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1. The Problem

G :=GSp4),r: G— G, ;similitude norm.

G ={gecGL(4)|v(g) :== gAd(J)'g € Gy},
[0 0 1 0)
o 001
1 0 00}/
\ 0 —1 0 0/

Spectral decomposition of the automorphic spectrum of GSp(4) — p.2/4



e Problem

.= (GSp(4) over F'; number field
= Ap = F @ Ay; adéle ring of F



1. The Problem

® G := GSp(4) over F'; number field
m A=Ap =TI, ®Ay; adéle ring of I

diag.
2o~ (RY = FX) C Zg(A) ~ A* ; R-vector part
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1. The Problem

® G := GSp(4) over F'; number field
m A=Ap =TI, ®Ay; adéle ring of I

diag.
2~ (R = FX) C Zg(A) ~ A* ; R-vector part

To obtain a of
the right regular representation of G(A) on

= L*(G(F)A\G(A))
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2. Cuspidal spectrum

/tl * % * \
0 tQ X >k
= ; Borel
. 0 0 wt o |SC(3Bore
\O 0 =* Vt2_1/
subgroup.
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2. Cuspidal spectrum

/ t1 * % * \
0 t2 X >k
— ; Borel
. 0 0 wt o |SC(3Bore
\O 0 x* vt /
subgroup.
u C G(A) ; Ty-good maximal compact

subgroup. We have the Iwasawa decomposition

G(A) = By(A)K.
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The along a parabolic subgroup
P = MU C G is defined by

= / o(ug) du
U(F)\U(A)

for measurable ¢ : U(F)\G(A) — C.
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The along a parabolic subgroup
P = MU C G is defined by

= / d(ug) du.
U(F)\U(A)

={p e L(G)|dp =0, (By C)YP C G} :
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The along a parabolic subgroup
P = MU C G is defined by

= / d(ug) du.
U(F)\U(A)

={p e L(G)|dp =0, (By C)YP C G} :

i.e. convolution algebra of compactly supported
K-finite functions on G(A)
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2.1. Proposition

The convolution operators (f € H(G(A)))

R(f)é(x) / F(9)é(xg) dg
G(F)\G(A)

on Ly(G) are compact.
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2.2. Theorem (Piatetsky-Shapiro)

Lo(G) decomposes into a Hilbert direct sum of
irreducible unitary representations of G(A), in which
each isomorphism class of irreducible unitary
representations of G(A) occurs with finite multiplicity.

Lo(G) ~ 69 r&molT),
Tell(G(A))
= c N,
m ; the set of 1som. classes of irred. unitary

repr.s of G(A).
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Ly(G) is the closure of the space of cusp
forms on GG(A) consisting of
¢ : G(F)A\G(A) — Cs.t.

(i) ¢ is 3(gso )-finite and K-finite;

(ii) ¢ is slowly increasing on G(A);

(i) op = 0, VP C G.

The description of m() is a difficult problem.

We concentrate on the spectral decomposition of the
orthogonal complement of Ly(G).
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abolic induction

Pi — MZU29 (7/ — ]-7 2)3 BO — TOUO )
(By-) standard parabolics of G.



3. Parabolic induction

"G, ,(1=1,2), By =1yl ;
(By-) standard parabolics of G.
m Tj consists of — diag(t1, to, vt, ', vt ),
ti) V& Gma

m M consists of

(t \ g_(ab

. d) c GL(2)
\ . d/ t,v=detg € G,,;
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o consists of

g ge GL(2
ma(g; v) = ( Vtgl) 'V E Gni)



M, consists of

(9 g€ GL(2)

. Vg7t ) v e Gy,
For the above Levi subgroups M, the cuspidal
multiplicities mg(7), (m € II(M(A))) are
well-understood:

Ly(G,,) = L(G,,) is described by the abelian
classfield theory a la Langlands.

mo(7), (m € II(GL(2,A))) is at most 1. Itis 1 if and
only if 7 satisfies the conditions of
Jacquet-Langlands’ converse theorem.
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duced spaces

r € II(M(A)), set 7, := e* @ 7, where



3.1. Induced spaces

m For m € TI(M (A)), set 7,:= e* ® 7, where

1. Case P = By. A = (A, M) €0, := C?,
= [t 2],
2. Case P = P;. )\ € = C,
= [t[3] det g], "
3. Case P=PF,. \ € = C,

det g[3|v[,".
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(M), ; w-isotypic subspace in the
ooy KXY x M (A ¢)-module Ag(M).



, -1sotypic subspace 1n the
(Moo, KY) x M (A )-module Ay(M).

= e’ ® AQ(M)W, A E ay.

= indgp(a) Ao(M)xr, ;
K -finite induction.
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, -1sotypic subspace 1n the
(Moo, KY) x M (A )-module Ay(M).
= e’ ® AQ(M)W, A E ay.
= ind%mP(A) Ao(M )z, ;
K-finite induction.

—
Ao(P\G)r, — X € a]\Gf@ ; vector bundle

For any K-type r, s-isotypic part Ay(P\G)5 — A
1s a vector bundle (of finite rank). Above space
should be viewed as the union of these bundles.
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3.2. Poincaré series

m ., C Zy(A) ; R-vector part.

= ﬂxEHom(M,Gm) ker |X’A
1. G(A) = U(A)Ay M(A) K.

2. Lie (U /Ag) &2 af
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; space of of
Ao(P\G);, — X € a]\GfC.
i.e., the Fourier transform of ¢ € P/ )

G, *
M

o(9) rz/A " dA(g) dX

B
)\E)\O—HCLM*

(g = uamk € U(A)2A M (A)'K) is smooth and
compactly supported in a € 2U;,.
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, space of of
Ao(P\G);, — X € a]\GfC.

i.e., the Fourier transform of ¢ € P/ )

G, *
M

o(9) :Z/A " oA (g) dA

1S smooth and compactly supported on the
A 5r-component of g € G(A).

AN

= ZyeP(F)\G(F) ?(79), (¢ € Pormy) s
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3.3. Theorem
(i) 04 belongs to L(G).
(ii) L(G) = Dyprn) LG)ps,n), where
. ; Wo (Weyl group of (G, Ty)) orbit of (M, r);

= cl.span{fy | ¢ € Py, (M',7") € [M,]}.
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3.3. Theorem
(i) 04 belongs to L(G).
(ii) L(G) = Dyprn) LG)ps,n), where
= ; Wo (Weyl group of (G, Ty)) orbit of (M, r);

= cl.span{fy | ¢ € Py, (M',7") € [M,]}.

This follows from :
de L(G),pp=0,(By CVP C Q)= ¢ =0.

and the orthogonality relation 3.7 below.
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3.4. Eisenstein series

(mo(t1,t2;v)) == tit;, ",

A= { (mo(ty,ta;v)) = tov 1 } |

set of simple roots of (B, 1j).
i = {0, = Qj|z,, } ; set of simple root of

an, (ma(t, z15)) = tz7, ang(ma(zly;v)) = 2°v
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3.4. Eisenstein series

- (mo(ty, ta;v)) == tity ", | .
= N )
(mo(tl, ta; V)) = t%V_l
set of simple roots of (B, 1j).
i = {0, = Qj|z,, } ; set of simple root of

an, (ma(t, z15)) = tz7, ang(ma(zly;v)) = 2°v

= The corresponding coroots on a};" are given by

(A) = A1 — Ag, @l () = Ag,
(A) =X, (i=1,2).
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3.5. Proposition

(i) For (M, ) as above and ¢ € Py ), the

= Y ()

YEP(F)\G(F)
converges absolutely if o' (R — pp) > 0, Va € Ap.

= . ; half of the sum of positive roots of (P, Zy,):

208, (mo(ty,ty;v)) = t%t%u_g,

pp (mi(t,215)) = t°277, 2pp (ma(2le;v)) = 2°v7°.
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(ii) At such “enoughly positive” \ € a]\Gf@, Ep(¢y) is an

on G(A).

(iii) Ep (I3 (7, f)¢r) = R())Ep(6r), [ € H(G(A)).
(H(G(A))-equivariance.)
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(ii) At such “enoughly positive” \ € a]\Gf@, Ep(¢y) is an

on G(A).

(iii) Ep (I3 (7, f)¢2) = R())Ep(6r), [ € H(G(A)).
(H(G(A))-equivariance.)

- Y ¢ ”» G,
(iv) For “enoughly positive” \g € a;;,

A  Brlo)dr=b,
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3.6. Proposition

(i) For w € Wo /WM s.t. w(M) C G ; standard Levi, the

dA(g) = or(w ™ ug) du

/(w(U)ﬂUw\Uw)(A)

converges absolutely if o' (R — pp) > 0, Va € Ap.
(ii) At such A,

M(w, 7T)\) ; Ao(P\G)m — AO(P’LU\G)‘UJ(WA)
is H(G(A))-equivariant.

i .= w(M ) By ; standard parabolic.
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(iit) (Functional equation) Ep(M (w, m))d\) = Ep(o)).
(iv) The constant term of Ep(¢)) along P' = M'U’ is
given by

Ep(¢))p = > Ep, (M (w, 73)0)x)

’UJEWO/W({W
w(M)CM'; standard
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3.7. Corollary

lake ¢ € P(M,w)» ¢, ~ P(M’,W)’
(i) If [M, 7| = [M', 7], the L*-inner product of 6, 0,
equals

00 = [ A (m) dn
- Z (M (w, m))Pa, ¢/_w(5\)>

UJEWO/W({V[
w(M)=M'
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3.7. Corollary

lake ¢ € P(M,w)» ¢, ~ P(M’,w’)'
(i) If [M, 7| = [M', 7], the L*-inner product of 6, 0,
equals

00 = [ A (m) dn

M

— Z <M(”LU,7TA)¢A>¢/_U](5\)>
weWo /Wy
w(M)=M'

(ii) Otherwise, (04,04 ) = 0.
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alytic behavior of M (w, 7))

=G x Wg: L-group of G-
GSp(4,C), I, ; Weil group of F.



alytic behavior of M (w, 7))

=G x Wg; L-group of (7:
GSp(4,C), I, ; Weil group of F.
3 = LTy x Up= By(C) x W,
) = LM, x U= Py(C) x W,
%, = L\, x Us= Py(C) x W



4. Analytic behavior of M (w, 7))

B 0= G x Wg; of G
= (GSp(4,C), ; Weil group of F.
u = By(C) x W,
= P,(C) x Whg,
= P (C) x Wk.

m  : Lrp— GL(2,C); (conjectural)
of a cuspidal autom. repr. 7 of

GL(2,A)).

= Identify Hom o (A* /F>, C*) = Homop (Wg, C*)
(abelian CFT a la Langlands)
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4.1. Langlands parameters

The Langlands parameter .. of a cuspidal repr. 7 of
M(A) is given by:

1. Case P = By, m(mo(t1,t2;v)) = wi(t1)wa(t2)w(v).
o = diag(wiwow, Wiw, w, wow).

2. Case P = P, m(mq(t,9)) = w(t)1(g).

I 02
o ( 02 wrlp; 1) |
. central character of 7.
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3. Case P = P, m(mo(g;v)) = w(v)1(9).

= \

W wb,

P

We have written ¢, =
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4.2. Normalization factor

= 1 ; Lie algebra of U.

mw € Wy /WY with w(M) standard Levi, consider
the adjoint repr.

M — GLU/w ! (u,) N))
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4.2. Normalization factor

= 1 ; Lie algebra of U.

mw € Wo/WM with w(M) standard Levi, consider
the adjoint repr.

M — GLU/w ! (u,) N))

= L(s, 7y 0 ©r),
= &(8,7y © V)
assoclated automorphic L, e-functions.
_ L(O, T\, T‘w)
N L(l, T\, Tw)&“(o, T\, Tw)
for M (w, )
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4.3. Example

I. The case P = By, m = w1 ® wo ® w. For simple reflections s; attached to

Qg
L(O,W)\,Tsl) — L()\l — )\2,&)1&)2_1), L(O,ﬂ')\,fl“82) — L()\Q,wg)

The other factors are product of these ones for various w(w), (w € Wy).

2. The case P = P, 7 = w ® 7. (unique non-trivial w =)
L(0, 75, 72z, ) = L\, Ad*(7) x w).
3. Thecase P = P>, m = 7 ® w. (unique non-trivial w =)

L0, mx,rpr,) = LN, T)L(2\, w).
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4.4. Theorem. (Langlands, Shahidi)

(i) Ep(oy), M (w, m)dx\ have meromorphic continuation

to a]\GfC.

(i1) The properties :
holds for these meromorphic

functions.

(ii) = r(w,m\) M (w, ) is holomorphic in

the region o’ (RR\) > 0, Va > 0, w(a) < 0.
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(1), (11) 1s due to the general theory of Langlands.
(111) 1s a part of the Langlands-Shahidi theory and is
valid only for cuspidal 7.

In general the singularities of M (w, 7))@, are
known to be locally finite for each ¢. The above (i11)
shows, for tA positive, they are finite and depend
only on 7 |
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~ combined with gives the following list of singularities
)(7») intersecting the positive chamber.



4.5. Singularities of Eisenstein series

combined with gives the following list of singularities
of A(¢, ¢')(m)) intersecting the positive chamber.

1. Case P =By, 7 = w Q@ w1 Q wsy.

:(wl :CUQ,)\1:1_|_)\2)7 :(w2:17)\2:1)7
= (Wi =wzh A =1—Xp), 64 = (w1 =1,A =1).
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4.5. Singularities of Eisenstein series

combined with gives the following list of singularities
of A(¢, ¢')(m)) intersecting the positive chamber.

1. Case P =By, 7 = w Q@ w1 Q wsy.

— (wl = Wo, \1 :1—|—)\2), — (w2 =1, )\ :1)7
= (Wi =w; M =1-2X), 6= (w1 =1, =1).

2. Case P=P|,t=w®T.

— |- A ® .| T1/2 E/F ; quad. ext.
T HZAE/EXH(Cl

quad. char. ass. to E//F Or(0) = ind%g 0
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4.5. Singularities of Eisenstein series

combined with gives the following list of singularities
of A(¢, ¢')(m)) intersecting the positive chamber.

1. Case P =By, 7 = w Q@ w1 Q wsy.

— (wl = Wo, \1 :1—|—)\2), — (w2 =1, )\ :1)7
= (Wi =w; M =1-2X), 6= (w1 =1, =1).

2. Case P=P|,t=w®T.

_1/2 E/F ; quad. ext.
p— |.|A® ’. A . X 1

3. Case P=PFP,, m=7Q® w.

= 7|det | ® w| - ‘&17 (wr =1,L(1/2,7) # 0)
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S. Inner product formula

In order to obtain G(A)-equivariant inner product
formula from , we need to move the integration
axis to the unitary axis t A = 0.
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S. Inner product formula

In order to obtain G(A)-equivariant inner product
formula from , we need to move the integration
axis to the unitary axis t A = 0.

u ¢7 QS/ S P(M,ﬂ')'
= L= Resszl CF(S)/CF(Q)

In the cases P = P, P», usual residue theorem yields the

following.
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S.1. Proposition
(i) Case P = P.

<%M:Ammwmw

| CFLE(l,QO'(e)_l)
Lp(2,00(0)V)eg(2,00(0)1)

(ii) Case P = P.

(N(w1,EE)01, ¢1)-

00.00) = | A(6.6)(m2) ax
| CFL(l/Q,T)
V2L(3/2,7)e(1/2,7)

<N(”LU2, 67,w)¢17 ¢/1> y
Spectral decomposition of the i
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5.2. Inner product in the case P = 5

In the case P = B, we move the axis following the map:

-

RS,

NN
N\PEE
X

aq

‘R

RS

mposition of the automorphié®§pectrum of GSp(4) — p.31/4
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The result 1s

4
+y /y  Resg, A(¢, &) () dA

; residue along G,

(A, A) € ag*}» ={(\0) € a5},
(A =A) € a5}, 0= {(0,A) € a5},

1
1
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Then move the axis yg, + ia} to o(G;) + ia’:

/

pectrum of GSp(4) — p.33/4



S.3. Proposition

The L?-inner product in the case P = By is given by

3
0s,0.) = A, &) (1) dA A, &) () dA
(:07) /z'ag’* (¢,¢")(mA) +; /O(ija; Ress; A(¢, ¢')(m2)
+ lim 1 (Re864 A(¢, &) (Trse) + Rese, A6, qb’)(m\_t)) )

=0 Jo(&4)+iar 2
—|_C%(N(SQ,U]le)M(SlSQ,Sl@w)N(Sl,Gw)¢pBo,¢/pBO>
—|—c%{M(SQ,’quE)N(Sl,32316E)M(32,816E)N(31,GE)qﬁ(l,O),g/ﬁ/(l,O))

—3/2
G, = | 20 a0uw- ;%2

—1/2
= ::wE/F|'|A®WE/F®w"|A /°
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6. Spectral decomposition

The corresponding residues of Eisenstein series are given
by

® On 0o(S,), 0(S3), the
RGS@J. EBO (7'('(1/2,_1/2)) — EP2 ([g; (wl,f,;t(det))).

® On 0(6,), 0(6y), the

Ress, EB,(7(0,1)) = EpQ([g1 (wi,it @ w_jt/2(det))).

n At &, w o v (automorphic character).

m At G,
(unique irred. quotient of / ](51 (—).)
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Case P = P, B

= At GE,Q, ng (CUE/FJ X 7T((9)_1/2).
mAtS,,, JE (1 @w_1).

Combining these with : , we obtain the

final theorem.
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We have a direct sum decomposition
L(G) = Ly(G) D L1es(G) B Leont(G) such that:

(i) is a direct sum of

(a) 1-dim. representations w o v;
(b) JE (wg/r1 ® 15" (Wwg/Fr @ w)_1/2)
— It (Wg/p,—1/2(det) ® wij2);
(c) Jg (wr/r1 @ m(0)_12);
(d) Jg (11 ® w_1).
E/F ; quad. ext., 0, w ; idele class char.s of E, F, resp.
T ;cusp. rep. of GL(2,A) s.t. w, =1, L(1/2, 1) # 0.
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(i1) is a direct sum of

(a) / ]g(m) d\, for |M, | as before;
ia]\Gf

(b) / 16 (w1(det) @ w_i) di
iR

(c) / ]%(wl,it®w_it/2(det))dt.
iR
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|-parameters

efly discussthe oo
% SL(2.C) — " associated to the repr.s in
(1).



6.2. A-parameters

We briefly discuss the

associated to the repr.s in
Th.6.1 (1).

m ¢ can be written as ¢ = @,_; ©m. @ P,

©Om, - Lp — GL(m;, C) ; irred. repr.,
; irred. d-dim. repr. of SL(2,C).

= {(mz,dz)}z . of ¢

Spectral decomposition of the automorphic spectrum of GSp(4) — p.39/4



6.2. A-parameters

We briefly discuss the

associated to the repr.s in
Th.6.1 (1).

m ¢ can be written as ¢ = @,_; ©m. @ pu,,

©Om, - Lp — GL(m;, C) ; irred. repr.,
; irred. d-dim. repr. of SL(2,C).

[ {(mz, dz)}z . of ¢
= = Cent (¢, 1G), .= 7o(S,(G)) control
the endoscopy for , the of ¢.
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(i.a) Jordan block {(1,4)}: ¢ = w ® ps.

S4(G) = m0(Z(G)) = {1}, I4(G) = {wov}.
(i) {(2,2)}: ¢ = wp/pindy” 0 & po.

)
Sy(G) = m(Z(GO(2))) = 11},
[Iy(G) = {Jp (wp/ra @ m(0)-1/2)}-
)
) =

(id) 1(2,1),(1,2)}: ¢ = w(det)p; & (W p2), (wr = 1).
Sy(G) = mo({diag(z, £z, z, +2) € G}) ~ Z/27.
I14(G) > J§ (11 @ w_q) iff L(1/2,7) # 0.
This 1s the packet.




(i.b) 1(1,2),(1,2)}: ¢ = (w ® p2) ® (WwE/F ® p2)-
Sy(G) ~ 7 /27 as in (i.d).
I1,(G) 3 ng (wg/F1 ® ISLQ (wwp/Fp @ w)_1/2)-
This 1s the (or ) packet.
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