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1. The Problem

G := GSp(4), ν : G→ Gm ; similitude norm.

G = {g ∈ GL(4) | ν(g) := gAd(J)tg ∈ Gm},

J =

⎛
⎜⎜⎝

0 0 1 0

0 0 0 1

−1 0 0 0

0 −1 0 0

⎞
⎟⎟⎠ .
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1. The Problem

G := GSp(4) over F ; number field

A = AF = F∞ ⊕ Af ; adéle ring of F
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1. The Problem

G := GSp(4) over F ; number field

A = AF = F∞ ⊕ Af ; adéle ring of F

AG� (R×+
diag.
↪→ F×∞) ⊂ ZG(A) � A× ; R-vector part
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1. The Problem

G := GSp(4) over F ; number field

A = AF = F∞ ⊕ Af ; adéle ring of F

AG� (R×+
diag.
↪→ F×∞) ⊂ ZG(A) � A× ; R-vector part

Problem.
To obtain a spectral (“irreducible”) decomposition of
the right regular representation of G(A) on

L(G) := L2(G(F )AG\G(A))
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2. Cuspidal spectrum

B = T0U0=

⎧⎪⎪⎨
⎪⎪⎩

⎛
⎜⎜⎝

t1 ∗ ∗ ∗
0 t2 ∗ ∗
0 0 νt−1

1 0

0 0 ∗ νt−1
2

⎞
⎟⎟⎠ ∈ G

⎫⎪⎪⎬
⎪⎪⎭ ; Borel

subgroup.

Spectral decomposition of the automorphic spectrum of GSp(4) – p.3/41



2. Cuspidal spectrum

B = T0U0=

⎧⎪⎪⎨
⎪⎪⎩

⎛
⎜⎜⎝

t1 ∗ ∗ ∗
0 t2 ∗ ∗
0 0 νt−1

1 0

0 0 ∗ νt−1
2

⎞
⎟⎟⎠ ∈ G

⎫⎪⎪⎬
⎪⎪⎭ ; Borel

subgroup.

K =
∏

v Kv⊂ G(A) ; T0-good maximal compact
subgroup. We have the Iwasawa decomposition

G(A) = B0(A)K.
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The constant term along a parabolic subgroup
P = MU ⊂ G is defined by

φP (g) :=

∫
U(F )\U(A)

φ(ug) du

for measurable φ : U(F )\G(A)→ C.
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The constant term along a parabolic subgroup
P = MU ⊂ G is defined by

φP (g) :=

∫
U(F )\U(A)

φ(ug) du.

L0(G):= {φ ∈ L(G) |φP = 0, (B0 ⊂)∀P � G} ;
cuspidal spectrum
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The constant term along a parabolic subgroup
P = MU ⊂ G is defined by

φP (g) :=

∫
U(F )\U(A)

φ(ug) du.

L0(G):= {φ ∈ L(G) |φP = 0, (B0 ⊂)∀P � G} ;
cuspidal spectrum

H(G(A)) ; Hecke algebra of G(A)

i.e. convolution algebra of compactly supported
K-finite functions on G(A)
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2.1. Proposition

The convolution operators (f ∈ H(G(A)))

R(f)φ(x) =

∫
G(F )\G(A)

f(g)φ(xg) dg

on L0(G) are compact.
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2.2. Theorem (Piatetsky-Shapiro)

L0(G) decomposes into a Hilbert direct sum of
irreducible unitary representations of G(A), in which
each isomorphism class of irreducible unitary
representations of G(A) occurs with finite multiplicity.

L0(G) �
⊕

π∈Π(G(A))

π⊕m0(π).

∃m0(π)∈ N,

Π(G(A)) ; the set of isom. classes of irred. unitary
repr.s of G(A).

Spectral decomposition of the automorphic spectrum of GSp(4) – p.6/41



2.3. Remark.

L0(G) is the closure of the space A0(G) of cusp
forms on G(A) consisting of
φ : G(F )AG\G(A)→ C s.t.
(i) φ is Z(g∞)-finite andK-finite;
(ii) φ is slowly increasing on G(A);
(iii) φP = 0, ∀P � G.

The description ofm0(π) is a difficult problem.

We concentrate on the spectral decomposition of the
orthogonal complement of L0(G).
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3. Parabolic induction

G, Pi = MiUi, (i = 1, 2), B0 = T0U0 ;
(B0-) standard parabolics of G.
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3. Parabolic induction

G, Pi = MiUi, (i = 1, 2), B0 = T0U0 ;
(B0-) standard parabolics of G.

T0 consists ofm0(t1, t2; ν)= diag(t1, t2, νt−1
2 , νt−1

1 ),
ti, ν ∈ Gm;

M1 consists of

m1(t, g) :=

⎛
⎜⎜⎝

t

a b

νt−1

c d

⎞
⎟⎟⎠ ,

g =

(
a b

c d

)
∈ GL(2)

t, ν = det g ∈ Gm;
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M2 consists of

m2(g; ν) :=

(
g

νtg−1

)
,

g ∈ GL(2)

ν ∈ Gm.
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M2 consists of

m2(g; ν) :=

(
g

νtg−1

)
,

g ∈ GL(2)

ν ∈ Gm.

For the above Levi subgroupsM , the cuspidal
multiplicitiesm0(π), (π ∈ Π(M(A))) are
well-understood:

L0(Gm) = L(Gm) is described by the abelian
classfield theory à la Langlands.

m0(π), (π ∈ Π(GL(2, A))) is at most 1. It is 1 if and
only if π satisfies the conditions of
Jacquet-Langlands’ converse theorem.
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3.1. Induced spaces

For π ∈ Π(M(A)), set πλ:= eλ ⊗ π, where
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3.1. Induced spaces

For π ∈ Π(M(A)), set πλ:= eλ ⊗ π, where

1. Case P = B0. λ = (λ1, λ2) ∈aG,∗
0,C := C2,

eλ(m0(t1, t2; ν)) := |t1|λ1

A |t2|λ2

A |ν|−(λ1+λ2)/2
A .

2. Case P = P1. λ ∈aG,∗
M1,C

:= C,

eλ(m1(t, g)) := |t|λA| det g|−λ/2
A .

3. Case P = P2. λ ∈aG,∗
M1,C

:= C,

eλ(m2(g; ν)) := | det g|λA|ν|−λ
A .
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A0(M)π ; π-isotypic subspace in the
(m∞,KM

∞)×M(Af)-module A0(M).
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A0(M)π ; π-isotypic subspace in the
(m∞,KM

∞)×M(Af)-module A0(M).

A0(M)πλ
:= eλ ⊗A0(M)π, λ ∈ aM .

A0(P\G)πλ
:= indK

K∩P (A)A0(M)πλ
;

K-finite induction.
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A0(M)π ; π-isotypic subspace in the
(m∞,KM

∞)×M(Af)-module A0(M).

A0(M)πλ
:= eλ ⊗A0(M)π, λ ∈ aM .

A0(P\G)πλ
:= indK

K∩P (A)A0(M)πλ
;

K-finite induction.

=⇒
A0(P\G)πλ

→ λ ∈ aG,∗
M,C ; vector bundle

For anyK-type κ, κ-isotypic part A0(P\G)κ
πλ
→ λ

is a vector bundle (of finite rank). Above space
should be viewed as the union of these bundles.
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3.2. Poincaré series

AM⊂ ZM(A) ; R-vector part.

M(A)1:=
⋂

χ∈Hom(M,Gm) ker |χ|A.
1. G(A) = U(A)AMM(A)1K.

2. Lie (AM/AG)
dual←→ aG,∗

M .
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P(M,π) ; space of Paley-Wiener sections of

A0(P\G)πλ
→ λ ∈ aG,∗

M,C.

i.e., the Fourier transform of φ ∈ P(M,π)

φ̂(g) :=

∫
λ∈λ0+iaG,∗

M

φλ(g) dλ

=

∫
λ∈λ0+iaG,∗

M

φλ(mk)eλ(log a) dλ

(g = uamk ∈ U(A)AMM(A)1K) is smooth and
compactly supported in a ∈ AM .
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P(M,π) ; space of Paley-Wiener sections of

A0(P\G)πλ
→ λ ∈ aG,∗

M,C.

i.e., the Fourier transform of φ ∈ P(M,π)

φ̂(g) :=

∫
λ∈λ0+iaG,∗

M

φλ(g) dλ

is smooth and compactly supported on the
AM -component of g ∈ G(A).

θφ(g):=
∑

γ∈P (F )\G(F ) φ̂(γg), (φ ∈ P(M,π)) ;
Poincaré series
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3.3. Theorem

(i) θφ belongs to L(G).
(ii) L(G) =

⊕
[M,π] L(G)[M,π], where

[M,π] ;W0 (Weyl group of (G,T0)) orbit of (M,π);

L(G)[M,π]

:= cl.span{θφ |φ ∈ P(M ′,π′), (M ′, π′) ∈ [M,π]}.
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3.3. Theorem

(i) θφ belongs to L(G).
(ii) L(G) =

⊕
[M,π] L(G)[M,π], where

[M,π] ;W0 (Weyl group of (G,T0)) orbit of (M,π);

L(G)[M,π]

:= cl.span{θφ |φ ∈ P(M ′,π′), (M ′, π′) ∈ [M,π]}.

This follows from Langlands’ lemma:

φ ∈ L(G), φP = 0, (B0 ⊂ ∀P ⊂ G) =⇒ φ = 0.

and the orthogonality relation 3.7 below.
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3.4. Eisenstein series

Δ0:=

{
α1(m0(t1, t2; ν)) := t1t

−1
2 ,

α2(m0(t1, t2; ν)) := t22ν
−1

}
;

set of simple roots of (B0, T0).

ΔMi
:= {αMi

:= αi|ZMi
} ; set of simple root of

(Pi, ZMi
), (i = 1, 2)

αM1
(m1(t, z12)) = tz−1, αM2

(m2(z12; ν)) = z2ν−1.
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3.4. Eisenstein series

Δ0:=

{
α1(m0(t1, t2; ν)) := t1t

−1
2 ,

α2(m0(t1, t2; ν)) := t22ν
−1

}
;

set of simple roots of (B0, T0).

ΔMi
:= {αMi

:= αi|ZMi
} ; set of simple root of

(Pi, ZMi
), (i = 1, 2)

αM1
(m1(t, z12)) = tz−1, αM2

(m2(z12; ν)) = z2ν−1.

The corresponding coroots on aG,∗
M are given by

α∨1 (λ) = λ1 − λ2, α∨2 (λ) = λ2,

α∨Mi
(λ) = λ, (i = 1, 2).

Spectral decomposition of the automorphic spectrum of GSp(4) – p.15/41



3.5. Proposition

(i) For (M,π) as above and φ ∈ P(M,π), the Eisenstein
series

EP (φλ, g) :=
∑

γ∈P (F )\G(F )

φλ(γg)

converges absolutely if α∨(�λ− ρP ) > 0, ∀α ∈ ΔP .

ρP ; half of the sum of positive roots of (P,ZM ):

2ρB0
(m0(t1, t2; ν)) = t41t

2
2ν
−3,

ρP1
(m1(t, z12)) = t2z−2, 2ρP1

(m2(z12; ν)) = z6ν−3.
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(ii) At such “enoughly positive” λ ∈ aG,∗
M,C, EP (φλ) is an

automorphic form on G(A).
(iii) EP (IG

P (πλ, f)φλ) = R(f)EP (φλ), f ∈ H(G(A)).
(H(G(A))-equivariance.)

Right translation
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(ii) At such “enoughly positive” λ ∈ aG,∗
M,C, EP (φλ) is an

automorphic form on G(A).
(iii) EP (IG

P (πλ, f)φλ) = R(f)EP (φλ), f ∈ H(G(A)).
(H(G(A))-equivariance.)

(iv) For “enoughly positive” λ0 ∈ aG,∗
M ,∫

λ∈λ0+iaG,∗
M

EP (φλ) dλ = θφ.
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3.6. Proposition

(i) For w ∈W0/W
M
0 s.t. w(M) ⊂ G ; standard Levi, the

intertwining operator

M(w, πλ)φλ(g) :=

∫
(w(U)∩Uw\Uw)(A)

φλ(w
−1ug) du

converges absolutely if α∨(�λ− ρP ) > 0, ∀α ∈ ΔP .
(ii) At such λ,

M(w, πλ) : A0(P\G)πλ
→ A0(Pw\G)w(πλ)

isH(G(A))-equivariant.

Pw = MwUw:= w(M)B0 ; standard parabolic.
Spectral decomposition of the automorphic spectrum of GSp(4) – p.18/41



(iii) (Functional equation) EP (M(w, πλ)φλ) = EP (φλ).
(iv) The constant term of EP (φλ) along P ′ = M ′U ′ is
given by

EP (φλ)P ′ =
∑

w∈W0/W M
0

w(M)⊂M ′; standard

EPw∩M ′(M(w, πλ)φλ)
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3.7. Corollary

Take φ ∈ P(M,π), φ′ ∈ P(M ′,π′).
(i) If [M,π] = [M ′, π′], the L2-inner product of θφ, θφ′

equals

〈θφ, θφ′〉 =

∫
λ0+iaG,∗

M

A(φ, φ′)(πλ) dλ,

A(φ, φ′)(πλ) :=
∑

w∈W0/W
M
0

w(M)=M ′

〈M(w, πλ)φλ, φ
′
−w(λ̄)〉

L2-inner product of L(M ′)
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3.7. Corollary

Take φ ∈ P(M,π), φ′ ∈ P(M ′,π′).
(i) If [M,π] = [M ′, π′], the L2-inner product of θφ, θφ′

equals

〈θφ, θφ′〉 =

∫
λ0+iaG,∗

M

A(φ, φ′)(πλ) dλ,

A(φ, φ′)(πλ) :=
∑

w∈W0/W M
0

w(M)=M ′

〈M(w, πλ)φλ, φ
′
−w(λ̄)〉

(ii) Otherwise, 〈θφ, θφ′〉 = 0.
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4. Analytic behavior ofM(w, πλ)

LG= Ĝ×WF ; L-group of G:

Ĝ= GSp(4, C),WF ; Weil group of F .
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4. Analytic behavior ofM(w, πλ)

LG= Ĝ×WF ; L-group of G:

Ĝ= GSp(4, C),WF ; Weil group of F .
LB0 = LT0 � Û0= B0(C)×WF ,
LP1 = LM1 � Û1= P2(C)×WF ,
LP2 = LM2 � Û2= P1(C)×WF .
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4. Analytic behavior ofM(w, πλ)

LG= Ĝ×WF ; L-group of G:

Ĝ= GSp(4, C),WF ; Weil group of F .
LB0 = LT0 � Û0= B0(C)×WF ,
LP1 = LM1 � Û1= P2(C)×WF ,
LP2 = LM2 � Û2= P1(C)×WF .

ϕτ : LF → GL(2, C) ; (conjectural) global
Langlands parameter of a cuspidal autom. repr. τ of
GL(2, A)).

Identify Homcont(A
×/F×, C×) = Homcont(WF , C×)

(abelian CFT à la Langlands)
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4.1. Langlands parameters

The Langlands parameter ϕπ of a cuspidal repr. π of
M(A) is given by:

1. Case P = B0, π(m0(t1, t2; ν)) = ω1(t1)ω2(t2)ω(ν).

ϕπ = diag(ω1ω2ω, ω1ω, ω, ω2ω).

2. Case P = P1, π(m1(t, g)) = ω(t)τ(g).

ϕπ =

(
ωϕτ 02

02 ωτ
tϕ−1

τ

)
.

ωτ ; central character of τ .
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3. Case P = P2, π(m2(g; ν)) = ω(ν)τ(g).

ϕπ =

⎛
⎜⎜⎝

ωωτ

ωaτ ωbτ

ω

ωcτ ωdτ

⎞
⎟⎟⎠

We have written ϕτ =

(
aτ bτ

cτ dτ

)
.
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4.2. Normalization factor

û ; Lie algebra of Û .

w ∈W0/W
M
0 with w(M) standard Levi, consider

the adjoint repr.

rw : LM → GL(û/w−1(ûw) ∩ û))
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4.2. Normalization factor

û ; Lie algebra of Û .

w ∈W0/W
M
0 with w(M) standard Levi, consider

the adjoint repr.

rw : LM → GL(û/w−1(ûw) ∩ û))

L(s, π, rw)= L(s, rw ◦ ϕπ),
ε(s, π, rw)= ε(s, rw ◦ ϕπ)
associated automorphic L, ε-functions.

r(w, πλ):=
L(0, πλ, rw)

L(1, πλ, rw)ε(0, πλ, rw)
Langlands’ normalization factor forM(w, πλ)
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4.3. Example

1. The case P = B0, π = ω1 ⊗ ω2 ⊗ ω. For simple reflections si attached to

αi,

L(0, πλ, rs1) = L(λ1 − λ2, ω1ω
−1
2 ), L(0, πλ, rs2) = L(λ2, ω2)

The other factors are product of these ones for various w(π), (w ∈W0).

2. The case P = P1, π = ω ⊗ τ . (unique non-trivial w =w1)

L(0, πλ, rM1) = L(λ, Ad2(τ)× ω).

3. The case P = P2, π = τ ⊗ ω. (unique non-trivial w =w2)

L(0, πλ, rM2) = L(λ, τ)L(2λ, ωτ ).
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4.4. Theorem. (Langlands, Shahidi)

(i) EP (φλ),M(w, πλ)φλ have meromorphic continuation

to aG,∗
M,C.

(ii) The properties Prop.3.5 (ii), (iii),

Prop.3.6 (ii), (iii), (iv) holds for these meromorphic

functions.

(iii) N(w, πλ):= r(w, πλ)
−1M(w, πλ) is holomorphic in

the region α∨(�λ) ≥ 0, ∀α > 0, w(α) < 0.
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(i), (ii) is due to the general theory of Langlands.
(iii) is a part of the Langlands-Shahidi theory and is
valid only for generic cuspidal π.

In general the singularities ofM(w, πλ)φλ are
known to be locally finite for each φ. The above (iii)
shows, for �λ positive, they are finite and depend
only on π !
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4.5. Singularities of Eisenstein series

Theorem 4.4 combined with Example 4.3 gives the following list of singularities

of A(φ, φ′)(πλ) intersecting the positive chamber.
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4.5. Singularities of Eisenstein series

Theorem 4.4 combined with Example 4.3 gives the following list of singularities

of A(φ, φ′)(πλ) intersecting the positive chamber.

1. Case P = B0, π = ω ⊗ ω1 ⊗ ω2.

S1 = (ω1 = ω2, λ1 = 1 + λ2), S2 = (ω2 = 1, λ2 = 1),

S3 = (ω1 = ω−1
2 , λ1 = 1− λ2), S4 = (ω1 = 1, λ1 = 1).
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4.5. Singularities of Eisenstein series

Theorem 4.4 combined with Example 4.3 gives the following list of singularities

of A(φ, φ′)(πλ) intersecting the positive chamber.

1. Case P = B0, π = ω ⊗ ω1 ⊗ ω2.

S1 = (ω1 = ω2, λ1 = 1 + λ2), S2 = (ω2 = 1, λ2 = 1),

S3 = (ω1 = ω−1
2 , λ1 = 1− λ2), S4 = (ω1 = 1, λ1 = 1).

2. Case P = P1, π = ω ⊗ τ .

SE,θ = ωE/F | · |A ⊗ π(θ)| · |−1/2
A

,

⎛
⎝ E/F ; quad. ext.

θ : A×
E/E× → C1

⎞
⎠

quad. char. ass. to E/F ϕπ(θ) = indWF

WE
θ
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4.5. Singularities of Eisenstein series

Theorem 4.4 combined with Example 4.3 gives the following list of singularities

of A(φ, φ′)(πλ) intersecting the positive chamber.

1. Case P = B0, π = ω ⊗ ω1 ⊗ ω2.

S1 = (ω1 = ω2, λ1 = 1 + λ2), S2 = (ω2 = 1, λ2 = 1),

S3 = (ω1 = ω−1
2 , λ1 = 1− λ2), S4 = (ω1 = 1, λ1 = 1).

2. Case P = P1, π = ω ⊗ τ .

SE,θ = ωE/F | · |A ⊗ π(θ)| · |−1/2
A

,

⎛
⎝ E/F ; quad. ext.

θ : A×
E/E× → C1

⎞
⎠

3. Case P = P2, π = τ ⊗ ω.

Sτ,ω = τ | det |A ⊗ ω| · |−1
A

, (ωτ = 1, L(1/2, τ) �= 0)
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5. Inner product formula

In order to obtain G(A)-equivariant inner product
formula from Cor.3.7, we need to move the integration
axis to the unitary axis �λ = 0.
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5. Inner product formula

In order to obtain G(A)-equivariant inner product
formula from Cor.3.7, we need to move the integration
axis to the unitary axis �λ = 0.

φ, φ′ ∈ P(M,π).

cF := Ress=1 ζF (s)/ζF (2).

In the cases P = P1, P2, usual residue theorem yields the

following.
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5.1. Proposition

(i) Case P = P1.

〈θφ, θφ′〉 =

∫
iR

A(φ, φ′)(πλ) dλ

+
cFLE(1, θσ(θ)−1)

LE(2, θσ(θ)−1)εE(2, θσ(θ)−1)
〈N(w1,SE,θ)φ1, φ

′
1〉.

(ii) Case P = P2.

〈θφ, θφ′〉 =

∫
iR

A(φ, φ′)(πλ) dλ

+
cFL(1/2, τ)√

2L(3/2, τ)ε(1/2, τ)
〈N(w2,Sτ,ω)φ1, φ

′
1〉.
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5.2. Inner product in the case P = B0

In the case P = B0, we move the axis following the map:

�

�

� �

��

�

�

λ0

y

1

2

GR 1

GR 2

GR 3

GR 4

G1
y

G2
y

yG4
G3

α

α
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The result is

〈θφ, θφ′〉 =

∫
iaG,∗

0

A(φ, φ′)(πλ) dλ

+
4∑

j=1

∫
ySj

+ia∗j

ResSj
A(φ, φ′)(πλ) dλ

ResSj
; residue along Sj ,

a1:= {(λ, λ) ∈ aG,∗
0 }, a2:= {(λ, 0) ∈ aG,∗

0 },
a3:= {(λ,−λ) ∈ aG,∗

0 }, a4:= {(0, λ) ∈ aG,∗
0 }.
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Then move the axis ySj
+ ia∗j to o(Sj) + ia∗j :

××

×

×

×
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y
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o( )
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5.3. Proposition

The L2-inner product in the case P = B0 is given by

〈θφ,θφ′〉 =
∫

iaG,∗
0

A(φ, φ′)(πλ) dλ +
3∑

j=1

∫
o(Sj)+ia∗

j

ResSj A(φ, φ′)(πλ) dλ

+ lim
t→0

∫
o(S4)+ia∗

j

1
2

(
ResS4 A(φ, φ′)(πλ+t) + ResS4 A(φ, φ′)(πλ−t)

)
dλ

+ c2
F 〈N(s2, w1Sω)M(s1s2, s1Sω)N(s1, Sω)φρB0

, φ′
ρB0
〉

+ c2
F 〈M(s2, w1SE)N(s1, s2s1SE)M(s2, s1SE)N(s1, SE)φ(1,0), φ

′
(1,0)〉

Sω:= | · |2
A
⊗ | · |A ⊗ ω| · |−3/2

A
,

SE := ωE/F | · |A ⊗ ωE/F ⊗ ω| · |−1/2
A

.
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6. Spectral decomposition

The corresponding residues of Eisenstein series are given
by

On o(S1), o(S3), the Siegel Eisenstein series

ResSj
EB0

(π(1/2,−1/2)) = EP2
(IG

P2
(ω1,it(det))).

On o(S2), o(S4), the Klingen Eisenstein series

ResSj
EB0

(π(0,1)) = EP2
(IG

P1
(ω1,it ⊗ ω−it/2(det))).

At Sω, ω ◦ ν (automorphic character).

At SE , JG
P1

(ωE/F,1 ⊗ IGL2

B (ωωE/F ⊗ ω)−1/2).
(unique irred. quotient of IG

P1
(—).)
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Case P = P1, P2

At SE,θ, JG
P1

(ωE/F,1 ⊗ π(θ)−1/2).

At Sτ,ω, JG
P2

(τ1 ⊗ ω−1).
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Case P = P1, P2

At SE,θ, JG
P1

(ωE/F,1 ⊗ π(θ)−1/2).

At Sτ,ω, JG
P2

(τ1 ⊗ ω−1).

Combining these with Prop.5.1, Prop.5.3, we obtain the

final theorem.
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6.1. Theorem

We have a direct sum decomposition
L(G) = L0(G)⊕ Lres(G)⊕ Lcont(G) such that:
(i) Lres(G) is a direct sum of

(a) 1-dim. representations ω ◦ ν;

(b) JG
P1

(ωE/F,1 ⊗ IGL2

B (ωωE/F ⊗ ω)−1/2)

↪→ IG
P2

(ωE/F,−1/2(det)⊗ ω1/2);

(c) JG
P1

(ωE/F,1 ⊗ π(θ)−1/2);

(d) JG
P2

(τ1 ⊗ ω−1).

E/F ; quad. ext., θ, ω ; idele class char.s of E, F , resp.

τ ; cusp. rep. of GL(2, A) s.t. ωτ = 1, L(1/2, τ) �= 0.
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(ii) Lcont(G) is a direct sum of

(a)
∫

iaG,∗
M

IG
P (πλ) dλ, for [M,π] as before;

(b)
∫

iR

IG
P1

(ω1,it(det)⊗ ω−it) dt;

(c)
∫

iR

IG
P2

(ω1,it ⊗ ω−it/2(det)) dt.

Spectral decomposition of the automorphic spectrum of GSp(4) – p.38/41



6.2. A-parameters

We briefly discuss the A-parameters
φ : LF × SL(2, C)→ LG associated to the repr.s in
Th.6.1 (i).
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6.2. A-parameters

We briefly discuss the A-parameters
φ : LF × SL(2, C)→ LG associated to the repr.s in
Th.6.1 (i).

φ can be written as φ =
⊕r

i=1 ϕmi
⊗ ρdi

,

ϕmi
: LF → GL(mi, C) ; irred. repr.,

ρd ; irred. d-dim. repr. of SL(2, C).

{(mi, di)}i ; Jordan block of φ.
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6.2. A-parameters

We briefly discuss the A-parameters
φ : LF × SL(2, C)→ LG associated to the repr.s in
Th.6.1 (i).

φ can be written as φ =
⊕r

i=1 ϕmi
⊗ ρdi

,

ϕmi
: LF → GL(mi, C) ; irred. repr.,

ρd ; irred. d-dim. repr. of SL(2, C).

{(mi, di)}i ; Jordan block of φ.
Sφ(G):= Cent(φ, LG), Sφ(G):= π0(Sφ(G)) control
the endoscopy for Πφ(G), the A-packet of φ.
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Table

(i.a) Jordan block {(1, 4)}: φ = ω ⊗ ρ4.

Sφ(G) = π0(Z(Ĝ)) = {1}, Πφ(G) = {ω ◦ ν}.
(i.c) {(2, 2)}: φ = ωE/F indWF

WE
θ ⊗ ρ2.

Sφ(G) = π0(Z(GO(2))) = {1},
Πφ(G) = {JG

P1
(ωE/F,1 ⊗ π(θ)−1/2)}.

(i.d) {(2, 1), (1, 2)}: φ = ω(det)ϕτ ⊕ (ω ⊗ ρ2), (ωτ = 1).

Sφ(G) = π0({diag(z,±z, z,±z) ∈ Ĝ}) � Z/2Z.

Πφ(G) � JG
P2

(τ1 ⊗ ω−1) iff L(1/2, τ) �= 0.

This is the Saito-Kurokawa packet.
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(i.b) {(1, 2), (1, 2)}: φ = (ω ⊗ ρ2)⊕ (ωωE/F ⊗ ρ2).

Sφ(G) � Z/2Z as in (i.d).
Πφ(G) � JG

P1
(ωE/F,1 ⊗ IGL2

B (ωωE/F ⊗ ω)−1/2).

This is the Howe-PS (or θ10-type) packet.
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