(D))" = A% 1 ((w)=D).



Our lengthy proof for (2) is based on the residue formulas for horizontal and
vertical curves on arithmetic surfaces established in [M2]. Moreover, as one can
find from the proof of this theorem in §2.3.2, all the level two adelic subspaces
A% 01, A oo and A¥ 1,(D) are characterized by these perpendicular properties
as well. As for (1), our proof in §3.1.3 uses a topological notion of completeness
in an essential way.

With the help of these level two subspaces, now we are ready to write down
the adelic complex of §1.2.3 and hence its cohomology groups H: (X, Ox (D))
associated to the line bundle Ox (D) on an arithmetic surface X very explicitly.
Indeed, according to §1.2.3, or more directly, following [P], we arrive at the
following central

Definition. Let X be an arithmetic surface and D be a Weil divisor on X. We
define arithmetic cohomology groups HE (X, Ox (D)) for the line bundle Ox (D)
on X,i=0,1,2, by

ng(Xv Ox(D)) := %,01 n Ag(rm n A%(r,lz(D)Q

H;r(Xa OX (D))
= ((Af;(r,m + A% g2) N A%(r,lz(D))/<A§(r,01 NAX 12(D) + A% 2 N Ag(r,m(D));
HZ(X,0x(D)) 12&%,012/(1@;,01 + A% 02 +A§§,12(D))~

Similar to usual cohomology theory, these cohomology groups admit a natu-
ral inductive structure. For details, please refer to Propositions 17, 18 in §2.4.2.
Moreover, induced from the canonical ind-pro topology on A%, we obtain nat-
ural topological structures for our cohomology groups, since, from Proposition
B(1) above, the subspaces A¥ o, A% o, and A% ,(D) are all closed. Conse-
quently, as one of the main results of this paper, with the use of Theorem II
above, in §3.2.4, we are able to establish the following

Theorem III. Let X be an arithmetic surface with a canonical divisor Kx and
D be a Weil divisor on X. Then, as topological groups,

Hi (X, 0x(D)) ~ HX{(X,0x(Kx — D)) i=0,1,2.

Our theory is natural and proves to be very useful. For example, as recalled
in §1.2.4, in [W], based on Tate’s thesis ([T]), for a metrized bundle E on an
arithmetic curve Spec O, we are able to prove a refined arithmetic duality:

WL (X, E) = hl (X, Ex®E"),
and establish ‘the’ arithmetic Riemann-Roch theorem:

rankF
2

hgr(X, E) - h;r(X, E) = degar(E) - log |AFR|,

(where h' denotes the arithmetic count of H! ,) and obtain an effective version
of ampleness and vanishing theorem. All this plays an essential role in our
studies of non-abelian zeta functions for number fields.



1 Arithmetic Adelic Complexes

1.1 Parshin-Beilinson’s Theory

For later use, we here recall some basic constructions of adelic cohomology
theory for Noetherian schemes of Parshin-Beilinson ([P1,2], [B], see also [H]).

1.1.1 Local fields for reduced flags

Let F' be a number field with O the ring of integers, and 7 : X — Spec Op be an
integral arithmetic variety. By a flag 6 = (po,p1,...,pn) on X, we mean a chain
of integral subschemes p; satisfying p;+1 € {p;} =: X;; and we call § reduced if
dimp; = n — i for each ¢. For a reduced ¢, with respect to each affine open
neighborhood U = Spec B of the closed point p,, we obtain a chain, denoted
also by § with an abuse of notation, of prime divisors on U. Consequently,
through processes of localizations and completions, we can associate to § a ring
Ks:=C, S '...C, S'B.

Po*~po DPn™~pn

Here, as usual, for a ring R, an R-module M and a prime ideal p of R, we write
S, 1M for the localization of M at S, = R\p, and C,M = lim,_, M/p"M its
p-adic completion.

The ring K is independent of the choices of B. Indeed, following [P2], we
can introduce inductively schemes X/ = as in the following diagram

Xo D X, D) X5 D)

T T
X(I) D) X17a1 D) T
T
Xi,al D) X2,a2

/l\

where X’ denotes the normalization of a scheme X, and X; ,, denotes an integral
subscheme in X/ ; ,  which dominates X;. In particular,

(i) X1,a,, being an integral subvariety of the normal scheme X, defines a dis-
crete valuation of the field of rational functions on Xy, whose residue field
coincides with the field of rational functions on the normal scheme X7 , .

(ii) More generally, for a fixed i, 1 < i < n, X, ,,, being an integral subvariety of
the normal scheme X/ , ,, defines a discrete valuation of the field of rational
functions on Xj_,; ,.  , whose residue field coincides with the field of rational
functions on the normal scheme X/ , .

Accordingly, for each collection (aq, s, ...,ay) of indices, the chain of field
of rational functions Ko, Ki a,,. .., Kp,q, defines an n-dimensional local field

K(a,,....a,) and hence an Artin ring

Ks = @(al,.4.,an)€A5K(alv“'7C’")'

Theorem 1. ([P1,2], [Y]) Let 6 = (po,p1,---,Pn) be a reduced flag on X, and
K(ay,....a,) be the n-dimensional local field associated to the collection of indices
(a1,ae,...,a,) above. Then, we have



(1) The n-dimensional local field K, ... q,) i, up to finite extension, isomor-
phic to

cither  Fy((tn-1))---((t), or Fy{{ta}} -+ {tmi2}}(tm)) .- (1))

where F) denotes a certain finite extension of some v-adic non-Archimedean
local field F;
(2) The ring Ky is isomorphic to Ks. In particular, it is independent of the
choices of U.

For example, if X is an arithmetic surface, and p; is a vertical curve, then,
up to finite extension, K5 = F,r(m){{u}},1 where u denotes a local parameter
of the curve p; at the point po, and Fy(,,) denotes the 7(pz)-adic number field
associated to the closed point 7w(ps2) on Spec Op; on the other hand, if p; is a
horizontal curve, then K5 = L((t)), where t is a local parameter of p; at p2, and
L/F is a finite field extension. Indeed, p; corresponds to an algebraic point on
the generic fiber X of m, and L is simply the corresponding defining field.

1.1.2 Adelic cohomology theory

Let X be a Noetherian scheme, and let P(X) be the set of (integral) points of

X (in the scheme theoretic sense). For p, ¢ € P(X), if ¢ € {p}, we write p > q.
Let S(X) be the simplicial set induced by (P(X), >), i.e., the set of m-simplices
of S(X) is defined by

S(X)m = {(po,---,pm)| pi € P(X), pi > pis1}

the natural boundary maps ¢} are defined by deleting the ¢-th point, and the
degeneracy maps o] are defined by duplicating the i-th point:

5;mS(X)m4>S(X)m—17 (pOw"apia"'apm)*_)(pOa"'apia"'apm)a
U:nS(X)m—)S(X)m-i-ly (pOa"'apia"'apﬂl)*_)(pOa"'apiapiw"apm)'

Denote also by S(X)'4 the subset of S(X),, consisting of all non-degenerate
simplifies, i.e.,

St ={(Pos -, pm) € S(X)m | dimp; # dimp; Vi # j }.

For p € P(X) and M an Op-module, set [M], := (ip)+M, where i, : Spec(O,) —
X denotes the natural induced morphism. Moreover, for K C S(X),, and a
point p € P(X), introduce ,K C S(X)m—1 by

2K i={(p1,--..pm) € S(X)m—1| (0,11, Pm) € K}.

Then, we have the following

Proposition 2. ([P1,2], [B], see also [H, Prop 2.1.1]) There exists a unique
system of functors {A(K, *)}KCS(X) from the category of quasi-coherent sheaves
on X to the category of abelian groups, such that

(i) A(K,-) commutes with direct limits.
IDefinition of Fr(py){{u}} will be recalled in §2.1.1.




(i) For a coherent sheaf F on X,

I lm 7 /ml7,, m =0,
peEK o

II {iLnlA(pK, [Fp /ol Fplp), m > 0.
pEP(X)

A(K,F) =

Here m, denotes the prime ideal associated to p.

Consequently, for any quasi-coherent sheaf F on X, there exist well-defined
adelic spaces
AR(F) = A(S(X)d, F).

m

Clearly, if we introduce Ky, i, = {(Po,-..,pm) € S(X)m|codim({p,}) =
i VO<r< m}, and define Ax,i,,.. 4, (F) :=Ax (Kio’,,,,im,]:), then

AR(F) = P AxXig,esim (F)-
0<ip <+ <im <dim X

Moreover, since A(K,F) C H(pg ’’’’’ pm)GKA((pO,...,pm),]:)7 we sometimes
write an element f of A(K,F) as f = (fpy,...pm) O [ = (fxo,...,x,.), Where
X, ={pi} and fpy,...p. = X0, € A((P0, - -, Pm), F).

To get an adelic complex associated to X, we next introduce boundary
maps d™ : AYHF) — AR(F) as in [H, Def 2.2.2]. For K C S(X),, and
L C S(X)m—1 such that §7*K C L for a certain ¢, we define a boundary map

d"(K,L,F): A(L,F) — A(K, F)

as follows.
(a) For coherent sheaves F,
(i) When i = 0, for p € P(X), induced from the morphism F — [F,/m! F,], and
the inclusion ,K C L, we have the morphisms A(L,F) — A(L, [F,/mLF,],)
and A(L, [Fp/mLF,l,) — A(pK,[Fp/mLF,],). Their compositions form a
projective system @b : A(L,F) — A(,K,[Fp/mLF,],). Accordingly, we set
i (K, L, F) = T]epix) lime—1 ¢l;
(ii) When ¢ = m = 1, we obtain a projective system induced from the standard
morphisms 7}, : I'(X, [F,/mLF,],) = A(,K, [fp/mi)}"p]p). Accordingly, we set
diy(K,L,F) := [pep(x) lime— mh;
(iii) When ¢ > 0,m > 0, we use an induction on (¢, m). That is to say, we set
di"(K, L, F) := HpeP(X) lim, d?i_ll (pKv »L; [‘Fp/miafp]p)'
(b) For quasi-coherent sheaves F, first we write F as an inductive limit of
coherent sheaves, then we use (a) to get boundary maps for the later, finally
we use the fact that in the definition of (a), all constructions commute with
inductive limits. One checks (see e.g. [H]) that the resulting boundary map is
well-defined.
With this, set
a7 = 3 (1) (SO S F).
=0

Then we have the following



Theorem 3. ([P1,2], [B], see also [H, Thm 4.2.5]) Let X be a Noetherian
scheme. Then, for any quasi-coherent sheaf F over X, we have

(1) (A} (F), d*) forms a cohomological complex of abelian groups;
(2) Cohomology groups of the complex (A} (F), d*) coincide with Grothendieck’s
sheaf theoretic cohomology groups H* (X, }"). That is to say, we have, for all i,

H'(A%(F), d*) ~ H'(X,F).

1.1.3 An example

Let X be an integral regular projective curve defined over a field k. Denote its
generic point by 7 and its field of rational functions by k(X). For a divisor D
on X, let Ox (D) be the associated invertible sheaf. Then, from definition, the
associated adelic spaces can be calculated as follows:

Ax0(0x(D)) = A({n}, Ox(D))
:<li_m OX(D)n/m;OX(D)n = (h_m k(X)/{0} = k(X),

Ax1(0x (D)) =Ax ({p} |p € X : closed point}, OX(D))

i l : —ord, (D —ord, (D)+1
= [ lim Ox(D),/my,Ox (D), = [ lim m, () /i era ()%
peX peEX
= T o) = {(a,,) € [] *(xX)p | ordy(ay) + ord, (D) = o},
pEX peX

and
Ax.01(Ox (D)) = Ax ({n,p|p € X : closed point}, (’)X(D))

= (11_mlA({p} |p € X : closed point}, [Ox (D)n/mﬁ)(’)x(D)n]n)

=A({p}|p € X : closed point}, [k(X)],)
=A({p}|p € X : closed point}, hglE Ox(E))

= lim_Axq(Ox(E)) = LEJAXA(OX(E))

:{(ap) € H k(X)p|ap € O, V’p}.

peX

Remark. To calculate Ax.01(Ox (D)), when dealing with the constant sheaf
[k(X)],;, we cannot use Proposition 2(ii) directly, since [k(X)], is not coherent.
Instead, above, we first expressed it as an inductive limit of coherent sheaves
Ox (FE) associated to divisors E, then get the result from the inductive limit of
adelic spaces for Ox (E)’s. Indeed, if we had used Proposition 2 (ii) directly, then
we would have obtained simply A({p}|p € X : closed point}, [k(X)],) = {0},
a wrong claim.

Clearly, Ax,01(Ox (D)) is independent of D. We will write it as Ax,p1, or
simply Ax. Consequently, the associated adelic complex

0 — Ax;0(Ox(D)) ® Ax1(Ox (D)) <, Ax;01(0Ox (D)) — 0

is given by
0 — k(X) @ Axa(Ox(D)) 25 Ax — 0



where d' : (ag,a1) + a1 — ag. Therefore,

H°(Ax(0x(D))) =k(X) N Axa(Ox(D)),
H'(Ax(0x(D))) =Ax /(k(X) + Ax;1(Ox(D))).

Note that Ax(Ox (D)) is simply Ax (D) of [S, Ch. 2], or better, [Tw, §4].
We have proved the following

Proposition 4. (See e.g., [S, Ch. 2], [Iw,§4]) For a divisor D over an integral
reqular projective curve defined over a field k, we have

H°(Ax(Ox(D))) = H°(X,0x(D)), H'(Ax(0Ox(D))) = H'(X,0x(D)).

1.2 Arithmetic Cohomology Groups

Let F' be a number field with Op the ring of integers. Denote by Sy, resp. Soo,
the collection of finite, resp. infinite, places of F. Write S = Sg, U So. Let
7 : X — Spec O be an integral arithmetic variety of pure dimension n+1. That
is, an integral Noetherian scheme X, a flat and proper morphism 7 with generic
fiber X a projective variety of dimension n over F. For each v € S, we write
F, the v-completion of F', and for each o € S, we write X, := X X, SpecF,
and write ¢, : X, — Xp for the map induced from the natural embedding
F — F,. In particular, an arithmetic variety X consists of two parts, the finite
one, which we also denote by X, and an infinite one, which we denote by X.
These two parts are closely interconnected.

1.2.1 Adelic rings for arithmetic surfaces

The part of our theory on arithmetic adelic complexes for finite places now be-
comes very simple. Indeed, our arithmetic variety X is assumed to be Noethe-
rian, so we can apply the theory recalled in §1.1 directly. In particular, for a
quasi-coherent sheaf F on X, we have well-defined adelic spaces

seeeslm

yeus

For this purpose, we next recall Osipov-Parshin’s construction of arithmetic
adelic ring A% for an arithmetic surface X.

Definition 5. ([OP]) Arithmetic adelic ring of an arithmetic surface
Let m: X — Spec O be an arithmetic surface, i.e., a 2-dimensional arithmetic
variety, with generic fiber Xp.

(i) Finite adelic ring: From the Parshin-Beilinson theory for the Noetherian
scheme X, we define

AR = Ax012(0x) =lim  lim  Ax.a(D1)/Axaa(Dy).
Dy Dy: Da<D4
Here D,’s are divisors on X and Ax.12(D) := Ax12(Ox (Dy)) for x=1,2;
(ii) co-adelic ring: Associated to the regular integral curve X g over F', we obtain
the adelic Ting
Axp = Axp01(0Ox,) =lim  lim  Ax,1(D1)/Axp (D).

—
D1 D22 DQSDl



Here D,’s are divisors on Xp and Ax,.1(D) := Ax,.1(Ox,(Dy)) for +=1,2.
By definition,

%= Ax, @gR:=lim lim ((Axp;l(Dl)/AXF;l(Dl)) ®@R>~
Dl D2:D2SD1

(iii) Arithmetic adelic ring: The arithmetic adelic ring of an arithmetic surface
X is defined by

ar ,__ aar . Afin e’}
A¥ == A% 010 =AY P AR

The essential point here is, for divisors D;, ¢ = 1,2, over the curve X, when
D, < D1, the quotient Ax;l(Dl)/AX;l(Dl) is a finite dimensional F- and hence
Q-vector space.

To help the reader understand this formal definition in concrete terms, we
add following examples.

Example 1. On X =P}
We have Xg = Pg and Q(Pg) = Q(t). Easily,

Q((1)) ®a R # R((?))-
However, since Q((¢)) = lim lim ¢~ "Q[[t]] / t~™Q[[t] and the Q-vector spaces

n m:m<n
t7"QI[t / t~™QI[t]] are finite dimensional, we have

Q((t))@QR:TLH lim  (¢7"QI[]]/t""Q[t]])) ® R

n m:m<n

=lim lim (¢7"R[[]/¢R]]) = R((#)).

n m:m<n
Example 2. QOuver an arithmetic surface X

For a complete flag (X, C,z) on X (with C an irreducible curve on X and z a
close point on C), let k(X )¢, its associated local ring. By Theorem 1, k(X)c¢ 4
is a direct sum of two dimensional local fields. Denote by m¢ the local parameter
defined by C' in X. Then

AR =Ax 012 = Hlk(X)C-,r = H/ (Hz;meck(X)C’m>

zeC C

::{( i he(aq) 770 EH H k(X

ic=—00 z:xeC

ti € Aco1, aip =0 (ic < 0); min{ic : a;, #0} >0 (v’c)},

where h¢ is a lifting defined in [MZ], which we call the Madunts-Zhukov lifting.
For details, please see §3.1.2.

1.2.2 Adelic spaces at infinity

Now we are ready to treat adelic spaces at infinite places for general arithmetic
varieties. Motivated by the discussion above, we make the following

10



Definition 6. Let 7 : X — Spec Op be an arithmetic variety. Let S(XF) be
the simplicial set associated to its generic fiber Xp and K C S(Xp)m, m > 0,
a subset.

(i) Let G be a coherent sheaf on Xr. We define the associated adelic spaces by

I1 tim (G/m,Gn0R). m=0
peEK
A*(K,G) =
11 1<i£1lA°°(pK, [Gy/mLGplp), m > 0.
pEP(X)

(i1) Let {G;}; be an inductive system of coherent sheaves on Xp and F = lim G;.
—i

Then we define
—1

Clearly, the essential part of this definition is the one for m = 0. More-
over, if F = lim G/ is another inductive limit of coherent sheaves, we have
—1

lim A*(K,G!) ~ lim A*(K,G;), by the universal property of inductive limits
—i —i

since G,/mlLG,’s are Q-vector spaces. Therefore, A (K, F) is well-defined for

all quasi-coherent sheaves F on Xp. Moreover, as a functor from the cate-

gory of coherent sheaves on Xp to that of Q-vector spaces, A® (K, x) is ad-

ditive and exact. Hence, by [H, §1.2], A®(K,*) commutes with the direct

limits, even in general, for an inductive system {F;}; of quasi-coherent sheaves
1 K3

1.2.3 Arithmetic adelic complexes

As mentioned at the beginning of this section, for arithmetic varieties, the finite
and infinite parts are closely interconnected. Therefore, when developing an
arithmetic cohomology theory, we will treat them as an unify one using an
uniformity condition.

Let X be an arithmetic variety with generic fiber Xp. For a point P of
Xp, denote its associated Zariski closure in X by Ep. We call a flag § =
(po, b1, ---,Pr) € S(X) horizontal, if there exists a flag o = (P, Py, ..., Px) €
S(Xp) such that (py,py,...,01) = (Epy, Epy, ..., Ep,). Accordingly, for K C
S(X), we denote K" the collection of all horizontal flags in K and K™ = K ~
K™, Simply put, our uniformity condition is a constrain on adelic components
associated to horizontal flags.

Let F be a quasi-coherent sheaf on X, denote its induced sheaf on the generic
fiber Xp by Fp. It is well-known that Fr is quasi-coherent as well. Motivated
by [W], we introduce the following

Definition 7. Let X be an arithmetic variety of dimension n+1 and F a quasi-
coherent sheaf on X. Fiz an index tuple (ig, ..., im) satisfying ig < -+ < ip,.
(i) The finite, resp. infinite, adelic space of type (ig, ..., im) associated to F is
defined by

fi
AR,

i (F) = Ax (KX;io,...ﬂm»]:) :Agfn(Kg(};io,...,im’

resp. AR i (F) =AR (Kxpiio,in: FF)-

11
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Here, for Z C X or Xp, we set
[(Z;z'u,...,im = {(p(), cee 7pm) S S m | codimy {pv} =4, V0Lt < m}

(i) The arithmetic adelic space of type (ig,...,im) associated to F is defined
by

. AR (F) @ AR (FR), im =1+ 1;
X;io,“.,im(]:) = a h fin,inf h ;
AR (KXY i F) @A (B i F)y i #E it 1
where
fin,inf n
AX (Kg(;io,...,imv}—) - Agi( (Kgl(;io,~»-,' €B AX @051 ]:F)

consisting of adeles satisfying, for all flags (PigsPivs---»Pin) € Kxpio

R
fE”io T O P fpiovpil s Pigy

(i4) For m > 0, define the m-th reduced arithmetic adelic space A%, (F) of F
by
ar, red(X ‘F) @ %;io,“.,im(‘/—:)'
(i)
0<ip<i1 <+ <ty <n+l
Remarks. (i) For any p € P(XF), Ox,p, = Ox,p and k(X)g, = k(XF),.
Consequently, for any (po,...,pm) € S(X#)m, we have a natural morphism

A((Epgs s By ), F) = A((R0s - -+ ) Fr).-

since F is quasi-coherent. It is in this sense we use the relation prO By By, =
fropi,e,pm above. (In particular, if p;’s are vertical, there are no conditions
on the corresponding components.) Clearly, this uniformity condition is an
essential one, since it characters the natural interconnection between finite and

infinite components of arithmetic adelic elements.

(ii) In part (ii) of the definition, we need the space A, j(Fr). Here, to complete
our definition, for an arithmetic variety X, we view A%, 4(Fr) as the (—1)-level
of the adelic complex for its generic fiber Xp. That is to say, we define it as
follows. By [Y, p. 63], we have the (-1)-simplex 1;; for open U C X. Set then
S(Xp)-1={1y | U C X :open}, and, for K C S(Xp)_1, let

Fr(Uk r) QqR, dim X > 2

X0 (K, Fr) :=
X oK, Fr) {{sFefF(UK,F)®R|seF(UK)}, dim X =1

where Ug = UerKU and sp denotes the section induced by s. The reason
for separation of arithmetic curves with others in this latest definition is that
arithmetic varieties are relative over arithmetic curves.

Moreover, from standard homotopy theory, if we introduce the boundary
morphisms by

di": EBAXZO ml(]:) — @AXko, k(]:)
(alo,wlmfl) = (“ko,...,ki,...,km>5
and d,, = Z:lo(— ) . P AX Kool 1(]—') — &P AX ko.... km(f), we

have
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Proposition 8. (A:r,red(X, F), d*) defines a complex of abelian groups.

All in all, we are now ready to introduce the following

Main Definition. Let 7 : X — Spec O be an arithmetic variety. Let F be a
quasi-coherent sheaf on X. Then we define the i-th adelic arithmetic cohomology
groups of F by

HLL (X F) o= H' (B e (X, F), ),

ar, red
the i-th cohomology group of the complex (A;, L .q(X,F), d*).

Consequently, we have the following

Theorem 9. If X is an arithmetic variety of dimension n+ 1, then
H . (X,F)=0 unless i =0,1,...,n+ 1.

Proof. Indeed, outside the range 0 < i < n + 1, the complex consists of zero.

1.2.4 Cohomology theory for arithmetic curves

We here give an example of the above theory for arithmetic curves, which was
previously developed in [W], based on Tate’s thesis ([T]).

Let D = >""_, n;p; be a divisor on X = Spec Op. Write n; = ord,, (D). For
simplicity, we use A} (D) instead of A}(Ox(D)). Then, by the same calculation
as in §1.1.3, we have AR, (D) = {(a,) € HPGXFP |ay € O, V'p}. And, since
D, =0is trivial, A%O’O(D) =lim, OXF,n/mi;OXF,n ®oR = lim, (F/{O}) (20
R=F®qoR=]],cq_ Fo. Therefore,

A% 01 (Ox (D)) = AfY(D) @ AT (D) = {(ap) € Hpest lap € Op V'p € Spin }.

In particular, it coincides with the standard adelic ring A of F', hence is inde-
pendent of D.

To understand A" (D), we first calculate A" (D). With the same calculation
as in §1.1.3 again, we have AR (D) = F. Note that, from above, A%,,(D) =
F ®g R. Thus, by definition,

¥o0(D) = {(av;a5) € AR (D)BAT(D) | (av) = isn(f), (a0) = is(f) 3f € F'}

is then isomorphic to F', and hence also independent of D.

From our definition, A% (D) = Agi(“;l((’)x (D)) & A%,y(Ox(D)). To under-
stand it, we first calculate Af}’(“;l(D). With the same calculation as in §1.1.3,
we have Ag(“;l(D) = {(ap) € A?&Ol | ordy(ap) 4 ord, (D) > 0}. Then, by def-
inition, we have A¥,(D) = {s € F’ordp(s) + ordy(D) > 0} ®q R, since
D= Zp ordy(D)p, and hence if U = X — {p1,...,p,}, Ox(U) is trivial.

In this way, we get the associated arithmetic adelic complex

0 — A% o (Ox (D)) & AE, (Ox (D)) 55 A% 1 (Ox (D)) — 0

13



1
is given by: 0 — F' @ A%, (Ox(D)) Ly Ap — 0, (ap, a1) — a1 — ag. Therefore,
ng (F7 OX(D>) =FnN A%,I(OX<D))’
H,.(F,0x(D)) =Ap/(F + A¥.1(Ox(D))).

In fact, a complete cohomology theory is developed for arithmetic curves
Spec Op in [W]. For an Op-lattice A, i.e., a motorized locally free sheaf on
Spec OF, we introduce the associated topological cohomology groups H2 (F, A)
and HL (F,A), with H2.(F,A) discrete and H} (F,A) compact. Consequently,
using Fourier analysis for locally compact groups, we obtain their arithmetic
counts hY.(F,A) and hl (F,A).

Theorem 10. Cohomology Theory for Arithmetic Curves ([W])

Let F' be a number field with Op the ring of integers. Let wp be the Arakelov
dualizing lattice of Spec O and Ap be the discriminant of F'. Then, for an
Op-lattice A of rank n with its dual AV, we have

(1) (1.i) (Topological Duality) As locally compact topological groups,
H}, (Fwr ® AY) = H,(F, A);

Here ~ denotes the Pontryagin dual.
(1.11) (Arithmetic Duality)

hér(Fa wr ® Av) = hgr(Fa A),
(2) (Arithmetic Riemann-Roch Theorem)

BB, A) = iy (FLA) = deg,(A) - 7 log|Apl.

(3) (Ampleness, Positivity and Vanishing Theorem) The following state-
ments are equivalent:

(3.1) Rank one Op-lattice A is arithmetic positive;
(3.7) Rank one Op-lattice A is arithmetic ample; and
(8.4ii) For rank one Op-lattice A and any Op-lattice L,

lim Al (F,A"® L) =0.
n—oo

(4) (Effective Vanishing Theorem) Assume that A is a semi-stable Op-
1
lattice satisfying deg,,(A) < —[F : Q] - noen

, then we have

gn[F:Q] degay (L)
O (FA) < —— . —w[F:Q]-e” " » ).
WAPA) < 7o o (P Qe )

For details, please refer to [W].
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2 Arithmetic Surfaces

In the sequel, by an arithmetic surface, we mean a 2-dimensional regular integral
Noetherian scheme X together with a flat, proper morphism 7 : X — Spec Op.
Here Op denotes the ring of integers of a number field F. In particular, the
generic fiber X is a geometrically connected, regular, integral projective curve
defined over F.

2.1 Local Residue Pairings

Theory of residues for arithmetic surfaces, as a special case of Grothendieck’s
residue theory, can be realized using Kéhler differentials as done in [L, Ch III, §4].
However, here we follow ([M1,2]) to give a rather precise realization in terms of
structures of two dimensional local fields.

2.1.1 Residue maps for local fields
(A) Continuous differentials

Let (A,my4) be a local Noetherian ring and N an A-module N. Denote by NP
the maximal Hausdorfl quotient of N for the ma-adic topology, i.e., N°P =
N/ M., m’% N. In particular, if A is an R-algebra for a certain ring R, then we
have the differential module Q4,5 and hence QS:;)R. Thus, if F' is a complete
discrete valuation field and K a subfield such that Frac(K N Op) = K, then we
have the space of the continuous differentials

9%71( = Q?;?/OFOK ®(9FF.

Consequently, if F'/F is a finite, separable field extension, then Q%7 , =

Q%t/SK ®p F' and hence there is a natural trace map Trp/p : Q%t,s/K — Q%th

(B) Equal characteristic zero

Let F be a two-dimensional local field of equal characteristic zero. Then F

contains a unique subfield kg of coefficients, up to isomorphism, such that F' ~

kr((t)) for a suitable uniformizer ¢. In particular, ngi/ok ~ Op - dt is a free
‘P

Op-module of rank one. We define the residue map for F' by
resg Qf;“ko — kp, w = fdt— coefty—1(f).

By [M1], this is well defined, i.e., independent of the choice of t. Moreover, for
a finite field extension F’/F, we have the following commutative diagram

resp/

st ko
Trepd 3 Trg . jkep
Q‘;f;kp B k.

(C) Mixed characteristic

Let L be a two dimensional local field of mixed characteristics. Then the con-
stant field kr of L coincides with the algebraic closure of Q, within L for a
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certain prime number p, and L itself is a finite field extension over kp{{t}} for
a certain uniformizer ¢. Here, by definition,

Er{{t}} := { Z ait’ : a; € kr, irilf{ukL (a;)} > —oo (Vi), a; —0(i— —oo)}.

1=—00
sep _ (OSep
Moreover, by [M1], QOkL{{t}}/OkL = Ok, g1y dt D Torb(onLHt}}/okL). We
define the residue map, first, for kr{{t}}, by
resy, (1) U ppyyny — kL. w = fdt = —coeft,1 (f);
then, for L, by the composition

s Troseptom , TeSkp {{t}}
cts L cts L

: EEE—— .
resy, QL/kL Qk‘L{{t}}/kL kL

This is well defined by [M1]. Consequently, if L'/L is a finite field extension, we
have the commutative diagram

cts rCSL/

g, S g
Trrr ) VNS
resr,

Qets — k.

L/ky

2.1.2 Local residue maps

As above, let F' be a number field and 7 : X — Spec Op be an arithmetic
surface with X its generic fiber.

For each closed point € X, and a prime divisor C' on X with z € C, by
Theorem 1, the local ring k(X)¢  is a finite direct sum of two dimensional local
fields, i.e.,

k(X)C,CC = @ k(X)Cl,Qfa
where C;’s are normalized branches of the curve C' in a formal neighborhood U
of x. Set then

resc,y = E T€Sk(X) e,
i

which takes the values in Fy (g, the local field of I at the place m(z). Recall
also that, following [T], we have the canonical character

TF 2y /Cp

An(a) * Fr(a) Q, — Q,/Z, — Q/Z — R/Z ~ S".

Introduce accordingly
Resc,o := Ar(x) O TESC 2
On the other hand, for each closed point P € X,
KXe)r @, (I1 F) = (Dr®) D (Pc)
cE€S

is a finite direct sum of local fields R((¢)) and C((¢)). Hence, similarly, for each
0 € S, we have the associated residue maps resp,. Define

Resps = Ag © TSP

Here, as in [T], to make all compatible, we set \,(z) = —Trp, /g, i.e., with a
minus sign added.

16



2.2 Global Residue Pairing

The purpose here is to introduce a non-degenerate global residue pairing on the
arithmetic adelic ring of an arithmetic surface.

2.2.1 Global residue pairing

Let 7w : X — Spec O be an arithmetic surface with X its generic fiber. Then,
by §1.2.1, we have the associated arithmetic adelic ring

ar .__ Aar . Afin (%)
X - AX.,012 i AX @ AX

with Ag(n = Ax 012 the adelic ring for the 2-dimensional Noetherian scheme X
and A := Ax,®¢R := lim lim ((AXF (D1)/Ax.(D2)) R ] FU). By

‘)Dl (7D2
D2<Dy F 0€5x
an abuse of notation, we will write elements of A" as (fc .)c.., or even (fo.),

and elements of A as (fp)p, or even (fp).

Fix a rational differential w = f(t)dt # 0 on X. Then, we define a global
pairing with respect to w by

(o AT XA — st
((fC,a:a fP,a)a (gC,m» gP,a)) — ZCCX,QCEC: 7(x) € Stin ReSC,z(fC@gC,zw)
+ 2 pexy 2oes. Respo(fPogpow).

Lemma 11. Let X be an arithmetic surface and w is a non-zero rational dif-
ferential on X. Then the global pairing with respect to w above is well defined.

Proof. Write ZCCX’IGC”T(@GSM Resc o (fez9c,sw) as a double summations

Yocx erc:w(z)esﬁn Resc z(foxgozw). Then, by Example 2, for all but
finitely many curves C, Resc s(fcz9czw) = 0. So it suffices to show that
for a fixed curve C, > . () EStn Resc z(foegc,zw) is finite. This is a direct

consequence of the definition of A¢ 1 and Agi(“ in Example 2.

2.2.2 Non-degeneracy

Proposition 12. The residue pairing (-,-),, on A¥ is non-degenerate.

Proof. Let g € A¥ be an adelic element such that, for all f € A%, (f,¢)w = 0.
We show that g = 0.

Rewrite the summation in the definition of (-, ), according to prime hori-
zontal curves Y associated to closed points P € X and prime vertical curves

V C X appeared in the fibers of m. Namely, > pcx . ZzeE? +> vex Dsev
Then, note that, for a fixed adelic element g = (9c.«, gp,s) € AY,

<(fC,a:a fP,O')? (gC,wng,a» =0 V(fC,wa fP,U) € A%

We have
Y Y Resppa(gpeafw)+ Y D Resppa(gpeafw) =0 VfekX).
PeXFp z€EY VeX zeV
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Now assume, otherwise, that g # 0. There exists either some vertical curve
C such that 0 # gc € k(X)c4, or, a certain algebraic point P of the generic
fiber X such that 0 # gp, € k(Xr)p@rF,. In case go . # 0, by definition,
goe = (9¢,,2) € B, k(X)c,» = k(X)c,x, where C; runs over all branches of
C, and k(X)¢, » is a two-dimensional local field. Fix a branch Cj, such that
9Ciyw 7 0. By definition, Resc, » := Ar(z) o T€8¢; 0. So we can choose an
element h € k(X)c, ,» such that Resc, .(hw) # 0. For such h, we then take
fci.x € k(X)c,, .« such that fc, »gc, « = h. Accordingly, if we construct
an adelic element f by taking all other components fc, . to be zero but the
fci, .« then we have (f,9)w = Rescio,m(fcioyxgcio,xw) = Resciojx(hw) # 0.
This contradicts to our original assumption that (f,g), = 0. Hence, all the
components of g corresponding to vertical curves are zero. Since we can use
the same argument for the components of g corresponding to algebraic points
of X to conclude that all the related components are zero as well, so g = 0.
This completes the proof.

2.3 Adelic Subspaces
2.3.1 Level two subspaces

Let 7 : X — Spec Op be an arithmetic surface. Our purpose here is to introduce
certain level two intrinsic subspaces of Ay := A% 15 1= Ag;‘ D AF.

To start with, we analyze the structures of A%Ol, one of the level two sub-
spaces of AR = AR, By definition, see e.g., [P1], an element (fcs)c, € AR
belongs to Ag‘(’jm, if, for all curves C, the partial components (fc z)zcc are inde-
pendent of x. So we may simply write elements of Agi(‘jm as (fo)c. On the other
hand, with respect to 7, curves on X may be classified as being either vertical
or horizontal. Therefore, we may and will write (fo)c = (fo)c:ver X (f&)c:hor-
Accordingly, we set A§<%1 = Agi(%vl & Agigbhl, where A?bvl, resp., Aﬁ(%hl denotes
the collections of (fo)c:ver, re8p., (fc&)c:hor- Furthermore, if C is horizontal,
there exists an algebraic point P of Xp such that C = mx, the Zariski clo-
sure of P in X. For simplicity, write C = Ep. Then fg, € F(X)x,. But
F(X)g, = F(Xr)p. So it makes sense for us to talk about whether fg, = fp
for a certain element fp € F(XF)p.

Fix a Weil divisor D = D,, + Dj, on X, where D, = ZF nyV with V irre-
ducible vertical curves and Dy, = > pnpEp with Ep the horizontal curves. In
particular, D induces a divisor Dp = >, npP on Xp. Following the uniformity
condition in Definition 7(ii) (and that for arithmetic curves recalled in §1.2.4),
we introduce level two intrinsic subspaces A% ), A% oo, A 15(D) by

A% o1 ={(fo.) x (fP) € A¥ | (fea)ow = (fc)ow € Aﬁ;jm, fer = fpP VP e Xp},
AX 02 :A?&m @ ]‘5<XF)®<Q>R and A%,IQ(D) = Agi(rflz(D) @ (AXF (DF>®QR)7

where AR5 (D) ={(fc.x) € AR |ordc(fe,z) + orde(D) > 0 VC C X},
AXF(DF) Z:{(fp) S AXF ’OI‘dp(fp) + OI"dp(DF) >0VPe XF},
S o : ’
Axp(Dp)BoRi= _ lim - (Ax,(Dr)/Ax, (D) ® R).
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Here we have used the natural imbedding k(X) = k(Xr) — Ax, — A¥.
Accordingly, we then also obtain three level one subspaces

ar ,__par ar
AX7O .—AX,M N Ax,ozv and

%,1(1)) :A‘%,m n %,12(D)7 %,2(1)) = %,02 n E)L<€,12(D)-

Lemma 13. Let X be an arithmetic surface, D be a Weil divisor on X with
Dpr its induced divisor on Xrp. We have

(1) A% o = k(X);

(ii)}A%,l(D) = {(fo)cz x (fp) € AX : (fc)cx € Ax1(D), fep = fp VP €
XF 5y

(iii) A% 5(D) = {(fz)c,e x (f) € AY
(fe)cw € Ax2(D), f € Ax,.(Dp)Nk(XF) = H(Xp, Dr)®gR}

(iv) Under the natural boundary map, (A% (X, D),d*) :
0= AX o ©AX (D) ® AX 5(D) — A g1 © AX 9o © A 12(D) — AX 12 — 0
forms a complex, the adelic complex for D.

Proof. The first three are direct consequences of the construction, while (iv)
is standard from homotopy theory. Indeed, we only need to write down the
boundary maps: the first is the diagonal embedding, the second is given by
(xo, 21, 22) — (®o—x1, T1—22, a—x() and the final one is given by (xo1, 202, Z12)
— o1 + To2 — T12-

As a direct consequence of (ii) and (iii), we have the following

Corollary 14. Let X be an arithmetic surface, D be a Weil divisor on X.
Then, we have the following induced ind-pro structures on AY 1 and A¥ gy:
%{01 = lim/ lim Agg,l(D)/Agg,l(D/):
—D’' +—D’
D'<D
A%(r,oz = ir%, ir%, A%,z(D)/A%,2(DI)~
D'<D
Our definitions here are specializations of definitions in §1.2.3 for F =
Ox (D) over arithmetic surface X. We leave the details to the reader.

2.3.2 Perpendicular subspaces

For late use, we here establish a fundamental property for the level two arith-
metic adelic subspaces introduced above. In fact, as we will see below, this
property, in turn, characterizes these subspaces.

Fix a non-zero rational differential w on the arithmetic surface X. Then, by
Proposition 12, we have a natural non-degenerate pairing (-,-),, on A¥. For a
subspace V' of A¥, set

vi= {we A¥

(w,v)y =0 Yo eV}

be its perpendicular subspace of V' in A¥ with respect to (-,-),,. Then, we have
the following important
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Proposition 15. Let X be an arithmetic surface, D be a Weil divisor and w be
a non-zero rational differential on X. Denote by (w) the divisor on X associated
to w. Then we have

1
(i) (Agg,(n) :A%,oﬂ
1
(i) (A%oz) :Aaxr,ozi
1
(i) (A%12(D)) = A% 1o((@) = D).

Proof. By an abuse of notation, we will write elements of Af;(“ as (fou)ow Or
even (fc ), and elements of A as (fp)p or even (fp).

We begin with a proof of A% ;; C (Ag‘aOl)L. Let f, g € AY ;. By definition,
f = (fc)ox x (fr)p, &8 = (9c)c.e X (gp)p, and, for all algebraic points P of
Xr, fe, = fp and gg, = gp. Consequently,

(f,8)w =Y Rescu(fogow) + Y Resp(frgpw)
P

z,C

:Z Z ReSC,x(fC'gCW)+ZR€SP(ngPw).

C z:ixeC P

If C is a vertical curve on X, then, by the standard residue theorem for algebraic
curves, see e.g. [P1], > .~ Resc.(fcgow) = 0. Hence

(£.8)0=>_ > Resp(fz,ge,w)+ Y Resp(fpgrw)

PeXrpzcEp

= Z Z Resq(fpgpw).

PeXrp Q€Ep

Here Ep denotes the Arakelov completion of Ep associated to an algebraic point
P € Xp, and in the last step, we have used our defining condition fg, = fp
and gg, = gp for elements f, g in A¥ (;. Now, by the residue theorem for

Ep (M2, Thm 5.4]), >-0cE, Resqg(fpgpw) = 0. Therefore, (f,g)., = 0, and
A¥ 1 C (Agg,oﬂj"

Next, we show that A% 5, D (A%{Ol)l, based on the following ind-pro struc-
ture on A% (; in Corollary 14:

AX o1 = ir%, iné, A%(r,l(D)/A%(r,l(D/)-
D'<D

Let C' be an irreducible curve C. Then, induced by the perfect pairing
(,)w : A¥ X A¥ — R/Z, for any divisor D on X, by (iil), whose proof given
below is independent of (i) and (ii), we obtain a pairing

Z;(r,lz(D)/A%g,lz(D -C) x A}r’u((w) +C — D)/A}r’w((w) - D) — R/Z. (1)

Moreover, directly from the definition, we have that A% ,(D)/A% 1,(D —C) ~
A% for any divisor D. Hence, A% j,((w) + C — D)/Agam((w) - D)~ AE
as well. So we can and will view (1) as a pairing on A% ;.
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If C is vertical, then, there exists wo € Qi c)/r, and an a = (a,) € A 0
such that (1) coincides with the pairing

(s Jwea t Afgr X AT g1 — Fy; (f,g) — ZUResv(fvgva”wc). (2)
Since A¥ o, C (A¥ ¢;)", and, directly from the definition, we have that

X1(D)/AX 1 (D—-C) ~ AX 1 ((w)+C—D) /A% , ((w)—D) =~ Agy = k(C), (3)

we conclude that (-, )wc.a @ Af g X Af 5 — Fp annihilates k(C) x k(C). But
(", )we,a can be identified with the canonical residue pairing (-,-) : A%y ¥
A%, — Fp associated to C. Consequently, K(C)* = K(C).2 In particular,
with respect to the pairing (ak(C), k(C)) = 0. So a € k(C). Hence, if necessary,
with a possible modification on w, without loss of generality, we may and will
assume a = 1 and write (-, -)wy,a simply as (-, -),,. Therefore, by (3) and the
fact that k(C)* = k(C), we have

(A%.4(D)/A%4(D - €)= A¥,(@) + O — D)/A%, (@) - D).

Moreover, with a verbatim change, the same discussion is valid for horizontal
curves as well. Consequently, by applying this repeatedly, we have, for any
irreducible curves C7, Cy, the following commutating diagram with exact rows

A(D - C1)/A(D — Cy — Co) — A(D)/A(D - C1 — C3) — A(D)/A(D - Cr)

l { I
GNB(D-C1)/GNB(D—-C1—C2) < GNB(D)/GNB(D—-C1—C2)~» GNB(D)/GNB(D-Cy)

i
— ar — ar — ar
where, to save space, we set A := AY,, B := A¥, and G := (Ax,m) .

Consequently, the vertical map in the middle is surjective. On the other hand,

. L. . S
since A% oy C (A%Ol) , this same map is also injective. Therefore, for any
D' <D,

(A%.1(D)/A%,(D) = A%, ()~ D')/A%, () - D).

with respect to our pairing

A% (D /A ) x A¥ 1 ((w /A D) — R/Z.
Consequently, we have
( 35,01) = A%(r,op
since, by (iii) again,
X.01 = LI% Lnrl) A% ( /A = Lm}j inll) A% W)*D,)/A%,l((w)
D'<D D'<D

This proves (i).

2Tt is well-known that, see e.g., [Iw, §4], if x is a non-zero character on A% 5, such that
x(k(C)) = {0}, then the induced pairing (-,-)x : AZ 5, x AY 5, — Fg; (£, g) o x(f-g)is
perfect and k(C)+ = k(C).
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To prove (ii), we start with the inclusion A% o, C (A%{OQ)J-. By definition,
every element f € AY (, can be written as f = (fw)C « X (fp)p with fo, = fz
and (fp) = (f) for some f € k(Xr) (since, by definition, the 02 type adeles are
independent of one dimensional curves). Thus, for f,g € A% j,, we have

Z ReSC z fC z9C, zw + Z ReSP ngPw)

_Z Z Resc,y (fogaw +ZR€SP(fgw)-
I3

z C:C3z

Note that for a fixed z, f, and g, are fixed. Thus, by the residue theorem for
the point = ([M1, Thm 4.1]), we have } .5, Resc 2 (fzg.w) = 0. So

g) =) 0+ Resp(fgw) =) Resp(fgw).
T P P

On the other hand, since f, g € k(Xr) and w is a rational differential on Xp,
the standard residue formula for the curve Xp/F (see e.g., [S, §IL.7, Prop. 6])
implies that ), Resp(fgw) = 0. Hence

<f7g> = 07 v f7g € A%,OQ'

Therefore, A% 5, C (Az)l(r,oz)l'

For the opposite direction A ;5 D (A% 02) 7, similarly as in (i), we, in theory,
can use the following ind-pro structure on A X021

I‘ ar /
on—i%,i% A% )/AX,Q(D)'
D'<D

However, due to the lack of details for horizontal differential theory in literature,
we decide to first use this ind-pro structure to merely prove the part that if
f=(focu)cw X (fP)p € (A}ryoz)% for vertical C’s, fc» = fz; and then to take
a more classical approach for the rest.

Choose f = (fcz)ce X (fP)P € (Af}aoz)L. Then by our assumption, for any
element g = (gz)ce X (9)p € A¥ g, We have

0=(f,g) => > Resca(foazgaw)+ » Resp(frgw). (4)

r C:Cox P

Now note that the element (g,)c.. € A¥ g, and the element g € k(Xr) can
be changed totally independently, we conclude that both of the summations,
Y2 2oc:05e Reso e (fo,xgzw) and Y p Resp(fpgw), are constants independent
of g. This then implies that both of them are 0. Indeed, since ), Resp(fpgw) is
a constant independent of g, by choosing g to be constant function, we conclude
that Y pResp(fpgw) =0, Vg € k(Xk). Consequently, by (4), we have, from
(2),

Z Z Reso . (fougaw) =0, V(gs) € AX oo (5)

z C:Cozx

To end the proof, we need to show that fc,’s are independent of C' and
fp are independent of P. First, we treat the case when C is vertical. As said

22



above, we will use the associated ind-pro structures. So, assume for now that
C is vertical. Then, for any divisor D on X, we have

X2(D)/AX 5(D = C) ~Aca(Dlc),
X2((w) +C = D)/AX 5((w) + C = (D = C)) ~Aca((wg) — Dle),

for a certain wy, € Qyoym, satisfying (wi) = ((w) + C)|c by the adjunction
formula. We claim that (w/,) = (we). Indeed, since Ac1(D]c)t = Ac 1 ((we) —
Dlc) and A¥ g, € (A¥,) ", Aca((wh) — Dle) € Aca((we) — Dlc). This
implies that (we) > (wg) and hence (we) = (wg), because there is no f € k(C')
such that (f) > 0. Thus, with respect to the canonical residue pairing on C, we
have Ac1(D|c)t = Ac1((wy) — D|¢). Consequently, as in (i), from

A%,w:ir%, lim, %Q(D)/ %,2(D/): lim lim, %,2((“)_DI)/ %,2((“’)_D)a
«—D «~—D D

D'<D D'<D

we conclude that fc, = fi € k(X), and hence independent of C.

To prove the rest, we take a classical approach with a use of Chinese reminder
theorem, using an idea in the proof of Proposition 1 of [P1]. To be more precise,
fix zp € X and a prime divisor H on X satisfying that ©g € H and that
V := SpecOx ,, — H is affine. We claim that for any family of prime divisors
D; on V such that D;ND; = @ if ¢ # j, and any rational functions fo, f1,..., fa
on V', and any fixed divisor D supported on D;’s, there exists a rational function
g such that

ordp,(f; —g) > ordp,(D), i=0,1,...,n,
ordp,(g) > ordp, (D), i ¢{0,1,...,n}

Indeed, by clearing the common denominators for f;’s, (with a modification of

fi’s if necessary,) we may assume that f;’s are all regular. Then by applying
the Chinese reminder theorem to the fractional ideals p?rdD"(D)
and ﬂig{o’l,wn}p?rdDi(D), where p; are the prime ideas associated to the prime

divisors D;, we see the existence of such a g.

1=0,1,...,n,

Associated to f € (A%,Oz)L, form a new adele f’ € A% ;,, by setting f, , =

fc,z— fH, where H is a fixed vertical curve. Since, as proved above, for vertical
H, fuz = fo € k(X),, this is well defined. Then

Z Resc,l‘o (f/C',wogl'ow)

C:C>xg
= Z Rescﬂlo(fc'@ogwow)_ Z ReSC7$0(fH7Zngow)'
C:C>xg C:C>xg

The first sum is zero, since we have (5) by our choice of f. The second sum,
being taken over all prime curves passing through xg, is zero as well, since
we can apply the residue theorem for the point zy as above (with fr ,, being
independent of C'). That is to say,

Z ReSC7$0(fIC’,xog:Cow) =0.
C:C>3x
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Now, applying the above existence to obtain a ¢ satisfying that for any fixed
rational function fy and any fixed curve Cy 3 x(, we have

orde (f&4,) +orde(fo — g) +orde(w) >0, C=Ch
orde(f¢,,) +orde(g) +orde(w) >0,  C# Co, H.

Consequently, by the definition of the residue map, with f}{,zo = (0 in mind, we
get, for any fy € k(X) and the corresponding g just chosen,

0= > Rescuy(fEa9w) = > Resc g (f6,209%)

C:C3xg C:C310,{C:C#Co, H}U{C:C=Co,H}

= Z RGSC,;BO (flc’,gcggw) = Rescoyiﬂo (fé‘g,xogw) = Rescmﬂco (fég,xo fow).
C:C320,C=Co,H

Since the last quantity is always zero for all fj, this then implies that f’c,w0 =0,
namelYa fCo,xo = nyxo'

To end the proof of (ii), we still need to show that fp = fp, for a fixed
Py € Xk and all P € Xg. But this is amount to a use of a similar argument
just said again, based on Chinese reminder theorem. See e.g., [Iw, §4]. We leave
the details for the reader. Thus, if f = (fou)ce X (fP)p € (A% g3)*, then
Jco = fco,w and fp = fp, for fixed Cp and Py. Therefore, f € A% (,. That is
to say, (A¥ go)" = A¥ y. This proves (ii).

Finally, we prove (iii). The inclusion A% j,5((w) — D) C (Aﬁfr’lg(D))l is easy.
Indeed, for f = (fc,2) x (fp) € AX 12((w) — D), 8 = (9o,z) X (gp) € AX 12(D),
we have (f,g) = ZC7mReSC,r(fC,:EgC’IUJ) + > pResp(fpgpw) = 0, since every
term in each of these two summations is zero by definition.

To prove the other direction A% 1,((w) — D) D (A%alQ(D))J-, we make the
following preparations. Set 7 : X — Spec Op — SpecZ. Then, by [M1, Thm
5.7], the dualizing sheaf wx of 7 is given by, for an open subset U C X,

wxz(U) = {w € Qux)/0 | Rescz(fw) =0 VxeO(CU), Vf e (’)X’C}.

By a similar argument as in [M1] (used to prove the above result), we have, for
a fixed curve Cy,

Wz.0p = {w S Qk(X)/Q | Rescoyz(fw) =0 Vzxe C()7 f S OX,Co}'

This is nothing but the collection of differentials w satisfying orde, ((w)) > 0.
Moreover, we have, for a fixed pair zg € Cy,

Wa,Co ®OCO OCO@D = {(}J = ta(s*x)co,a:o/(@?r(xo) | ReSCOJO (fw) =0 vf € OCDWO}'

This is simply the collection of differentials w satisfying orde, ((w)) > 0. From
these, we conclude that the following conditions are equivalent for a non-zero
differential w € Q(x)/@ and a fixed pair xo € Co;

(1)0 Vf e OX,CO RGSC(%X0 (fw) = 0.

(2)¢ orde,((w)) > 0.
Furthermore, a similar argument for points instead of curves also gives us that
the following conditions are equivalent for a fixed point P;
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(1)1) Vf S OXFJ:’U ResPO(fw) =0.
(@) ordp, (@) > 0.

Now we are ready to continue our proof. Let f = (fo ) x (fp) € A%H(D)J—
and g = (go,z) X (gp) € A}r,w(D). Then

0=(f,g) = Zc Rescz(fozgoaw) + ZPRGSP(ngPw)~

Thus, by the independence of components of adeles, we see that, for fixed (C, x)
and P, Resc ;(fcz9c,w) = 0 and Resp(fpgpw) = 0. This, together with the
equivalence between (1)¢ and (2)¢ and the equivalence between (1)p and (2)p,
we conclude that f = (fc,.) X (fp) € A¥ 15((w) — D), and hence complete the
proof.

2.4 Arithmetic Cohomology Groups
2.4.1 Definitions

Let X be an arithmetic surface and D be a Weil divisor on X. By Lemma 13,
particularly, with (iv), we obtain an arithmetic adelic complex. Accordingly, we
define the arithmetic cohomology groups H!.(X, D) by H'(AX.(X,D),d"), the
i-th cohomology groups of the complex (A% (X, D),d*),i=0,1,2.

Proposition 16. (i) The arithmetic cohomology groups H:.(X, D) of D on X,
1 =0,1,2, are given by

He?r(Xa D) :Aﬁ(r,m n A%{oz N Agg,lz(D)é

= (A% 01 +A% ) N A%12(D)) / (A% 01 N AX 12(D) + A¥ 02 N A% 12(D) );
HZ(X,D) = %,012/( %01 T AX 02 +A§,12(D))'
(i) There exist natural isomorphisms
H,.(X,D)
3( X,01 N (Ag(rm + %12(D))>/( Xo01 NAX g2 T AX 01 N A%(r,lz(D))

:(A*}?m n (Ag(r,(n + A§§712(D))>/(A§§,01 NAX g2 T AX 02 N A%,IQ(D))

Proof. This is an arithmetic analogue of [P1]. Indeed, (i) comes directly from
the definition, and via the first and second isomorphism theorems in elementary
group theory, (ii) is obtained using a direct group theoretic calculation for our
arithmetic adelic complex.

As mentioned above, the cohomology groups for the divisor D defined here
coincide with the adelic global cohomology defined in §1.2.3 associated to the
invertible sheaf Ox (D). That is, H:.(X,D) = H!.(X,0x(D)). In fact, our
general construction in §1.2.3 for quasi-coherent sheaves over higher dimensional
arithmetic varieties is obtained modeling our constructions for arithmetic curves
and arithmetic surfaces.

25



2.4.2 Inductive long exact sequences

(V) Vertical Curves

Just like the classical cohomology theory, arithmetic cohomology groups also
admit an inductive structure related to vertical geometric curves on arithmetic
surfaces. More precisely, we have the following

Proposition 17. Let C be an irreducible vertical curve of X, then, for any D,
we have the long exact sequence of cohomology groups
0 —Hy(X,C) = Hp (X, D+ C) = Hy.(C, (D + O)lo)
— Hp(X, D) = Hap (X, D+ C) = Hop(C,(D + C)le)
— H2(X,D) = H2(X,D+C) = 0.

Here H. .(C,(D + C)|c), i = 0,1 are the usual cohomology groups for vertical
geometric curves.

Proof. For C' be an irreducible vertical curve in X. Then from definition, one
calculates that

(a) AX 12(D + C) /A% 12(D) = Agi(rtlz(D + C)/Agifn,lz(D) @ {0}Ac,01 ® {0}.
(b) A (D +C)/A% 1 (D) = k(C) as there are neither changes along horizontal
curves nor along Xp.

(c) AX o(D + C)/A% 5 (D)

— A% (Din + C)/Ao(Din) @ {0} = Ac((Dan + O)lc ) @ {0}.

Consequently, for the morphism

ar ar ar ar ¢ ar ar
AX (D +C)/AR (D) & AX (D + C)/AX o(D) — AX 15(D + C)/A¥ 15(D),
(213, y) = r—y,

we conclude that
(d) Ker ¢ is given by

(A% 1(D+C)/A% (D)) N (A% o(D + €) /A% 5(D)) = HA(C, (D +C)lc),
(e) Coker ¢ is given by

(A% 12(D + €)/A% 15(D)) / (8% 12(D + C)/AY 15(D) + AY.1o(D + C) /A% 15(D))
—HL(C,(D +O)lc).
Therefore, by definition, we have the long exact sequence

0 —H(X,C) = HY.(X, D+ C) = Ho.(C, (D + C)|c)
— Hy(X,D) = Hy (X,D+ C) = Hy.(C, (D + C)|c)
— H2(X,D) — H2(X,D+C) — 0.

This then completes the proof.

26



(H) Horizontal Curves

For horizontal curve Ep corresponding to an algebraic point P of X, we
have

(a) A%(r,u(D + EP)/A%au(D)

=A% 15(D + Ep) /AR 15(D) ® Ax,(Dr + P)/Ax,(Dr) ®g R
=Ap, 01 DEk(Ep) @R = A%, ;

(b) A% (D + Ep)/A% (D) = k(Ep), diagonally embedded in
AR (Dgn + Ep) /AR (Dgn) ® Ax,.(DF + P)/Ax, (Dr) ®q R;
(c) A% 5(D + Ep)/A% 5(D)
=Ag, ((Dﬁn + EP)\EP) ® H*(Xp,Dp + Ep) @ R/H*(Xp, Dr) @ R.

Similarly, we have the corresponding morphism

A%,l(D + EP)/A%rJ(D) D A%,Q(D + EP)/A%Q(D) i> A%,IQ(D + EP)/A%H(D)
(.’,U, y) = T =Y,

and hence obtain the following proposition in parallel.

Proposition 18. Let Ep be the horizontal curve Ep corresponding to an alge-
braic point P of Xp, then, for any D, We have the long eract sequence

0 =H? (X,Ep) = H? (X,D + Ep) — Ker ¢
— H.(X,D) — H!.(X,D + Ep) — Coker ¢
— H?(X,D) - H>(X,D + Ep) — 0.

However, unlike for vertical curves, we do not have the group isomorphisms
between Ker ¢, resp. Coker ¢, and HY (Ep,(D + Ep)|g,), resp. HL.(Ep, (D +
Ep)|g,). This is in fact not surprising: different from vertical curves, for the
arithmetic cohomology, there is no simple additive law with respect to horizontal
curves when count these arithmetic groups: In Arakelov theory, we only have

Xar(X, D+ Bp) = xa(X, D) + Xae(Br, (D + Bp)li,) — 3dr(E)  (6)

with discrepancy —%d A(E) resulting from Green’s functions. (See e.g., [L,
p.114].)

On the other hand, recall that, on generic fiber X, we have the long exact
sequence of cohomology groups

0 +H°(Xp,Dp) - H(Xp,Dp + P) = Ox,.(D+P)lp - Q =0

(with Q defined by  0— Q — H'(Xp,Dr) = H'(Xp, Dp + P) = 0),
(7)

and that, in Arakelov theory, see e.g., [L, VI, particularly, p.140], what really
used is the much rough version A(Dp + P) ~ A(Dp) ® Ox, (D + P)|p where

27



A denotes the Grothendieck-Mumford determinant. One checks that the exact
sequence (6) does appear in our calculation above. Indeed, for curve Xg/F,

HY(Xp,Dp) = k(Xp)NAx,(Dr) & HYXp,Dp)=Ax,/k(Xp)+Ax,(Dr).
Consequently, (7) is equivalent to the exact sequence

0— H(Xp,Dp + P)/H*(Xp,Dp) = Ax, (Dr + P)/Ax,(Dr) = Q — 0
0—Q— H (Xp,Dr) — H(Xp,Dp + P) — 0.

(Note that Ax,. (Dr + P)/Ax,(Dr) is supported only on P.) Clearly, all this
can be read from the calculations in (a,b,c) and the morphism ¢ above. So our
construction offers a much more refined structure topologically.

2.4.3 Duality of cohomology groups

Let 7 : X — Spec Op be an arithmetic surface defined over the ring of integers
of a number field F'. Then we have the adelic space A¥, its level two subspaces
A3, A2b and A5 (D), and hence the cohomology groups H! (X, Ox (D)) asso-
ciated to a Weil divisor D on X. Moreover, there is a natural ind-pro structure
on A¥

T = li li A D)/A E).

X=1lm lm ~Axis( )/Ax 12(E)
Note that Ax 12 (D)/Axyu(E)’s are locally compact topological spaces. Conse-
quently, as explained in §3, the next section, induced from the projective limit,

we get a natural final topology on Ax 12(D) = <_E-IIE1<D AX’]_Q(D)/AX)]_Q(E);

similarly, induced from the inductive limit, we get a natural initial topology on
X = lirrjlj Ax 12(D). Moreover, by Theorem II, we know that all three level
—_

two subspaces A}, A55 and A5 (D) are closed in A¥. Consequently, we obtain
natural topological structures on arithmetic cohomology groups H’ (X, Ox (D))
induced from the canonical topology of A¥. Our main theorem here is the fol-
lowing

Theorem 19. Let X be an arithmetic surface and D be a Weil divisor on X.
Then as topological groups, we have natural isomorphisms

Hi (X, D)~ HX'((w)—D) i=0,1,2

Recall that, for a topology space T, its topological dual is defined by T =
{¢ : T — S! continuous} together with an compact-open topology. (See e.g.,
§3.1.1 for details.)

This theorem is proved at the end of this paper, after we expose some basic
structural results for the ind-pro topology on A¥ in the next section.
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3 Ind-Pro Topology in Dimension Two

In this section, we establish some basic properties for ind-pro topologies on
various adelic spaces associated to arithmetic surfaces. This may be viewed as
a natural generalization of a well-known topological theory for one dimensional
adeles (see e.g. [Iw], [T]). Our main result here is the following

Theorem II. Let X be an arithmetic surface. Then with respect to the canonical
ind-pro topology on A, we have

(1) Level two subspaces A o1, A% gy and A% 15(D) are closed in A%;

(2) A% is a Hausdorff, complete, and compact oriented topological group;

(8) A% is self-dual. That is, as topological groups,

_ N
ar .~
AT ~ A%

3.1 Ind-pro topologies on adelic spaces
3.1.1 Ind-pro topological spaces and their duals

To begin with, let us recall some basic topological constructions for inductive
limits and projective limits of topological spaces.

(1) Let {Gm}m be an inductive system of topological spaces, G := lim G,,

—m
with structure maps ¢, : G, — G. Then, the inductive topology on G is

defined by assigning subsets U of G to be open, if ¢;,}(U) is open in G, for
each m. Inductive topology is also called the final topology since it is the finest
topology on G such that ¢, : G, — G are continuous.

(2) Let {G}, be a projective system of topological spaces, G := }LHLG" with
structure maps m, : G — G,. Then, the projective topology on G is defined
as the one generated by open subsets 7, (U, ), where U,, are open subsets of
G,,. Projective topology is also called the initial topology since it is the coarsest
topology on G such that 7, : G — G,, are continuous.

For a topological space T', denote by T = {f:T — S! continuous}. There

is a natural compact-open topology on T', generated by open subsets of the
form W(K,U) :={f € T : f(K) C U}, where K C T are compact, U C S' are

o~

open. We call T' the (topological) dual of T'.

For inductive and projective topologies, we have the following general results
concerning their duals.

Proposition 20. Let {P,}, be a projective system of Hausdorff topological
groups with structural maps mp m @ Py — Py, and m, @ lim P, — P,. Assume
—n

that all ™, and 7, m are surjective and open, and that for any n, n', there exists
an n' such that n”" <mn andn” <n’'. Then, as topological groups,

5 . -
lim P, ~ lim P, .
—n —n

Proof. Denote by Ty m : ]5; — ]/3;, fm = fm 0o Tpm, the dual of m, , :
P, — P,,. Then, for an element lim f,, € lim P, , we have T, 1 (fm) = fn, Or
—n —n

equivalently, fp, o Tp.m = fn. Hence, for an element z = lim z,, € lim P,,, we
<—n —n
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have fin(%m) = fo(Tnm(xn)) = fn(zy) for sufficiently small m, n. Based on
this, we define a natural map

w:limﬁ%lﬁn, lim f, — f
—n —n —n
where f : lim P, — S', 2 = lim z, — f,(z,). From the above discussion, f is
—n <—n
well defined. Moreover, we have the following
Lemma 21. (1) f is continuous. In particular, ¢ is well defined;
(2) ¢ is a bijection;
(3) ¢ is continuous; and
(4) ¢ is open.
Proof. (1) Let U be an open subset of S'. If x = lim 2, € £~ (U), fu(z,) €U
—n
for sufficiently small n. In particular, z, € f,*(U). On the other hand,
since f, is continuous, f;'(U) is open. So, lim f, }(U) is an open neigh-
—n
borhood of z = lim z,,. Note that f(lim f, ' (U)) = fu(f, (U)) = U. Hence
—n <—n

lim f,2(U) € f~1(U). Consequently, f is continuous, and hence ¢ is well de-
—n
fined.

(2) To prove that ¢ is injective, we assume that ¢(lim g,) =: g = f. Thus

—n
frn(xn) = gn(z,) for sufficiently small n and for all z = lim z,, € lim P,. Note
—n —n
that 7, ., are surjective. So fn,(x,) = gn(zy) for all z,, € P,. This means that
fn = gn for sufficiently small n. Consequently, lim f,, = lim g,, and hence ¢
—n —n

is injective.

To show that ¢ is surjective, let f : lim P, — S* be a continuous map. Then,

—n
for any open subset U C S' containing 1, f~!(U) is an open neighborhood of
0in lim P,. Hence, we may write f~*(U) as f~*(U) = lim P, N HK" where
—n n
K, C P, are open subsets and K, = P, for almost all n. By assumptions, for
ni,...,n, such that K,, = P,,, there exists an IV such that N < n;. Then,
f(Kermy) = 1. So, f(Kerm,) =1 for all n < N. Built on this, we define,
for n > N, the maps f, : P, — S',z, — f(x) if 7,(z) = z,,. Note that f(x)
always make sense, since 7, : lim P, — P, is surjective. Moreover, f,’s are well
«—n
defined. Indeed, if y € lim P, such that m,(y) = z,, then m,(y) = z, = m,(x)
—n
for n < N. Hence x — y € Ker m,. This implies that f(y) = f(z). Clearly, by
definition, ¢(lim f,) = f. So ¢ is surjective.
—n

(3) and (4) are direct consequences of the bijectivity of ¢. Indeed, to prove

that ¢ is continuous, it suffices to show that for open subsets of lim P, in the
—n

form 8 = W(K,V), p~1(4) is open in ILIEL 73:, where K is a compact subset of
<li_m P, and V is an open subset of St. Since 7, are continuous, K,, = 7, (K) are
conqpact. In this way, we get a inductive system of open subsets {W (K, V)},.
Set U = lim W(K,,V). Note that, by the bijectivity of ¢, f(U) = 4. This
shows tha? }L is continuous.

To prove ¢ is open, let U be an open subset of E& ﬁ; such that (W(Kn7 V)) =

1, 1(U) for a compact subset K, of P, for any n. K :=lim, K, is compact
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in lim P,. Consequently, W (K,0) is open in 1ﬁn. Note that, from the bijec-
“—n —n
tivity of ¢, we have p(lim W (K,,V)) = W(K,V). So ¢ is open. This proves
—n

the lemma and hence also the proposition.

Next we treat inductive systems. By definition, an inductive system {D,},
of Hausdorff topological groups is called compact oriented, if for any compact
subset K C lim D,, there exists an index ng such that K C D,,,.

—n

Proposition 22. Let {D,}, be a compact oriented inductive system of Haus-
dorff topological groups with structural maps vy, : Dy, — lim Dy, and iy, 5 : Dy —
—n

D, Assume that v, are injective and closed, and that, for any n, n', there
exists an n'’ such that n” >mn and n'” > n’. Then, as topological groups,

= . =
lim D,, ~ lim D, .
—n —n

Proof. To start with, we define a map

¢ lim Dy — lim Dy,  lim f, s f
—n —n <—n

where f: lim D, — S, lim 2, — f.(x,).
—n —n

Lemma 23. (1) f is well defined and continuous. In particular, ¢ is well

defined.
(2) ¥ is a bijection;
(8) ¥ is continuous; and

(4) ¥ is open.

Proof. (1) Note that for n < n/, fp, = fn/ 0 tnp and xp = g (z). Con-
sequently, frn(n) = fur © tnn(n) = fror(tnn (Xn)) = fur(zn) for sufficiently
large n < n’. So f is well defined.

To prove that f is continuous, let U C S' be an open subset and take
mx” € f~YU). By definition, z,, € f;*(U) =: U, and U, are open. Hence
$1:= lim U, is open and z = lim z,, € 4. Moreover, f() C U. So f s contin-
wous. -

(2) Assume that w(m fn) = f =0. Then, for any z = %mn, f(z) =0.
This means that for all n, and x,, € D,,, fn(x,) = f(z) = 0 where z is deter-
mined by the condition that for all n’ > n, x,,y = ty nzp. (Since ¢y, are injective,
this is possible.) Thus f,, = 0 and hence <h—H711fn =0.

For any f € lim /D\n, let f, = foi, : D, — S'. Clearly, f, is continuous.
—n

So fn € 5; Moreover, for all n’ > n, f, = fot, = foin Otnn = far O tnn.
That is, {fn}» forms a projective limit. Obviously, w(}l_m fa)=1.

(3) This is rather involved: not only the just proved bijectivity of ¥, but all
assumptions for our injective system are used here. Let { = W (K, V') be an open

subset of l@n, where K C lim D, is compact and V is an open subset of S!.
—n —n

By assumptions, for any n’, L;/l (D,,) is closed. Hence D,, C lim D,, are closed.
—rn
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So K, := K N D, are compact. If lim f, is an element in ¢~ () C lﬁn,
—n —n
we have f, € W(K,,V), and lim f, € lim W(K,,V) =4 Y (W(K,V)). So it
—n —n
suffices to show that lim W(K,,V) is open. This is a direct consequence of
—n

our assumptions. Indeed, since our inductive system if compact oriented, there
exists a certain ng such that K = lim K,, C D,,. Hence, K,, = K,, = K for
—n

all n > ng. lim W(K,,V) = 7 Y W(K, ,V)). Hence, lim W(K,,V) is open.
no 0
—n —n

(4) This is a direct consequence of the bijectivity of 1. Indeed, let Ll C <h_m D,

be an open subset. By definition, without loss of generality, we may assume

that there exists an n and an open subset W(K,,V) of D, such that $f =

7, (W (K, V)). Since K,, is a compact subset of D,, and D,, is closed in lim D,,,
—n

K, is compact in E}n D,,. On the other hand, ¥() = (7, Y(W(K,,V))) =
W(K,,V). So ¢(81) is open in @n This proves the lemma and hence also

the proposition.

3.1.2 Adelic spaces and their ind-pro topologies

Let X be an arithmetic surface. For a complete flag (X,C,z) on X (with C
an irreducible curve on X and z a close point on C), let k(X)c , its associated
local ring. By Theorem 1, k(X)c,, is a direct sum of two dimensional local
fields. Denote by (7¢,ts,c) a local parameter defined by the flag C' of X, and
fix a Madunts-Zhukov lifting ([MZ])

~

o= i) =T Befrell, o e M5 T 6
= : ~ T
¢ TCHtX e c,01 z:xeC Cm ¢ z:xeC G z:x€C Cm

Then, following Parshin, see e.g., Example 2,

AR = Ax 12 = H/k’(X)C,w = H/( H k(X)C7””>

zeC c z:xeC
. ai. € Aco1,
= { ( Z hC(aic>7Té“c)c € H H k(X)c.x aie =0 (ic < 0); }
E— C wweC Dmin{ic : a;, #0} >0 (V'C)

This gives the finite adelic space for X. Moreover, from Parshin-Osipov, see
e.g., Definition 5, we have the infinite adelic space A¥ := Ax,®gR, and hence
the total arithmetic adelic space A% for the arithmetic surface X:

¥ =AY @ A%

Moreover, there are natural ind-pro structures on Afj(n, AS and hence on A¥,
since

AﬁXn = hm hm DAX,IZ(D)/AX,IQ(E)a

—D <+—E:E<

AY =lim  lim Ay, (D) JAx,1(E)®gR.

—D +—E:E<

Consequently, induced from the locally compact (Hausdorff) topologies on spaces
Ax12(E)/Ax12(E) and Ax, 1(D)/Ax, 1(E)®gR, we get canonical ind-pro

32



topologies on Agi(“, AS, and hence on A%, which can be easily seen to be Haus-
dorff. For example, by [MZ], a fundamental system of open neighborhood of 0
in Afi" is given by

{ ( Z hc(aic)ﬂ'gic)c S Ag(n Uiy, = Acp1 Vie >0

ai. € U, C Ac o1 open subgroup
| o
ic=—00 min{ic : Uic = AC,Ol} <0 (V/C)

We have a similar descriptions for AS. However, while, with respect to these
canonical topologies, Agi(n, AS, and A¥ are additive topological groups, they are
not topological rings. That is, the multiplication operations are not continuous
for these spaces. Still, in §3.2.1, we will prove the following very useful

Proposition 24. For a fivzed a € AY, the scalar product by a, namely, the map

ax . .
AY —= A¥, x— ax, is continuous.

Remark. This result can be used to establish a similar result for two dimensional
/
local fields. Indeed, since Ha:eck(X)C’I = E}n lim . AX712(nC)/AX,12(mC),

n—m:m<

as a subspace of Af;;“ = lim lim AX712(D)/AX_12(E), there is a natural
—D<+—E:E<D ’

ind-pro topology on k(X)c, 4, induced from the ind-pro topology on A x g12. Sim-

ilarly, for a two dimensional local field F', we have F' = lim  lim mz" / mg",
—n +—m:m<n

where mp denotes the maximal ideal of F'. So from the natural locally compact
topologies on the quotient spaces mz" / mz;", we obtain yet another ind-pro
topology on F', and hence on k(X)c ., since k(X)c, is also a direct sum of
two dimensional local fields. Induced from the same roots of locally compact
topology on one-dimensional local fields, these two topologies on k(X)c¢,, are
equivalent. This, with the above proposition, then proves the following

Corollary 25. For a fized ac,. € k(X)c,«, the scalar product by ac ., namely,

the map k(X)c» tox E(X)cz o — acgo is continuous. In particular, the

scalar product of a fixed element on a two dimensional local field is continuous.

We will use this result in an on-going work to prove that, with respect
to the canonical ind-pro topology, two dimensional local fields are self-dual as
topological groups.

3.1.3 Adelic spaces are complete

In this section, we show that adelic spaces Al and ASY are complete. For basics
of complete topological groups, please refer to [Bo] and [G]. We begin with

Proposition 26. The subspaces Ax 12(D) C AP and Ax, 1(D) C A, and
the level two subspace AY o1, A oo and AY 15(D) of A¥ are complete and hence
closed.

Proof. As our proof below works for all other types as well, we only treat

Ax12(D) C Agi(“ to demonstrate. Since AX’lz(D)/AXJQ(E),S are finite dimen-

sional vector spaces over one dimensional local field, which is locally compact,

so they are complete. Consequently, as a projective limit of complete spaces,

Ax 12(D) = lim AX712(D)/AX712(E) is complete. It is also closed since
«—E:E<D

Ax 012 is Hausdorff.
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Proposition 27. For an arithmetic surface X, its associated adelic spaces Aﬁ(“
and A are complete.

Proof. We will give a uniform proof for both finite and infinite cases. For
this reason, we use simply A to denote both Afil* and AP, and A(D) for both
Ax 12(D) and Ax, (D)®gR. Clearly, it suffices to prove the following

Lemma 28. For a strictly increasing sequence {A(Dp)}, in A, lim A(D,,) is
—n

complete.

Proof. Let {a,}, be a Cauchy sequence of lim A(D,,). We will show that these
—n

exists a divisor D such that {a,}, C A(D). Assume that, on the contrary, for
all divisors D, {an}n ¢ A(D). We claim that then there exists a subsequence
{ag, }n of {an}, a (strictly increasing) subsequence {Dy, }, of {D,},, and an
open neighborhood U of 0 in ILIELA(Dn) such that (i) ax, € A(Dg,)\A(Dy,_,)

for all n > 2; (i) ak,,...,ax,, - ¢ U and (iii) ap, \,... 0k, - € U +
A(D;), i > 1. If so, since a,, &€ U + A(D,,) and ai, € A(D,,), for any
n>m, ax, — ay, € U. So, {ak, }» is not a Cauchy sequence of En A(Dy). a

contradiction. Therefore, there exists a divisor D such that {a,}, C A(D). By
Proposition 26, A(D) is complete. So the Cauchy sequence {a, }, is convergent
in A(D) and hence in lim A(D,,) as well.

—n

To prove the claim, we select {ay, },, and the corresponding Dy, ’s as follows.
We begin with ap, = a;. Being an element of A, there always a divisor Dy,
such that ag, € A(Dy,). Since for all D, {a,}, ¢ A(D), there exists ko and a
divisor Dy, such that Dy, > Dy, and ax, € A(Dy,) — A(Dg,). By repeating
this process, we obtain a subsequence {ay, }» of {a,}, a (strictly increasing)
subsequence {Dy,, }n of {D,}, such that (i) above holds. Hence to verify the
above claim, it suffices to find an open subset U satisfying the conditons (ii)
and (iii) above. This is the contents of the following

Sublemma 29. Let {A(D,)}, be a strictly increasing sequence and {an}, be a

sequence of elements of A. Assume that a, € A(Dy) — A(Dp—1) for alln > 1.

Then there exists an open subset U of lim A(D,,) such that a1,...,an, - €U
—n

and Qpi1y .-y Gny - €U+ A(Dyy,) for allm < n.

Proof. We separate the finite and infinite adeles.

Finite Adeles Since A(D;)/A(Dy) is Hausdorff, there exists an open, and
hence closed, subgroup U; C A(D;) such that a; € Uy and U; D A(Dy). Since
A(Dy) is complete and U; is closed in A(D;), Uy is complete as well. Now,
viewing in A(Ds2), since A(D2) is Hausdorff, U; is a complete subspace, so
Uy is closed in A(Ds). Hence A(D2)/U; is Hausdorff too. Therefore, there
exists an open and hence closed subgroup V2o of A(D3) such that aq,as &
Voo and Voo D Up. In addition, A(Dg)/A(Dl) is HausdorfI, there exists an
open subgroup V,; such that as & Vb1 and Vo1 D A(D3). Consequently,
if we set Uy = Va0 N Vaq, Uz is an open hence closed subgroup of A(Ds)
such that aj,as & Us, ag & Us + A(Dy) and Uy D U;. So, inductively,
we may assume that there exists an increasing sequence of open subgroups

Ui, ...,U,_1 satisfying the properties required. In particular, the following
quotient spaces A(Dy,)/Un—1 4+ A(Do)( = A(Dy)/Up-1),...,A(Dy)/Un-1 +
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A(Dp), ..., A(Dy)/Up-1+A(Dy-1)( = A(D,,)/A(D,,—1)) are Hausdorff. Hence,
there are open subgroups V;, 1, 0 <m § n— 1 ofA( ) such that a1y .-y 0, &
Va,m and V,, , D U,—1 + A(D,y,). Define U, := ﬁz;llem. Then U, is an open
subgroup of A(D,,) satistying a1, ...,an € Un, Gmeii, .- 0y € Up+A(Dp,), 1 <
m <n—1and U, D U,_1. Accordingly, if welet U = EI}L U, by definition, U is
an open subgroup of E}I}] A(D,,), and from our construction, ay,...,an,, -+ € U

and ami1, ..y an, o €U+ A(Dyy), m > 1.

Infinite Adeles Since A(D;) is Hausdorff, there exists an open subset U of
A(Dy) such that a; & A(Dy). Moreover, since A(D3) ~ A(D2)/A(D1) ® A(Dy)
and A(D)/A(Dy) is Hausdorff, there exists an open subset Us of A(Ds) such
that a1,ae & Uy and Us N A(D;) = Uy. In particular, ay € Us + A(Dy).
Similarly, as above, with an inductive process, based on the fact that A(D,,) ~

/ A(Dp—1) ® A(Dy,—1) and A(D / A(Dy,—1) is Hausdorff, there exists an
open subset U, of A(D n) such that Qly...,0p ¢ U, and U, N A(D,) = Up_1.
Consequently, ami1,---,0n € Up + A(Dm)7 1 <m < n-—1. In this way, we
obtain an infinite increasing sequence of open subsets U,,. Let U = %U"'

Then by definition U is an open subset of lim A(D,,) satisfying ay,...,an, - &
—n

U and amq1y.-yGn, - € U+ A(Dy), m > 1. This then proves the sublemma,
the lemma and hence also the proposition.

3.1.4 Adelic spaces are compact oriented

In this section, we show that adelic spaces Afi® and A are compact oriented.

Proposition 30. For an arithmetic surface X, its associated adelic spaces Ag‘(n
and A are compact oriented. That is to say, for any compact subgroup, resp.
a compact subset, K in A , resp. A, there exists a divisor D on X, resp., on
Xp, such that K C AX712( ), resp., K C Ax, (D).

Proof. We treat both finite and infinite places simultaneously. Assume that for
all divisors D, K ¢ A(D). Fix a suitable Dy. By our assumption, K ¢ A(Dy).
Since A is Hausdorff and A(Dy) is closed, there exists a certain divisor Dj
and an element a; € K, such that D1 > Dy, a; € A(D1)\A(Dyp). Similarly,
since A(Dy) is closed, A/A(Dy) is Hausdorff, we can find an open subgroup
U{ C A/A(Dy) such that a; + A(Dy) ¢ A/A(Dy). Consequently, there exists
an open subgroup U; of A such that a; € Uy and U; D A(Dy). Now use (D1, A)
instead of (Dg, A), by repeating the above construction, we can find a divisor
D, an open subgroup U C A and an element ay € K N (A(D2)\A(D;)) such
that Dy > D1, as &€ Uy, Us D U;. In this way, we obtain a sequence of divisors
D,,, a sequence of elements a,, € KN (A(D,)\A(D,—_1)) and a sequence of open
subgroups U,, such that D, > D, _1, ap, € Uy, U, D Up_1. Let U = lim U,.

—n

Then U is an open, and hence closed, subgroup of A. Consequently, K N U is
compact. This is a contradiction. Indeed, since aq,...,a, ¢ U, for all n, the
open covering {Up}, of K NU admits no finite sub-covering. This completes
the proof.

3.1.5 Double dual of adelic spaces

We here prove the following
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Proposition 31. As topological groups, we have

\2 \
(_lim_, AxaaD)/Axu(B) = lim_ (Ax.(D)/Axu(E)) .

1

tim_(Ax, (D)/Ax, (E)3oR) v

(_tim_, (xe (D) x, (B)EGR) =t

«—E:E<D

and

( lim. AX,H(D))v ~ lim (AX,H(D))V,

<«—D

m (Ax, (D)Q%QR)V.

li
«~—D

( lim (Ax, (D)@QR))V ~

—D
where, Ax, (D)&gR := HE%SD (AXF (D)/Ax, (E)®QR)

In particular,

o v
A}“ ~ lim lim (Ax,12(D)/AX,12(E)) )

«—D —F
E<D

AZ ~ lim lim (AXF(D) /AXF(E)@J@R)V.

«—D —FE
E<D

Proof. We apply Proposition 20, resp. Proposition 22, to prove the first, resp.,
the second, pairs of homeomorphisms. We need to check the conditions there.

As above, we treat finite adeles and infinite adeles simultaneously. So we
use A and A(D) as in §3.1.3. Then A(D) = gr%<D A(D)/A(E). Now, for
— L

E < E' 7wp/ep/e : AD)/A(E) — A(D)/A(E') is the natural quotient map.
So mp/k,p/Er are surjective and open. Similarly, 7p p, g : A(D) — A(D)/A(E)
are surjective and open. So, by Proposition 20, we get the first group of two
homeomorphisms for topological groups.

To treat the second group, recall that A(D)/A(E) are complete. So, their
projective limits A(D)’s are complete. This implies that A(D) are closed in A,
since A is Hausdorfl. On the other hand, for D < D', Ax 12(D) C Ax 12(D’).
So the structural maps tp pr : A(D) — A(D’) and ¢ : A(D) — A are injective
and closed. Thus, by Proposition 22, it suffices to show that the inductive
system {A(D)}p is compact oriented. This is simply the contents of §3.1.3-4.
All this then completes our proof, since the last two homeomorphisms are direct
consequences of previous four.

Corollary 32. As topological groups,

—_ —_ B
Afin ~ Afin AY ~ AR dh AT~ AM
o~ AY, s =~ A%, and hence ¥ ~ A%.

Proof. Since A(D)/A(E) are locally compact and hence they are self dual. Thus,

to prove this double dual properties for our spaces, it suffices to check the con-

ditions listed in Proposition 22 for inductive systems { lim A(D)/A(E)}g
—E:E<D

—

and in Proposition 20 for the projective system {A(D)}p. With the above
lengthy discussions, all this now becomes rather routine. For example, to verify
that A is Hausdorff, we only need to recall that S! is compact. Still, as careful
examinations would help understand the essences of our proof above, we suggest
ambitious readers to supply omitted details.
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3.2 Adelic spaces and their duals
3.2.1 Continuity of scalar products

We here show that Proposition 24, namely, the scalar product maps on adelic
spaces are continuous, even adelic spaces are not topological rings.

Proposition 24. For a ﬁxed element a OfA , resp. of A, the induced scalar

product map: i : Aﬁ“ Ag(n, resp., ¢ 1 AF 2%, A%, is continuous.

Proof. 1If a = O there is nothing to prove. Assume, from now on, that

a = (ac)c Z heo(ai)ms)o € AR £ 0. Here, for each C, we assume
ic= ZC’O

that a;,, # 0. To prove that ¢, is continuous, by our description (8) of
the ind-pro topology on Afr it suffices to show that for an open subgroup

o0
U = (Up) c: Z he( chl(ch))ﬂ'zCC + Z hc(Aam)ﬁg) ﬂAf;(n, as an
Jjo=—0o0 jc=rc
open neighborhood of 0, its inverse image ¢ *(U) contains an open subgroup.
For later use, set I := TC —ico-

Let b= (bc)c = Z he (bre )mes ) € o (U) ¢ AR, Then, for each

kc=—o0
fixed C, acbe = > (D holtic)ho(bio—ic))ws . Recall that he is the
lc=—00 ic=ic,o
/APN !~ iftin ! ~
lifting map he:Acor > [[ Ocu/me [] Oce % [ Ocu. Thus if

z:xeC z:xeC z:xeC

bie € Ac 1, we always have he(a;,)he(big—ic) Z hc AC 01 . More-
mgog= =0
over, if we write, as we can, a;, € Ac1(Fi.), bkc € Ac1(Ek, ) for some divisors

F;, and Ey, we have heo(a;. ) he(big—io) Z he(Aca(Fie + Eig—ic))mc

mc=0

Now write bc = (21011 + e Yhe (bre )Tee . We will construct the

kc=—o0
required open subgroup acccording to the range of the degree index k¢.
If bc € Z he AC 01 H k‘ , We have acbc € Uc;
kc=Ic z:xeC

(i) To extend the range including also the degree I — 1, choose a divisor Ey,_1
such that h¢e (ACJ(E‘QO + Efc,l)) C hC(AC 1(Drc,1)). Then, if we choose

bo € (he (Ao (Bre—1)mlg "+ Z he(Ac,o1)mee) H k , we also

ko=I¢c z:xeC
have acbe € Ug;

(iii) Similarly, to extend the range including the degree I — 2, choose a divisor
Er.—_2such that he (AC 1( ic O+EIC—2)) C he (ACJ (D,.C_g))ﬁhc (AQl (Drc—l))

and he (Aci(Fig o1 + Ero—2)) C he(Ac1(Dre—1)). Then, if we choose bo €
Io—1

Z hc ACl(EkC)ﬂ'C + Z hc(Aco1) 7"0 H k thenwe
kc=Ic—2 ke=Ic r:x€C
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have acbe € Ug.
Continuing this process repeatedly, we then obtain divisors Ej.’s such that, for

Ic 1
b €Ver=( Y he(Aoa(Bro)med + Z he(beo)me?) n ([ k(X
kc=—o0 kc=I¢c awcec

we have acbc € Ug.

Since, for all but finitely many C, r¢ < 0 and ico > 0, or better, Ic =
rc—ic,o < 0. Therefore, from above discussions, we conclude that [, V& ﬂAg‘(n
is an open subgroup of Ag(“ and a(HC Ve N Ag(“) C U. In particular, ¢, is
continuous.

A similar proof works for ¢3°. We leave details to the reader.

3.2.2 Residue maps are continuous

Fix a non-zero rational differential w on X. Then for an element a of Afi®
resp., A %, induced from the natural residue pairing (-,-)., we get a natural
map ¢ = (a, ), : Al — R/Z, resp., p° := (a,-), : AF — R/Z.
Lemma 33. Let a be a fix element in Ag‘g’, resp., A . Then the induced map
olin = (a, ), : AP — R/Z, resp., o = (a,-), : AF — R/Z, is continuous.
In particular, the residue map on arithmetic adeles A% is continuous.

Proof We prove only for ofi" as a similar proof works ¢°. Write Ag‘(n =

H F-o—dim F. And, for each local field F, fix an element tr of F' such that for
local field
equgclachgracteristic field F, tg is a uniformizer of F, while for mixed char-

acteristics field F, tr is a lift of a uniformlzer of its residue field. Since,
by Proposition 27, the scalar product is continuous, to prove the continuity
of (a,-),, it suffices to show that the residue map Res : Afr — R/Z, x =
(zp) = Y. presp(zpdtp) is continuous. (Note that, by the definition of Afir,
see, e. g §3.1.2, the above summation is a finite sum.) Since the open subgroup
( tooe ho (A1 (0)7E + 3072, hc(AC’Ol)ﬂ'é‘C) N AP is contained, the kernel

of the residue map is an open subgroup. This proves the lemma.

3.2.3 Adelic spaces are self-dual

We will treat both Al and A simultaneously. So as before, we use A to
represent them.

Recall that, for a fixed a € A, the map (a,-), : A — S! is continuous.
Accordingly, we define a map ¢ : A = A, ar v, := (a,),.
Proposition 34. For the map ¢ : A — A, a— ¢, := (a, )y, we have
(1) ¢ is continuous;
(2) ¢ is injective;
(8) The image of ¢ is dense;
(4) @ is open.
Proof. (1) For an open subset W(K,0) of A, where K is a compact sub-
group, resp. a compact subset, of A, let U := ¢~ '(W(K,0)). By Propo-

sition 31, A = {Err}lj nggﬂj A(D)/A(E). So we may write xo := (1,"), as
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}in}) _)g:nEléDxD/E with xp,g € A(D)/A(E). Accordingly, write Ap/p :=
A(D)/A(E), KD/E = KﬂA(D)/KﬂA(E) and let UD/E = {aD/E € AD/E :
XD/E (aD/EKD/E) = {0} resp. an open subset V}. Since, for a fixed divisor D,
A(D) is closed in A, K N A(D) is a subgroup, resp. a subset, of A(D). So, for
E < D, Kp,g is compact in Ap,g. Consequently, from the non-degeneracy of
Xp,E on locally compact spaces, Up, g is an open subgroup, resp., an open sub-

set, of A, and U = lim lim Up,p. We claim that U is open. Indeed, by
D —E:E<D

Proposition 30, A is compact oriented. So, for compact K, there exists a divisor
D, such that K C A(D;). On the other hand, since x¢ is continuous, there
exists a divisor Dy such that A(D; + D3) C Ker(xo). Hence U D A(D2). Thus,
for a fixed D, with respect to sufficiently small £ < D, we have Up,p = Ap/E.

This verifies that U is open, and hence proves (1), since the topology of A is
generated by the open subsets of the form W (K,0).

(2) is a direct consequence of the non-degeneracy of the residue pairing. So
we have (2).

To prove (3), we use the fact that A g A , where, for a € A, 1, is given
by tq : N S, x = x(a). Thus to show that the image of ¢ is dense, it
suffices to show that the annihilator subgroup Ann(Im(p)) of Im(y) is zero.
Let then x € Ann(Im(p)) be an annihilator of Im(p). Then, by definition,
{0} = ¥x({¢a :a € A}) = {pa(x) : a € A}. That is to say, (a,x), = 0 for all
a € A}. But the residue pairing is non-degenerate. So, x = 0.

(4) This is the dual of (2). Indeed, let U C A be an open subgroup, resp.
an open subset, of A. Then U N A(D) is open in A(D). Since A(D) is closed,
Up/r == UNA(D)/UNA(E) is open in Ap,p. This, together with the fact
that xp,r is non-degenerate on its locally compact base space, implies that
Kp/p = {aD/E € Ap/g : XD/E(GD/E ‘ UD/E) = {0} resp. an open subset V}

i t subset . t subset. Let K := li li Kp/g.
is a compact subset, resp. a compact subse e Lim, <—E1:I%5D D/E

Since U is open, there exists a divisor E such that A(F) C U. This implies that
there exists a divisor D such that K C A(D). Otherwise, assume that, for any
D, K ¢ A(D). Then, there exists an element k € K such that k ¢ A(w) — E).
Hence we have x(k - A(E)) # {0}, a contradiction. This then completes the
proof of (4), and hence the proposition.

We end this long discussions on ind-pro topology over adelic space A with
the following main theorem.

Theorem 35. Let X be an arithmetic surface. Then, as topological groups,
Al ~ A2 and Kg(? ~ AY. In particular, K;‘(\r ~ A%.

Proof. With all the preparations above, this now becomes rather direct. Indeed,
by Proposition 34, we have an injective continuous open morphism ¢ : A — A.
So it suffices to show that ¢ is surjective. But this is a direct consequence of
the fact that ¢ is dense, since both A and A are complete and Hausdorff. This
proves the theorem and hence also Theorem II.
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3.2.4 Proof of cohomological duality

Now we are ready to prove Theorem 19, or the same Theorem III, for the
duality of cohomology groups. Recall that for a non-zero rational differential w,
by Proposition 12, we have a non-degenerate residue pairing

()0t AT x AY — St

Moreover, by Theorem II just proved, we obtain a natural homeomorphism of
topological groups
X ~ AY, a—(a ).

This, with a well-known argument which we omit, implies the following

Lemma 36. With respect to the non-degenerate pairing (-,-) on A%, we have
(i) If W1 and Wy are subgroups of A%,

W+ W)t =winwst  and (W NnWo)t =Wt + Wit
(i1) If W is a closed subgroup of A%, then, algebraically and topologically,
WHt=w  and W~ AY/WL.

With this, we can complete our proof, using Proposition 15 for perpendicular
subspaces of our level two subspaces A¥ o, A¥ gy, AY 15(D) of A%, as follows:

(1) Topological duality between H? and H2

—

i
HZ(X, (@) = D) = (A% o + A% g + A% 12((w) = D))
i i i
:(A%,m) N (A%,oz) N (A%lg((u) - D))
= %,01 N Ag(rm N A%(r,u(D) = ng(D)§
(2) Topological duality among H.,

Hl (X/(w\)— D) :( Agg,m n (A%m + A%lQ((w) - D)) )A
e A%{m N A%(r,oz + A%5,02 n A%(r,u((w) - D)

- (A%,m N A%(r,m)l N (Ag(r,oz N A%(r,m((w) - D))L

- (Agér,oz)l + (A%(r,m + A%lz((w) - D))L

o (A%m + A%,oz) N (Aaﬁ(r,oz + Agg,m(D))
AR 02 T AX 01 NAY 15(D)

N (A¥ o1 + A% 02) NAY 15(D)

7A%§,o1 N Agg,m(D) + A% 2N A%cr,m(D)

~ H! (X, D).

This then completes the proof of Theorem III.
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