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Abstract

In this note we present a detailed account for a work of Mœglin-Waldspurger
on the dimension of the space of degenerate Whittaker vectors [MW]. We hope
to extend this to the twisted case. This is in order to prove that certain twisted
endoscopy for GL(n) implies the (local) generic packet conjecture for many reductive
groups.
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1 Degenerate Whittaker models

1.1 Some estimations

Let F ⊃ O ⊃ pF = ($) be the usual notation for a non-archimedean local field of
characteristic zero. Let p be the residual characteristic of F , and write [F : Qp] = ef
where e is the order of ramification and f is the modular degree. For x ∈ Qp, we have

ordF (x) = − logpf |x|efp = e · ordQp(x).

On the other hand, if a ∈ N then

ordQp(a!) =

[logp a]∑

k=1

k
([ a
pk

]
−

[
a

pk+1

])
=

[logp a]∑

k=1

[
a

pk

]

≤
∞∑

k=1

a

pk
=

a

p− 1
.

These yield

ordF (a!) ≤ ae

p− 1
. (1.1.1)

Let us consider a connected reductive F -group G. Let g be its Lie algebra. We fix a
non-degenerate symmetric bilinear form B( , ) on g(F ). We need an F -group embedding
ι : G ↪→ GL(n). This gives a Lie F -algebra embedding ι : g(F ) ↪→ gl(n, F ) = Mn(F ). Let
Λι be the O-lattice ι−1(Mn(O)) of g(F ). Clearly we have [Λι,Λι] ⊂ Λι. Choose A′ ∈ N
such that B(X,Y ) ∈ O, for any X, Y ∈ $A′Λι, and set Λ := $A′Λι, Λ̃ := $A′Mn(O). Λ
is an O-lattice in g(F ) satisfying

(i) B(Λ,Λ) ⊂ O, (ii) [∗, ∗] ⊂ ∗, (iii) ι(∗)ι(∗) ⊂ ∗̃.
We shall use the followings.

Lemma . (a) There exists A ∈ N such that exp |$AΛ is injective.
(b) For c ∈ N there exists A1 := sup(A, 3e

p−1
+ c+ 2) such that

∀X ∈ $nΛ, ∀Y ∈ $mΛ, with n, m ≥ A1 (1.1.2)

log(expX expY )− (X + Y +
1

2
[X,Y ]) ∈ $n+m+cΛ,

∀X ∈ $nΛ with n ≥ A1, ∀Y ∈ $mΛ (1.1.3)

Ad(expX)Y − (Y + ad(X)Y ) ∈ $2n+m−[ 2e
p−1 ]Λ.

The term −
[

2e
p−1

]
is unnecessary if the residual characteristic of F is not 2.
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Remark . In [MW, 1.1.3], it was stated that

Ad(expX)Y − (Y + ad(X)Y ) ∈ $n+m+cΛ, ∀X ∈ $nΛ, ∀Y ∈ $mΛ,

instead of (1.1.3). But this is insufficient.

Proof. (a) is well-known (cf. [H]).
To prove (1.1.2) we identify X ∈ g(F ) with ι(X) ∈Mn(F ). By symmetricity, we may

assume that n ≥ m ≥ A1. We fix k ∈ N such that

(k + 1)
(
m− e

p− 1

) ≥ n+m+ c+ 1.

It follows from (1.1.1) that

Xa

a!
∈ $na−[ ae

p−1 ]Λ̃ ⊆ $[(n− e
p−1

)a]Λ̃.

In particular we have

expX expY ∈
(

1 +X +
X2

2
+$[3(n− e

p−1
)]Λ̃

) (
k∑
j=0

Y j

j!
+$[(k+1)(m− e

p−1
)]Λ̃

)
.

2n−m ≥ n ≥ A1 gives
[
3(n− e

p− 1
)

]
> 3

(
n− e

p− 1

)
− 1 > n+m+ c,

and our choice of k implies
[
(k + 1)(m− e

p− 1
)

]
> (k + 1)(m− e

p− 1
)− 1 ≥ n+m+ c.

Thus we obtain

expX expY ∈
(

1 +X +
X2

2
+$n+m+cΛ̃

)(
1 + Y +

Y 2

2
+ · · ·+ Y k

k!
+$n+m+cΛ̃

)

= 1 +X + Y +
X2

2
+XY +

Y 2

2
+
X2Y

2
+
XY 2

2
+
Y 3

3!
+ . . .

+
X2Y k−2

2(k − 2)!
+
XY k−1

(k − 1)!
+
Y k

k!
+$n+m+cΛ̃

= 1 +X + Y +
X2

2
+XY +

Y 2

2
+

k∑
j=3

Y j

j!
+$n+m+cΛ̃.

(*)

Note that if j ≥ 1, ` ≥ 2, the choice of A1 gives
[
j

(
n− e

p− 1

)]
+

[
`

(
m− e

p− 1

)]
> j

(
n− e

p− 1

)
+ `

(
m− e

p− 1

)
− 2

≥ n− e

p− 1
+ 2

(
m− e

p− 1

)
− 2 = (n+m+ c) +m−

(
3e

p− 1
+ c+ 2

)

≥ n+m+ c.
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On the other hand, similar estimation gives

exp(X + Y +
1

2
[X,Y ])

∈ 1 +X + Y +
[X,Y ]

2
+

k∑
j=2

1

j

(
X + Y +

[X,Y ]

2

)j

+$n+m+cΛ̃

= 1 +X + Y +
XY − Y X

2
+
X2 +XY + Y X + Y 2

2
+

k∑
j=3

Y j

j!
+$n+m+cΛ̃.

(∗∗)

(∗) and (∗∗) imply

expX expY ∈ exp(X + Y +
[X,Y ]

2
+$n+m+cΛ̃),

and the assertion follows.
For (1.1.3), we still identify X with ι(X). Note that n ≥ A1 implies

[
3(n− e

p− 1
)

]
> 3n− 3e

p− 1
− 1 ≥ 2n+ c+ 1.

Thus we have

Ad(expX)Y ∈
(
Y +XY +

X2Y

2
+$2n+m+c+1Λ̃

)(
1−X +

X2

2
+$2n+c+1Λ̃

)

= Y +XY − Y X +
X2Y

2
−XYX +

Y X2

2
+$2n+m+c+1Λ̃

= Y + [X,Y ] +
X

2
[X,Y ]− [X,Y ]

X

2
+$2n+m+c+1Λ̃.

Noting X/2 ∈ $n−[ 2e
p−1 ]Λ̃, [X,Y ] ∈ $n+mΛ̃, we get (1.1.3).

1.2 The lattice Λ′

Let N ∈ Λ be a nilpotent element. We write gN and GN for the centralizer of N in g and
G, respectively.

Lemma . X ∈ gN(F ) if and only if B(N, [X,Y ]) = 0 for any Y ∈ g(F ).

Proof. We may assume that g = gl(n) and B(X,Y ) = tr(XY ). Then the statement
becomes that XN = NX if and only if tr(NXY ) = tr(XNY ) (= tr(NYX)) for any
Y ∈Mn(F ). This is clear since the latter condition reads

B(NX, Y ) = B(XN, Y ), ∀Y ∈ gl(n, F )

and B is non-degenerate.
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Let φ be arbitrary element in X∗(G)F such that

Ad(φ(t))N = t−2N, ∀t ∈ Gm.

We put gi := {X ∈ g |Ad(φ(t))X = tiX, ∀t ∈ Gm} so that

g =
⊕

i∈Z
gi.

Since gN is Ad(φ(Gm))-stable, we may choose m ⊂ g such that

g = gN ⊕m, (1.2.1)

m is Ad(φ)-stable. (1.2.2)

We put mi = m ∩ gi: m =
⊕

i∈Z mi.
Now it follows from the above lemma that

BN : g× g 3 (X1, X2) 7−→ B(N, [X1, X2]) ∈ Ga

is an alternating form and BN |m is non-degenerate. Since the definition of φ implies

BN(Ad(φ(s))X1,Ad(φ(s))X2) = B(N,Ad(φ(s))[X1, X2])

= B(Ad(φ(s−1))N, [X1, X2]) = B(s2N, [X1, X2]) = s2BN(X1, X2),

the duality BN is between mi and m2−i. Thus we can choose

• Basis {X1, . . . , Xk} of ⊕−∞i=0 mi and {X∗
1 , . . . , X

∗
k} of ⊕∞i=2 mi dual to each other under

BN , and

• A Witt basis {Z1, . . . , Z`;Z
∗
1 , . . . , Z

∗
` } of m1 for BN ,

so that
BN(Xi, X

∗
i ) = 1, 1 ≤ i ≤ k, BN(Zi, Z

∗
i ) = 1, 1 ≤ i ≤ `.

We put

mΛ′ =
k∑
i=1

(OX〉 +OX ∗
〉 ) +

∑̀

〉=∞
(OZ〉 +OZ∗

〉 )

and let
Λ′ := mΛ′ +

∑

i∈Z
Λ ∩ gNi (F ), gNi := gi ∩ gN .

This is a lattice in g(F ), and we can take d ∈ N such that

$dΛ ⊂ Λ′ ⊂ $−dΛ.
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1.3 The subgroup Kn

Lemma . Fix C ≥ d− 1. For D ≥ sup(A1 + d, C + 3d), we have the followings.

(1) exp |$DΛ′ : $DΛ′ → exp($DΛ′) is a bijection. Kn := exp($nΛ′) is a subgroup of
G(F ) for n ≥ D.

(2) For n, m ≥ D, X ∈ $nΛ′ and Y ∈ $mΛ′, we have

log(expX expY )− (X + Y +
1

2
[X,Y ]) ∈ $n+m+CΛ.

(3) For n ≥ D, m ∈ Z, X ∈ $nΛ′ and Y ∈ $mΛ′, we have

Ad(expX)Y − (Y + ad(X)Y ) ∈ $2n+m−3d−[ 2e
p−1 ]Λ.

The term −
[

2e
p−1

]
is not necessary if the residual characteristic of F is odd.

Proof. Putting c = 2d + C, we deduce (2), (3) and the first assertion of (1) from the
lemma in 1.1. We shall check that exp($nΛ′) is a group. For X, Y ∈ $nΛ′ with n ≥ D,
we need to show that log(expX expY ) ∈ $nΛ′. We have from (2) that

log(expX expY ) = X + Y +
1

2
[X,Y ] + Z, ∃Z ∈ $2n+C−dΛ′.

Then the assertion follows from

1

2
[X,Y ] ∈ $[2(n−d− e

p−1)]Λ ⊂ $2(n−d− e
p−1)−d−1Λ′,

and

2

(
n− d− e

p− 1

)
− d− 1 = n+ n− 3d− 2e

p− 1
− 1

≥ n+
e

p− 1
+ C + 1− d > n.

1.4 The unipotent subgroup attached to (N,φ)

We now put

u :=
∑
i>0

gi, , u :=
∑
i<0

gi, p :=
∑
i≤0

gi,

and set U := exp(u) and P := Stab(u, G). P is a parabolic subgroup of G such that
LieP = p. For n ≥ D, we set K′

n := Ad(φ($−n))Kn.

Lemma .

Kn = (Kn ∩ P (F ))(Kn ∩ U(F )) = (Kn ∩ U(F ))(Kn ∩ P (F )).
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Proof. Lemma.1.3 implies

Kn ∩ U(F ) = exp($nΛ′ ∩ u(F )), Kn ∩ P (F ) = exp($nΛ′ ∩ p(F )).

Also the definition of Λ′ gives Λ′ = Λ′ ∩ p(F )⊕ Λ′ ∩ u(F ).
Now let g = expX ∈ Kn (X ∈ $nΛ′). We can choose Y0 ∈ $nΛ′ ∩ p(F ) and

Z0 ∈ $nΛ′ ∩ u(F ) such that X = Y0 + Z0. If we set y0 := expY0 and z0 := expZ0,
then Lemma.1.3 (2) asserts that g1 := y−1

0 gz−1
0 ∈ Kn+1. Thus we can take X1 ∈ $n+1Λ′

such that g1 = expX1. Take Y1 ∈ $n+1Λ′ ∩ p(F ) and Z1 ∈ $n+1Λ′ ∩ u(F ) satisfying
X1 = Y1 + Z1. Again Lemma.1.3 (2) gives

g1 := y−1
1 g1z

−1
1 ∈ Kn+2, y1 := exp(Y1), z1 := exp(Z1).

By repeating this process, we can take {ym ∈ Kn+m ∩ P (F )}m∈N and {zm ∈ Kn+m ∩
U(F )}m∈N such that

gn+m := (y0 · · · ym)−1g(zm · · · z0)
−1 ∈ Kn+m, ∀m ∈ N.

We may choose subsequences of {(y0 · · · ym)}m∈N and {(zm · · · z0)}m∈N which are conver-
gent. We write the limit of these sequences as y and z, respectively. Then

y−1gz−1 ∈
⋂
m≥0

Kn+m = {1},

and hence g = yz with y ∈ Kn ∩ P (F ), z ∈ Kn ∩ U(F ).

1.5 Remark

(1) Put

Qn := Ad(φ($−n))(Kn ∩ P (F )), n ≥ D

Vn := Ad(φ($−n)) exp($nΛ′ ∩ U(F )), n ≥ 0.

Then we have
K′
n = QnVn. (1.5.1)

Consider the two groups on the right hand side.
It follows from the definition that

$nΛ′ ∩ p(F ) = $nmΛ′ ∩ p(F ) +
∑
i≤0

$nΛ ∩ gNi (F )

= $n
( k∑
j=1

OX| +
∑

〉≤′
∗ ∩ gN〉 (F)

)
.

Thus {Qn}n≥D is a system of fundamental neighborhoods of 1 in P (F ).
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Next comes Vn. expX belongs to Vn if and only if X lies in

Ad(φ($−n))($nΛ′ ∩ u(F ))

= Ad(φ($−n))$n
( k∑
j=1

OX ∗
| +

∑̀

|=∞
(OZ| +OZ∗

| ) +
∑

〉≥∞
∗ ∩ gN〉 (F)

)

which clearly contains

k∑
j=1

$−nOX ∗
| +

∑̀

|=∞
(OZ| +OZ∗

| ) + ∗ ∩ gN∞(F) +
∑

〉≥∈
$−\∗ ∩ gN〉 (F)

= $−n




k∑
j=1

OX ∗
| +

∑

〉≥∈
∗ ∩ gN〉 (F)


 + Λ ∩ gN1 (F ) +

∑̀
j=1

(OZ| +OZ∗
| ).

Thus Vn becomes bigger and bigger as n increases. Since

∑̀
j=1

(OZ| +OZ∗
| ) + ∗ ∩ gN∞(F) = ∗′ ∩ g∞(F),

we have ⋃
n≥0

Vn = exp
(
Λ′ ∩ g1(F )

) · U2(F ). (1.5.2)

with U2(F ) := exp
(∑

i≥2 gi(F )
)
.

(2) It follows form Lemma.1.3 (3) that Km C Kn if m ≥ n ≥ D.

1.6 The character χn

We fix a non-trivial character ψ of F of order zero.

Lemma . Suppose that n ≥ D and the residual characteristic of F is not 2.

(1) χn : Kn 3 expX 7→ ψ(B($−2nN,X)) ∈ C1 is a character.

(2) Let n ≥ m ≥ D. Then Stab(χn,Km) is contained in Kn exp($mΛ ∩ gN(F )).

Proof. (1) If we write X, X ′ ∈ $nΛ′ in the form

X =
k∑
j=1

$n(x∗jX
∗
j + xjXj) +

∑̀
j=1

$n(zjZj + z∗jZ
∗
j ) +$nZ,

X ′ =
k∑
j=1

$n(x′∗jX
∗
j + x′jXj) +

∑̀
j=1

$n(z′jZj + z′∗jZ
∗
j ) +$nZ ′,

with xj, x
∗
j , zj, z

∗
j , x

′
j, x

′∗
j , z

′
j, z

′∗
j ∈ O and Z, Z ′ ∈ Λ ∩ gN(F ), then we have

BN(X,X ′) = $2n

(
k∑
j=1

(xjx
′∗
j − x∗jx

′
j) +

∑̀
j=1

(zjz
′
j
∗ − z∗j z

′
j)

)
∈ p2n

F .
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That is, ψ(B($−2nN, [X,X ′])) = 1 for X, X ′ ∈ $nΛ′. Now for X, Y ∈ $nΛ′, we have

χn(expX expY )
1.3 (2)
= ψ ◦B($−2nN,X + Y +

1

2
[X,Y ] +$2n+CΛ)

= ψ ◦B($−2nN,X + Y )ψ ◦B(N,$CΛ).

The assertion follows from B(N,Λ) ∈ O.
(2) Suppose that expX0 ∈ Stab(χn,Km), (X0 ∈ $mΛ′). We can write X0 = Y0 + Z0,

Y0 ∈ $mmΛ′ , Z0 ∈ $mΛ ∩ gN(F ). We have

χn(Ad(exp(−Z0)) expX) = ψ ◦B($−2nN,Ad(exp(−Z0))X)

= ψ ◦B($−2nAd(expZ0)N,X) = ψ ◦B($−2nN,X)

= χn(expX)

Thus we can replace expX0 by expX0 exp(−Z0). It follows from 1.3 (2) that

expX0 exp(−Z0) = exp
(
Y0 +

[Y0,−Z0]

2
+ Z), ∃Z ∈ $2m+CΛ

∈ exp(Y0 +$2m−3dΛ′).

m ≥ C + 3d assures that 2m− 3d > m+ C. Thus if we set X1 := log(expX0 exp(−Z0)),
it can be written as X1 = Y1 + Z1 with Y1 ∈ $mmΛ′ and Z1 ∈ $m+CΛ ∩ gN(F ). Again
we can replace expX1 by

expX1 exp(−Z1) = exp(Y1 +
[Y1,−Z1]

2
+ Z ′), ∃Z ′ ∈ $2m+2CΛ

∈ exp(Y1 +$2m+C−3dΛ′).

We have X2 := log(expX1 exp(−Z1)) = Y2+Z2 with Y2 ∈ $mmΛ′ , Z2 ∈ $m+2CΛ∩gN(F ).
By repeating this process we obtain, for any r ∈ N,

expX0 = expXr expZr−1 · · · expZ0,

Xr = Yr + Zr, Yr ∈ $mmΛ′ , Zr ∈ $m+rCΛ ∩ gN(F ).

Thus, if we take Z ∈ $mΛ∩gN(F ) such that expZ is the limit of a convergent subsequence
of {expZr · · · expZ0}r∈N, then Y := log(expX0 exp(−Z)) is in $mmΛ′ .

Now let Y ∈ $mmΛ′ be such that expY ∈ Stab(χn,Km). Since 1.3 (3) gives

χn(Ad(expY ) expX) = ψ
(
B($−2nN,X + [Y,X] + ZX,Y )

)
, ∃ZX,Y ∈ $2m+n−3dΛ,

this is equivalent to

BN(Y,X) +B(N,ZX,Y ) ∈ p2n
F , ∀X ∈ $nΛ′. (∗)

If 2m − 3d < n, this forces us to have BN(Y,X) ∈ −B(N,ZX,Y ) + $2nO ⊂ p
∈m+\−3d
F .

mΛ′ is self-dual with respect to BN and this implies that Y ∈ $2m−3dmΛ′ . By repeating
this argument, one may assume that Y ∈ $kmΛ′ with 2k − 3d ≥ n. Then B(N,ZX,Y ) ∈
B(N,$2nΛ) ⊂ $2nO. Thus (∗) becomes

BN(Y,X) ∈ p2n
F , ∀X ∈ $nΛ′.

Now the self-duality of mΛ′ gives Y ∈ $nΛ′.
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1.7 Degenerate Whittaker models

Let N ∈ g(F ) be a nilpotent element and take φ ∈ X∗(G)F as above.
Put V = exp(g1 ∩ gN)U2. We observe that

U(F ) B V (F ) B U2(F ). (1.7.1)

(Clear because U(F )/U2(F ) is abelian.) We define

χ : V (F ) 3 expX 7−→ ψ(B(N,X)) ∈ C1.

Then
χ is a character stable under U(F ). (1.7.2)

Proof. Since B is Ad(φ)-invariant, its restriction to gi(F )×gj(F ) is identically zero unless
i + j = 0. Writing X = X1 +X≥2, X

′ = X ′
1 +X ′

≥2 ∈ LieV (F ), (X1, X
′
1 ∈ gN1 (F ), X≥2,

X ′
≥2 ∈

∑
i≥2 gi(F )), we have

χ(expX expX ′) = ψ
(
B(N,X +X ′ +

[X1, X
′
1]

2
+

∑
j≥3

Yj)
)
,∃Yj ∈ gj(F )

N∈g2(F )
= χ(expX)χ(expX ′)ψ

(BN(X1, X
′
1)

2

)

= χ(expX)χ(expX ′).

Thus χ is a character.
Next take X = X1 +X≥2 ∈ LieV (F ) as above and Y = Y1 +Y≥2 ∈ U(F ), (Y1 ∈ g1(F ),

Y≥2 ∈ LieU2(F )). Then

χ(Ad(expY ) expX) = ψ ◦B(N,Ad(expY )X) = ψ ◦B(N,Ad
(
1 + Y +

Y 2

2
+ . . .

)
X)

= ψ ◦B(N,X + [Y,X] + Z), ∃Z ∈
∑
i≥3

gi(F )

= χ(expX)ψ(BN(Y1, X1)) = χ(expX),

since X1 ∈ gN(F ).

N ∈ g−2(F ) gives
χ| exp(gN1 (F )) = 111. (1.7.3)

Now let (π,E) be an admissible representation of G(F ) [BZ]. We introduce the spaces
[BZ]

E(V, χ) := Span{π(v)ξ − χ(v)ξ | v ∈ V (F ), ξ ∈ E}, EV,χ := E/E(V, χ),

E(U2, χ) := Span{π(u)ξ − χ(u)ξ |u ∈ U2(F ), ξ ∈ E}, EU2,χ := E/E(U2, χ).

We set

HN = HN ,φ :=

{
H(m∞(F), ψ ◦ BN ) if m1 6= {0},
C1 otherwise.
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Here H(m∞(F), ψ ◦BN ) is the Heisenberg group m1(F )×C1 with the multiplication law:

(X, z)(Y,w) = (X + Y, zwψ(BN(X,Y ))), X, Y ∈ m1(F ), z, w ∈ C1.

Then the map

pN : U(F ) 3 exp(X1 +X≥2) 7−→ (X1;ψ(B(N,X≥2))) ∈ HN

is a surjective homomorphism with the kernel kerχ. Write ρN for the Schrödinger repre-
sentation of H(m∞(F), ψ ◦BN ) if m1 6= 0 and the identity representation of C1 otherwise.
(1.7.2) assures that U(F ) acts on EV,χ by ρN ◦ pN . We define the space of degenerate
Whittaker vectors with respect to (N,φ) by

WN ,φ(π) := HomU(F)(ρN ◦ √N , EV,χ).

We write N (g(F)) for the set of nilpotent Ad(G(F ))-orbits in g(F ). Define NWh(π)
for the subset of N (g(F)) consisting of those O with WN ,φ(π) 6= {′} for some N ∈ O and
φ.

From now on, we assume that N is in the lattice Λ. Set

mΛ′
1 := m1(F ) ∩ Λ′, L = exp mΛ′

1 .

Since mΛ′
1 is a self-dual lattice in HN/C∞, mΛ′

1 × C1 is a maximal abelian subgroup in
HN . Hence it follows from the definition of ρN that

WN ,φ(π) ' EL
V,χ. (1.7.4)

1.8 Character expansion

Now suppose that π is irreducible. The following theorem is due to Howe in the case of
GL(n) and Harish-Chandra in general.

Theorem ([HC]). There exists a neighborhood Uπ of 1 in G(F ) and a finite set of
complex numbers {cO(π)}O∈N (g(F)) such that

trπ(f) =
∑

O∈N (g(F))

cO(π)

∫

O

̂f(expX) dµO
(X), ∀f ∈ C∞c (Uπ).

Here, ̂f(expX) is the Fourier transform

Fψ◦B({ ◦ exp)(X ) :=

∫

g(F)

{(expY)ψ(B(X ,Y)) dY .

The constants cO(π) depend on the choice of various measures. We fix the relevant
measures as follows. We fix the measure on g(F ) self-dual with respect to ψ ◦ B. The
measure on G(F ) is chosen so that the Jacobian of exp has absolute value one near 0.
For each O ∈ N (g(F)) and N ∈ O, the tangent space of O at N is

TNO ' Span{ad(X)N |X ∈ g(F )} ' g(F )/gN(F ) ' m(F ).

On this we fix a measure self-dual with respect to ψ ◦BN . This determines the invariant
measure µO on O.

We write NB(π) for the set of nilpotent orbits O ∈ N (g(F)) such that cO(π) 6= 0.

11



1.9 System of isotypic spaces

From now on, we suppose that the residual characteristic of F is not 2. For n ≥ D, we
introduce

χ′n : K′
n

Ad(φ($n))−→ Kn
χn−→ C1

and

E[χn] := {ξ ∈ E |π(k)ξ = χn(k)ξ ∀k ∈ Kn}
E[χ′n] := {ξ ∈ E |π(k)ξ = χ′n(k)ξ ∀k ∈ K′

n}.
Of course we have E[χ′n] = π(φ($−n))E[χn]. We also define for m, n ≥ D

In,m : E[χn] 3 ξ 7−→ 1

measKm

∫

Km

χm(k)π(kφ($m−n))ξ dk ∈ E[χm],

I ′n,m : E[χ′n] 3 ξ 7−→
1

measK′
m

∫

K′
m

χ′m(k)π(k)ξ dk ∈ E[χ′m],

In : E 3 ξ 7−→ 1

measKn

∫

Kn

χn(k)π(k)ξ dk ∈ E[χn],

I ′n : E 3 ξ 7−→ 1

measK′
n

∫

K′
n

χ′n(k)π(k)ξ dk ∈ E[χ′n].

The following diagram obviously commutes:

E[χn]
In,m−−−→ E[χm]

π(φ($−n))

y
yπ(φ($−m))

E[χ′n]
I′n,m−−−→ E[χ′m]

(1.9.1)

Also we remark that

χ′n|Qn
= 111, χn|P (F )∩Kn

= 111,

χ′n|L = 111 (note that L ⊂ Vn, ∀n)

χ′n|V (F )∩K′
n

= χ|V (F )∩K′
n
.

(1.9.2)

These are clear from above.
Now we have for m > n, ξ ∈ E[χ′n]

I ′n,m(ξ) =
1

measK′
m

∫

K′
m

χ′m(k)π(k)ξ dk =
1

measK′
m

∫

QmVm

χ′m(k)π(k)ξ dk

=
1

measVm

∫

Vm

χ′m(k)

(
1

measQm

∫

Qm

χ′m(k′)π(kk′)ξ dk′
)
dk

since χ′m(k′) = 1 by (1.9.2) and ξ ∈ E[χ′n] is invariant under Qm ⊂ Qn,

=
1

measVm

∫

Vm

χ′m(k)π(k)ξ dk.
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Noting

Vm = K′
m ∩ U(F ), V = exp(gN1 ) · U2, Vm = (V (F ) ∩K′

m)o L, (1.9.3)

we see that the above becomes

I ′n,m(ξ) =
1

measVm

∫

V (F )∩K′
m

∫

L

χ′m(k`)π(k`)ξ dk d`

(1.9.2)
=

1

measVm

∫

V (F )∩K′
m

∫

L

χ′m(k)π(k)ξ dk d` (ξ ∈ E[χ′n])

=
1

meas(V (F ) ∩K′
m)

∫

V (F )∩K′
m

χ′m(k)π(k)ξ dk

(1.9.2)
=

1

meas(V (F ) ∩K′
m)

∫

V (F )∩K′
m

χ(k)π(k)ξ dk, ∀ξ ∈ E[χ′n].

(1.9.4)

Since V (F )∩K′
m grows larger as m increases, we see that ker I ′n,m ⊂ ker I ′n,` if m ≤ `.

We put

E ′
n,χ :=

⋃
m>n

ker I ′n,m.

Then it follows from (1.9.4) and [BZ, 2.33] that E ′
n,χ ⊂ E(V, χ) and the map

j : E/E ′
n,χ −→ EV,χ (1.9.5)

is well-defined.

1.10

Lemma . If WN ,φ(π) 6= ′, then E[χn] and E[χ′n] are non-zero for sufficiently large n.

Proof. Since (WN ,φ(π) ' EL
V,χ) 6= ′, we can choose ξ ∈ E whose image in EV,χ is non-zero

and belongs to EL
V,χ. Take M ∈ N such that

• M ≥ D, and

• ξ is QM -invariant.

Then we have for m ≥M ,

I ′m(ξ) =
1

measK′
m

∫

K′
m

χ′m(k)π(k)ξ dk
(1.9.2)
=

1

measK′
m

∫

Vm

∫

Qm

χ′m(v)π(vq) dq dv

=
1

measK′
m

∫

Vm

χ′m(v)π(v)

(∫

Qm

π(q)ξ dq

)
dv

m≥M
=

1

measVm

∫

Vm

χ′m(v)π(v)ξ dv

(1.9.3)
=

1

measVm

∫

L

∫

V (F )∩K′
m

χ′m(k)π(`k)ξ dk d`

(1.9.2)
=

1

measVm

∫

L

π(`)

(∫

V (F )∩K′
m

χ(k)π(k)ξ dk

)
d`.

(†)
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Our choice of ξ assures that π(`)ξ − ξ belongs to E(V, χ) ⊂ E(U2, χ) for any ` ∈ L. By
[BZ, 2.33], we can take M sufficiently large so that

∫

U2(F )∩K′
m

χ(k)π(k)(π(`)ξ − ξ) dk = 0, ∀m ≥M, ∀` ∈ L,

since U2(F )∩K′
m exhausts U2(F ) as m increases and Span{π(`)ξ | ` ∈ L} is finite dimen-

sional. This gives

∫

V (F )∩K′
m

χ(k)π(k)(π(`)ξ − ξ) dk

=

∫

Λ∩gN
1 (F )

∫

U2(F )∩K′
m

χ(expX · k)π(expX · k)(π(`)ξ − ξ) dk dX

=

∫

Λ∩gN
1 (F )

π(expX)

∫

U2(F )∩K′
m

χ(k)π(k)(π(`)ξ − ξ) dk dX = 0

for any m ≥ M and ` ∈ L. Since L normalizes V (F ) ∩K′
m, this is equivalent to saying

that the inner integral on the right hand side of (†) is π(L)-invariant. We conclude

I ′m(ξ) =
1

meas(V (F ) ∩K′
m)

∫

V (F )∩K′
m

χ(k)π(k)ξ dk.

Since ξ /∈ E(V, χ), [BZ, 2.33] implies

0 6=
∫

V (F )∩K′
m

χ(k)π(k)ξ dk = meas(V (F ) ∩K′
m)I ′m(ξ).

Thus I ′m(ξ) ∈ E[χ′n] cannot be zero.

1.11

Proposition . If WN ,φ(π) 6= ′, then there exists O ∈ NB(π) (cf. 1.8) such that N ∈ O

(the closure in the usual p-adic topology).

Proof. By Lemma 1.10 we may suppose that E[χn] 6= 0, for sufficiently large n. Put

ϕn(x) :=

{
χn(x)

−1 if x ∈ Kn,

0 otherwise.

Then the theory of elementary idempotents implies

dimE[χn] =
1

measKn

trπ(ϕn).
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We shall apply 1.8 to this. We note

̂ϕn ◦ exp(X) =

∫

g(F )

ϕn(expY )ψ(B(X,Y )) dY

=

∫

$nΛ′
χn(exp(−Y ))ψ(B(X,Y )) dY

=

∫

$nΛ′
ψ(B($−2nN,−Y ) +B(X,Y )) dY

=

∫

$nΛ′
ψ(B(X −$−2nN, Y )) dY

=

{
meas($nΛ′) if X ∈ $−2nN + ($nΛ′)∗,

0 otherwise.

Here ($nΛ′)∗ denotes the dual lattice of $nΛ′. Then Theorem 1.8 gives

∑

O∈NB(π)

cO(π)

∫

O

̂ϕn ◦ exp(X) dµO(X) = trπ(ϕn) = measKn dimE[χn] 6= 0.

Thus there must be O ∈ NB(π) such that O ∩ $−2nN + ($nΛ′)∗ is non-empty. Or
equivalently,

O ∩N +$2n($nΛ′)∗ 6= ∅, ∀n >> 0

since O is invariant under multiplication by (F×)2. But because {$2n($nΛ′)∗ |n ∈ N}
form a fundamental system of neighborhoods of 0 in g(F ), we deduce N ∈ O.

1.12

We define a partial order O ≥ O′ on N (g(F)) by O ⊃ O
′
. For each subset S ⊂ N (g(F)),

we write Ssup for the set of maximal elements in S with respect to this partial order.

Lemma . Suppose N ∈ O ∈ NB(π)sup. Then dimE[χn] = cO(π) for sufficiently large n.

Proof. As in the proof of Prop.1.11, we have

dimE[χn] =
1

measKn

trπ(ϕn) =
∑

O′∈NB(π)

cO′(π)

∫

O′∩($−2nN+($nΛ′)∗)
dµO′(X). (†)

The last integral does not vanish only if N ∈ O
′
. If N ∈ O

′
then O

′ ∩ O 6= ∅ and the
maximality of O implies O′ = O. Thus (†) becomes

dimE[χn] = cO(π)µO(O ∩ ($−2nN + ($nΛ′)∗)).

Let us calculate µO(Xn) for sufficiently large n, where Xn = O ∩ ($−2nN + ($nΛ′)∗).
The map G(F )/GN(F ) 3 g ∼→ Ad(g)N ∈ O gives

G(F )φ($n)/GN(F ) 3 gφ($n)
∼7−→ Ad(g)$−2nN ∈ O.
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Since Ad(g)$−2nN ∈ $−2nN + ($nΛ′)∗ if and only if

Ad(g)N −N ∈ $2n($nΛ′)∗ = $nΛ′∗,

we have

Xn = {Ad(gφ($n))N | g ∈ G(F )/GN(F ), Ad(g)N −N ∈ $nΛ′∗}.
Next we note that {$nΛ′∗}n∈N is a system of fundamental neighborhoods of 0 in g(F ). It
follows that

{g ∈ G(F )/GN(F ) |Ad(g)N −N ∈ $nΛ′∗}, n >> 0

form a system of fundamental neighborhoods of 1 in G(F )/GN(F ). Thus noting the
decomposition g(F ) = gN(F )⊕m(F ), for any a ≥ D, we can take M ∈ N such that

Xn ⊂ Ad
(
exp($amΛ′)φ($n)

)
N, ∀n ≥M.

We shall calculate Xn with n ≥ M . Suppose X ∈ $amΛ′ satisfies Ad(exp(X)φ($n))N ∈
Xn. Then Z := Ad(expX)N −N ∈ $nΛ′∗ and

ψ ◦B($−2nAd(expX)N, Y ) = ψ ◦B($−2n(N + Z), Y )

= ψ ◦B($−2nN, Y )ψ ◦B($−2nZ, Y )

= ψ ◦B($−2nN, Y ), ∀Y ∈ $nΛ′.

In other words, expX is in Stab(χn,Ka) ⊂ Kn exp($aΛ∩gN(F )) (Lem.1.6 (2)). Thus we
may write expX = expY expZ with Y ∈ $nΛ′, Z ∈ $aΛ ∩ gN(F ). But then it follows
from (1.1.2) with c = 2d+ C that

X ∈ Y + Z +
1

2
[Y, Z] +$n+a+C+dΛ ∩$amΛ′ ⊂ $nmΛ′ .

That is, Xn ⊂ {Ad(expXφ($n))N |X ∈ $nmΛ′}. Conversely, if X ∈ $nmΛ′ , then (1.1.3)
gives

Ad(expX)N −N ∈ [X,N ] +$2n−2d−[ 2e
p−1 ]Λ.

Since (Λ′)∗ is a fixed lattice of g(F ), we have $n−2d−[ 2e
p−1 ]Λ ⊂ (Λ′)∗ for sufficiently large

n. Moreover in each simple component of g(F ), we have

B($−n[X,N ], Y ) = $−ntr(XNY −NXY ) = $−ntr(NYX −NXY )

= $−ntr(N · [Y,X]) = B(N, [Y,$−nX])

= BN(Y,$−nX) ∈ BN(mΛ′ ,mΛ′)

⊂ O, ∀Y ∈ ∗′.
That is, $−n[X,N ] ∈ (Λ′)∗ and we obtain Ad(expX)N −N ∈ $n(Λ′)∗. We conclude

Xn = {Ad(expXφ($n))N |X ∈ $nmΛ′}. (1.12.1)

We now have

dimE[χn] = cO(π)µO(Xn) = cO(π)meas[Knφ($n)GN(F )/GN(F )]
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= cO(π)meas[(Kn/Kn ∩GN(F ))φ($n)]

= cO(π)meas[Ad(φ($−n))(Kn/Kn ∩GN(F ))]

= cO(π)| det(Ad(φ($−n))|g(F )/gN(F ))|meas(Kn/Kn ∩GN(F )).

Noting that dim m = dim m1 +
∑

i≥2 2 dim mi, we have

det(Ad(φ($−n))|g(F )/gN(F )) = det(Ad(φ($−n))|m)

=
∣∣∣$−ndim m1 ·

∏
i≥2

$−nidim mi ·$−n(2−i) dim mi

∣∣∣

= |$−ndim m|.

Also it follows from the choice of our measures in 1.8 that

meas(Kn/Kn ∩GN(F )) = meas($nmΛ′) = |$ndim m|.

We obtain dimE[χn] = cO(π).

1.13

Lemma . Let N ∈ O ∈ NB(π)sup be as above. Take b > D and X ∈ $[n/2]+bΛ ∩ gN(F ).
Then

(i) expX ∈ Norm(Kn, G(F )), expX ∈ Stab(χn, G(F )).

(ii) In particular, π(expX) preserves E[χn]. Moreover π(expX)|E[χn] = id for suffi-
ciently large n.

Proof. (i) If Y ∈ $nΛ′, we have

Ad(expX) expY = exp(Y + [X,Y ] + Z),

where Z ∈ $2[n/2]+2b−d+nΛ ⊂ $nΛ′. Also we have [X,Y ] ∈ [$[n/2]+bΛ, $n−dΛ] ⊂
$n+[n/2]+b−dΛ ⊂ $nΛ′. Thus expX ∈ Norm(Kn, G(F )). The latter assertion follows
from

χn(Ad(expX) expY ) = ψ(B($−2nN, Y + [X,Y ] + Z))

= ψ(N($−2nN, Y ))ψ($−2nBN(X,Y ))ψ(B($−2nN,Z))

= χn(expY ),

for Y ∈ $nΛ′. Note that BN(X,Y ) = 0 because X ∈ gN(F ). Also B($−2nN,Z) ∈
$−2n+2[n/2]+2b−d+nO ⊂ $∈[\/∈]−\+∈C+5dO.

(ii) We first modify the assertion. Take H ∈ g(F ) such that ad(H)N = 2N .

Claim . B([H,N ], X) = 0.
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Proof. We may decompose g as g =
⊕r

i=0 gi, where g0 = z is the center and each gi is a
simple Lie algebra. We note that this decomposition is orthogonal with respect to B( , ).
In fact, we have

B([Xi, Yi], Xj) = B(Xi, [Yi, Xj]) = B(Xi, 0) = 0

for any Xi, Yi ∈ gi(F ), Xj ∈ gj(F ), 1 ≤ i ≤ r, 0 ≤ j ≤ r, i 6= j. But since gi (1 ≤ i ≤ r)
are simple, it is spanned by the elements [Xi, Yi] (Xi, Yi ∈ gi(F )). Thus the decomposition
is orthogonal.

We write N =
∑r

i=1 Ni, X =
∑r

i=0 Xi and H =
∑r

i=0 Hi, where Ni, Xi and Hi

belong to gi(F ). Then

B([H,N ], X) = B(
r∑

i,j=0

[Hi, Nj],
r∑
i=0

Xi) = B(
r∑
i=1

[Hi, Ni],
r∑
i=0

Xi)

=
r∑
i=1

B([Hi, Ni], Xi).

Thus we are reduced to the case when g is simple.
Now we fix an embedding of F -Lie algebras g(F ) 3 X ↪→ X̃ ∈ gl(n, F ) in such a way

that
B(X,Y ) = trX̃Ỹ

holds. We conclude

B([H,N ], X) = tr[̃H,N ]X̃ = trH̃ÑX̃ − trÑH̃X̃

= trÑX̃H̃ − trÑH̃X̃ = B(N, [X,H]) = BN(X,H)

= 0

This claim implies B(N,X) = 1
2
B([H,N ], X) = 0 and hence

ψ(B($−2nN,X)) = 1. (1.13.1)

Next we note that if n is sufficiently large, expX belongs to a compact open sub-
group Km for some m. Considering π|Km as a unitary representation of Km, we see that
π(expX)|E[χn] is a unitary operator. In particular, π(expX)|E[χn] = id if and only if

trπ(expX)|E[χn] = dimE[χn]. (†)
We recall the function ϕn from the proof of Prop. 1.11. Usual calculation shows that
π(ϕn) is the measKn-multiple of the Kn-equivariant projector onto E[χn]. Moreover we
have (δexpX is the Dirac distribution at expX)

π(ϕn ∗ δexpX)ξ = measKnπ(expX)ξ, ξ ∈ E[χn]. (1.13.2)

Using (1.13.2), the formula (†) to be shown becomes

1

measKn

tr(π(ϕn ∗ δexpX)|E[χn]) = dimE[χn]. (‡)
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To prove this, we calculate trπ(ϕn ∗ δexpX)|E[χn] by means of Th.1.8. Write R∞c for
the right regular representation of G(F ) on C∞c (G(F )). We know that [BZ, 1.25]

ϕn ∗ δexpX = R∞c (exp(−X))ϕn.

Calculate the Fourier transform:

((R∞c (exp(−X))ϕn) ◦ exp)∧(Y ) =

∫

g(F )

ϕn(expT exp(−X))ψ(B(T, Y )) dT.

The integrand is not zero only if expT ∈ Kn expX. Lem.1.3 (2) gives

log(expY expX) = X + Y +
1

2
[Y,X] + Z, Z ∈ $[n/2]+b−d+n+CΛ,

and hence
$nΛ′ 3 S 7−→ exp(X + S) ∈ Kn expX

is a bijection. (Note that exp |X+$nΛ′ is injective for sufficiently large n.) Thus we have

((R∞c (exp(−X))ϕn) ◦ exp)∧(Y )

= ψ(B(X,Y ))

∫

g(F )

ϕn(exp(X + S) exp(−X))ψ(B(S, Y )) dS.

As in the proof of (1.1.2), we have

exp(X + S) = 1 +X + S +
X2 +XS + SX + S2

2
+
X3

6
+$2n+1Λ,

exp(−X) = 1−X +
X2

2
− X3

6
+$2n+1Λ,

and hence

exp(X + S) exp(−X) = 1−X +X + S +
X2

2
−X2 − SX +

X2

2
+
XS + SX

2
+
S2

2

− X3

6
+
X3

2
+
SX2

2
− X3

2
− XSX

2
− SX2

2
− S2X

2
+
X3

6
+$2n+1Λ

= 1 + S +
[X,S]

2
+
S2

2
+$2n+1Λ.

Also we have

exp
(
S +

[X,S]

2

) ∈ 1 + S +
[X,S]

2
+
S2

2
+$2n+1Λ.

This enables us to take T ′ ∈ $2n+1Λ such that

exp(X + S) exp(−X) = exp(S +
[X,S]

2
+ T ′).

In particular we have

ϕn(exp(X + S) exp(−X)) = ψ(B($−2nN,S +
[X,S]

2
+ T ′))−1

= ψ(B($−2nN,S))−1ψ($−2n2−1BN(X,S))−1 = ϕn(expS),
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and

((R∞c (exp(−X))ϕn) ◦ exp)∧(Y ) = ψ(B(X,Y ))

∫

g(F )

ϕn(expS)ψ(B(S, Y )) dS

= ψ(B(X,Y )) ̂ϕn ◦ exp(Y ).

Now Th.1.8 gives

trπ(ϕn ∗ δexpX) = trπ(R∞c (exp(−X))ϕn)

=
∑

O′∈N (g(F))

cO′(π)

∫

O′
((R∞c (exp(−X))ϕn) ◦ exp)∧(Y ) dµO′(Y )

since N ∈ O ∈ NB(π)sup (cf. proof of 1.12)

= cO(π)

∫

O

ψ(B(X,Y ))( ̂ϕn ◦ exp)(Y ) dµO(Y )

using the formula for ̂ϕn ◦ exp (see 1.11)

= cO(π)

∫

O∩$−2nN+($nΛ′)∗
ψ(B(X,Y ))measKn dµO(Y )

= measKn · cO(π)

∫

Xn

ψ(B(X,Y )) dµO(Y ),

where Xn := O ∩$−2nN + ($nΛ′)∗. Using the description (1.12.1) of Xn, we may write
Y ∈ Xn as Y = $−2nAd(expZ)N with Z ∈ $nmΛ′ . Then

ψ(B(X,Y )) = ψ(B(X,$−2nAd(expZ)N))

(1.1.3)
= ψ($−2nB(X,N + [Z,N ] + Z ′)), ∃Z ′ ∈ $2n−2d−[ 2e

p−1 ]Λ

noting b ≥ D ≥ 3e
p−1

+ 3d+ C + 2,

= ψ($−2nB(X,N))ψ($−2nB(X, [Z,N ]))

noting B(X, [Z,N ]) = B(N, [X,Z])

= ψ($−2nB(X,N))ψ($−2nBN(X,Z))

= ψ($−2nB(X,N)).

Hence we conclude

1

measKn

tr(π(ϕn ∗ δexpX)|E[χn])

= cO(π)

∫

Xn

ψ(B(X,Y )) dµO(Y ) = ψ($−2nB(X,N))cO(π)measXn

(1.13.1)
= dimE[χn]

which is (‡).
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1.14 Key injectivity

Corollary . For sufficiently large n, j : E[χ′n]/E
′
n,χ → EV,χ in 1.9 is injective and its

image is EL
V,χ.

Proof. Suppose that n is sufficiently large so that Lemma 1.13 holds.
Let jn := $[n/2]+bΛ ∩ gN1 (F ), Jn := exp jn. Then

JnKn ⊂ G(F ) is a subgroup. (1.14.1)

In fact for Xi ∈ jn and Yi ∈ $nΛ′ (i = 1, 2) we have Y ∈ $nΛ′ such that

expX1 expY1 expX2 expY2
1.13(i)
= expX1 expY expX2

= expX1 expX2 exp(Ad(exp(−X2))Y ).

Since 1.13 (i) assures that exp(Ad(exp(−X2))Y ) is in Kn, we have only to show that
expX1 expX2 ∈ JnKn. For this we use (1.1.2) to have

expX1 expX2 = exp(X1 +X2 +
1

2
[X1, X2] +X ′), ∃X ′ ∈ $2[n/2]+2bΛ ∩ gN(F ),

and

exp(−(X1 +X2)) expX1 expX2 = exp(−(X1 +X2)) exp(X1 +X2 +
1

2
[X1, X2] +X ′)

(1.1.2)
= exp

(
[X1, X2]

2
+X ′ − 1

2
[X1 +X2,

[X1, X2]

2
+X ′] +X ′′

)
, ∃X ′′ ∈ $2[n/2]+2bΛ ∩ gN(F ).

But since

[X1,X2]
2

∈ $2[n/2]+2bΛ ∩ gN(F ) ⊂ $n+bΛ ∩ gN(F ) ⊂ $n+2dΛ′ ∩ gN(F ),
X ′, X ′′ ∈ $n+2dΛ′ ∩ gN(F ),
1
2
[X1 +X2,

[X1,X2]
2

+X ′] ∈ $3[n/2]+3bΛ ∩ gN(F ) ⊂ $n+2dΛ′ ∩ gN(F )



 ⊂ $nΛ′,

we see that

expX1 expX2 ∈ exp(X1 +X2) exp($nΛ′ ∩ gN(F )) ⊂ JnKn. (♣)

Now 1.13 (i) allows us to extend χn trivially on Jn to a character of JnKn. This is
well-defined by (♣). Then 1.13 (ii) gives

E[χn] = {ξ ∈ E |π(j)π(k)ξ = χn(k)ξ, ∀jk ∈ JnKn}
= {ξ ∈ E |π(x)ξ = χn(x)ξ, ∀x ∈ JnKn}.

This amounts to

E[χ′n] = π(φ($−n))E[χn]

= {ξ ∈ E |π(Ad(φ($−n))x)ξ = χn(x)ξ, x ∈ JnKn}
= {ξ ∈ E |π(x)ξ = χ′n(x)ξ, ∀x ∈ Ad(φ($−n))(Jn) ·K′

n}.
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Here χ′n : Ad(φ($−n))(Jn)K′
n → C1 is the trivial extension of χ′n on Ad(φ($−n))(Jn).

Thus for m ≥ n, we have

I ′n,m(ξ)
(1.9.4)
=

1

meas(V (F ) ∩K′
m)

∫

V (F )∩K′
m

χ(k−1)π(k)ξ dk

(1.7.4)
=

1

meas(V (F ) ∩K′
m)
· (const)

∫

Ad(φ($−m))(Jm)K′
m∩V (F )

χ(k−1)π(k)ξ dk.

Suppose that ξ ∈ E is contained in ker j ⊂ E(V, χ). Since {Ad(φ($−m))(Jm)K′
m ∩

V (F )}m is an increasing series of compact open subgroup of V (F ) which exhausts V (F ),
[BZ, 2.33] implies that there exists m ∈ N such that

∫

Ad(φ($−m))(Jm)K′
m∩V (F )

χ(k−1)π(k)ξ dk = 0.

That is, ξ ∈ KerI ′n,m ⊂ E ′
n,χ and j is injective.

Next we calculate j(E[χ′n]). We have already seen that it is contained in EL
V,χ. Take

ξ ∈ EL
V,χ and let ξ ∈ j−1(ξ). Then as in the proof of 1.10, we have M(ξ) ∈ N such that

I ′m(ξ)− ξ =
1

meas(V (F ) ∩K′
m)

∫

V (F )∩K′
m

(χ(k)π(k)ξ − ξ) dk, ∀m ≥M(ξ).

Let Kξ := Stab(ξ, V (F ) ∩K′
m) ∩Kerχ and write

V (F ) ∩K′
m =

r∐
i=1

kiKξ

for the coset decomposition. Then we have

I ′m(ξ)− ξ =
1

r ·measKξ

r∑
i=1

∫

Kξ

(χ(kix)π(kix)ξ − ξ) dx

=
1

r ·measKξ

r∑
i=1

∫

Kξ

(χ(ki)π(ki)ξ − ξ) dx

=
1

r

r∑
i=1

χ(ki)(π(ki)ξ − χ(ki)ξ), ∀m ≥M(ξ).

Since the last line is contained in E(V, χ), we see that j(I ′m(ξ)) = ξ for any m ≥M(ξ).
Now let ξ1,. . . , ξT be linearly independent elements in EL

V,χ. PuttingM := sup1≤i≤T M(ξi),

we set ηi := I ′n(ξi) ∈ E[χ′n]/E
′
n,χ for a choice of inverse images ξi for ξi. Then we have

(1) dimEL
V,χ ≤ dimE[χ′n]/E

′
n,χ ≤ dimE[χn] = cO(π) is finite.

(2) (By taking a basis of EL
V,χ as {ξi}) for n ≥M , E[χ′n]/E

′
n,χ

jn→ EL
V,χ is surjective.
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1.15 Injectivity continued

Lemma . In,n+1 is injective for sufficiently large n.

Proof. For the brevity, write dµn for the measure on Kn such that µn(Kn) = 1. Then
one has

In+1,n ◦ In,n+1 ◦ In(ξ)
=

∫

Kn

∫

Kn+1

∫

Kn

χn(γ)χn+1(h)χn(γ
′)π(γφ($)−1hφ($)γ′)ξ dµn(γ′) dµn+1(h) dµn(γ)

=

∫

Kn

∫

Kn

χn(γ)π(γ)

∫

Kn+1

χn+1(h)χn(γ
′)π(φ($)−1hφ($)γ′)ξ dµn+1(h) dµn(γ

′) dµn(γ).

The inner integral reads
∫

Kn+1

χn+1(h)χn(γ
′)π(φ($)−1hφ($)γ′)ξ dµn+1(h)

=
∑

γ̇∈Kn+1/Kn+1∩Ad(φ($))Kn

∫

Kn+1∩Ad(φ($))Kn

χn+1(γ̇h)χn(γ
′)π(Ad(φ($−1))(γ̇h)γ′)ξ dµn+1(h)

putting x := Ad(φ($−1))h,

=
∑

γ̇∈Kn+1/Kn+1∩Ad(φ($))Kn

∫

Ad(φ($−1))(Kn+1)∩Kn

χn+1(γ̇Ad(φ($))x)χn(γ
′)

π(Ad(φ($−1))(γ̇)xγ′)ξ dµn+1(Ad(φ($))(x)).

Moreover if we write x = expX (X ∈ $nΛ′), we have

χn+1(Ad(φ($))(x)) = ψ(B($−2n−2N,Ad(φ($))X))

= ψ(B($−2n−2Ad(φ($−1))N,X)) = ψ(B($−2nN,X))

= χn(x).

Thus we obtain

In+1,n ◦ In,n+1 ◦ In(ξ)
=

∫

Kn

∫

Kn

χn(γ)π(γ)
∑

γ̇∈Kn+1/Kn+1∩Ad(φ($))Kn

∫

Ad(φ($−1))(Kn+1)∩Kn

χn+1(γ̇)χn(xγ
′)

π(Ad(φ($−1))(γ̇)xγ′)ξ dµn+1(Ad(φ($))x) dµn(γ
′) dµn(γ)

=
∑

γ̇∈Kn+1/Kn+1∩Ad(φ($))Kn

χn+1(γ̇)

∫

Kn

∫

Kn

ϕn(γ)π(γ)π(Ad(φ($−1))γ̇)

∫

Ad(φ($−1))(Kn+1)∩Kn

ϕn(xγ
′)π(xγ′)ξ dµn+1(Ad(φ($))x) dµn(γ

′) dµn(γ)
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putting γ′ for xγ′

=
∑

γ̇∈Kn+1/Kn+1∩Ad(φ($))Kn

χn+1(γ̇)

∫

Kn

∫

Kn

ϕn(γ)π(γ)π(Ad(φ($−1))γ̇)

∫

Ad(φ($−1))(Kn+1)∩Kn

ϕn(γ
′)π(γ′)ξ dµn+1(Ad(φ($))x) dµn(γ

′) dµn(γ)

=
∑

γ̇∈Kn+1/Kn+1∩Ad(φ($))Kn

χn+1(γ̇)µn+1(Kn+1 ∩ Ad(φ($))Kn)

∫

Kn

∫

Kn

ϕn(γ)π(γ)π(Ad(φ($−1))γ̇)ϕn(γ
′)π(γ′)ξ dµn(γ′) dµn(γ)

= µn+1(Kn+1 ∩ Ad(φ($))Kn)
∑

γ̇∈Kn+1/Kn+1∩Ad(φ($))Kn

χn+1(γ̇)

×
∫

Kn

∫

Kn

ϕn(γ)ϕn(γ
′)π(γAd(φ($−1))γ̇ · γ′)ξ dµn(γ′) dµn(γ).

noting Ad(φ($−1))Kn+1 ⊂ Norm(Kn, G(F )) for n >> 0 (cf. 1.5 (2)), we put γ :=
Int(Ad(φ($−1))γ̇)−1(γ)

= µn+1(Kn+1 ∩ Ad(φ($))Kn)
∑

γ̇∈Kn+1/Kn+1∩Ad(φ($))Kn

χn+1(γ̇)

∫

Kn

∫

Kn

ϕn(Int(Ad(φ($−1))γ̇)(γ))ϕn(γ
′)π(Ad(φ($−1))(γ̇) · γγ′)ξ dµn(γ′) dµn(γ)

= µn+1(Kn+1 ∩ Ad(φ($))Kn)
∑

γ̇∈Kn+1/Kn+1∩Ad(φ($))Kn

χn+1(γ̇)π(Ad(φ($−1))(γ̇))

∫

Kn

∫

Kn

χn(Int(Ad(φ($−1))γ̇)(γ) · γ′)π(γγ′)ξ dµn(γ′) dµn(γ).

Putting γγ′ = γ′, this double integral becomes

∫

Kn

∫

Kn

χn(Int(Ad(φ($−1))γ̇)γ · γ−1γ′)π(γ′)ξ dµn(γ′) dµn(γ)

=

∫

Kn

Int(Ad(φ($−1))(γ̇−1))χn · χn(γ) dµn(γ) ·
∫

Kn

χn(γ′)π(γ′)ξ dµn(γ′)

=

{
In(ξ) if Ad(φ($−1))(γ̇) ∈ Stab(χn, G(F )),

0 otherwise.

Thus we conclude

In+1,n ◦ In,n+1 ◦ In(ξ)
= µn+1(Kn+1 ∩ Ad(φ($))Kn)

∑

γ̇∈Kn+1/Ad(φ($))Kn∩Kn+1

γ̇∈Ad(φ($))Stab(χn,G(F ))

χn+1(γ̇)π(Ad(φ($−1))(γ̇))In(ξ).
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In the sum above we see

Ad(φ($−1))γ̇ ∈ Ad(φ($−1))(Kn+1) ∩ Stab(χn, G(F ))

= exp(Ad(φ($−1))($n+1Λ′)) ∩ Stab(χn, G(F ))

⊂ exp($[n/2]+bΛ′) = K[n/2]+b ∩ Stab(χn, G(F ))

1.6(2)⊂ exp($[n/2]+bΛ ∩ gN(F ))Kn.

We may suppose that Ad(φ($−1))γ̇ = expX with X ∈ $[n/2]+bΛ∩gN(F ). We apply 1.13
(ii) to have π(Ad(φ($−1))γ̇)In(ξ) = In(ξ). Moreover

χn+1(γ̇) = ψ(B($−2n−2N,Ad(φ($))X)) = ψ(B($−2nN,X))
(1.13.1)

= 1

because X ∈ gN(F ). We obtain

In+1 ◦ In,n+1 ◦ In(ξ) = µn+1(Kn+1 ∩ Ad(φ($))Kn)×
∑

γ̇∈Kn+1/Ad(φ($))(Kn)∩Kn+1

γ̇∈Ad(φ($))Stab(χn,G(F ))

In(ξ)

= κIn(ξ)

for some non-zero constant κ. Thus In+1,n ◦ In,n+1 is injective and so is In,n+1.

1.16 The result

Theorem . Let (π,E) be an irreducible admissible representation of G(F ). Then

NB(π)sup = NWh(π)sup.

Proof. Take O ∈ NB(π)sup, N ∈ O ∩ Λ and φ : Gm → G such that Ad(φ(t))N = t−2N .
Then 1.14 implies

WN ,φ(π)
(1.7.4)' EL

V,χ 6= ′
if and only if E[χ′n]/E

′
n,χ 6= 0 for any sufficiently large n. Since O ∈ NB(π)sup, we have

0 6= cO(π)
1.12
= dimE[χn] = dimE[χ′n].

Now we take n sufficiently large so that 1.15 holds. Then noting (1.9.1),

I ′n,m = I ′n,n+1 ◦ · · · ◦ I ′m−1,m

is injective and hence E ′
n,χ = {0}. Thus E[χ′n]/E

′
n,χ 6= 0, and we have shown that

NB(π)sup ⊂ NWh(π).
Let O ∈ NWh(π). Prop.1.11 assures that for N ∈ O, there exists O′ ∈ NB(π)sup

such that N ∈ O
′
. This implies that O ⊂ O

′
. The previous paragraph asserts that

O′ ∈ NWh(π). In particular, if O ∈ NWh(π)sup, the maximality implies O = O′. Hence
NWh(π)sup ⊂ NB(π)sup.

Conversely, take O ∈ NB(π)sup. Then it is contained in NWh(π), and we can take

O′ ∈ NWh(π)sup ⊂ NB(π)sup such that O ⊂ O
′
. Since O, O′ ∈ NB(π)sup, we have

O = O′ ∈ NWh(π)sup.
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1.17

Corollary . Let O ∈ NB(π)sup. Then we have cO(π) = dimWN ,φ(π) for any choice of
N ∈ O and φ.

Proof. Let n ∈ N be sufficiently large and O ∈ NB(π)sup = NWh(π)sup. Then

dimWN ,φ(π)
(1.7.4)
= dimEL

V,χ
1.14
= dimE[χ′n]/E

′
χ,n

= dimE[χ′n]/
⋃
m>n

ker(I ′n,m)
1.15
= dimE[χn]

1.12
= cO(π).
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