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1. Introduction & statements of result

(W�, P ); n-dim Wie. sp, H�; C-M subsp

Q� := (∇�)2A (A : H� → H�: HS op)

∇: Malliavin , E[〈∇�F, G〉] = E[〈F, ∇G〉]∫
��

exp(zQ�/2)dP = {det2(I − zA)}�1�2.

∇3φ=0, E[∇φ]=0, E[φ]=0
iff⇔ φ = Q�/2, A=∇2q

det2(I − zA) =?

n = 1, Q� =
∫ �
0

w(t)2dt ⇒ cos(
√

zT )

n = 2, Q� =
∫ �
0

{w1dw2 − w2dw1} ⇒ cos2(zT/2)

n = 1, Q� =
∫ �
0

(w(t) − w)2dt ⇒ sin(
√

λT )/(
√

λT )

2

W = W1, H = H1

q =

∫
�

0

(∫
�

�

w(s)ds

)2

dt

1. New exact formula

2. q0 =
∫
�

0
w(s)2ds;

Cameron-Martin 1940’s∫
�

exp(zq0/2)dP � 1
2
(d/dx)2 + �

2
|x|2

q = ‖∇q0‖2
�

/4 �
∵) 〈∇q0, h〉� = lim��0{q0(w + εh) − q0(w)}/ε

= 2
∫
�

0
w(t)h(t)dt = 2

∫
�

0

(∫
�

�
w(s)ds

)
ḣ(t)dt
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THEOREM (i) λ > 0

∫
W

exp[(λ/2)q] dP =
{

1

cosh(λ1/4T ) cos(λ1/4T )

}1/2

,

∫
W

exp[(λ/2)q]δ0(w(T )) dP

=
1√
2πT

{
λ1/4T

sin(λ1/4T ) cosh(λ1/4T )+sinh(λ1/4T ) cos(λ1/4T )

}1/2

(ii) P (q/2 ∈ dx) = pT (x)χ[0,∞)(x)dx

pT (x) =
4

πT 4

∫ π/2

0

θ(u; x)√
cos u

du,

θ(u; x) =
∞∑

k=−∞
(−1)k−1 {u + (2k + 1)π}3e−x{u+(2k+1)π}4/T 4

√
cosh(u + (2k + 1)π)

.
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• q = Q� + tr A, tr A = � 4

6
. A : H → H:

Ah(t) =

∫ �

0

∫ �

�

∫ �

0

∫ �

�

h(x)dxdvduds

∵) q=
∫ �

0
(
∫ �

�
w(s)ds)2dt=

∫ �

0

∫ �

�

∫ �

�
w(s)w(u)dsdudt

w(s)w(u) − s ∧ u ∈ C2 (2 Wiener Chaos)

q − ∫ �

0

∫ �

�

∫ �

�
s ∧ u dsdudt ∈ C2

φ ∈ C2 ⇒ φ = Q�2�/2 = Q�2��2

〈∇2q, h ⊗ k〉��2 = 2
∫ �

0

(∫ �

�
h(s)ds

)(∫ �

�
k(s)ds

)
dt

= 2〈Ah, k〉�
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• U =U� + U� : H→H (U� :Vol, dim R(U� ) < ∞)

(i)

∫
�

exp
[
(λ/2)Q�

]
dP

=
{
det

(
I − λU� (I − λU� )�1

)}�1�2
e�(��2)tr��

(ii) E =span{η1, ..., η�}⊂R(U� ), η = (∇�η�)1����∫
�

exp[(λ/2)Q� ]δ0(η) dP

=
{det(I − λU �

1(I − λU� )�1)}�1�2e�(��2)tr��√
(2π)� det C(η)

U �
1 =−π�U� + (I−π�)U� , C(η)=

(〈η	, η�〉�
)
1�	
���

det2(I + C)(I + D) = det(I + C) det2(I + D)e−trC(I+D)
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• Ih(t) :=
∫ �

0
h(s)ds, A� = I4, A� = A − A� .

(i) A = A� + A� , (ii) A� : Volterra,

(iii) R(A� ) = {aη1 + bη2 | a, b ∈ R}, (η�(t) = t2��1),

(iv) (I − λA� )�1h(t)

=
1

2

∫ �

0

ḣ(s)
{
cosh(λ1�4(t − s)) + cos(λ1�4(t − s))

}
ds

∵) (I − λA� )g = h, f = I4g. f (4) − λf = h

d

dt

⎛
⎜⎜⎜⎜⎜⎝

f

f (1)

f (2)

f (3)

⎞
⎟⎟⎟⎟⎟⎠

= Bλ

⎛
⎜⎜⎜⎜⎜⎝

f

f (1)

f (2)

f (3)

⎞
⎟⎟⎟⎟⎟⎠

+

⎛
⎜⎜⎜⎜⎜⎝

0

0

0

h

⎞
⎟⎟⎟⎟⎟⎠

, Bλ =

⎛
⎜⎜⎜⎜⎜⎝

0 1 0 0

0 0 1 0

0 0 0 1

λ 0 0 0

⎞
⎟⎟⎟⎟⎟⎠
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AF h = {T 2

2
Ih(T ) − I3h(T )}η1 − 1

6
Ih(T )η2

A�
1h = {− 1

T
I4h(T ) + T 2

6
Ih(T )

}
η1 − 1

6
Ih(T )η2

span{η1, η2} = R(AF ) (E = Rη1)

I − λAF (I − λAV )−1

=

⎛
⎝ T 2λ1/2

4
(αλ − βλ) + 1

2
(αλ + βλ) λ1/2

12
(αλ − βλ)

−3T 2

2
(αλ + βλ) + 3λ−1/2(αλ − βλ) 1

2
(αλ + βλ)

⎞
⎠

I − λA�
1(I − λAV )−1

=

⎛
⎝λ−1/4

T
(σλ + τλ) − T 2λ1/2

12
(αλ − βλ) λ1/2

12
(αλ − βλ)

λ−3/4

T
(σλ − τλ) − T 2

2
(αλ + βλ) 1

2
(αλ + βλ)

⎞
⎠

αλ = cosh(λ1/4T ), βλ = cos(λ1/4T ),
σλ = sinh(λ1/4T ), τλ = sin(λ1/4T )
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z = reiθ (r ≥ 0, −3
2
π ≤ θ < 1

2
π),

√
z = r1/2eiθ/2

G(z) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

√
cos z, if a) |Re z| < π

2
, or

b) Im z > 0, Re z ∈ [−π
2
, 3π

2
)4π or

c) Im z < 0, Re z ∈ [−3π
2

, π
2
)4π

−√
cos z, if a) Im z > 0, Re z ∈ [3π

2
, 7π

2
)4π or

b) Im z < 0, Re z ∈ [π
2
, 5π

2
)4π

cos(u + iv):

(0, π
2
) (π

2
, π) (π, 3π

2
) (3π

2
, 2π)

v > 0 IV III II I

v < 0 I II III IV

{cosh z cos z}1�2 = G(z)G(iz),

z ∈ D0 ≡ C \ {ξ, iξ | ξ ∈ R, |ξ| ≥ π/2}
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∃D ⊃
{

re�� | r ≥ 0, θ ∈
3⋃

�=0

[π

8
+

kπ

2
,
3π

8
+

kπ

2

]}
,

∫
�

exp[z4q/2]dP =
1

{cosh(zT ) cos(zT )}1�2
, z ∈ D

p� (x)=
1

2π

∫
�

e����I(t)dt

(
I(t)=

∫
�

exp[itq/2]dP

)

Γ�(R): 0 � Re����8; γ�(t) = t1�4e����8, t ∈ [0, R4]

∫
Γ±(R)

f(z4)z3dz = ± i

4

∫ R4

0

f(±it)dt
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2πp� (x) = lim
���

{
4i

∫
Γ�(�)

z3e���
4

{cosh(zT ) cos(zT )}1�2
dz

− 4i

∫
Γ+(�)

z3e���
4

{cosh(zT ) cos(zT )}1�2
dz

}

������������

�

Γ+(R)

lim
���

∫
Γ�(�)

z3e���
4

{cosh(zT ) cos(zT )}1�2
dz

=

∫ �

0

u3e���
4

lim��0{cosh(uT ± ih) cos(uT ± ih)}1�2
du
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lim
h↓0

{cosh(uT ± ih) cos(uT ± ih)}1/2

=

⎧⎨
⎩

√
cosh(uT ) cos(uT ), if uT ∈ [−π ± π

2
, π ± π

2
)4π

−√
cosh(uT ) cos(uT ), if uT ∈ [π ± π

2
, 3π ± π

2
)4π

2πpT (x) = 8i

∞∑
k=0

∫ {(3π/2)+2kπ}/T

{(π/2)+2kπ}/T

(−1)k−1u3e−xu4

√
cosh(uT ) cos(uT )

du

∫ {(3π/2)+2kπ}/T

{(π/2)+2kπ}/T

· · · du

=
1

iT 4

∫ π/2

0

{v + (2k + 1)π}3e−x{v+(2k+1)π}4/T 4

√
cosh{v + (2k + 1)π} cos v

dv

− 1

iT 4

∫ π/2

0

{v − (2k + 1)π}3e−x{v−(2k+1)π}4/T 4

√
cosh{v − (2k + 1)π} cos v

dv
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