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Abstract.

Soliton solutions and the tau function of the KdV equation are
studied within the stochastic analytic framework. A key role is played
by the It6 formula and the Cameron-Martin transformation.

§ Introduction

In this paper, we investigate the Korteweg-de Vries (KdV) equation
within the framework of stochastic analysis. We shall study soliton solu-
tions with the help of the Itd formula, whose original form was achieved
in 1942 ([9]). The Cameron-Martin transformation, which was estab-
lished in the early 1940’s ([2, 3]), also plays a key role.

Let x > 0 and W™ be the space of R"-valued continuous functions
on [0, x| starting at the origin, and let P be the Wiener measure on W".
Following the idea of Cameron-Martin [3], we can show that

2

1) I(zt) = /W1 exp {“2 /0 ww(y)2dyfgtanh(a3t)w(a:)2 P(dw)

= (cosh(a3t))1/2 (cosh(ax + a?’t))fl/2 for any a > 0,

where w(y) € R denotes the position of w € W' at time y (see §4 and
[8]). Then u(z,t) = —492logI(z,t), where 0, = 9/dx, is a 1-soliton
solution of the KdV equation
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A reflectionless potential with scattering data n;,m; > 0,1 < j < n,
is by definition a function

d2
(3) q(z) = —2@ log det(I + A(x)),
where
(4) A(z) = (L"mje‘("i+w) |
i+ 1n; 1<ij<n

We denote by Q,, the totality of all reflectionless potentials with scat-
tering data consisting of 2n positive numbers. Let ¥ be the set of all
pairs ¢ = (04,0_) of non-negative measures oy on (—oo,0] such that
f(—oo,O] e "25.(dz) < oo for any A > 0. For 0 € %, set

1 0 1 V=z(u+v) V—zlu—v|
G(u,v;0) = 1 War: (e —e )U+(dz)

1 [° 1
- V—zlu—v| _ V—z(u+v)
+4/ \/7(6 e )U,(dz).

We consider a family G of all Gaussian processes X7 with mean 0 and
covariance function G(u,v;0), o € 3¥. We also consider the totality Q
of all functions ¢, o € X, defined by

d? I
¢°(z) = —4—d 5 logE[eXp<——/ |X”(y)|2dy)], X7 eg,
T 2 Jo

where E stands for the expectation with respect to the underlying prob-
ability measure. In [12], Kotani showed that Q includes all Q,, n =
1,2,..., and any element of Q is obtained as a limit of reflectionless
potentials in the topology of uniform convergence on compacts.

Furthermore, it is well known that g(z,t) defined by (3) and (4)
with m;(t) = m; exp[—2n3t] instead of m;, 1 < j < n, gives a rise of an
n-soliton solution u(z,t) = —q(x,t) of the KdV equation (2).

The facts mentioned above indicate that soliton solutions of the
KdV equation may be represented in terms of Gaussian processes. In
this paper, we shall establish such an expression of m-soliton solutions
and the tau function, which plays a fundamental role in the study of the
KdV hierarchy (see [14, 16, 17]), in the Wiener space.

If both components o1 of ¢ € ¥ are discrete measures, then the
corresponding Gaussian process belongs to |J,,cn Gn, Where G, is a set
of Gaussian processes obtained as superpositions of n independent 1-
dimensional Ornstein-Uhlenbeck processes (for the definition of G,,, see
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§1.2). In this case, the correspondence between G and Q is given con-
cretely; for every n € N, we shall give a mapping from G,, to Q,,. See §2.
Moreover, not only reflectionless potentials but also n-soliton solutions
and the tau function of the KdV equation can be represented in terms
of Gaussian processes in | J,,cn Gn- See §4. These expressions show that
“a superposition” to make an m-soliton solution out of 1-soliton ones
can be realized in the Wiener space. Further, we can explicitly see how
speed parameters of 1-solitons reflect on those of the n-solitons obtained
as superpositions. See §4.

An exact expression of Wiener integrals of Wiener functionals of the
form exp[—(a?/2) [y X(y)?dy+R(x)] of X € U, cn Gn plays a basic role
in this paper, where R(x) is a Wiener functional which varies according
as we deal with reflectionless potentials, n-soliton solutions, and the tau
function. Such exact expressions are achieved with the help of the Ito
formula and the Cameron-Martin transformation. The Cameron-Martin
transformation we deal with is determined by a second order ordinary
differential equation. When a 1-dimensional Wiener process, which is in
G1, is considered, the equation is the Sturm-Liouville one employed in
[3]. The ordinary differential equations in this paper appear in different
features from place to place, while they correspond to the same Wiener
integral. Namely, we encounter several types of n X n-matrix Riccati
equations and second order n X n-matrix and first order 2n X n-matrix
linear ordinary differential equations. These different features are unified
in terms of Grassmannians. See §1.1. It should be also mentioned that
the above Riccati equations play an important role in the theory of the
linear filtering problem by Kalman-Bucy. See §3.

Before closing this section, we note that the class G of Gaussian
processes is closely related to the one studied by Hida-Streit [5] and
Okabe [15].

The authors are grateful to Professor S. Kotani for his helpful com-
ments and informing us of his recent achievement privately. They also
thank Professor M. Yor for stimulating discussions with him. The sub-
ject of the paper grew out when the first author was visiting the Math-
ematics Research Centre, the University of Warwick in summer in 2001
at the invitation of Professor K.D. Elworthy, and discussed with Profes-
sor M. Kleptsyna. The second author had a chance to talk about the
prototype of this paper with Professor Elworthy while he visited Japan
in 2001. It is a great pleasure of the authors to thank both of them.
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§1. Cameron-Martin transformation — Ornstein-Uhlenbeck
process

1.1. Ordinary differential equations

We first recall several known facts about ordinary differential equa-
tions. For n € N, we set A,, = P,, x C,,, where

77n:{p:t(pl,...,pn)ER”:pi%pj fori;éj},
Chn={c="(c1,...,cn) ER":¢; >0for 1 <i<n}.

For (p,c) € A, and a > 0, we define n x n-matrices
D, = diag[p1,...,pn] and Epc.(a)= Df, +ad’c®ec.

We shall often write simply D and E(a) for D, and Ep .(a), respectively.
Let ®,(y) be a solution of a first order 2n x n-matrix ordinary dif-
ferential equation

/ - - D, I
(5) O+ Mpeo® =0, where Mpc,= (agc Se —D,
and f’ stands for the derivative of f. For n x m-matrices A and B,
we often write ®,(y; A, B) to emphasize the initial condition ®,(0) =

B
submatrices of ®,(y), respectively;

oo-(:5)

Then ¢, (y) obeys a second order ordinary differential equation
(6) ¢" = E(a)p = 0.

In the cases we deal with in this paper, ¢,(y) is always shown to be
invertible for any y > 0. Moreover, if ®,(y) = ®,(y; I,0), which is the
case investigated in §2 and §3, then ,(z) is also invertible for z > 0
(see a paragraph after Theorem 2.1). Hence, in the remainder of this
subsection, we assume that ¢,(y) and ¥,(z) are both invertible for any
y > 0and z > 0. Then ®,(y) determines an n-frame in a 2n-dimensional
vector space V(2n) over R, and hence gives a rise of a dynamics on
the Grassmannian GM (n,V(2n)) consisting of all n-dimensional vector
subspaces of V(2n). Moreover, ®,(y) is identified in GM (n, V (2n)) with

(wa(y)é; 1(3/)) N <7a€y)> ’

A). Denote by ¢,(y) and 1), (y) the upper and the lower half n x n-
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where ¢, (y) = (¢a(y)) ™" and 74 (y) = Ya(y)d5 ' (y) = —¢' (¥) b5 (v) —

D. Due to the Cole-Hopf transformation, -, obeys the n x n-matrix
Riccati equation

v —4D —Dy—+24d*c®@c=0

(see [18]). We next consider an n-frame obtained by reversing the time of

Do (); Pu(y) = Pa(z—y). Set u(y) = va(z—y) and v(y) = p(y) "',y < =
Then, for y < z, ®,(y) determines a point in GM (n,V(2n)) identified

with <,u(ly)> and (Vsy)) Thus a dynamics of CT)a(y)» y < z, in the
Grassmannian is expressed in two different ways by Riccati equations
W+ pD+ Du+ p? —a’c®c=0,
V' —vD - Dv+v(d*c®c)y—1=0.
The second equation is a Riccati equation which an error matrix appear-
ing in the linear filtering theory obeys (see §3 and [1]).

Let c;(y) be the (4, j)-component of the n-frame ®,(y), 0 < ¢ <
2n — 1,0 < j <mn— 1. The Pliicker coordinate of ®,(y) is given by

ar(y) = det[(aikﬂ'(y))ogk,jgn—J’ I=(ig,...,in-1) €Z,

where 7 is the totality of I = (ig,...,ip—1) € Z" with 0 < ig < -+ <

i1 <2n—1. We set F' = —a;cD@) c _DI) and define a (27?) X (27?)_
matrix G by
n—12n—1
Gar = Z Z FijQo,in 1 dyinstmin_1s 4 = (05 in—1) €T,
k=0 j=0
where, for 0 < ko, ..., kn—1 <2n —1, ak,,... k,_, is defined in the same

manner as «y. We then have a dynamics on the Grassmannian in terms
of the Pliicker coordinate;

diy(af(y))IeI = G(af(y))IeI'

It should be mentioned that
ar(y) = det dq(y) for I =(0,1,...,n—1).

For related results, see also [4].
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1.2. Cameron-Martin transformation

For p € Py, let &p(y) = “(E4(y), .-, £2(y)) be the unique solution
of the R"-valued stochastic differential equation

(7) d¢(y) = dw(y) + D&(y)dy, £(0) = 0.

We set OU,, = {&p : p € Pn}. For (p,c) € A, we define a superposition
of 1-dimensional Ornstein-Uhlenbeck processes 511, (Y)s -, &p(y) by

Xp.e(y) = (¢:p(y)),

where (-,-) denotes the inner product on R". X, .(y), 0 <y <z, is a
continuous Gaussian process with mean 0 and covariance function

n 2

(8) R(u,v) = Z C_J(epj(u+v) _ epjlu—vl)7 0<uv<az.

=1 2P

We set
Gn = {Xp,c “(p,c) € Ant = {(c, §p> i (pyc) € An}.

Obviously, aXp. = Xpac for a > 0, and hence G, is closed under
the multiplication by positive numbers. Moreover, X, . € G,, is invari-
ant under permutation in the sense that X, o = Xp . if (p,c) € A,
o is a permutation of {1,...,n}, and p' = "(Po(1),---,Po(n)), € =
t(CJ(l), ey Ca(n))~

Given an n x n-matrix valued C'! function & on [0, z] with det x(y) #
0 for each y € [0,z], we define two Cameron-Martin transformations K
and L on W™ by

10 L) = wl) —sl) [ () s, we W,

By a change of variables formula on [0, 2], we see that

(11) K[L[w]] = LIK[w]] =w for any w € W".
Set O(y) = £/ (y)x(y) and let 6 be an n x n-matrix valued continuous
function on [0, z]. We then have
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Lemma 1.1. For any measurable f : W™ — [0,00), it holds that

a? [®
(12) f(fp)eXP{—g/o Xp.c(y)’dy

wn

N =

+ 3(00) = D)oo, (o))~ 5 [ (0P|

:/ f(w) exp {—%/j(E(a)w(y),w(y»dy
+ L@ w(), wiz) — %

2 / |§(y)w(y)|2dy] dP e~ (@/2)trD

x
0
Proof. By using the Maruyama-Girsanov transformation ([8, 13,
19]), we obtain that

the left hand side of (12)
2

— [ swe|-5 [ tewtia

wn

+ {0 - D), w@) - 5 [Py

DN | =

+ [ Dot dut) - § [ 1Du)Pay) Paw)

where the identity may hold as oo = co. Applying the It6 formula ([8,
13]) to (Dw(x),w(x)), it is easily seen that this implies (12). Q.E.D.

Suppose that a solution ¢,(y), y € [0, z], of the ordinary differential
equation (6) satisfies the condition that det ¢,(y) # 0, 0 < y < x, where
the initial condition is not specified. We set

(13) /Ba,z(y) = 7(¢:1¢;1)(x - y)7

and denote by ﬁal(y) and Baw(y) its symmetric and skew-symmetric
parts, respectively. Let K, (y) be the solution of the differential equa-
tion

K (Y) = BawW)s(y), #(z) =1,

and define linear transformations K, ,,Lg, @ W" — W™ by (9) and
(10) with Kk = Kq 4.
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Proposition 1.1. For any bounded measurable f : W™ — [0, 00),
it holds that

[ ) exp{ / Xpely

wn

3 {(Bua) D), @(x»i / ool Py aP
= (det ¢4 (0))"/* (7 det ¢y (v 1/2/ foLggdP.

Proof. For the sake of simplicity, we write (3, 3, and B for Bz,
Ba,z, and B, 4, respectively. It follows from (6) that

(15) 3 =E(a) - and [ = E(a) - 3* - .

Since trg = trf3, by virtue of the It6 formula, we then have

(Blx)w(z), w(z))

=5 [ E@uw.wwid+ 5 [ 1Py

0

+/<ﬁ() ), duw(y ——/w Idy+1/0trﬁ()

Combining this with Lemma 1.1, we have

(16) /f§pexp[ /ch

(B(z) - D)l / B |2dy}

:/"’f(w)exp[/ Bly)yw(y), dwly ——/ 1B(y dy] P(dw)

X exp [ztrD + % /0 trﬁ(y)dy].

DN | =

+

DO =

Applying the Maruyama-Girsanov transformation to the equation

dz(y) = dw(y) + By)=(y)dy,
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and noting that 3 = Ky 2Kz, We obtain that

1) [ e Kaawes| [ Gt dot)
-5 [ Bl pw) = [ gar

for any bounded measurable g : W* — [0,00). By the definition of g,
we have

(18) exp | [ i)y = det u0)det )

0
By (11), combining (17) and (18) with (16), we obtain (14). Q.E.D.

1.3. Eigenvalues of E(a)

Let (p,c) € A, and a > 0. We shall specify the eigenvalues of
E(a) = Epc(a). As for p =t(p1,...,pn), rearranging if necessary, we
may assume that there exist m and 1 < j(1) < -+ < j(m) < n such
that
(H) Ipjl < [pjg1| for j = 1,2,...,m =1, pjpy > 0 and pjp)41 =

m —pp for £=1,...,m, and #{|p1],...,|pal} =n —m.

When m = 0, this conditions means that |pi| < [p2] < -+ < |pnl.
If n = 1, then (H), holds. We define a Herglotz function hp o on
Ct={z€C:Imz >0} by

1/~ 1
hrea(®) =5 | o {o+ oY),
where

(19) oy (du) = 2a* Z c?&_pf(du), o_(du) = 2a® Z cfé_plg(du)

:p; >0 i:p; <0

(cf.[11]). Then hp ¢ q(A + t+/—1) converges to

n 2
c4
hp.ea(X+0vV=1) :azzpziA ast | 0.
Jj=1"J
Under (H), ,, the equation hpcqo(r + 04/—1) = —1 possesses n — m

roots 0 < r; < +-+ < Typ_m, such that r;/Q ¢ {pja)s - Pjm) ) J =
1,...,n—m. Take n1,...,n, € R so that

1/2 1/2
{|771|7""|77n|}:{pj(l)v"‘vpj(M)Vrl/ 7"'77nn/7m .
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Define an n x n matrix U = (U;;)1<i,j<n by

Ci

(D = D)~ te|(p} = x)’

if 97 =7y,
0ij(0)+1C5(0) — 9ij(0)Ci()+1
2 2
(G + G

» i =i

Lemma 1.2. U € O(n) and it holds that
E(a) =UR*U Y, where R = diag[n1, ..., 1)

Proof. Tt is easily checked that p?(g) is an eigenvalue of F(a) with
eigenvector
t
u="00,...,0,—cip)+1,¢i(0),0,...,0).
( J(O)+1, (0 )
J)-1
Noting that D? — r;I is invertible, we see that r; is an eigenvalue with
eigenvector u = (D? —r;I)~tec. Thus we have obtained n distinct eigen-

values of E(a) and the associated eigenvectors. In conjunction with the
symmetry of E(a), we obtain the desired assertion. Q.E.D.

§2. Reflectionless potential

For (p,c) € A, and a > 0, define 0 = (04,0_) € ¥ by (19). Then
G(u,v; o) coincides with a? R(u, v), the covariance function described in
(8). Hence we can identify X7 with a X, ., and G, C G. We shall spell
out a correspondence between G,, and Q,,.

Assuming (H),,, we define 0 < ry < --- < r,_y, as described before
Lemma 1.2. Define 0 < n; < --- <mn, and my,...,my, >0 by

1/2 1/2
{771’”'37771}:{pj(l)»“'apj(m)a7'1/ ,...,Tn/_m .

2
Ci)+1 k1 Pe+n ...
o ol | Foe el | B TR (O}
30 ki T sy 4 PR T

+ 7 T Pr 0
—2n; H 1Tk — 7714 H Pk — 771'7 otherwise.
ki Mk =M .= Pk — T

m; =

Mention that 7,y = pj), £ =1,...,m. We set

(21) Ipea(z) = /Wn exp [—“; /0 ’ Xp’c(y)Qdy] dP.
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Theorem 2.1. Define A(xz) by (4) with the above scattering data
ni,m; >0,1=1,...,n. Then it holds that

1
(22) log(Ip,ca(z)) = ~5 logdet(I + A(x))
1 T —
t5 logdet(I + A(0)) — 35 ;(pz + 704).-
In particular,
2 2

d
4@ log(Ip,c.a(z)) = —2@ log det(I + A(x)).

Note that I ¢ () is invariant under the permutation of parameters
(p,c) in the sense as stated after (8). Thus, so is the reflectionless
potential associated with Ip ¢ o().

The proof of the theorem is divided into two steps, each step being
a lemma. In the sequel, we write R for diag[n,...,n,] and let ¢,(y) be
the upper half of ®,(y; I,0). Then

(23) ba(y) = U{cosh(yR) — sinh(yR)R~'U'DUU,
where U € O(n) is defined by (20), and, for n X n-matrix A,
cosh(A) = (e + e 4)/2 and sinh(A4) = (e? —e™4)/2.

By computing the product matrix ¢,1),, we see that ¢,(y) and ¥, (z) are
both invertible for y > 0, z > 0. Then we can define 3, , by (13) with
this ¢,. Obviously §,..(z) = D. Since 3, obeys the Riccati equation
(15), it turns out to be symmetric. Applying Proposition 1.1, we obtain

1/2 —1/2 _(2/2)tr
(24)  Ipea(r) = (det ¢a(0) " (det g, (x) /e (/20D
In this expression, for the latter use, we left det ¢,(0) while it is equal

to one. If (H), holds, then we set

Xij=(pj+1") 7" Yy=(pj—n")"", 1<ij<n,

X = (Xi')lgi,jgn’ Y = (Y—i')lgi,jgn’
Vie) = diag“(D2 —r )" telTh L |(D? - rnI)_lc\_l],

o(i) = sen TI0s - w). w0 = U@{_%%%:Q}”Q,

p=1
and B = diag[b(1),...,b(n)].
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Lemma 2.1. Suppose that (H), holds. Then it holds that
(25) baly) = —%UV(C)R_lB(I + A(y))e? "B XC(c),
where C(c) = diag[cy, ..., c,]. Moreover, the identity (22) holds.
Proof. Due to (23), we have
baly) = %UR_l{eyR(RU_l ~U'D)+e V®(RU +U'D)}.
Set Z = (Zij)1<i,j<n, where
Zig=p; —m)", 1<ij<n
Then it holds that
U=C(c)ZV(e), U t=V(e)'ZC(e).
Since R, D,C(c), and V(c) are all diagonal matrices, we have that
RU™'—U'D=-V(e)XC(c), RU'4+U'D=V(c)YC(c).
Hence we obtain
(26) baly) = ——UR W(e{I-e vy x e v }ev X C(c).

We now compute Y X ~!. Applying Cauchy’s identity (cf. [14])

1 H <7,<]<n( )(61 6])
@) det((ai+ﬂj)1<iai<n>_ 1 Hz,j:1(ai+ﬁj)

for a1, ..., an,B1,...,0n € C,

to the cofactor matrix of X, we obtain

[Lose(Pr +10) TTj3=1 (P5 + 10)
521 (ps — pr) I oze(ma — )’

(X7, =

Kt 1<k, ¢<n.

Using Lagrange’s interpolation formula

L ITZ L (ar +b; ) 520 (aa
2

b;) eC
151 (a0 — ax) 1;[ ot e

we have

[loweia +m) 20 1521 (ps +m5)
[Ts=1 (s — ) 0+ 15 Tog; (e —n5)

(YX Y= 1<i,j<n.

)
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Since sgn[(]_[gzl(pﬁ + Ui))/(Ha#(ﬁa - m))] = —o(4), it holds that

o gy Mazilla +m) i s (b +m) i<
B | A7 M TG | WA A

Hence

b))

YX 1), =
(VX ) P

Combining this with (26), we obtain (25).

The identity (25) implies

det ¢ (0) (det pa()) o det(I + A(0)) (e""F det(I + A(z))) -
Thus the second assertion follows from this and (24). Q.E.D.

Lemma 2.2. Let m > 1 and suppose that (H)_ is satisfied. Then

(22) holds.
Proof. For e > 0, set

m

1< <n.

= p; —e, ifi=j()+1 for some ¢,
’ Di, otherwise,

Choosing a sufficiently small € > 0, we may assume that

pil <lps| <--- <Ipql-
Let 0 < 7§ <--- <75 beroots of a® Y"1 | ¢Z/{(pf)* —r} = —1. Then it
holds that
(28) (p5)? <7f < (Pia)? <rip, 1=1,2,...,n—1

Define scattering data n;,m$ > 0, i = 1,...,n, with these p$’s, r§’s and
¢;'s as described before Theorem 2.1. By Lemma 2.1, we have

1
10g (I .0(2)) = — 3 log det(I + 4%(2))

1 e x c =
+ 3 log det(I + A®(0)) — 5 Z(pz +n5)

i=1

where p¢ = (p5,...,p5) and A°(z) is defined by (4) with ng,m$, i =
1,...,n. Since p; — p; ase | 0,4 =1,...,n, we have that

108 (Ipe c,0(x)) = 10g(Ipca(z)) ase | 0.



14 N. Ikeda and S. Taniguchi
Moreover, recalling that n; = (75)'/2, i = 1,...,n, it follows from (28)
that nf — m; ase [ 0,¢=1,...,n. Hence

n n

Wi +n) =D (pi+m), aselo.

i=1 =1

Thus the proof completes once we have shown the convergence of A¢(y)
to A(y) ase | 0.

To see the convergence of A°(y), it suffices to show that m$ tends to
m; as e | 0 forevery i =1,...,n. If i # j(¢) for any ¢, then it is easily
seen that m§ — m; as € | 0. We now consider the case that ¢ = j(¢).
Since nj(z) — i)y = Pje) as € |0,

Pi +Miw

(29) -1, ase]0.

Piey+1 ~ Mje)

It follows from (28) and the identity a? Z;‘L:1 & {(05)? — 5ot = 1
that

c?(f){(pj“) +e)? - TJE'(Z)} + C?(€)+1{p?(12) - 7}5'(4)} =0(e%), ase 0.
This yields that

—2pi(0)%
(30) (pi(Z))Z - (7736'(@))2 = Miczj() e+0(e?),
i) J(0)+1

2p;(0)¢;
(31) (p§(e)+1)2 - (77]6'(4))2 = % e+ 0(e?), ase | 0.
FICIRIGES!

Hence N e
Piw+1 T M50 2 2
———————" = Ci(p41Cip, ase 0.

Pitey = i) OO

Combining this with (29) and the definition of m5 ), we see that m,) —

mje as € | 0. Q.E.D.

Remark 2.1. (i) The exponent of the integrand in the right hand
side of (21) is a sum of a quadratic Wiener functional and a constant.
Hence the right hand side of (24) can be expressed in terms of the
Carleman-Fredholm determinant of the symmetric Hilbert-Schmidt op-
erator determining the quadratic Wiener functional. Moreover, ¢, is a
solution of the Jacobi equation associated with the Lagrangian related
to the Wiener functional (cf. [6, 7]).

(ii) In Theorem 2.1, for each n € N, a mapping from A, to the space
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{1y sy, ymy) 10 < < -0 < Mp,ma,...,my > 0} of scat-
tering data was established. If n = 2, the mapping is invertible.

83. Filtering theory

In this section, we shall see that the change of variables formula (24)
relates to the filtering theory. On the (n + 1)-dimensional Wiener space
WnHL consider the following filtering problem.

dgp(y) = dw(y) + Dgp(y)dya 6(0) = 07 (SyStem)a
dY (y) = db(y) + a{c,&p(y))dy, Y (0) =0, (observation),

where (p,c) € A, a > 0 and (w,b) € W" x W = WnHl, Let .7-";/ be

the o-field generated by Y (u), u < y. A solution gp(y) to the filtering
problem with respect to Y (u), u < y, is realized as a function whose
error matrix is minimal in the space of error matrices of R™-valued
}"yy -measurable functions, where the order is the one inherited from the

non-negative definiteness ([1, Theorem 4.1]). In our case, Ep (y) coincides
with the conditional expectation E[£,(y)|F, ] of &,(y) given F), which
is called the Kalman-Bucy filter. The corresponding error matrix

~

Pa(y) = /WM (&p(y) — &) (&p(y) — &p(y)) AP

obeys the n x n-matrix Riccati equation
P'=DP+PD —P(a*c®c)P+ 1, P(0)=0,

which we have already seen as an equation for v(y) in §1.1. Let pp ¢ o(y)
be the error variance of X (y);

Pp.ealy) = /
Wn+1
It then holds that

Xpely) ~ ElX ()7 )| dP.

Pp,t:,a(y) = tr[(c ® c)Pa(y)].

Let ®,(y;1,0) = (Zzgg) As was seen before (24), det ¢,(y) # 0,

y > 0. We set 7a(y) = ta(y)d5 ' (y) and v4.2(y) = va(z — y). Note that

7(2,:16 = —DYae = YauD — 72,36 + a2(c ®c) on0,z], Yau(r)=0.



16 N. Ikeda and S. Taniguchi

Then it holds that
{det(I — ya0Pa)} = (—tr[a*(c ® €)Pu + Yays]) det(I — Ya,o Po).
Since P(0) = yq.2(z) =0,

1 =det(I — vg,0(x)Pa(x)) = exp {— /Oz tr [a2(c® c)P.(y) + va,t(y)]dy .

Combined with (18), this implies
—xtrD

exp {— /Ox tra®(c® c)Pa(y)}dy] = dZTa(:c)'

By (24), we obtain

a [* 2 a [
exp|—— | Xpe(y)'dy| dP =exp|—— | ppea(y)dy|,
wn 2 Jo 2 Jo

which can be also shown by applying the result due to M.L. Kleptsyna
and A. Le Breton [10].
Let 6(y,u) be the unique solution of the integral equation

y
(2 8w =Ry - [ Swo)bu o, 0<pusa
0
In [10], they also have shown that a?pp ¢ q(y) coincides with §(y, y).

§4. KdV equation

Throughout this section, we assume (H), . Let scattering data 0 <
N < - <Ny, My,...,my >0 and n X n-matrices U and R be the ones
stated before and after Theorem 2.1. Set

T:{t:(t17t27...,)2t]‘ ER7#{thj7EO}<OO}.
For x € R,t € T, define

oo
Gla,t) =an; + D> tany®™, ((x,t) = diag[Gi(@,2), .-, al, 1)].
a=1
The tau function 7(x,t) of the KAV equation is of the form

n P my;. i; — Ty ?
(33) rwt)=1+) > Hzi 11 <Z;+7Z%>

P=11<is <cip<n el <M 1<j<k<p

X exp {2 i Gi, (m, t)] .

=1
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For details, see [14, 16]. If we set

Az, t) = <@e—{ci(w,t)+cj(x,t)}> ’
1<i,5<n

ni +1nj
then, with the help of Cauchy’s identity (27), we can show that
(34) T(x,t) = det(I + A(x,t)), z€R, teT.

We shall show that 7(z,t) can be expressed in terms of Wiener
integral. To do this, let

(35)  a(z,t) = U{cosh(¢(z,t)) — sinh(¢(z,t))R-'U'DUIU .
Then, for each t € T, ¢,(+,t) obeys the differential equation (6) with
initial condition

¢4(0) = U{cosh(¢(0,t)) — sinh(¢(0,¢))R™'U'DU}U,

¢,,(0) = U{Rsinh(¢(0,t)) — cosh(¢(0,¢))U ' DUIU .

As we shall see in Lemma 4.1 below, det ¢,(x,t) # 0, and then we can
define

ﬁa,x,t(y) = _((axd)a)d)gl)(x - Y t)'
We shall show that 8, . +(y) is symmetric. To do this, write 5(y,t) for

Ba,zt(y). For each k =1,2,..., the partial derivative 0;, ¢, of ¢, with
respect to tj satisfies that

Ot ba(z,t) = U{R* ! sinh({(x,t)) — R** cosh({(z,t)) U 'DUU .
This implies that
O ba(x,t) = E(a)*0p0a(z,t) and 97 ¢o(z,t) = E(a)** ' ¢,(z,t)
for any kK =1,2,... We then obtain that

(36)  OnBy.t) = —E(a)™ + By, t) E(a)* By, t), k=1,2,...

Since F(a) is symmetric, the transpose !3(y,t) of 3(y,t) satisfies the
same identities in (36). Hence ((y,t) is symmetric if and only if so is
By, t[k]) for some k = 1,2,. .., where t[k] is obtained from ¢ by replacing
ty by 0. As was seen in the paragraph before (24), 5(y, 0) is symmetric,
where 0 = (0,0,...) € T. In conjunction with the above observation,
this implies that S(y,t) is symmetric for ¢ = (¢1,0,0,...), t; € R.
Apply the above observation again, it follows that ((y,t) is symmetric
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fort = (t1,t2,0,0,...), t1,t2 € R. Repeating this argument successively,
we can conclude that 5(y,t) is symmetric for any (y,t) € R x T.
We set

a® [*
IILc,a(xvt) :/ exp [_?/ X, ,c(y) dy
wn 0

+ 5 ((Ba,z.t(2) — D)fp(:c)ﬁp(x))} dP.

N | —

To state our result, we introduce a set J = {(j(¢) + 1,j(¢)) : ¢ =
1,...,m} and a quantity

Zn(p,c) = mH o nj){ I @i+n)
(

1<z<j<n ,J)¢J
_ /2y -1
H (D2 — 1) ﬁ 011(Gw + Go)
] P 2pj(0)¢i(e) ’

where, if m = 0, then J = 0, “(4,5) ¢ J” means “1 < 4,5 < n”, and
0
Hé:l(' . ) = 1.
Theorem 4.1. (i) It holds that

(37) det ga(z,t) = (2, )" Z,(p, ),
1 1 T
(38) log(Ipca(z,t)) = —5 log7(x,8) + 5 log7(0,t) - 5 Z(pi + 7).

(i) Let t = (¢,0,...). We write t fort.
(a) Set
Ipea(x,t) = —40210g(Ip ca(z,1)).
Then qp c.a(z,t) solves the KdV equation (2).
(b) Both det ¢q(z,t) and (Ip.c.q(z, t)) solve the Hirota equation:

(39) (4DyD, — D}u-u =0,

where (Dy, Dy) denotes the Hirota derivatives with respect to the vari-
ables (x,t) ([14]).

While gp.c.o(2,t) is defined only on [0,00) X R in our framework, by
virtue of (37), it extends to R x R so that the extension also solves the
KdV equation (2).

To prove Theorem 4.1, we first show a relation between ¢, (x, t) and

Az, t).
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Lemma 4.1. It holds that
(40) det ¢q(y, t) = det(I + A(y, t))e™ @ Z, (p, c).

In particular, (37) holds and det ¢4(y,t) # 0, y > 0.

Proof. For € > 0, define p* = (p5,...,p5) € P, as in the proof of
Lemma 2.2. For sufficiently small €, we see that p® satisfies the condition
(H)y- In the sequel, as in the proof of Lemma 2.2, we use the superscript
¢ to indicate the dependence on p®; given a quantity f defined with p,
we write f¢ for the same quantity defined with p® instead of p. Then, in
repetition of the argument employed to prove Lemma 2.1, we can show
that

Pa(y,t) = —%UE(RE)”VE(C)BE{I + A% (y, )} (B7) e I XC(e),

Applying Cauchy’s identity (27) to computing det X¢ and det U®, we
have

(41) det ¢S (y,t) = det (I + A%(y, 15))(3”C6(y’t)Z0(p‘57 c).

As we have already seen in the proof of Lemma 2.2, ase | 0, nf — n;
and m§ — m,; for i = 1,...,n. Moreover, taking the advantage of (30)
and (31), we can show that, ase | 0, U — U and Zy(p°®, ¢) — Zn(p, ¢).
Hence, letting € | 0 in (41), we obtain (40).

(37) is an immediate consequence of (34) and (40). The non-singula-
rity of ¢4 (y,t) follows from that of I + A(y,t) and (40). Q.E.D.

Proof of Theorem 4.1. (i) We have already seen (37) in Lemma 4.1.
By the same lemma, ¢,(y,t) # 0, y > 0. Applying Proposition 1.1 with

0o (y) = da(y,t), we have

Ipealw,t) = (det ¢a(0,t))l/2 (6mtrD det ¢a(x,t))_l/2_

By (37), it holds that

det ¢, (0, ¢)(det ¢q(z,t)) = 7(0,8)7(2, ) exp[tr((0,t) — tr{(z,¢)].
Since ¢(0,t) — {(z,t) = —z R, we obtain (38).
(ii)(a) The assertion follows form (34) and (38).

(b) It is well known ([14]) that 7(x,t) solves the Hirota equation (39).

Since det ¢q (2, t) and (Ip,c,q(z, t))f2 are both of the form k(t)e“*7(x,t)
with a constant ¢ and a function k£ : R — R, they also obey the same
Hirota equation (39) that 7(x,t) does. Q.E.D.
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