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Subgroups of GL(r, C):

(

aq 0
Ac =< a= ;alé(CX,...,arE(Cx ,
\ 0 a,
( \
1 0o .- 0 0
(n | R 0 O\
N =< n= ;nijE(CL
Nr—11 Mp-12 L 0
L \nrl UZS) nr,r—11) )

V =Sym(r,R), Q:={zxeV; x>0}
(2+1V : the corresponding tube domain in W := V¢ = Sym(r, C).
GL(r,C) acts on W by (g, w) — gw'q.

Fact: Q+¢V C NcAc-FE (E: the r X r identity matrix).

For w = (w;;) € Mat(r,C) we set for k=1,2,...,r

wip - Wik
Ap(w) =det | : (the k-th principal minor).
Wg1 - Wik

e By the above Fact, Ai(w) # 0 for w € Q + V.

We also set Ag(w) = 1.



Lemma 1.1. Let w € Sym(r,C) and Rew € €.
If w = na'n with a = diagfa, ..., a,] € Ac andn € Ng¢,
then

Ag(w)

— A (w) (k=1,...,r).

ag

Proof. Let us write n, a as follows:

(W0 [ d |0 1 *
"= = | n ) ““\To | & ] r—k

k r—k k r—k
Then
b n' | 0 a | 0 tn’\ =
nan — E‘n” O‘a” 0 ‘t//
/altn/ /1t

na =
a/tn/ ‘ Ea/tE _I_n//a//tn// .

|

Writing w = ( ;

7 ) in the same way, we obtain

w = n'a'n’. Hence

Ap(w) = detw’ = det(n'a’n) = detd’ = a, - - - a.

The lemma follows from this immediately.



Lemma 1.2. Suppose Re(na'n) > 0 for n € N¢ and
a = diaglaq,...,a,;] € Ac. Then

Reay > 0,...,Rea, > 0.

Proof. Induction on r. Clear for r = 1. Let r > 1 and assume
the truth of the lemma for » — 1. Writing

f |0 [ d |0 [r1
Ul ) 0. )

e e

na%—( n'a'm' | nld¢ )

tfa’tn’ ‘ talé= 4+ a,

we obtain

Since Re(nam) > 0, we have Re(n/a’'n’) > 0. Then induction
hypothesis yields Rea; > 0, ..., Rea,_1 > 0. To get Rea, > 0,
we note Re('n"ta~!'n=1) > 0. Then we compute:

to—1 —1,_-1 _ '~ ‘ n a/_l‘ 0 ”/_1‘0
”a”(()l 0 ot )\ 1

B ( tn/_la/_ln’_l—i—nar_l tn ‘ 77ar_1 )

- a1 ‘ al

Thus Rea, ! > 0. Obviously this implies Re a, > 0. [l

Proposition 1.3. Let w € Sym(r, C) and suppose that
Rew € Q). Then
Ag(w)

Re ————
Ak_l(w)

> () (k=1,...,7).

Proof. Immediate from Lemmas 1.1 and 1.2. [
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The case of general symmetric cone

V' . a simple Euclidean Jordan algebra of rank r with e.

L(x) : the multiplication operator by x € V.

(x|y) =tr(xy) : inner product of V.

C1,...,¢ : Jordan frame (so that e = ¢1 + - - - + ¢;).

V) = V(ey + -+ 4 cx; 1) @ Peirce 1-space for ¢y + - - - + ¢
We have VU c VP c ... c VI =V,

P, : the orthogonal projector V. — V).

Ap(z) = det™(Pyx) : the k-th principal minor of z.

(det™ is the determinant function of the Jordan algebra V(*). )

1748




Jordan frame ¢y, ..., ¢, gives V =P, _; Vi

Vie| Vig| -+ | W,
Vig| Voo | -+ | Vo
‘/17“ ‘/21” e ‘/1”7"

Q) :=Int{z?; x € V'} : the symmetric cone of V.
g:=LieG(), t:=DerV, p:={Lx); eV}
Then, g = £+ p (Cartan decomposition). 60X = —'X.
R =Rci &P Reg,.

a:={L(a); a € R} : abelian and maximal in p.
aq,....,q; : the basis of a* dual to L(cy), ..., L(c,).
The positive a-roots of g are £(ay, — ;) (k > j) and

O(ag—ay)2 = {20 ¢ 2 € Vi =y,
where a b := L(ab) + [ L(a), L(b)].
Putting n:= > . _; nyj, we get
g=t+a+n (lwasawa decomposition).

A:=expa, N :=expn.

W .= V. Then, W = EBj<k ij with ij = (V} )(C-

Ac, N¢ : complexifications of A, N. Note Ac, Nc C GL(W).
A} : considered as holomorphic polynomial fctn on IV,
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If c is an idempotent, we put
7.(2) == exp(2z0c¢) (2 € W(c; 3)).

The operators 7.(2) are called the Frobenius operators. They are
unipotent.

Lemma 1.4. Suppose w € W satisfies Ap(w) # 0 for
any k=1,...,r. Then

31 20) @ Wim(1<j=r-1),a€C*, ... ;a, € C”
m=j-+1

such that

W= T¢ (Z(l)>7_02<z<2)) T ch—1(z(r_1)>(alcl Tt arcr)~

Note that ch(z(j)) € Nc forjg=1,...,r—1.

1 U0 cj, where
] T
(na1)c| 1
(j

ziUej € (njy15)c

(np1)e| - (nr,r—l)C 1 zf,(fj Hej e (‘Ilr,j)@




Lemma 1.5. In Lemma 1.4, the numbers aq,...,a,
are given by

_ Ap(w)
Ak_l(w)
where Ao(w) = 1.

(k=1,...,7r),

a

Proof. Consequence of

P (7_01(2(1))7'62(2(2)) . TCT_1(2<T_1))(CI/161 + ascy + - + (err))

k
= 7 (Pe(z) 78 (Pu(zP)) - 7P (Pe(z11)) (Z ajc]-),
=1

which is just a Jordan algebra variant of the matrix computation
done in Lemma 1.2. [

Lemma 1.6. Let n € N¢c and a; € C*, ..., a, € C*.
Ifw:=n-(aic1+ -+ ac) € Q+iV, then

Reay > 0,...,Rea, > 0.

Proof. Just in the same way as Lemma 1.2. We have
1

w ="t (arte -+ ale).
The projector onto W, = Ce, is given by Q, = (- | ¢, Y¢,. Hence
Q(w ="t (allc;+---+a'le)|e e
=(aj'ci+---+alc|nte ).

Since n~!

¢, = ¢, we get Q. (w™l) = ate,. Since

ReQ (w™) = Q. (Rew™) € Q.(Q) = RYe,,
we get Rea ! > 0. [l



Proposition 1.7. Let w € W and suppose Rew € (2.

Then

Re ————
Ak_l(w)

> () (k=1,...,7).

(1) Lemma 1.6 is proved by making use of the stability of (24 ¢V
under the Jordan algebra inverse map w — w1,
(2) this stability characterizes symmetric tube domains
(Kai-N. [4])

~~ it would be quite natural to have the following question:

Question 1.8.
Is Proposition 1.7 characteristic of symmetric cones?

Generalization of A; to a homogenous convex cone ) ~~

Ag(x) : basic relative invariants associated to €2 (Ishi [3]).
(polynomial functions on the ambient vector space V).

Ar(w) : considered as holomorphic polynomial fctnson W := V.

e If () is symmetric, then A; are the JA principal minors.

Now Question 1.8 can be formulated in the following way:

Conjecture 1.9. With the above notation,
the implication for w € Vi that

Ag(w)
Rew e ) =— Re————>0 (k=1,...,r
N ( )

15 equivalent to the symmetry of (1.




The aim is to present a counterexample to Conjecture 1.9:

3 non-symmetric homogeneous cone €2 for which
Ap(w)

Rew € ) =— Re———"
Ak_l(’LU)

>0 (k=1,...,7r).

The cone is 8-dimensional as mentioned in the title.

I : 2 X 2 unit matrix

vyl xol y
Vi=<ax= |29l x99l =z Yy € Rz, Z € Rz, Ti; € R
t t

y Z I33

Note V' C Sym(5,R). In fact z € V is a 5 X 5 matrix written as

/3311 0 xr 0 \

0 211 0 o1 o
xr = o1 0 I9o9 0 21
0 T2 0 oo 29
Yr Y2 21 22 I33

We take
Q={xeV;z>0}
Let
( (] 0 0
A=<a=| 0 ayl O a1 >0, a0 >0, a3 >0 p,

\ 0 0 a
( (1 0 0
N=An=|& T 0| :¢6€R, n €R? n,eR?

tIll tl’lg 1

Then Nx A~ Qby (NxA)xQ>(h,z)— hx'h e Q.
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The action is simply transitive.
Indeed, if x € €, then the equation x = na'n with a € A and
n € N is solved as

As(x) As(x)
p— A p— p—
ai 1(56)7 as f 1(33)7 as 2 2(3;_)7
f X921 Yy X112 — 1y

~ . M=——" ny=

Ay(z) Aq(x) As(x)

Here, A1, Ay, A3 are the polynomial functions on V' given by
Ai(z) = 211,
Ag(z) = 112792 — 517%1,
A3(x) = 1190033 + 2391y - Z — T3325, — Tao|ly[]* — zu1 2],

y - z : the canonical inner product in R?,
| || : the corresponding norm.

Aq(x), Ag(x), Az(x) are the basic relative invariants ass. to ).
If x(x) (k= 1,...,5) stands for the k-th principal minor of the

5651 0 9681 0w
) 11 91 Y2
bXbmatrix x = | 23 0 290 0 z | €V, then
0 291 0 x99 29
Y1 Y2 21 22 133

oi(x) = Aifx), aolz) = Ar(x)’,  d3(x) = As(2)Ag(),
Su(x) = No(x)?,  5(x) = Ao(x)As().
Therefore
r e << Ap(xr)>0 forany k=1,2,3.

(This is true for general homogeneous cones by Ishi [3].)
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The dual cone of

I11 T21 ty
V’ =< x = | XTo1 T lg, Yy € RQ, Z < Rz, Tij cR
Yy Z $33]

Note V' C Sym(4,R). In fact y € V is a 4 x 4 matrix written as
L11 L21 Y1 Y2
L21 T2 21 <2
y1 21 w3z 0
Yo 22 0 w33
(2 is the set of positive definite ones in V-
Q' ={zeV'; x>0}
The duality mapping is given by
3
(,2') = ijjsc;j +2y -y +2z- 2 + w917,
j=1

x11l 2011y , why wh Y )
forx = | znlanl z € Qanda’ = | o o, 7 | €,

t t
Yy Z 1I33 y/ z! xésf
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( ap 0 0

AI:<CL: 0 ay 0 car >0, aa >0, a3 >0,
L 0 0 a3[
( 1 €& 'my

N=({n=101T™y| : £€R, n R’ n, eR’
\ 00 I

NXxAANQY by (NxAxQ)> (h,z)— hxthe.
The action is simply transitive.
The basic relative invariants A} (z) (k = 1,2,3) are

A(z) = w33

Ay(x) = mapxss — || 2|°,

Af(x) := det (as 4 x 4 matrix).
Note that deg Al(x) = 4.

) =
If 67(x) (k = 1,2,3,4) denotes the k-th principal minor taken
o
from the right-lower corner of the matrix z = ( y1 21 33 0 )

y2 22 0 33
then
Al(z), 0y(x) = Af(z)”,

z)

01 ( 1
03(x) = Ay(x)A5(x), 01(x) = Ay(x).
Thus a:EQ’<:>A()>O forany k =1,2,3.

142
Butw= | 0 2+ 0 )EQ’+iV’gives
0 (1424)1

W% %

z)

ofo

Al (w
Ay(w)

/N
SN——

Re =Re{(1+4)(1+2i)} = -1 <0.
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Return to ()

Regard y - z as C-bilinear on C.
Write v(y) :=y -y instead of ||y]||* (and similarly for v(z)).
Ai(x) = 11,
Ag(z) = 11722 — $%1,
Az(r) = x11792733 + 221y - Z — 513333331 — wv(y) — z111/(2),
Ac, N¢ : the complexifications of A, N, respectively.
We know
Q+1V C NcAc - F,
where E is the 5 X 5 identity matrix. Note £ € ().
Hence Ai(x) # 0 on Q + ¢V for k= 1,2, 3.

Proposition 1.10. Suppose w € V¢ and Rew € .
Then

Ag(w)
Ak_l(w)
Proof. Let a € Ac and n € N¢. Then

arl a1&1 aing

nan = | ol (E%a; +a)l Saing + asny

altnl alftnl + agtng aly(nl) + GQV(IIQ) + as

Re > 0 (k=1,2,3).

Hence, given w € Q + 1V, we can solve the equation w = nan
for a € Ac and n € Ac, so that

_ Ap(w)
Ak_l(w)

Since 2 C Pos(5,R), we can apply Lemma 1.2 to the present
case with r = 5. Then we get Reay > 0 (k= 1,2,3). ]

ay (k=1,2,3).
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Interesting cones for developing harmonic analysis

xil ol y
Vi=XLax= |29l x990l 1=z Yy € Rn, Z < Rn, Ti; € R

t t
y Z I33

and Q:={x eV ; x>0}

x11d xorl
V = €T = flll $21] }Z’ . y - Cn 7 € Cn xii < R’
' tQi ,523 7 ’ ’ To1 € C

y Z X33
and Q:={z eV ; x> 0}.



