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Abstract

This is the first part of our two papers devoted to an explicit description of
the CAP automorphic representations of quasisplit unitary groups in four variables
over number fields. We describe them along the lines of Arthur’s conjecture [Art89).
In this first part, we calculate candidates of the local A-packets consisting of the
local components of CAP automorphic representations, by means of the local -
correspondence from unitary groups in two variables. For this, we need a version of
the e-dichotomy property of the local #-correspondence for unitary groups in two
variables, involving the Langlands-Shahidi local factors. We also verify that Hiraga’s
conjecture [Hir] on a relation between ZASS duality and A-packets is compatible
with our candidates.
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1 Introduction

This is the first one of two articles devoted to an explicit description of the CAP automor-
phic representations of the quasisplit unitary group in four variables Ug/p(4) associated
to a quadratic extension E/F of number fields. The term “CAP” is a short hand for
the phrase “Cuspidal but Associated to Parabolic subgroups”. This is the name given by
Piatetski-Shapiro [PS83] to those cuspidal automorphic representations which apparently
contradict the generalized Ramanujan conjecture. More precisely, let G be a connected
reductive group defined over a number field ' and G* be its quasisplit inner form. We
write A = Ap for the adele ring of F. An irreducible cuspidal representation ™ = @), ,
of G(A) is a CAP form if there exists a residual discrete automorphic representation
™ =), ™ of G*(A) such that, at all but finite number of v, 7, and 7 share the same
absolute values of Hecke eigenvalues.

It is a consequence of results of Jacquet-Shalika [JS81b], [JS81a] and Moeglin-Waldspurger
[IMWS9] that there are no CAP forms on the general linear groups. For a central division
algebra D of dimension n? over F*| however, the trivial representation of D*(A) is a CAP
form, since it shares the same local component with the residual representation 1 a)
at any place v where D is unramified. Also it is known that even the quasisplit rank
one unitary group Ug,p(3) of three variables has non-trivial CAP forms [GR90], [GR91].
But the first and most well-known examples of CAP forms are Howe-Piatetski-Shapiro’s
analogue of the ;o representation [Sou88] and the Saito-Kurokawa representations [PS83]
of Sp(2) (for their local structures see also [Wal91]).

In any case, local components of CAP forms at almost all places are non-trivial Lang-
lands quotients by definition, and hence non-tempered. In order to describe such forms,
J. Arthur proposed a series of conjectures [Art89]. The conjectural description is through
the so-called A-parameters, homomorphisms v from the direct product of the hypothetical
Langlands group Lp of F with SL(2,C) to the L-group G of G:

Y Lpx SL(2,C) — G,

considered modulo @—conjugation. We write ¥(G) for the set of @—conjugacy classes of
A-parameters for G. By restriction, we obtain the local component

Yy : Lp, x SL(2,C) — G,

of 1 at each place v of F'. Here Lp, is the local Langlands group defined in [Kot84l, §12],
and LG, is the L-group of the scalar extension G,, = G®rF,. The local conjecture, among
other things, associates to 1, a finite set Il (G,) of isomorphism classes of irreducible
unitarizable representations of G(F,), called an A-packet. At all but finite number of v,
I1,,(G,) is expected to contain a unique unramified element 7. Using such elements, we
can form the global A-packet associated to :

M, (G) = {® - (i) m, €Iy, (Gy), at any v; }

- (i) m, =7}, at almost all v

Arthur’s global conjecture predicts the multiplicity of each element of I1,(G) in the dis-
crete spectrum of the right regular representation of G(A) on L*(G(F)\G(A)).
Let us call an A-parameter v is of CAP type if
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(i) ¢ is elliptic. This is the condition for IT;(G*) to contain a discrete automorphic
representation.

(ii) ¥|sri2c) is non-trivial.

According to the conjecture, the CAP automorphic representations of G(A) is contained
in the global A-packets associated to an A-parameter of CAP type. In this paper,
we construct candidates for the local A-packets associated to the local components of
A-parameters of CAP type for the quasisplit unitary group Ug/p(4) in four variables.
Although the description tells us nothing about the character relations conjectured in
[Art89], it is explicit and fairly complete. In the subsequent one [Kon|, we shall develop
a theory of L-functions of Ug,r(4) x GL(2)g, and obtain a complete description of CAP
automorphic representations of Ug/r(4) in terms of the local A-packets constructed in
this article. Since the main result of the present article is a case-by-case description of
the A-packets (see § @, we present here an outline of our construction.

Parameter considerations In § we classify the A-parameters of CAP type for
G = Gy := Ug/p(4) together with their S-groups

S4(G) == m(Cent(¥, G)/Z(G)),

which plays a central role in the conjectural multiplicity formula. Assuming the existence
of the Langlands group, we first classify the elliptic A-parameters for general unitary
group G, in n-variables (Prop. . In practice, we need to replace the role of the Lang-
lands group by the classification of automorphic representations of general linear groups.
Thanks to Rogawski’s result on the base change for Gy = Ug /F(Z), this replacement is
available for the A-parameters of CAP type for G (see Cor. . Then we have a similar
description for their local components in § [3.1]

At this point, we need to assume some local assertions of Arthur’s conjecture, which
we review in § In particular, for each local component ¢ of a CAP type A-parameter,
we have the associated non-tempered Langlands parameter ¢,. It is imposed that the L-
packet Iy, (G) corresponding to ¢y should be contained in I1,(G). In fact, we know from
[Kon98|, [Kon01] that II,, (G) consist exactly of the local components of residual discrete
representations. We have the S-group Sy (G) as in the global case. Let us postulate the
following slightly stronger assertion than Arthur’s conjecture, which might not be true in
general.

Assumption 1.1. There ezists a bijection I1,(G) 2 m —— (5 — (5,m)y) € II(Sy(G)).
Here 11(S,(G)) is the set of isomorphism classes of irreducible representations of Sy(G).

There are six types of elliptic A-parameters appearing as local components of the A-
parameters of CAP type. According to the assumption, for three types of the six, II,(G)
coincides with Il (G) so that no construction beyond [Kon98] is necessary. But for the
rest three types, Ilg, (G) contains only the half of the members of IT,(G).



Adams’ conjecture We use the local #-correspondence to construct the set IL,(G) \
I14, (G) of missing members. Consider an m-dimensional hermitian space (V, (, )) and an
n-dimensional skew-hermitian space (W, (, )) over E. The unitary groups G(V') and G(W)
for V- and W form a type I dual reductive pair. For a pair £ = (&,¢’) of characters of E*
satisfying &|px = Wi p, &|px = wi -, we have the Weil representation Wy we = WiveWve
of G(V) x G(W) § (cf. [HKS96]).

We write Z(G(V'),ww,) for the set of isomorphism classes of irreducible admissible
representations of G(V') which appear as quotients of wyy¢. For my € Z(G(V), ww), the
maximal my-isotypic quotient of wyw, is of the form 7y ® O¢(my, W) for some smooth
representation O¢(my, W) of G(W). Similarly we have Z(G(W),wye) and O¢(my, V)
for each my € Z(G(W),wye). The local Howe duality conjecture, which was proved
by R. Howe himself if F' is archimedean [How89] and by Waldspurger if F' is a non-
archimedean local field of odd residual characteristic [Wal90], asserts the following:

(i) ©¢(my, W) (resp. O¢(mw,V)) is an admissible representation of finite length of
G(W) (resp. G(V)), so that it admits an irreducible quotient.

ii) Moreover its irreducible quotient O¢(my, W) (resp. O¢(my, V')) is unique.
€ €

(iii) my = Oe(my, W), 7w +— Oe(mw, V) are bijections between Z(G(V),ww,e) and
RZ(G(W),wye) converse to each other.

A link between local #-correspondence and A-packets is given by the following conjec-
tures of J. Adams [Ada89], which will be taken as a leading principle in our construction.
Suppose n > m. Then we have an L-embedding iyw,e : “G(V) — *G(W) given by

e (w) (9 . )xw if we Wg

ivwe(g X w) =
<Jn—m—1 g) X Wy if w=w,,

where w, is a fixed element in Wr \ Wg and J, = diag(l,—1,...,(=1)""1). Let T :

~

SL(2,C) — Cent(iy,we, G(W)) be the homomorphism which corresponds to a regular

~

unipotent element in Cent(ivw,, G(W)) =~ GL(n—m,C) (the tail representation). Using
this, we define the #-lifting of A-parameters by

Ovwe : U(G(V)) 3¢ — (ivweo”) - T € U(G(W)).
Conjecture 1.2 ([Ada89] Conj.A). The local 8-correspondence should be subordinated
to the map of A-packets Wy,(G(V)) — Ilgy, () (G(W)).

Here we have said subordinated because II,(G(V)) N Z(G(V),ww,) is often strictly
smaller than II,(G(V)). When these two are assured to coincide, we can expect more:

Conjecture 1.3 ([Ada89] Conj.B). For V., W in the stable range, that is, the Witt
index of W is larger than m, we have

Uy GOV = | L (G(V), W).

V;dimg V=m



g-dichotomy Consider the special case m =2 and W =V @& —V. It turns out that the
three types of A-parameters in question are exactly those of the form ¢ = Oy, ¢(¢]) for
some elliptic A-parameters ¢} for G5. Thus we should be able to construct the desired
candidates by calculating (v, W), 7 € Il (G(V)) for various V. But for our global
applications, we also need a parametrization of the members of I1,(G) well-suited to the
conjectural multiplicity formula. For this, we need one more ingredient. For the purpose
of this introduction, it is best to restrict ourselves to the non-archimedean case. For the
corresponding result in the case F' = R, see §[5.3]

Theorem 1.4 (Th. . Suppose dimg V' = 2 and write Wy for the hyperbolic skew-
hermitian space (E*, (% {§)). Take an L-packet I1 of Go(F) = G(W) and T € 11 [Rog90,
Ch.11].

(1) 7€ Z(G(W),wye) if and only if

£(1/2,11 x €87 p)wn(— DA E/F,r) ™2 = wg/p(— det V).

Here the e-factor on the right hand side is the standard e-factor for Gy twisted by '™ .
wry 18 the central character of the elements of 11, and A(E/F, 1) is the Langlands \-factor
[Lan70)].

(i) If this is the case, O¢(1,V) = (£ )aymy/. Here (§71¢ )y denotes the character

G(V) 2 Up/r(1,F) 3 z/o(z) — £71¢(2) € C*. Recall the Jacquet-Langlands correspon-

dence 11 — Tly between the (discrete if V is anisotropic) L-packets of Go(F') and those of
G(V) [LL79]. Il 5 7 +— 7y € Ily is a certain bijection, which we cannot specify explicitly.

This is a special case of the e-dichotomy property of the local #-correspondence for
unitary groups over p-adic fields, which was proved for general unitary groups (at least
for supercuspidal representations) in [HKS96]. But since we need to combine this with
our description of the residual spectrum [Kon98], we have to use the Langlands-Shahidi e-
factors [Sha90] instead of Piatetski-Shapiro-Rallis’s doubling e-factors used in that paper.
By this reason, we deduce the theorem from the analogous result for unitary similitude
groups [Har93] in § The key is the following description of the base change lifting of
representations of Ga(F) to GL(2, E), which is proved at length in § [4

Proposition 1.5 (Cor. . Let 1 = w®7’ be an irreducible admissible representation
of the unitary similitude group GUg p(2) ~ E* x GL(2,F)/AF*, and write I1(7) for the
associated L-packet of Go(F) consisting of the irreducible components of T|g,ry. Then
the standard base change of 1I(7) to GL(2, E) [Rog90, 11.4] is given by w(det)n),, where
Ty s the base change lift of m’ to GL(2, E) [Lan80].

Candidates for the A-packets The candidates of the A-packets are constructed in
g @ Here we explain the construction in the non-archimedean case (§ , which is
summarized in Fig.

Each A-parameter of our concern (or its restriction to Lr x SL(2,C)) is of the form

’QD = ’le D (5,5_1 ® /02>7



O (o,W2) T G(Wa) = Gu(F)

Tt
GV my Witt tower
Gé(o,WQ)
J-L corr. [
G(V) my T G(Wh) = Go(F)

9§(O,V)

Figure 1: Construction of A-packets

where ¢, is an elliptic A-parameter for Go. Take 7 € II,,(G2) and let (V,(, )) be the
2-dimensional hermitian space such that the condition of Th. (i) holds. If we write
Ty = Oe(1,V) >~ (& _1)G(V)T‘\// , then the induction principle in local #-correspondence
[Kud86] (§ implies that 7y = O¢(my, Wa), (7 € 1, (G2)) form the local residual
L-packet Iy, (G4). Next we take m, in the Jacquet-Langlands correspondent of the A-
packet ¢ (IL,, (G2), V), an irreducible representation of the unitary group G(V’) of the
other (isometry class of) 2-dimensional hermitian space V’. Then m_ := ¢(my+, W) is
the so-called early lift or first occurrence. In particular, if 7y is supercuspidal then so

ism_. Following Conj. [I.3 we define
H¢(G> = {7T:t ’T S Hw(GQ)}

This gives the sufficiently many members of the packet as predicted by Assumption [1.1}
Analogous construction in the archimedean case is given in §

In §[6.2) we show that our candidates of the A-packets are compatible with Hiraga’s
conjecture [Hir] on a relation between ZASS (Zelevinsky-Aubert-Schneider-Stiihler) du-
ality and the A-packets. Although the global A-parameters of CAP type are elliptic,
some of their local components are not. For later use, we also describe these non-elliptic
A-packets in terms of local §-correspondence in §[6.4, Also the split case £ ~ F & F,
G ~ GL(4)p is treated in §

In the final section § [7], we give an example of the half of the multiplicity formula
in order to motivate the reader for the subsequent article. The result (Th. is not
satisfactory but it clarifies the role of global root numbers in the multiplicity formula,
which is one of the main features in Arthur’s conjecture.

Parts of this work was done while the authors stayed at Johns-Hopkins Univer-
sity during the JAMI special period on “Automorphic forms and Shimura varieties” in
2000. The authors heartily thank the staffs of Johns-Hopkins University, especially to
Prof. S. Zucker, for their hospitality and encouragement. Also we are grateful to Prof.
H. Yoshida for giving us a chance to participate the JAMI program.

Notation For a subset S of a group G, we write Cent(S,G) and Norm(S, G) for the
centralizer and normalizer of S in G, respectively. For a topological group or an alge-
braic group G, write G° for its connected component of the identity. diag(zy,...,z,) or



diag({z;}!_;) stands for the matrix

T
T2

Ty

where z; are square matrices. We write M, ,,(R) and M,,(R) for the R-modules of n x m
and n X n matrices with entries in a ring R, respectively.

2 A-parameters of CAP type for unitary groups

We start with a classification of the elliptic A-parameters for unitary groups associated
to a quadratic extension of number fields. The parameters which we shall treat in this

paper are listed in Cor.

2.1 Settings

Throughout this section let E be a quadratic extension of a number field F. We write
o for the generator of the Galois group I'g/p of this extension. We fix an algebraic
closure F' of F containing £. I' and Wy denote the Galois and Weil group of F over
F, respectively. Also we need the hypothetical Langlands group Lg of F. We use this
only to describe A-parameters, and in practical considerations we use the classification of
automorphic representations of GL(n) instead. As for the theory of endoscopy and the
notation related to it, we follow the book [KS99].
Writing

we introduce the outer automorphism 6,(g) := Ad(I,)'g~" of GL(n). Let us realize the
quasisplit unitary group G, associated to E/F in such a way that

Gn(R) ={g € GL(n,R®r E) |6,(c(g)) = g}

for any commutative F-algebra R. By the choice of 6,,, the usual splitting of GL(n)g ~
G, ®r E gives a splitting spl; = (B,, T,,{X}) stable under I'g,p (an F-splitting). We
fix the following set of L-group data (G, pg, ,nc,) for G,: G, = GL(n,C),

PG, (w) =

id if we Wg,
0, otherwise,

and 7, is the obvious identification between the dual of the based root datum for G,
a/\nd the based root datum of G,,. The L-group of G,, is the semidirect product *G,, =
Gn Npcn WF



Also we let H,, := Rg/pGL(n), where Rg,/p stands for Weil’s restriction of scalars. The
double copy of the standard splitting of GL(n) defines a splitting spl,, = (B, TY {XH" 13
of H, ®r E ~ GL(n)%, which is actually an F-splitting of H,. The L-group “H,

H, X, W is given by H, = GL(n,C)? and

(hl, hg) if we WE,
(h2,hy) otherwise,

pi, (W) (1, ha) = {

for (hy1, he) € GL(n,C)2.

For the moment, consider a general connected reductive group G defined over F' with
the L-group “G. We define A-parameters for G as in the introduction [Art89]. In prac-
tice, we need to drop the boundedness of ¥)(Lp) because of the lack of the generalized
Ramanujan conjecture. We shall give an alternative condition which is accessible but
more technical in §[3.2] Note that the classification results given below is not affected by
this change. Two A-parameters are equivalent if they are @—Conjugate. The set of equiv-
alence classes of A-parameters for G is denoted by ¥(G). For ¢ € ¥(G), we write Sy (G)
for the centralizer of the image of ¢ in G, and set Sy(G) = S¢(G)/S¢(G)OZ(CA¥)F. An
A-parameter ¢ is elliptic if Sy(G)Y is contained in Z (G)F, or equivalently, Sy(G)° C Ag
with Ag = (Z (G) )°. For G = G, Ag is trivial so that this condition is equivalent to the
discreteness of Sy, (G). We write W (G) for the subset elliptic elements in U(G). Yeap(G)
denotes the subset of elements of CAP type, defined in the introduction, of Wy (G).

In what follows, we write Ap := L x SL(2,C) for brevity. We fix w, € Wg \ Wg so
that Ap = Ag Uw, Ag.

2.2 Global A-parameters for unitary groups

Here we give a description of Wy(G,,). This begins with an irreducible decomposition.

Let ¢ € Wo(G,,). Thanks to the semisimplicity of Langlands parameter, the represen-
tation ¢| 4, : Ag — GL(n,C) admits an irreducible decomposition. Moreover looking at
the action of Ap/Ag ~ I'g/p, this decomposition must be of the form

VYla, ~ @ M B GB 7 @ o(r;)P™, (2.1)

Jj=r+1

where o(7;) := 7; 0 Ad(w,), and we have imposed

R A AR
1% 0(ry) forr4+1<j<s.
Let V; be the 7;- (resp. 7 @ o(m;)-) isotypic subspace of ¢4, for 1 < i < r (resp.
r+1 < i <s). We may assume that [[._, GL(V;) is the standard Levi subgroup
[T, GL(n;) with n; := dim V;. Write ¢(w,) = ¢ (w,)? X w, with ¢(w,)? € G,. For this
to preserve each G L(n;)-component, ¥ (w,)? must be of the form
Ty
Hop)

Y(w,)? = . x; € GL(n;,C).



D y -1
Thus writing 7; 1= Y 5, ny, 7 := D[} n;, we have

PG (w0)¢(wv)0

Ns

I, (—1)1t

= A (_1)ﬁ2[n2 t(w<wo)0)7l (_1)712];21
(_1)n1[n1 I}

(=) t2,, (22)

(—=1)"0p, (1)
noting n; +n; =n —n,,
(=1)" "0, ()

(=1)"7"20,,(x2)
(=1)" "0y, (21)

This gives

diag({(=1)"""ibn, (z:) }i1) ¥ wy = ¥ (ws)’pa, (wo) (P(ws)°) x wy = 1 (wy) (2.9)
= ¥(w,)* = diag({r:(w) "™ Yoy, {(rs & 0()) (w7) ™}y py) X Wy ‘

We write A and Ag for the adele rings of I and E, respectively. wg/r denotes the
quadratic idele class character of I associated to E/F by the classfield theory. For each
1 < i < s, we shall fix a character w; of Ap/E™ whose restriction to A* equals to wy i’

Define ¢; : Ap — *G,,,, (1 <i < s) by

1—1 _®m; .
% for1 <1<
Yila, = wi T PWe _ h=te 7.0’ Yi(w,) = x; X Wy,
W' (Ti ®o(r))®™ X pw, forr4+1<i<s,

where pyp,, denotes the conjectural homomorphism Lr — Wg. w] are identified with
characters of Wg by the classfield theory.

Lemma 2.1. (i) v, is an well-defined A-parameter for G, for each 1 <i < s.
(ii) ¥ € Vo(G,,) if and only if 1; € Vo(Gy,) for all 1 <i <s.

Proof. (i) follows immediately from (2.2)). As for (ii), we have only to note that Schur’s
lemma implies

Su(G) = Cent(v), Cent(t)(Ap), Gn)) = Cent(y, ]| GL(n:;, €)) = [T Su.(Gn).

=1
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Thus we are reduced to study the ellipticity of each ;. First consider the case 1 <
© < r. Writing V,, for the space of 7;, we have V; = V., ©® C™ and

Sy, (Gr,) = Cent(1hi(w,), 1y, ® GL(m;, C)).

Then ¢ := Ad(¢;(w,)) acts on GL(m;,C) as an automorphism of order two, because
Pi(w?) = 7(w?) ® 1,,,. For ¢; to be in Wy(G,,), it is necessary and sufficient that
GL(m;,C)" is finite. Since Aut(GL(m;)) = Int(GL(m;)) % (0,,,), this forces m; = 1.
Thus n; = dim7; and ¥;(w,) acts as Ad(¢;(w,)°) o 0,, on 7;. This also implies o(7;) is
isomorphic to 7,7, the contragredient of 7.

Next consider r +1 < i < s. Similar argument as above shows m; = 1. We have an
irreducible decomposition V; = V. @& V() as an Ag-module and

Sy (Gn,) = Cent(¢i(w,y), Cidy,, x Cridy,_ ).

Since Ad(¢;(wq)) Vil a, = Vila, © Ad(w,), ¥i(w,) must interchange V, and V). These
show that Sy, (Gr,) equals the diagonal subgroup C* (idy, @ Ad(¢;(w,))idy,, ). Hence such
1; cannot be elliptic.

Define ®(G,,) to be the set of isomorphism classes of Langlands parameters ¢ : Lr —
L@, such that

e Imyp is bounded.
® |4, is irreducible.
For m € N, let p,,, be the m-dimensional irreducible representation of SL(2,C).

Proposition 2.2. Uy(G,) is in bijection with the set of finite families of quadruples
(div m;, Wi, @i)::l 2
(i) d;, m; are positive integers satisfying n = _._, d;m;.

(i) w; is an idele class character of E such that wi|ax = wgﬁfi_miﬂ.

(111) p; € PF(Gp,)-
such that wip; @ pa, % wi0; @ pa; for 1 < i # 5 <r. The bijection is given by the relation
wi(1lep) @ pa,
7\p|.»4E = - . 9

wr(@rleg) ® pa,

@1(w0>‘]gll1_1 ® ]'dl
¢(wa) = X Wq.
‘PT(wU)Jgﬁil ® 1,

Here J,, = diag(1,—1,...,(=1)™").
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Proof. We retain the notation of the above argument. We may write

Vil ap = i ® pa.
Here ¢/ is an irreducible representation of £z with bounded image whose dimension we
denote by m;. We obviously have n = >""_ d;m;.

Since o (¥;|4,) = (¥ila,)Y, we may choose an isomorphism ¢(w,) : O, 0 @) =
i o Ad(w,). This must satisfy

Ad(g}(wo)Om, (¢ (ws))) 0 ©; = @; 0 Ad(w?) = Ad(gj(w?)) o .

The irreducibility of ¢} implies @} (w, )0, (©i(ws)) = 2@l (w?2), for some z € C*. Moreover,
applying Ad(¢}(w,)) © 0,,, to this, we see

26 (wy) =@ (We)0m, (¢ (w5)) = Ad(@}(wy)) © O, (9 (w5)0m, (0}(w5)))
=2 Ad(¢;(wy)) 0 O, (i(w3)) = 2z~ i (Ad(we)wy)
=z gi(wy),
so that z = +1. Take an idele class character wj’ of E satisfying wi/[sx = wj -, where
€; € Z/2Z is such that (—1)% = z. Now one can easily check that

W™ (w)gl(w) X pw,(w) if w € L,
pi(w) = , ) -
Pi(We) X W, if w = wo

defines an well-defined element ¢; € O (Gp,).

We still have to determine ¢;. For this, we note the tensor product decomposition
On, = Ad(JE )0, @ Oq,. If we write ¥;(w,) = gi(¢)(w,) S5 @ 14,) X w, for some
g; € GL(n;,C), we have

(Wi ?) (wowwy ') @ pa,(9) = Ad(i(w,))¥; (w, )
=Ad(g:) (Ad(i(wo)) (w]'7) (w) @ pa,(9))
=Ad(g:)((W]¢}) (woww, ") ® pa,(9)),
for any w € Lg, g € SL(2,C). Thus g; must be a scalar matrix which, after a suitable
conjugation in G,,, we may assume to be 1,.. We now use the equality between

U} (wo)? =(i(wo)* T @ 14,)0n, (i (w5) " T3t @ 1a,)
:Wi(wa)ojgf,-_l ) thz;i_lgmi(Qpi(wa)o)emi(‘]%i_l)*];;di ® 1,
(DD o1,
and Y{(w?) = w!(w?)?(w?) ® 1,4, to see that ¢; = (d; — 1)(m; — 1) mod 2. We set

w; = wiw;. O

We specialize this to the case n = 4. ®y(H,) denotes the set of equivalence (i.c. H,-
conjugacy) classes of elliptic Langlands parameters with bounded image. If we embed H,
diagonally into GL(2n,C), ®¢(H,,) is exactly the set of induced representations indﬁg YE
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where g runs over the set of isomorphism classes of irreducible n-dimensional represen-
tations of L with bounded image. Then conjecturally, this is in bijection with the set of
irreducible cuspidal representations of H,(A).

Recall the standard base change map:

&:1G, 3 gxwr— (9,0,(9)) xw € “H,.

The map O (G,,) 3 ¢ — &op € Dy(H,) is an well-defined injection. For n < 3, its image
consists of p = indﬁg wg such that the corresponding irreducible cuspidal rerpesentation
IIg of H,(A) satisfies:

(i) o(Ilg) := lIg o 0 ~ II}. This forces that its central character wy,, restricted to
NE/F(AE‘) is trivial.

(ii) wm, is trivial on A*.

(iii) The twisted tensor (generalized Asai-Oda) L-function Las,i(s, 1) does not have a
pole at s = 1 in the case n = 2.

In fact, the stable cuspidal L-packets of G, (A) lift exactly to these cuspidal representations
by the base change lift corresponding to & [Rog90, 11.5, Th.13.3.3]. Thus, in practice,
we can parametrize each element ¢ € ®5(G,), (n < 3) by the irreducible cuspidal
representation Iy = & (II) of H,,(A) satisfying the above conditions.

We save n and p to denote idele class characters of E whose restriction to A* equal 1
and wg,/p, respectively.

Corollary 2.3. The set Yoap(Gy) consists of the following elements.
(1) Stable parameters.

Name Y| ag Y(we)
(La) 9y (N ® psg) X Pwy 1, x w,
(LD) Yy | [1(enles) @ pal X pwy | [0 (we) 2 @ 1o] X w,

Here I runs over the set of stable L-packets of Go(A) containing a cuspidal representation.
(2) Endoscopic parameters.

Name V] ap P (wo)
Cayu, | (n®ps) @) X P, (1)
1

(2.b) Ym,y, (n®p2) @ 90%|£E) X Pwg (¢%<w0)2> X Wo
(2.¢) ¥y | (M@ p2) & (0 ® p2)) X Py ( 1 12) X W

1,
(2.d) Yyu | (N®p2) ®p® ') X pwy L[] 3w,

1

Here, in (2.a) pp = (p, ') and p' can be p, in (2.b) Il and @n are the same as in (1.b), in
(2.c)n=(n,n') withn #n', and in (2.d) p = (p, ') with p 7 p'.
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3 Local A-parameters and induced representations

From now on, we turn to the local situation and study the local A-packets associated to
the parameters listed in Cor. Thus let E be a quadratic extension of a local field F’
of characteristic zero. We write ||p for the module of F. We adopt analogous notation
as in the global setting such as g r := Gal(E/F) = (o), I' = Gal(F/F), Wr and
w, € Wg \ Wg. The Langlands group of F is given by ([Kot84l § 12])

Lo W if v is archimedean,
e Wpg x SU(2) if v is non-archimedean.

3.1 Local A-parameters for G4

First we recall some general construction from [Art89]. Let G be a quasisplit connected
reductive group over F' and “G be its L-group. An A-parameter for G is a continuous
homomorphism ¢ : L x SL(2,C) — LG such that

(i) ©¥|w, is semisimple and has bounded image.

(ii) The composite Wp LG 22 W is the identity.
(iii) v restricted to SL(2,C) or SU(2) x SL(2,C) is analytic.

Again we remark that the boundedness condition in (i) might be too strong for our
purpose, since the generalized Ramanujan conjecture is not yet known. An appropriate
alternative condition will be given in § (Rem. B.5)). The notion of equivalence and
ellipticity for A-parameters are defined in the same manner as in the global case. Also the
groups Sy(G) and Sy(G) are defined. Although we consider only elliptic global parame-
ters, the same is not always true for their local components. Thus we have to classify the
whole ¥(G) in the local case. For this, we use the reduction argument of [Art89, § 7].

Take a maximal torus A? in S (G) and set MY = Cent(A¥, G). Recall that we fixed a
splitting spls = (B, T, {X}) of G in the description of “G. Taking a suitable G-conjugate
of 1), we may assume A¥ C 7 and that M MY is a standard Levi subgroup of G with respect

o (B,7). Thus we have a standard parabolic subgroup PY = MYU* of G. One can
check that this is stable under the I-action pg. In fact, since 1)(Wr) commutes with AY,
Ad((Wr)) preserves the weight decomposition under Ad(AY¥) so that

Ad(p(w))PY = PY, Yuw € Wp.
Writing 1(w) = ¢¥°(w) x w with ¥°(w) € G, this becomes
pe(w)(PY) = Ad(°(w) ) PY, Yuw € W.

Since pg(w)(PY) is again standard, we have pg(w)(P¥) = P¥ and ¢°(w) € P? for any
w € Wg, as claimed.

Since G is quasisplit, we can fix its F-splitting spl, = (B, T,{X}). We now define
PY = M¥UY to be the standard parabolic subgroup of G with respect to (B, T) having

Lpy — p¥ xq pe Wr as its L-group. The above discussion allows us to view 1 as an element
of W(MY).
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Lemma 3.1. ¢ € Ug(MY¥). As a consequence, we have the disjoint decomposition
V(@) =[] Wo(M)/W(M).
[P]
Here, [P] runs over a system of representatives of the associated classes of parabolic sub-
groups of G, and W (M) := Norm(Ay, G)/M is the Weyl group of Ay in G.

Proof. Tt follows from M¥ = Cent(AY,G) that A¥ C Ay. Since AY is a maximal torus
in Sy (G)°, we have

Sy(M¥)° = Cent(h, Cent(A?, G))° = Cent(A?, Sy (G)°) = AY C Ay
]

In the G4 case, a system of representatives of the associated classes of parabolic sub-
groups is given by the set of standard parabolic subgroups with respect to By. This
consists of P, = M;U;, (i = 1, 2) with

a4 ac H1
Mlz ml(aug): g gEG’ )
015‘(@) 2
Ly o |B—(y,y)/2
I ~5(y = (y".y) e W
U, = Ul(?/aﬁ) = 1 ~(7§//)) Y (z Gy(GL ! )
1

(IGHQ},

= s = ()
v = (40) | G0

and G4, B4. Notice that our numbering of standard parabolics has been changed from
[Kon98]|, [Kon01]. Here, for an algebraic group G over F', we write  for the F-automorphism
on Rg/pG associated to o by the F-structure of G. (Wi, (, )) denotes the hyperbolic
skew-hermitian space (Rg/rG,)? with the form

((@",2"), (y" y)) = 2" (y) — 2'a(y").

¢ denotes the main involution on My: “(2 %) = (4 0).

Again as in the global case, we save n and u for characters of E* whose restriction
to I’ are 1 and wg/p, respectively. Here wg/p is the sign character of F'*/Ng/p(E>).
Any quasi-character w of E* is identified with a character of Wg by the local classfield
theory. For a connected reductive group G over F, we write II(G(F)) D i (G(F)) D
Hiemp(G(F)) D Hawse(G(F)) for the set of isomorphism classes of irreducible admissible,
unitarizable, tempered and square integrable representations (Harish-Chandra modules
if v is archimedean. This abuse of terminology will be adopted throughout the paper.
See § 3.4.1]) of G(F), respectively. If F is non-archimedean, we write Ilous,(G(F)) for
the subset of Ilgs.(G(F)) consisting of supercuspidal elements. Finally we write Ap :=

Lr x SL(2,C) as in the global case.
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Proposition 3.2. The equivalence classes of A-parameters for G4 with non-trivial re-
strictions to SL(2,C) are the followings. The reference to the global situation indicates
the numbers in Cor. [2.3.

(G) Uo(G) consists of the following six types of elements as in the global case.

(i) Stable parameters.

(a) 1, defined similarly as in (1.a)

(b) Yn,, defined similarly as in (1.b). In the local case, the stable elliptic L-packet
IT has the base change lift Iy = & (I1) € Tgisc(Ha2(F)) such that o(Ilg) ~ 11},
wig|rpx =1 and Lasi(s,I1g) is holomorphic at s = 0.

(i1) Endoscopic parameters.

(a) b, defined similarly as in (2.a), where p = (p, ') and p' can be p.

(b) Yn,, defined similarly as in (2.0), where 11 is the same as in (G.1.b) above.
(¢) ¥y defined similarly as in (2.c), where n = (n,n') with n # 7'

(d) ¥y, defined similarly as in (2.d), where p = (p, ') with p # p'.

(My) Wo(My) consists of the parameters Y M (w € My (EX)):

w7’r]7

Vomlas = (W o)) & @ p2)] X pwy, Vi (we) = [(w(w]) & 1) & 1] 3w,

(My) Wo(Ms) consists of the parameters ™2, (w € My (EX)):

[

[(w(w?) @ 1) @ 1a] X w,.

Vo las = (W ® p2) ® (0(w) ™ ® p2)] X pw, 5" (w5)

Proof. The elliptic cases are similar to the global case. The only point is that a stable
Langlands parameter ¢p for Gy is elliptic if and only if Il € IHgsc(H2(F)) (see for
example [GL79]). The characterization of the image of the local base change in terms of
the Asai-Oda L-factor is due to Goldberg [Gol93] (at least in the non-archimedean case).
The parabolic cases are well known (cf. [Rog90]). O

3.2 Review of the local Arthur conjecture

To obtain the local A-packets associated to the parameters in Prop. 3.2 we postulate
some local assertions of Arthur’s conjecture.

Let G be a connected reductive quasisplit group over F'. We retain the notation of
§ B.1} For an F-parabolic subgroup P = MU of G with a Levi component M, we have
the real vector spaces ay; = Hom(X*(M)p,R) and a};, = X*(M)r ® R dual to each
other. Here X*(M)r is the lattice of F-rational characters of M. We have the map
Hy : M(F) — ayy defined by

exp(x, Hu(m)) = |[x(m)|r, Vx € X*(M)p.

Using this, we define the character e* : M(F) — C* associated to A € aj; ¢ = a}; ®r C
by e*(m) = m* := eMHum) Tf we write Ay, for the maximal F-split torus in the center
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of M, the set ¥Xp of roots of Ay in P can be viewed as a subset of a},. Similarly the set
¥}, of corresponding coroots is a subset of ap;,. We write Ap and A}, for the subsets of
simple roots and coroots in Xp and XY, respectively. Write

apti={A€aj|a’(\) >0, Vo' € AR

For ¢ € ¥(G), we define
ty : Gp(C) 5t — (t t1> e SL(2,C) . 4.

After a suitable @—conjugation of 1, one may assume that p,, € X,(7) and
a’(uy) >0, Va¥eAB,T)=AYB,T).

Here A(B,7T) denotes the set of simple roots of 7 in B. Then J\/I\w = Cent(fiy, Q) is a
standard Levi subgroup of @, and we write ﬁw = Z\//Zp[/}w for the corresponding standard
parabolic subgroup. Since ji is stable under Ad(y(Wp)) C Ad(]\/f\w) o pa(Wr), we see
that ﬁw is pg(ﬂ/{F)—stable. We obtain a standard parabolic subgroup P, = M,Uy of G

having L Py, := Py, x1,, W as its L-group. We can view 9|z, as an element of W(My).

For an admissible representation (7,V) of M(F) and X € aj,¢, (IF(7:),I5(V))) de-
notes the parabolically induced representation indgg; (A @1y ()] with (1) = e*@T, V) =
V). If 7 € Tiemp(M(F)) and A € ap", we write JS(7,) for the Langlands quotient of
I§ (7). For any admissible representation 7 of finite length of G(F), JH(w) denotes the
set of isomorphism classes of its irreducible subquotients.

Let x be a non-degenerate character of U(F) in the sense that its stabilizer in B(F') is
Z(G)(FYU(F). A x-Whittaker functional on an admissible representation (m, V') of G(F')
is a (continuous if F' is archimedean) linear functional A : V' — C satisfying

A(m(u)v) = x(u)v, Yue U(F),velV.

We say (m,V) is x-generic if it admits a non-zero y-Whittaker functional. When 7
is irreducible, it was shown by Shalika that the space of y-Whittaker functionals on
V is at most one-dimensional [Sha74]. We write W = W¢ for the relative Weyl group
Norm(Ag, G(F'))/T(F), where we have written Ay := Ar. It is a Coxeter group generated
by the simple reflections r, associated to the simple roots a € Aq of Ag in B. In particular,
we have the associated length function /g on W. We write w_ = w? for the longest
element in W. In what follows we identify W with its fixed system of representatives
in Norm(Ag, G(F)). For a standard parabolic subgroup P = MU, we set wy = w§; :=

w_(wM)™! € G(F). We recall the following from [Sha&1].

Proposition 3.3 ([Sha81], Prop. 3.1, 3.2). Let x and P = MU be as above.

(a) xu = Ad(w}y, ) x|um(ry is a non-degenerate character of UM(F) C M(F). (Note that
this depends on the choice of the representative of wys !)

(b) Let (1,V) be an admissible x-generic representation of M(F) and A be a xu-
Whittaker functional on it. Then the integral

IS(Ay. ) = / o, MO, 6 € IV
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converges absolutely for any A € ay,c and defines a x-Whittaker functional on IS(Vy).
Moreover 1§ (Ay, e*¢) is holomorphic in lambda for any ¢ € I§(V).

We can now state the local Arthur conjecture which we shall need.

Conjecture 3.4 ([Art89] §§ 6, 7). (A) For each ¢ € Vo(G) there exists a finite subset
II,(G) C Hunit(G(F)) called the A-packet associated to . Let us write ®o(G) for the
subset of ¢ € Vo(G) such that |spiec) is trivial. Then we should have the disjoint
decomposition

Iaise (G(F)) (3.1)

[
=
=
P
)

For general ¢ € U(G), we have the A-packet I1,(M") attached to ¢ € Wo(MY). Then we
define

MG = |J JHILM).

W€H¢(Mw)

Notice that 15, () is completely reducible since m is unitarizable. Writing ®iemp(G) for
the set of ¢ € ®(G) with plspec) = 1, we deduce from (3.1) and the Harish-Chandra’s
classification of tempered representation that

M GF) = [ T6).
PEPtemp (G)
(B) (1) Part (A) asserts the existence of the packet Iy, (My) C Iunis(My(F)) associated
to Ylep € Premp(My). The A-packet 11,(G) should contain
IT,(G) = {J5, (,) | 7 € Ty, (My)}.

(2) Fiz a non-degenerate character x of U(F). For ¢ € ®y(G), I1,(G) should contain a
unique x-generic element 6, (the generic packet conjecture). For ¢ € Qienp(G), we have

M, (G)= [ JHUE()).

eI, (M?)

Applying Prop. I1,(G) contains a unique x-generic element 7, € JH(IS,(dy,,.))-
Finally for general ¢ € V(G), Iy, (My) contains a unique X, -generic element Txary,
The element

Ty = ng (TXMw#lw) € Hi/;(G> C Iy (G)

is called the x-base point of I1,(G).
(C) (1) There should be a function (, |my)y : Sy(G) x 1Ly (G) — C satisfying the following

conditions.

(a) For m € II,(G), Sy(G) 3 5 — (s,m|my)y € C is a class function such that
(1, m|my )y € RY.

(b) If we write 5y for the image of (1 x —13) € Sy(G) in Sy(G), then there exists a
sign character ey (,mw|my) : Syp(G) — {£1} such that

(88, M| Ty )y = ey(8y, Ty ) (5, T Ty )y, V5 € Sy(G).
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(2) If we define (. |my)y @ Sy, (My) x ILy(G) 3 (5, T8, (1,)) = (5. 7|7, dule, € C
then the following diagram commutes.

I,(G) 371 —— (,7lmy)y € Sy, (My))

inclusionl linclusz’on

Iy(G)am ——  (,mlmy € I(Sy(G)).

Here I1(Sy(G)) is the set of isomorphism classes of irreducible representations of Sy(G),
whose elements we identify with their characters.

Remark 3.5. Since the generalized Ramanujan conjecture is not yet known, A-packets
I1,(G) for ¢ with (Wr) bounded might not be sufficient. Thus, in this paper, we replace
the condition (i) in the definition of local A-parameter by the following.

(i) Ylwy is semisimple. Each member of the L-packet Iy, (My) appears as a local
component of some cuspidal automorphic representation which is not of CAP type.
Also the L-packet HQD(G) is contained in i (G(F)).

3.3 Non-supercuspidal representations of G4(F)

In this subsection, we assume F is non-archimedean and calculate IT},(G4) for the elliptic
1 in Prop. 3.2l We first review the classification of Iy (G4(F)) from [Kon01].
n defines a character n, : Gi(F) 3 zo(z)™' — n(z) € C'. We write g, for the

composite G, (F) 2 G1(F) I C'. Similarly for a character w of E*, we write wy,,
H,(F) > h — w(deth) € C'. We express irreducible representations of standard Levi

subgroups of G(F') = G4(F) as follows.

WA : T(F) 3 d(ar, a2) — wi(ar)]ar | wa(az) a3 € T,
W\ @7 : My(F) 3 mu(a, 9) — w(a)lal n(g) € GL(Vz),
7\ My(F) 3 ma(a) — |detal ) *7g(a) € GL(Vis,).
Here w = (w1, ws), w;, w € H(E™), (1g, Vi) € H(Hy(F)), (7, V;) € II(Go(F)), and | |g is
the module of E. Also d(ay, as) = diag(ay, as, o(as) ™, o(a;)™t) € T(F).

Recall that the endoscopic liftings in the following three settings were established by
Rogawski [Rog90, Ch. 11].

Standard base change for Rg,rG, This is the endoscopic lifting from the twisted en-
doscopic data (Gz,*G2,1,§,) for (Hz,0205,1) (see [KS99, Ch. II]), where

(n(w)g, n(w)'02(g)) x w  if w € W,

e 'H,.
(9,02(9)) ¥ wsy if w=w, ?

fn:LGgagwa{

Twisted base change for Rg/rG> This is the same as above except that the twisted
endoscopic data (Ga, "G, 1,£,) is given by

(n(w)g, p(w)'02(g)) x w if w € W,

e lH,.
(.ga _92(g)) X Wo if W = Wy 2

fu:LGgagwa{
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Endoscopic lift for GG, This is the endoscopic lifting from the unique elliptic endoscopic
data (G%,%(G%), s, \,-1) for G,. Here

ap(w) > xw ifweWg
Z w ’
At 1 H(G2) 3 (21, 20) % w — 2 e LGy,
A X W,
Z2

if w = w,

It follows from (the local analogue of) Prop. that the elliptic endoscopic parameters
for Gy(F) are of the form

0 1
Pulee = (WO ') X pryy,,  @ulwy) = (—1 0) e

We recall from [Rog90] that the corresponding L-packet of Gy(F) is
M, (G2) = A1 (1@ (07 1))
This description is valid even if p = p/'.

Lemma 3.6. The Langlands data (Py, 1Ly, (My), py) for the elliptic local A-parameters
in Prop. (G) are given by the following.

A-parameter | Py | py | Iy, (My)
(1.a) ¥y, B | (3,1) nRmn
(1.b) ¥n, kB 1 p, g
Za) v, | P | 2 |upel,(G)
(Qb) ¢H,77 Pl 1 T]®7T
(2.¢) U, Pl 1 | (e
(2.4) Oy, | P | 1 | n©I,, (G

Here in (2.b), 7 is the unique member of I1.

This is an immediate consequence of the description of parameters.

Now we recall the results of [KonOI] on the composition series of Igw(m s)s T €
1Ly LF(Mw) in the above lemma. We write 6/’ for the Steinberg representation of a con-
nected reductive group H(F'). We often drop the subscript 4 and write G = G4. We fix a
non-trivial character ¢ of F. This determines a non-degenerate character xyZ of U (F')
such that

1 T12 ... Tin
1 .. . 1 n—1
Xf( ) . ' ) = wF(gTrE/F (Z $i,i+1)),
v Tp—1n i=1
1

and its restriction to U, (F') gives a non-degenerate character y,. We also fix a system
of representatives of W in Norm(Ag, G(F)) as follows. Write «;, (i = 1, 2) for the simple
roots of Ay in G given by

ay(d(ar,az)) = aray*,  as(d(ar,as)) = a3.
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If we write r; € W for the reflection associated to «;, W is the type C5 Weyl group
generated by them. We choose a system of representatives so that

1 1 1
-1

ry = ry = , w_ =

1|’ -1 0
-1 1 -1

These choices assure that xu = x|um () for any standard Levi subgroup M C G. All
the equalities are those in the Grothendieck group of admissible representations of finite
length of G(F').

(1.a) For v, we have

5 (nl3] @ 1)) = nads + J5 (n[3] © 16,05°) + J5, (1m0 [2]) + 16

nco§ € Maise(G(F)), ng € Munit(G(F)) but the other two constituents are not unitarizable.
(1.b) For 411, we have the following two possibilities.

(i) If IT is supercuspidal, we have
15, (e p(1]) = 05 (na,Me) + J5, (e, 1e(1]),
where 05 (11, 1) € Taise(G(F)) and JJ% (1 p(1]) € Wi (G(F)).
(ii) g = nw,00%. We have
15, (1) 11,65 [1]) = 65 () + + & (i) + T, (1) 0 [1]),

where 65 (un)+ € Tlgise(G(F)) are labeled in such a way that 6§ (nu), is y-generic.
T, ((1m) 12,65 [1]) € Munie(G(F)).

(2.a) For v, again we have two cases.

(i) If p # p', then the L-packet II,, (Go) consists of two distinct supercuspidal rep-
resentations 72 (p)1 [Rog90, p. 172, (5)], and only one of them, say, 7% (u), is
X2-generic. We have

16, (uf2) © 7 ()2) = 05 (s + JG, (uf2] © 7 (1)),

Here 65 (11)+ € Haise(G(F)) and 6§ () 4 is x-generic. J§ (u[2]@7 (p)+) € M (G(F)).

(ii) If p = 4/, then II,,(G2) consists of the limit of discrete series representations
792(11) 4, where only 76¢2(u) is xo-generic [Rog90, p. 172, (6)]. We have

I (u[2) © 792 (1) 1) = 0§ (1)x + J5 (2] @ 7% (1) x) + J5, (166 (1)),

where 65 (1) + € Haise(G(F)) and only 65 (11)+ is x-generic. The other constituents
are also unitarizable.

(2.b) The following three cases occur for ¥ry,.

21



(i) If IIg is supercuspidal, then so is 7 and
15 (1) & 7) = 661, m) + S, (1) @ ),

where 67 (n, m) € Haiso(G(F)) and J§ ([1] @ 7) € e (G(F)).

(ii) If Hp = 0}, 65" with o/ # n, then = n’G25OGQ. We have
I5, (n[1] @ 16, 867) = & (n) + J5 (n[1] © 0z, 05).-

We have written 7 = (1, 7') and 6§ () € TMaie(G(F)), J& (n[1]©16,65*) € Munit (G (F)).

(i) If 7 = 9g,05?, then
I§, (1] © 06,057) = 076 (6°) + Jp, (n[1] © 16,86),

where 7§(65) € Miemp(G(F)) and JE (n[1] ® 16,65?) € Wit (G(F)). For later use,

we also recall
I3 (1] ® ney) = nety (1a,) + Jp2(1H2 (nemn)1]),

76/ (16,) € Heenp(G(F)), JE, (I (n @ )[1]) € Moo (G(F))-
(2.c) For 1, we have

-’PQ(—,H2 (n@n")[1]) =65 (n )+JP1( 1 }®77025G2)
+ I8, (7' [1) @ n6,05) + J5, (I (n @ 11 )[1]),

where 6§ (n) is as in (2.b.ii). The other constituents are also unitarizable.

(2.d) For 4, ,, we have

I5 (1] @ 7% (@) ) = o (0, )= + Jp (1] @ 7% ()2,

where 6§ (1, )+ € Tlaise(G(F)) and only 6f (n, p)4 is x-generic. Jg (n[1] @ n92(pn)+) €
it (G(F)), and 72 (p) 4 are as in (2.a.1).
We are now ready to determine the packets IT},(G) associated to the parameters in

Prop. 3.2

Proposition 3.7. The L-packets 11, (G) and their x-base points for the elliptic ¢ in
Prop. (G) are given by the following.

A-parameter | Sy(G) IT,(G) x-base point
(1.a) ¢, trivial {nc} e

(1) v, | rivia UG o1} 75 (i 1511
Zaji, | ZPZ | UGG o) |ms e 1, (G} | IS (2l @)
(2.5) Yuy /21 {JB, (1] ® )} JB, (n[l] ® )
(2.¢) Yy 722 {J5, (Ign (n @ 0)1])} T8, (I (n @ 1 )[1])
(2.d) Yy | (Z)2L)° LR 0] @ 7% () TE 1] © 7% (),
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Here in (2.a) and (2.d), the elements of I,,(G2) are labeled so that T, is x2-generic.

Proof. The only thing that does not follow from the above list is the description of Sy (G).
Since the argument does not change, we consider the global case. Recall the description
of ¥ € Uy(G,) of Prop. 2.2 Tt follows from Schur’s lemma and the form of ¢(w,) that

~

Sy(G) = (Z/2Z)". Since Z(G,)" is the diagonal subgroup Z/2Z of S;(G), we obtain
Sy(G) ~ (Z)2Z) . O
3.4 Induced representations over the real field

In this subsection, we consider the case F,/F, ~ C/R. Each of the characters n and p of
C* are written explicitly as

ni(z) = (2/2)%,  1(2) = (2/2)"% a€2Z,be2Z+1,

so that 7% = (n*)? and u® = (u!)’ as notation suggests. Since Hgis.(H,) is {7 }acoz if
n = 1 and empty otherwise, the Langlands parameters for G,, are given by the following.

(i) ®o(G,,) consists of the elements ¢,, where a = (ay,...,a,) € (2Z+n+1)" satistying
a1 > ag > -+ > ap:

diag(n™,...,n*) if n is odd,
Palwe = { p(wy) = In X w,. (3.2)

diag(p®, ..., u%) if n is even,
(ii) As for general parameters, we have the decomposition (Lem. [3.1)

[n/2]
O(Gn) = [ @o()/w(ar0),

where P = M™ U™ is the standard parabolic subgroup with M) ~ HT x G,,_,.

(iii) ®o(M ™) consists of the elements ¢y, 4, (b € Z", v € C", a € (2Z+n+1)""%") given
by

¢Q,E7Q|W<c = diag(wbhl/lv s Whers SOQ’WC; Whr,—vpy + - - >wb1,—l/1) X idch
Oy a(Ws) = diag(L,; I,—op; (=), ... (=1)").

Here wy, (2) = (2/2)Y?|2|%, (z € CX).

3.4.1 Explicit Langlands classification for G5, G4

In this section we describe the L-packets associated to the parameters listed above for
the unitary groups in two and four variables by means of Vogan’s Langlands classification
[KV95], [Vog84]. The groups to be considered are U(1,1), U(2) and U(2,2). We first
prepare some notation for general U(p, q), an inner form of G,,.
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Thus we take an R-form G, , = U(p, q)(R) of G,

Gp,q = {g € Hm(R) |tg[p7qg = IpvQ}’ Ip,q = diag(lp, _lq)-

G4 has the Lie algebra
= —a € M,(C)

o=, 0)® = { (G ) | G2 hErie) € Mu(©)].

whose complexification is denoted by g = gl(m, C). As usual, we take the Cartan involu-
tion 6, , = Ad(I,,) on g,,, which determines the Cartan decomposition g =, , @ p,¢:

¢ a a € M,(C) o 0, b beM,,(C)
P d)| dem,c) [+ Pra T\ T0, )| ceM,,(©) [
The corresponding maximal compact subgroup is
K. - ky ki € U(p)
L] kQ kz € U(Q) '

We write T' ~ U(1)™ for the diagonal fundamental Cartan subgroup of G, ,, and t for its
Lie algebra. Writing X*(T') = >_.", Ze; with the standard basis

ta
td

€; . T> diag(tl, Ce ,tm) [— tl S Gm,
the set R(g,t) of roots of t in g is given by R(g,t) = Rept L Ryept where

1<i#j<por
p+1<i#j<m [’

1<i<p }

cht - R(Ep’q, t) = {ei — €j

&WH:M%mGZ{i@¢% p+1<j<m

are the sets of compact and non-compact roots, respectively. We use the basis {¢;}1<i<m
to identify t* with C™.

In what follows, we call an admissible (g, 4, K, ,)-module as an admissible represen-
tation of G, , by abuse of terminology. Similarly, a (g, ,, K, ,)-module is called a smooth
representation of G ,. This latter terminology is quite unusual, but it is harmless for
our purpose and avails us to unify our descriptions in archimedean and non-archimedean
cases.

Discrete L-packets For cach elliptic parameter ¢, € ®¢(G,,), the corresponding L-
packet I, (G)4) of G, 4 contains ,,C), = ,,C, distinct discrete series representations. In
fact, for each permutation

(ail,...,aip;ajl,...,ajq)

of the ordered family a satisfying
Qiy > Qjy > =00 > Ay, Ajy > Ay > 000 > Ay
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there correspond the discrete series representation 6(A) with the Harish-Chandra param-

eter
1
)\ = §(az~1,...,aip,ajl,...,ajq).

If we write B for the upper triangular Borel subgroup (over C) of G, then the BNK, , c-
highest weight of the minimal K, ,-type in d(\) is given by

1 1
A::)\—|—§ Z 04—5 Z «,

aeRrTcpt()‘) aER:—pt(A)

where Ry (A) := {& € Ry | aY(X) > 0}, REi(A) == {a € Repe | @¥(A) > 0}. We apply
these to the groups Ga, G11 and G55 and obtain the following.

Lemma 3.8. The members of the discrete L-packet 11, (G, q) for (p,q) = (2,0), (1,1),
(2,2) are given by the following table.

Group | S,(G) 2\ A Comments
G270 Z/2Z (al, CLQ) <a12—17 a2;—1)
(ar;as) (et 2-ly holomorphic
Gia Z/2L (ag;ay) (“22_1 ‘“2“) anti-holomorphic
a1, ag; as, a4 atl a2+3 a3—3 a4t holomorphic

2
a1 1 a3+1 as— 1 as—1

2 2
(l1 1 a4 1 ag— 1 az+1

[0

Gao | (Z)272)°

2 2
as— 1 a4 1 a1+1 az+1

ww

’ 2
asz— 3 a4 1 al +1 as+3
2 ) 2

(45 )
(45 )
( 2 2 )
(ag 1 a3+1 a1+1 as— 1)
( )
( )

anti-holomorphic

Limit of discrete series L-packets Here we recall the classification of the limit of dis-
crete series representations from [Vog84, § 2|. The limit of discrete series representations
of G, , are in one-to-one correspondence with the pairs (A, V) of

_1/—H —N— — ——
o)\ = )

1
: +
S, an G a0 an Gy ap) € S(2Z 4 m+ 1)PT

e U is a positive system in R(g,t),
satisfying the following conditions.
(i) a; > ay > --- > a, (weak dominance for compact roots);
(i) |k — 4] <1, (1<i<r)
(iti) ¥ contains RE, :={e;—e;|1<i<j<p orp+1<i<j<ml
) @’(A) =0, (Va € U);
)

(iv

(v) (Condition (F-1) in [Vog84]) Any W-simple root « satisfying a¥(A) = 0 must be
non-compact.
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The corresponding limit of discrete series 7(A, ¥) has the minimal K, ,-type with the

highest weight
1 1
A=)+ 3 Z a—3 Z «Q,

aE\Ilncpt Oée\Pcpt

where Wep := W N Rept, Ynept := VU N Ryeps. Also this has the Langlands parameter ¢,
given as in the discrete series case (3.2)) but with the singular parameter

o\
(7 ~N Vs ~N p+q
a:=(ay,...,a1, . Uy Uy ALy ey ATy e ey Oy e ey Gy) € (2Z 4+ m 4 1)PT9.

Specializing these to Gy and G4, we have the following lemma. Since g = gl(m, C), the
set of positive systems ¥ are in one-to-one correspondence with that of permutations
(01,...,0m) of (1,...,m) by setting:

\P:{ei—ejllgi#jﬁm,oi<aj}.
Also notice that G has no limit of discrete series representations by the condition (v).

Lemma 3.9. The limit of discrete series L-packets for G, and Gao are given as follows.
Notice that the L-packet is determined by a modulo permutation.
(i) Gy 1-case. There is only one type of such packets.

2\ v Representation A
(172) T<)\)+ <a217 agl)

a’; a a— a
GO @] (gt

(ii) Gao-case. We have the following types of limit of discrete series L-packets.

Case 2A v Representation A
. (1737274) T(A)-‘r (aTl’%ll’a%l’a_;l)
O | @oed 14| ) (22,551, =1 )
(1,3,2,4) (Vs (2, et al el
‘ (1 3 4 2) T(A)+_ (a1+1 as—1 a;—1 a2+1)
9 : 3 9y Iy . 2 . ) . 2 . 2
B A IR e e
T o ai a2—1 a1 as
5 Ly Xy 2 2 2 0 2 0 2
(2 11) (ala G2; a1y, a’l) (37 1747 2) T(A) <a12_17 a22_17 a1;17 alil)
’ (a17a17a17 2) (1737274) T<)\) (aal_ig_—i_lla:g;a:lz_ll7:22_11)
(2111) (a17a27a2’ 2) (173’2’4) 7—()\) (a12 1’ a22 1’ a2+1’ a2+1’)
(a a2; 01, Q 2) 537 17 47 2; 7&(?) (( 22+1 22+17 12 17 . 1))
1,3,2.4 O\ R TR TS
‘ (a17a27a1aa3) (3’1’2’4) T()\)i_ ((llz 1 a2+1 a1+1 a3z 1)
(3.1) ( ' ) (1’3>4’ 2) 7_()\>+ (a1;-1 a3 1 a1 1 agg-l)
ai,as;ai, az (3’ 1’ 4’ 2) T()\>, (a12 1 a3 1 a1+1 (Lz;l)
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Case 2\ v Representation A
(1727374) 7_()\) (a1+1 a2+3 ag 3 az— 1)
(3 ) (a17a2§(12,a3) (1,3’2’4) T()\)i_ ((llzl-l (lg—l—l (L2 1 agz 1)
A1 a a a a
(a e ) (3,1’4’ 2) 7.()\)+ ( 22 1 3 1 1+1 2;—1)
2, W3, U1, W2 (3, 4’ 1, 2) T()\), (a22 3 af; 1 a1+1 a2;—3)
(1,3’2,4) 7_()\) (a1+1 a3+1 ag 1 ag—l)
(3 ) (a17a3;a2,a3) (1,3’4’ 2) T()\)i (algi-l a3 1 ag 1 a33i—1)
11 az a ai a3 —
(0, a5 0y, a) | S 12 T(A)+ (1 a1 a2t or)
2, U3, 1, 43 (37 17 4:7 2) 7_()\) (a22 1 a3 1 a1+1 agékl)

The other L-packets We now give a list of the rest L-packets for G;; and Goo. We
begin with the G ;-case.

Recall the Borel pair (B, T3) of Gy. Each ¢ € ®g(T5)/W(Ty) is of the form ¢y,
(b € Z, v € C/{£1}) in the notation of p.[23] We always choose v so that Rev > 0. If
b is odd and v = 0, this is of limit of discrete series type treated in Lem. (i). In the
other cases, we have

My, = {J5: (@)},

which belongs to Iliemp(G11) if and only if Rev = 0. Here, for Rerv = 0, we have written
e (W) = I52 (Wh)-

Next comes the G o-case.

(i) Each ¢ € ®o(M;)/W (M) is of the form ¢y, , (b € Z, v € C/{£1}, a = (a1, as),
a; > ay € 27 + 1) in the notation of p. . We always take v such that Rerv > 0.
The case v =0, b € 2Z + 1 is treated in Lem. (ii). In the other cases, we have

g, = {J%’Z(wb,y ®0)[6 €Il (Gi1)}, p=(u",pu™).

(ii) Each ¢ € ®(Ty)/W2 is of the form ¢y, (b = (b1, be),v = (v1,1n)) € (Z* x
C?)/W¢&22). The diagonal action of W2 on the C?-component is as usual, while
that on Z2-component factors through Ss.

(a) If v, = 0 and by € 2Z + 1, ¢, is a limit of discrete series parameter ¢y,
for My, with b = b € Z, v = v; € C/{£1}, a = by € 2Z + 1. Further if
v1 =0, b € 2Z+1, this gives the limit of discrete series packet in Lem. (ii).
Otherwise, we have

M, , . (Gas) = {J5* (wpy @ T(a/2;a/2)+)}.

(b) Otherwise, we may assume Rer; > Revy > 0. Il  (Ga,2) consists of the unique

irreducible quotient of Igj’Q(wbhyl ® Why y)-

3.4.2 The packets Hip(GQ,?)

By the same reasoning as in the beginning of this section, the equivalence classes of
A-parameters for Go o are
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(M) Yot (beZ,veiR, ac?27);

Wb,uvna’

(M) M2 (b e Z, v € iR).

Wy, ?

Using the lists in § [3.4.1], we have the following archimedean counter part of Prop. [3.7]
We take the non-trivial character ¢g(z) = €>™~1* of R, and use it to construct the
non-degenerate character x = x,, of U,(R) as in p. [20]

Lemma 3.10. The L-packets H;(G) and their x-base points attached to the elliptic 1 in
the above list are given by the following.

A-parameter Sy(G) IT,(G) x-base point
(1.a) Yye trivial _ {ng = det®?} ne

Tp, (0 2] @ 6(%5 %)) at o a
(2'0’) ¢BQ; (al > a2) Z/QZ { Jplz,g (Nfal [2] Q 5(%—2; (12_1)) } ‘]]gl (//J [2] ® 5( 27 9 ))

Tt (2] @ 0(5: %)) 2] & 5(22; 4
(2.@) 770&&’ (al < CL?) Z/QZ { JP12,2 (:U’al [2] ® 5((12_2; ,12_1)) } ng (//J [2] ® 5(?’ 7))
(2.0) Yo, (a=(0,0) | Z/2Z | {JpP(Rl@7(5:5)0)} | o (2@ 7(5,5)+)
(2.¢) Yy 2/22 | {JpUgpm @ n))} | Jp 2 Uga (" @ n%)[1))

2 Jg(ﬁa[1]®5(a—§§%)) a ai. az

(2d) 1/)77“7g17 (CL1 > a2) (Z/QZ) { ngl (na[l] ® 5(%2; %1)) } ng (TI [1] & 5( 21 9 ))

4 Restriction rule from GU(2) to U(2) via base change

In this section we assume F’' is non-archimedean. We shall extend the base change lift of
representations of Go(F') to Ha(F') [Rog90] to the corresponding unitary similitude group
GUpg/p(2). Then we compare it with the base change lift for GL(2) [Lan80] and deduce
the restriction rule for irreducible representations of GUg,p(2) to Go(F) = Ug/r(2).

4.1 The groups

Throughout this section, we change the notation a little so that we write G = Gy, G =
GUg/r(2) the quasisplit unitary similitude group in two variables, and G’ := GL(2)p.
More precisely, for any linear algebraic group H over F', we write Rg/pH for its Weil’s
restriction of scalars from E to F'. Thus Rg/pH(R) = H(R®p E) for any commutative F-
algebra R. If further R is an F-algebra, we have from F@p E ~ E® E that Rg/pH(R) =
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H(R®p E ®p FE) ~ H(R) x H(R). Thus the scalar extension (Rg/pH)g is isomorphic
to Hg X Hg, where the factors correspond to 1 and o € Homp(FE, F'), respectively. There
exists an E-automorphism & = 6 on (Rg,pH)g which is transported to ¢(x,y) = (y, )
on Hg x Hg. On the other hand, the generator o of I'g/r acts on each Hr components
while it also transposes Homp(E, F'). Thus ¢ on Rg/pH(R) is transported to

o(z,y) = (o(y),o(z)), (z,y) € H(R)x H(R).
In particular ¢ turns out to be F-rational. If H = G,,, we write Ng/p : Rg/rGy, 3 2 —
z6(z) € G, for the norm map.
We always write § = 6506 € Autp(Rp/pGL(2)). In this section, we adopt the notation

G =Gy ={g € Rg/rGL(2)|0(9) = g}

G =GUgr(2) == {9 € Rp/rGL(2) | v(9)0(9) = g, Fv(g) € Gn}.
We also write L := Rg/rG, L= RE/Fé and L' := Rg/pG’. To describe these groups
explicitly, we again identify Rg/r(Rp/prGL(2)) ~ Rp/rGL(2)?. Note that & € Rg/rGL(2)
lifts to o(z,y) = (6(y),a(x)), so that 0 lifts to 6(z,y) = (0(y),0(z)). We obtain the
identification

L ~{(g,0(9)) |9 € RpyrGL(2)} ~ RgrGL(2)

T ={(9,5(18(0)) | 9 € ReypGL(2), v € RpyrGon} = Riyr(GLE2) % Go). )

This realization of groups is consistent with [Rog90]. But to compare our results with
that of M. Harris [Har93|, we also need the following realization. First notice that the
condition v(g)f(g) = g in the definition of G amounts to

(g)g~" = det(5(9))v(9)™" € Re/rGon.

An argument similar to the proof of Hilbert 90 theorem shows that this Rg,/rGy,-valued
1-cocycle on (o) splits: (g9)g~* = d(z)z"", 32 € Rg/rG,,. This implies O(g') := z7'g
belongs to (Rg/rGL(2))" = GL(2)r and v(g) = v(205(¢')) = Ng/r(2)det ¢, Thus we
obtain an isomorphism

(R/rGm X G")/AG,, 3 (2,¢') — 26:(¢') € G, (4.2)

which sends v(z,¢') := N r(2)det ¢~ on the left to the similitude norm on the right.

A stands for the diagonal embedding z +— (z,z15). G C G consists of (z,4') satisfying
Ng/p(z) = detg’. (4.2) lifts to an isomorphism

ZRE/FGm X L,.

Notice that & on Rg/pG,, C G lifts to 5(z, y; ') — (5(y),5(x); ¢') on Rg/pG2, x L'. This
together with G,,, = (Rg/rG,,)? shows that A in (4.3) is given by

A RE/FGm Sz (2,5'(2); 212) S RE/Fng X LI.
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Also note that ¢ = 65 € Autp(L L) for G comes from the outer restriction of scalars:
o(z,y:9') = (y,2;5(g)), and

6g:L3(29) = (219)— (6() ",6(:"'g)) € L.

L is realized as the subgroup {(detg,g)|g € L'} in this setting.
The transition between the realizations (4.1]) and (4.3) is given by

P5{ @oWplg) — (7 detg g ,
E{ Gty — R erataxt

This restricts to the injection L 3 g — (det g,9) € Rg/pGp, x L.

4.2 Representations and test functions

In general, for a connected reductive p-adic group G(F') and a character w of its center
Za(F), we write II(G(F)), for the set of isomorphism classes of irreducible admissible
representations of G(F') having the central character w. Also H(G(F),w) denotes the
space of C-valued smooth (i.e. locally constant) functions f on G(F) satisfying

o f(z9) =w(2)"'f(g), 2 € Z(F), g € G(F);
e f is compactly supported modulo Z(F).

Going back to G = GQ, We ﬁx a character n of E* satisfying n|px = 1. This gives a
character 7, of Zg(F) ~ G1(F) (§B.3). We shall be concerned with the sets II(G(F))y, ,
I(L(F)), of representatlons of G(F), L(F) and the spaces H(G(F),n.), H(L(F),n) of

test functions. As for G and L, we take a character w of EX ~ Z &(F) whose restriction
to G1(F) is 1, and set

wg : Z5(F) 3 (215, 2'15) — w(z2') € C*

in the realization ([L.1). This specifies the sets II(G(F)),, II(L(F)).,, and the spaces
Since v|z_(r) : Zg(F) 2 213 — 2150(215) ™' = Ng/r(2) € Gy, we see that

G(F)Z5(F) = {g € G(F)|v(g) € Ng/e(E)}
is an index two subgroup of G (F). This gives a surjection
H(G(F),w) 3 [ — fi == flaw) € HIG(F),n.). (4.5)

On the other hand, Z; = {(215,6(vz"")1y) | 2, v € Rg/rG,, } shows L(F) = L(F)Zz(F),
and we have an isomorphism

H(L(EF),wg) 3 ¢ — é1:= Pluwr) € HIL(F),n). (4.6)
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In the realization (4.2]), we have
H(G(F))e = {F=wan |7 € (G (F))w1,, }- (4.7)

Also if we write an irreducible admissible representation 7g of E(F )as Tg = X @ 7,
x € II(EX), n%y € II(L'(F)) in the realization (4.3), then its central character is given by

wip + Z5(F) 3 (215, 215) 2 (2/0(2), () 711a) V5 x(2)0 (xwny) () € €.

Thus wx, = wg if and only if x = w and o(w,, ) = w™t o Ng/p = w™?n. Thus we obtain

I(L(F))wy ={Tp = w @7 |7 € I(L'(F))w-1onp 0}

" 1 (4.8)
={7p =ww(det) 7mp |7 € II(L(F)),}.

In this notation, the restriction of 7g to L(F) is just 7g.

4.3 Norm map in the theory of base change

Here we review the general construction of the norm map for the base change lifting from
[Kot82], [KS99] and [Lab99).

Let E/F be a cyclic extension of degree ¢ of local fields of characteristic zero. We fix
a generator o of the Galois group I'g,/p of this extension. For the moment, we write G' for
a quasisplit connected reductive group over F' whose derived group is simply connected,
and put L := Rp/rG. We have the E-isomorphism Ly — GgE/ﬂ as in §
7 € I'g/p gives an F-automorphism 7 of L which is transported to

4.1, and each

~ r r

2 (QW)VEFE/F — <97717)7€FE/F =

In particular we have ¢ € Autp(L).
We fix an algebraic closure F' of F' containing . To define the norm map, we start
with a construction at the level of F-varieties. L acts on itself by the o-conjugation:

Ad,(g)z := gz5(g)"', g,z € L.

We say 0, &' € L are o-conjugate if they belong to a same Ad,(L)-orbit. We write Cl,(L)
for the set of o-conjugacy classes in L. The set of ordinary conjugacy classes in L is
denoted by CI(L). Define the concrete norm by

Npp:L>g—g(g)---6"'(g) € L.

If ' = g7'66(g9) € L we have Ng/p(8') = ¢ 'Ng/p(d)g. Also we have 6(Ng/p(d)) =
Ad(07')Ng/p(0). These show that Ng/p gives a map

NE/F : ClU(L> — Cl(L)é

Now we consider the F-valued points. The set of F-valued points C,(F) = C,(F) N
L(F) of C, € Cl,(L) is a stable o-conjugacy class in L(F). We write O (L(F)) for
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the set of stable o-conjugacy classes in L(F). In general, the stable o-conjugacy class
O%(0) of § € L(F) is larger than the rational o-conjugacy class O,(6) = Ad,(L(F))0.
Replacing (L, ) by (G,idg) we have the set of stable conjugacy classes O%(G(F)) and
that of rational conjugacy classes O(G(F)) in G(F).

C' € Cl(G) is F-rational if it is fixed under the I'-action. Clearly the conjugacy class
of a vy € G(F) is F-rational. Conversely, it was shown by Kottwitz [Kot82, Th. 4.1] that
each F-rational conjugacy class C' has an F-rational point: C(F) N G(F) # (. Take
d € L(F) = G(F) and write C, := Ad,(L)0. Then Ng/p(C,) is F-rational in L, so that
one can take r € Ng,#(C,)(F) N G(E). But since Ng,r(C,) is 5-stable, C' = Ad(G)z is
F-rational and contains an element v € G(F'). One can easily check that O (v) depends
only on O%(4). Thus we obtain the norm map

Np/r - 95 (L(F)) — O™(G(F)).

Take a maximal torus T C G and set T' := Cent(7Tg, L). T is a -stable maximal
torus in L and Ty = T°. Write T(5) := {t6(t)"'|g € T} and T; := T/T(5). One
can easily verify the following lemma, which shows our concrete norm coincides with the
abstract norm in [KS99).

Lemma 4.1. Ng/p : T — Tg gives an isomorphism Ng,p : T S Tg.

4.4 Classification of o-conjugacy classes

We still continue the general construction. We use Ng/r to describe o-conjugacy classes
in L(F). We say 0 € L(F) is o-semisimple if Ng,p(0) consists of semisimple elements.
We write D5 (L(F)),s for the subset of o-semisimple elements in O (L(F)).

Lemma 4.2. Ng/r : O (L(F))ss — O*(G(F))ss is an injection.

Proof. Suppose o-semisimple 0 and ¢’ € L(F') share the same norm O%(v), v € G(F).
We choose a maximal F-torus T C G containing v, and set T' := Cent(Tg, L). We
write (L, T) for the absolute Weyl group of 7" in L. In the base change case, one can
easily check that Q(L,T)° = Q(G, Tg) which acts on Ts. Thanks to [KS99, Lem. 3.2.A],
the images of Ad,(L)0 NT, Ad,(L)y NT in T; are single Q(G, T¢)-orbits. Then by
Lem. , their images under N5 : T5 — T must be the Q(G, T¢)-orbit of v and hence
coincide. ]

§ € L(F) is o-regular if Ng/p(6) is a regular semisimple stable class in G(F). We
write O (L(F'))yeq for the subset of o-regular elements in O (L(F)). Take a o-regular
6 € L(F) and v € Ng/p(0). Then the centralizer Ty := G, of 7 in G is a maximal
F-torus, and we have the g-stable maximal torus T := Cent(Tg, L) of L. By the proof of
Lem. [4.2] we can take 6* € T'(F), g € L(F) such that

o 6 =g 10%5(g),
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We write Ls, for the fixed part of L under Ad(d) o ¢ and call it the o-centralizer of
6. Ad(g'0*a(g)) o6 = Ad(g") o Ad(6*) o & o Ad(g) shows Ad(g)Lss = Ls+,. Then
a(6%) € T(F) gives

Ly g = (Lxy, (an)) 2007 = 17000 =79 = G

In general * may not be F-rational, but it does not matter. We cite the following lemma.

Lemma 4.3 (Lem. 4.4.A in [KS99)]). For any 7 € T', we have g7(g)~* € T(F), so that
Ad(g) : Ls» — G, is defined over F.

Finally we define ®(Ls,) := Ker[H'(F, Ls,) — H*(F, L)]. The map which associates
to g~toa(g) € O:(0) the class of the 1-cocycle {g7(g) ' }rer in H'(F, Ls ) gives a bijection

95(8)/Ado(L(F)) — D(Ls,e)- (4.9)

For o € ©(L;,), we write 6% for the corresponding element in O (§)/Ad,(L(F)). Com-
bining Lem. 4.2] with (4.9), we can describe the o-regular o-conjugacy classes in L(F) in
terms of Ng/p and D(Ls,).

4.5 o-conjugacy classes in L and L

We now apply the above construction to our L and L.

We first describe the maximal tori in the related groups. For any maximal torus
Te C G, T := Cent(Tg, L) is a d-stable maximal torus in L as above. Conversely for
any o-stable maximal torus 7" in L, T := T? is a maximal torus in G. Similar relation
holds for G and L. Since @ and G share the derived group SL(2), we have the following
relationships between their maximal tori:

L Cent(fg,z) L
GDOTa TCL
T&
Cent(TG,é)l TaNG 'T“mLH Cent(T,L)
Cent(TG,L)
GDOTg - TCL
TO'

Here T and T are G-stable. Thus to classify the (&-stable for L and E) maximal tori in
these groups, it suffices to describe those in G. We review the classification from [Rog90,
3.4].

Write (B, €) for the central simple algebra My (F) together with the involution of the
second kind e(a) = Ad(lz)'o(a), so that G(R) = {g € (B ®r R)*|ge(g) = 1} for any
commutative F-algebra R. For a maximal torus Ty C G, its centralizer By in B and the
restriction of € to Br gives rise to a pair (Br, e7) of a two-dimensional abelian semisimple
algebra over F and an involution of the second kind on it. Of course T is recovered as
Te(R) = {t € (Br ®p R)* |ter(t) = 1}. Such pairs are easily classified as follows.
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(1) (BT = E2’€T(x7y) = (Uyuax))v TG = 1%E/F(;m
(11) (BT = E276T(‘Tay) = (Gxaay))v TG = Gl X Gl'

(ili) (Br = K := E.E'|ep(z) = 2) for a quadratic extension £’ of F' other than E,
where o denotes 0 ® id on F@p E' ~ K. Tg ~ Rpp(Ug/p/(1)).
Next we review the classification of the g-regular 6-conjugacy classes in L(F') [Rog90],

3.12]. The stable g-regular classes are parameterized by their images under N r, the
regular semisimple stable classes in G(F). Thus let §; € L(F') be a g-regular element, and

take y1 € Ng/r(61), 67 and g1 € L(F) as in §[4.4. We need to calculate O (6;)/Ad, (L(F))
or equivalently ®(Ls, ,). Since H'(F, L) ~ H'(F,GL(2)) = {1} by Shapiro’s lemma and
Hilbert 90 theorem, we see that
Ad(g)
Q(L(Slao') = HI(F> L(Slﬁ) — Hl(Fv G%) — HI(E/Fv G%)'
For a l-cocycle {t,} C G, (E) representing the image of a € H'(E/F,G,,), 0% €
05(61)/Ad,(L(F)) can be explicitly given as follows. We identify the cocycle with
t, € G, (E) satisfying t,0(t,) = 1. Here, identifying G(E) = L(F') with GL(2, E), the o-
action on G(E) is given by o(g) = 02(7¢) where g +— g is the o-action on GL(2, E'). Hence
the image of ¢, under the isomorphism L(E) = GL(2, E)?is (ty,02(ty)) = (t,,°t; ). Tak-
ing a € L(E) which is transported to (t,,1) € GL(2, E)?, t, splits in L(E) as
(to,7t;") = (to, 1)(1,7¢, ") = a”a™".

Correspondingly, o equals the class of {Ad(g7")(a%a™")}oery, - It follows from the defi-
nition of the bijection (4.9) that
(67, 767) = (Ad(g™")a) ™ (61, 761)b>(" (Ad(g~ " )a))
= (Ad(g™)t5" - 01, 7(Ad(g™)te)™h - 0u)
Thus 6¢ = Ad(g~ 1)t ! 4.
This completes the classification of the o-regular o-conjugacy classes in L(F'). We
recall the following exact sequence [Rog90], Prop. 3.12.1]:

det

HY(E/F, Zg) — HYE/F,G.,) =% H(E/F,G.p). (4.10)

Here G,, := G/Gaqe =~ G is the abelianization of G. Notice that H'(E/F,G;) is
identified with F*/Ng/r(E*). Moreover, under the bijection ([L.9), the image of z €
F*/Ng/r(E*) = HY(E/F,Zg) in ©(Ls,,) ~ H'Y(E/F,G,,) corresponds to z7'0; €
O5(4;). Following Rogawski, we define

oD (Ls, ») := cok[H'(E/F, Zg) — H'(E/F,G.,)].
We now proceed to L. We take o-regular § € L(F), v € Ng/p(9), 0* and g € L(F)

satisfying the conditions in § . Here again, we need to describe ©(Ls,). Since L(F) =
Zz(F)L(F), we may write

0 = (o, CGZZ(F), 01 GL(F),
where &; is obviously o-regular. Take v, € Ng/r(61), 07, g € L(F) as above. Then
Ad,(9)0 = (67 and Ngr(CO7) = Ng/r(¢)m imply
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(i) Np/r(d) = O%(Ng/p(()71). We may choose v := Ng/r(¢)71.
(ii) We can choose (6* = (47, g) as (6%, g) of §4.4] for ¢.

Thus in the relation of maximal tori above, we have T; = G, Te = éy, T = L,
T = L,. Again we have the isomorphism

N . Ad(g) B
D(Ls,) = H'(F, Ls,) — H'(F,G,).

Lemma 4.4. For a mazimal torus T C G, the following is exact.
H(F, Zg) — H'(F,Tg) — H'Y(F,Tg) — {1}.
Proof. Recall the pair (Br, er) associated to Ti. Then Ts is given by
Ta(R) = {t € (Br ®F R)* | ter(t) € R*},

while Zg(R) = Z(B®r R) NTe(R) = (£ ®p R)* NTg(R). We examine the three types
of maximal tori in turn. N
(1) If Tg ~ Rp/pGm, (z,y) € Br ® R belongs to T if and only if

(z,y)er(z,y) = (2°y,%2y) = (a,a), Ja € R*.

Thus Te = {(t,a6(t) )|t € Rg/pGm, a € Gy} =~ Rg/pGyy X Gy, s0 that HY(F, Tg) =
HY(F,Tg) = {1} and the exactness is trivial.
(2) If Tg ~ G%, we have Ty = {(z,at) |z € Rg/rGp, t € G1} ~ Rp/rG,, X G Thus

1 — Zg — Tg — Ta/Ru/pGp — 1

is exact. The result follows from this together with the injectiveness of H(F,Tg) —
HY(F, Te/Re/rGr).

(3) If T ~ Rpryp(Uk e (1)), we look at the long exact sequence of Galois cohomology
associated to B

1 —Ts —Te = G, — 1.

Noting Ng g (K*) D F*, we can check the surjectivity of v : Te(F) — F*. Hence the
long sequence gives HY(F,Tg) — H(F,Tg). This combined with the triviality of the
image of H'(F, Zg) = F* /Ng/p(E*) in H'(F,T;) ~ HY(E', Uk /p/(1)) =~ B /Ny (K*)
yields the desired exactness. O]

This gives an isomorphism ,9(Ls, ,) — H'(F,G,) = D(Ls,). In particular for
a € D(Ls,), we have 6% = Ad(g~')t, ! - o, where {t,} is a G, (E)-valued 1-cocycle on
I'g/p representing an inverse image of « in H'(E/F, G,,).
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4.6 Orbital integral transfers

To define the base change lift, one needs the relevant orbital integral transfers. We review
this for (G, L) from [Rog90, 4.11] and then deduce an analogous result for (G, L).

Let us define the twisted orbital integrals on L(F'). Write p : L — Lnq := L/Zy, for
the natural projection. Take a o-regular 6, € L(F') and 71 € Ng/p(01). Define

Is, o :==p " (p(Ls, o)) = {g € L|(92)"0:15(g92) = b1, Iz € Z.}
={g€ L|g'0:5(g9) € $:Z.(5)},

where Z1(6) := (1 —&)Z;. Under the identification Z;, = Rp/rG,y,, ¢ on Zj, corresponds
to z — (z)"'. Thus (1—0) is just Ng/p : Rg/rG,, — Gy, and Z;(6) = G,,. Notice that

I5, o(F) ={g € L(F)| gz € Ls, o(F), 3z € Z,(F)}

is strictly larger than Lg, ,(F')Z,(F). Since the central character n restricted to Z. (6, F') =
F* is trivial, the o-orbital integral of ¢1 € H(L(F),n) at

Opis (61) = / o1(g " 010(g)
Is, o (FV\L(F) dt

is well-defined. Here we have fixed an invariant measures dg and dt on L(F') and Is, ,(F),
respectively. _ L

Next consider L. We take o-regular ¢ and v € Ng/p(0). We again write p : L — Laq
for the natural projection and define

Lo = p Yp(Lsy,)) = {g € L| gz € Ls,, 32 € Z;}.

In this case Z7 is identified with Rg/r(Re/rGy) ~ Rg/pG2, and & is just the transposition
of the two components. Since Z;(6) = {(z,27") |2z € Rg/pGp} and 1 — 7 : Zz(F) —
Z;(6,F) is surjective, we have

Zh,o‘(F) = 251,U(F)ZE<F)'

Since wg : Z1(6,F) 3 (2,27') — w(zz7!) = 1 € C*, the o-orbital integral

-1 dg -1
O, = oo — = oo
A= [ el g blg™"60(9))

/Ea,a(F)Zz(F)\Z(F) dt

of ¢ € H(L(F),wg) is well-defined. Let us write § = (4, ¢ € Zz(F), 61 € L(F), and
adopt the notation of § . It follows from L,q = Laq that Is, N L = I5, ,. We may and

do choose the invariant measures dg and dt on L(F') and Z;,U(F ), respectively, in such a
way that the isomorphism (4.6) gives

B d
O,s(6) = / o(Cg010(g)) 2
Is, o (F)Z: (F\L(F) Z; (F) dt

_ _ _ dg (4.11)
— 1 15 -J
wr(C) /Iélyg(F)\L(F) ¢1(g™ d10(g)) 7t

=wp(¢) " Ogs, (1)
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For fi € H(G(F),n,) and regular semisimple v; € G(F'), we have the usual orbital
integral

_ dx
O’h(fl) 1:/ fi(z 17153)%-
Gy (F)\G(F)

As in the o-twisted case, we define D(G.,) := Ker[H'(F,G,,) — H'(F,G)]. There is a
bijection D(G,,) 2 a — ¢ € O%(y1)/Ad(G(F)). In fact, this is the composite of the
isomorphism

(Go\G)(F) 3 2+ 27 'mz € 9% () /Ad(G(F))
and the bijection

(G \G)(F) 3 x v class of {7(z) ' },er € D(G,).

Using the former, we can take compatible measures on the rational conjugacy classes in
O (v1) as was explained in [LS87, (1.4)]. The stable orbital integral of fi at vy is defined
by

SOL(f) = Y 0y(h).

a€D(Gyy)

where the orbital integrals in the right hand side are taken with respect to the compatible
measures. As for G we have the following.

Lemma 4.5. For any mazimal torus Tg of G, ©(Tg) = Ker[H (F, Tg) — HY(F, Q)] is
trivial.

Proof. The realization (4.2) gives the long exact sequence

1 — F* — E* x GL(2,F) — G(F)
— HY(F,G,,) — HY(F,Rg/rG,, x GL(2)) — HY(F,G) % Br(F),

and hence 1 becomes an injection of HY(F,G) into the Brauer group Br(F) of F by

Hilbert 90. Let fg ~ (Rg/rGm X Rp/pGy,) /AG,, be any maximal torus in G, where £
is a two dimensional abelian semisimple algebra over F'. We have the similar long exact
sequence
1— FX — E* x B — Tx(F)
— HY(F,Gp) — HY(F,Rp/rGp x RprypGyn) — HY(F, T5) L5 Br(F),

and an injection 7 : HY(F, Tg) — Br(F). It follows from the functoriality of the Galois
cohomology that N N
H(F, 7o) —— H'(F,G)

| 1<

Br(F) —— Br(F)

is commutative. Hence the lemma follows from the injectivity of tc and ¢7. m
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Thus each stable conjugacy class consists of a single rational class, so that the stable

orbital integral of f € H(G(F),w) at a regular semisimple v € G(F) is just the orbital

integral
dz

@) = -1 —
) /Gwm\é(m Te)

Further suppose that v(y) € Ng,p(£*). Thanks to p.|35/(i), any regular semisimple norm
v € Ng,/r(0) satisfies this condition. Then we can write v = 2y, (2 € Z5(F), 11 € G(F))
and have (G,,\G)(F) ~ (CNJV\CNJ)(F) ~ éW(F)\é(F) We choose the invariant measures
dz and dt on G(F) and éW(F), respectively, so that we have

_ dx _ _ dx
0N =[ e G =e@ [ e
G~ (F)\G(F) (G\G)(F)
dx
() [ fula ) (4.12)
(Goy \G) () dt

for f € H(G(F),w) and its image f; € H(G(F),n,) under ([@.5).

We also need the transfer factors. First we consider the case of G and L. We are
concerned with the twisted endoscopy problem for (L, 4,1) in the sense of [KS99], which
is the case (A) with n = 2 in [Kon02, Appendix]. Th. A.6 therein asserts that we
have two isomorphism classes of principal endoscopic data & = (G, LG, (15,15),&) and
& = (G,'G, (12,-15),&,). The choice of a representative for the latter class specifies
a character p of E* such that p|px = wg/p. Since L ~ L' = Rp/pGL(2), we have
det : L — Rp/rG,,. Moreover det(gd,0(g)~") = det dy - Ng/p(det g) shows that the class
of deté in E*/Ng/p(E*) depends only on the o-conjugacy class of ¢ in L(F'). (Recall
that 6 € Autp(L) corresponds to § € Autp(L').) Hence we can define the transfer factor
A, O(G(F))reg X Og(L(F))reg — C for & by

p(detéy) if v € Ngyr(dr),
0 otherwise.

Au(71,01) = {

The transfer factor Ay for & is just

1 if v € NE/F(61)7
0 otherwise.

Ar(71,01) = {

Extending these, we define the transfer factor A, and A; on D(G(F))reg X DU(Z(F))reg
by

pu(z) if v € Ngyp(6) and 6 = (z,49'),
0 otherwise,

&wm:{lﬁv&%m@,

0 otherwise.
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Here in the former, we have used the realization (4.3]). In this case we have
Ady((2,h))(2,9') = (2. h) (2, ¢')(o(2),0(x) - h™") = (2Npyr(2), o(x)Ad(h)g"),

so that A, is well-defined.
We now recall the following from [Rog90, Prop. 4.11.1]. For an F-maximal torus
Te C G, T(F)reg denotes the set of v € T (F') which is regular semisimple in G.

Proposition 4.6 (Orbital integral transfer for (G, L)). (i) For any ¢; € H(L(F),n),
there exist fi € H(G(F),n,) and fi' € H(G(F),n.u") satisfying

o A, 07) 00 (01) =504, (f1),

OtEUCD(L(;l’g)

Z Au(71,07) 005, (01) =50, (f1),

CVEJ@(L(SI,O')

(4.13)

for any o-reqular 6; € L(F) and v, € Ng/p(01).
(ii) Conversely, for any fi € H(G(F),n,) and fi' € H(G(F),n.u™") satisfying

071 (ff) - M(71)071(f1)7 v’71 € TG(F)reg)

there exists ¢p1 € H(L(F),n) such that (4.13) holds. Here we view p as the character
To(F) > (w o(z)-1) — p(zr) € C*.

We can deduce the transfer for G and L from this. We regard p as the character

z

Mo ’TG(F) > ( NE/F(I/)U(Z

)1) — u(z) € C~.
Proposition 4.7. (i) For ¢ € H(L(F),wg), there ezist f € H(G(F),w), f* € H(G(F),wpu™)
supported on the index two subgroup Zz(F)G(F') such that

Z A1 (’77 6,)00,6’(¢) = Ov(f)7

§'€9st(8)/Ad, (L(F))

Yo A0 (9) = O5(f)

8'€0st(6)/Ady (L(F))

(4.14)

hold for any o-reqular 6 € L(F) and ~ € Ng/r(0).
(ii) Conversely, for any f € H(G(F),w), f* € H(G(F),wu™") satisfying

O,(f*) = p(MO4(f), V7 € Ta(F)req,

there exists ¢ € H(L(F),wg) such that (E.14) holds.

Proof. We prove only (i). (ii) can be proved in a similar way using Prop. [4.6)(ii) and revers-
ing the argument. Take ¢ € H(L(F),wg) and write ¢, € H(L(F'),n) for its image under
the surjection (4.6). Then ¢, transfers to f; € H(G(F),n,) and fi' € H(G(F),n,u™")

39



by Prop. (i). Write f € H(G(F),w) and f* € H(G(F),wu ") for any elements
in the inverse images of fi and f{' under the surjections (4.5)), respectively. Take o-
regular 0 = (6, € L(F), (¢ € Z;(F), 6, € L(F)), and v = Ng/p({)n1 € Ng/r(9),

(71 € Ngyp(61)). We write £ =1 or i, and £(z,¢') := £(2) inthe realization (4.3). Then
one has

> Ae(1,6)005(0) = > Ae(7,6%)0q50(0)

§'€05t(8)/Ado (L(F)) a€D(Ls.o)

= 3 A3, ¢ 0nes ()

OCEO'@(Lél,O')

ED6 0 3 Adn, 6005 (61)

OéEJQ(L(;I’U)

B u71(0)S00, (£5) = w e (N r(€)) SO, (£5)
¢
=0,(/),

as desired. Notice that if ( = (213, 2'1y) = (215,0(z0(2"))0(212)) in the realization (4.1)),
then

£(0) = &((z0(2)) " det(z1a)) = §(20(2) ") = £(27) = E(Np/r(C)).

~

4.7 Definition of the base change for G

We are now able to extend the definition of the base change lift for G = Ug/p(2) to
G = GUg/p(2). First we review the definition for G from [Rog90, 11.4].

Recall that II(G(F)),, is partitioned into a disjoint union of the finite sets called
L-packets [Rog90, 11.1]:

H(G(F))WG = H IL.
HE(I)(G)'W

Here we have written ®(G),, for the set of L-packets of G(F) with the central character
n. For II € ®(G),, , we define

uTI(f) ==Y ten(f), f€H(GF),n).

Rogawski proved that this is a stable distribution so that this depends only on the stable
orbital integrals SO,(f) of f.

T € II(L(F)), is o-stable if o(1g) := mpod " is isomorphic to 7p. We write II(L(F));
for the subset of o-stable elements in II(L(F)),. For mp € I(L(F))7, we take an L(F)-
module isomorphism 7g(c0) : o(7g) — 7 such that 7g(c)? = id. This extends 7z to an
irreducible representation of the non-connected group L(F) x (). We define the o-twisted

character of mg by

trm(é)ma(0) = tr / () ms(9)rs(0) dg, 61 € HL(F), ).

ZL(F)\L(F)
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This is well-defined only up to {1} due to the possible choices of wg (o).

Definition 4.8. 7 € II(L(F)); is a stable base change lift of Il € ®(G),, and 11, €

Q(G)yy, -1 (written mp ~ &(II) ~ & (I1,) in § if
trrp(¢n)mp(o) = tll(fr),  tr(u(det) 'mp)(u(det)dr)mp(o) = rIL,(ff) (4.15)

hold for any ¢, € H(L(F),n) and its transfer fi € H(G(F),na), fI' € H(G(F),ngu™")
as in Prop. [{.6

Notice that (4.15)) determines the linear span of trmg(e)mg(0). Since the irreducible
o-twisted characters are linearly independent, this definition is independent of the choice
of mg(0). We have the following trivial extension to G.

Definition 4.9. 7z € II(L(F))],_ is the base change lift of 7 € II(G(F)),, T, €
I(G(F))wpu— if

e (§)Fs(o) = 1R (f), (i 'Fe) ()7 (o) = () (4.16)

hold for any ¢ € H(L(F),wg) and its transfer f € H(G(F),w), f* € H(G(F),wp™") as
in Prop. . Here, we have written pi(z,g') := u(z) as in the proof of Prop. .

4.8 Restriction from GUg/r(2) to GL(2)

In what follows, we calculate the base change lift for GUg/r(2) defined above in the second
realization in § [4.1} and compare it with that for GL(2) [Lan80], [AC89]. We start with
the restriction of test functions, orbital integrals and representations from GUg/r(2) to
GL(2).

We can embed G' = GL(2) and L' = Rg/pGL(2) as the subgroups of G and L,
respectively, by

(42)

G’ 5 g (1,4)AGy, € Ry G X G' JAG,, —> G,
@ap
L'> g' — (1,9/) € RE/FGm x L' = L.

In this setting, the characters w and wg become

w: Zs(F) 3 (2, /1) AF) & 'y e w(er ) e C,
. / 1—1 n—1 Ny —1 x
wg : Z;(F) 3 (2,2'1y) /== (22" "15,0(2") ' 13) — w(2)w(Ng/p(2')) € C*.

Since H'(F, Zer) = H'(F, Zz) = {1} by Hilbert 90 theorem, we have G(F)/Zs(F) ~

Gaa(F) ~ GL4(F) ~ G'(F)/Ze (F), and similarly L(F)/Z;(F) ~ L'(F)/Z1,(F) as p-adic
manifolds. These together with the above give the isomorphisms

H(G(F),w) of = [ := flawr) € H(G'(F),w Y px) 17
H(L(F),wg) 3¢ — ¢ = ¢|pm € H(L'(F),w™ o Ng/p). '
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As for representations, we have the bijections

I(G(F),3F=w@r — 7' € (G (F))y),, (4.18)
M(E(F))up 3w ® 1 > 7 € T(L(F))artong - |

from (|4.7), , respectively.

Let us calculate the relation between orbital integrals corresponding to (4.17). For a
maximal torus T C G Ter =T NG is a maximal torus in G', and To = = Cent(T¢, G)
Moreover if Tg; is defined over F', we have Tg(F) = Z&(F)Te (F) from G(F) = Z&(F)G'(F).
v = (2,7)AF* € G(F), ((z,1)AF* € Z&(F), v € G'(F)) is regular semisimple if and
only if so is 7/. Suppose that this is the case. Then CNJW = ZzG!,. Since HI(F, G’,) is triv-
ial, we have an isomorphism év(F)\é(F) o~ (év\é)(F) ~ (GL\G')(F) =~ GL(F)\G'(F)

given by the second projection. Hence we have

-1 -1 / d_SE
0N = [ e T .
—o(2) Oy (F)

in the notation of ([£.17). Here the invariant measures dz, dt on G'(F), G.,(F) are the
transports of those on the second components of G(F), GW(F ), respectively.

Similarly 6 = ((1,d') € L( ), (C € Zz(F), o' € L'(F)) is o-regular if and only if so
is &'. If this is the case, we define the o-orbital integral of ¢/ € H(L/(F),w ! o Ng/r) at

such 0’ by
dg

Ops(¢') == / ¢'(g'a(g)) e
1, (FA\L/(F)

where I}, == Lj  Z. The measures are the second components of the measures on

corresponding subgroups of E(F )in § Then we have

d
Ousle) = | w(Q) 0l (1L, (g) 2
15 J(F)Zg (F)\L'(F)Z3 (F) dt
n d
:WE(C)_l ¢,(g_15/g(g)) _‘g (420)
Iy (FO\L'(F) dt

=wp(¢) 'O, 6/(¢)

4.9 Relation between the transfers for GUp/r(2) and GL(2)

We use the above relations to recapitulate the orbital integral transfer Prop. 4.7 We say
that a o-regular § € L(F) is o-elliptic if N p(0) consists of elliptic elements in G(F).
One can easily check that (see the proof of Lem. |4.4)

Z]27 if ¢ is o-elliptic,
{1}  otherwise.

g(zé,a) = {
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When § is o-elliptic, we take a G, (E)-valued 1-cocycle ¢, on I'g/p whose class o €
HY(F,G,) ~ D(Ls,) generates D(Ls,). As was explained at the end of § , we have

07(0) = D,(8) UD,(Ad(g™ Nt " - 0)

in this case. Note that Ad(¢g )¢, !-d ¢ - (dett;t, Ad(g ")t ' - &) in the present
realization. Writing ¢ = (z, 2'13), we have § = (2,2'0"), v = (2, Ng/p(2')y)AF*, and the
formulae (4.14]) read

E(2)w(Q) ™ (Ons (8) + wEH(det £5)0, a1yt (8)
< () 00 s (8) + £(z det 15 N (C(det 52, 1)) 720, yiy 1ot ()
Ae(7,6)005(6) + Ae(r, Ad(g )5 - )0, auysyent(9)
0,(f%) = zNE/mel () B e (N ()0, (7€)

—(2)wp ()0 (),

where we have written & = 1 or u as in the proof of Prop. . Since dett, € F* '\
Ng/r(£*), this becomes

’Y’( )

Op5(¢) + (detta)Og,Ad(gfl)tgl-sf(ﬁﬁ) O
07/< )

_ (4.21)
Ogp5(¢') — w(det to)Oa,Ad(gfl)t;I.cs/((b )

To compare the base change lift of G and G’ , we first compare the orbital integral
transfer for G (4.21)) with that for G’. The transfer for G’ and L’ can be stated as follows.

Proposition 4.10 (Prop. 1.3.1 in [ACR89]). (i) For ¢' € H(L'(F)), there ezists f’ €
H(G'(F)) such that
Oo5(¢') if v € Ngyp(d),

0 otherwise

Ov’(f,) = {
holds for any regular semisimple v € G'(F).
(i) Conversely for any f' € H(G'(F)), there is ¢' € H(L'(F)) satisfying Oy 5(¢') =
Ong,pe)([') for any o-regular 6 € L'(F).

Notice that this is stated for H(G'(F)) while the statements for G is always for
H(G'(F),w Y rx). These two are related by the surjections

H(G(F)) 5 f' s [(a) = / L T @) de e HE ) ),

H(L(F) > ¢ — Flg) = / 1 $E0 N () d= € HV(E) w7 0Ny,
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Thus Fubini’s theorem gives a simple passage for the ordinary orbital integrals:

_ _ dx
0.(F) = / / Fea 2w (2) de 2
FNG/(F) J 2 (F) dt
, \dz
"7 2y 2)w 1 (2) - dz (4.22)
Zgi (F) ’,<F>\G/<F> t

- / O (f)w\(2) dz.
Zey (F)

The counterpart for twisted orbital integrals is a little more complicated. We have
from Lj, , N Zp = Z3"®)°7 = Zer the bijection

Ly o(F)Zy (F)\L'(F) x Zp(F)[Ze(F) 3 (g, 2) ¥ g2~ € Ly ((F)\L'(F).

Using this we have

O (3) = / & (297157 )™ (N (2)) dz 22
Ly, (F)Zy (FNL(F) J2,0(F)

) / |
/ZL/(F)/ZL/(&,F) /Lg,,gF)zy(F)\L'(F)
d
/ & (g7 22(0)8" g) dz(0) 2w (Npyp(5)) dz
Z,,(5,F) dt

/ZMF)/ZL/(&,F) /L;/Jw)zy(F)\L'(F)

d
/ & (297126 (27 g)) dz L W (N p(2)) d2
Z11(F)/Ze (F) dt

d
—/ / ¢’(g_155/”g)d—iw_l(NE/F(f))dz
Zy(F)/Z(6,F) 3/70(F)\L’(F)
_ / O ()™ (N (2)) d
Zpi(F)]Z(6,F)

Here we have used the isomorphism Z/(F)/Zq(F) > z v~ 2°2z7t € Z;/(5,F). Suppose
¢ € H(L'(F)) and f' € H(G'(F)) are as in Prop. [4.10, Then this becomes

0075/(g5/) = / ONE/F(E)NE/F(&)(]N) w_l(NE/F(E)) dé
2 (F))Z1(6,F)
:/ O (o) (f )™ (2) d2.
Ng/r(EX)
This combined with (4.22)) yields

1 = A no—1 1+WE/F(Z)
507 40 = [ ot g e

:Oa',é’ ((5/)
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for v € Ng/r(¢'). Also we note that Ng,p(Ad(g~")t;" - ¢’) contains

NE/F(t;I(S,*) :(tagtd)_l'VI = (t092(t0)_1)_1'7, = (ta(det tz:l : ta)_l)_LY,
=dett; -4

(recall the cocycle condition t,0(t,) = 1). Hence we have

W(det £)0, yaiy 1yt (8) = w(det 1) / O vt () (2) d2

Ng/r(EX)

—o(det t,) / 0o (fw (= det ) dz
FX\Ng,p(EX)
-/ Oy () (2) d
F*\Ng,p(E*)
1 - =
=2 (0u(F) ~ Oy(f1))

We conclude that (4.23) plus (4.24)) and (4.23) minus (4.24) yield the first and second
formulae in (4.21)), respectively.

(4.24)

4.10 Comparison of the base changes for GUg/r(2) and GL(2)

We write II(L'(F))? for the set of isomorphism classes of irreducible admissible o-stable
representations of L'(F'). For nf € II(L/(F))?, its o-twisted character trrly(¢' ) (o)
is defined modulo a factor +1. Recall that 7%, € II(L'(F))? is the base change lift of
e [I(G'(F)) if
trp (@) (o) = trr' ()

holds for any ¢’ € H(L'(F)), f' € H(G'(F)) as in Prop. 4.10| (see [AC89, 1.6]). Again this
is well-defined because of the linear independence of the irreducible twisted characters
[loc.cit. Lem. 1.6.3]. Then we know from [loc.cit. Th. 1.6.2] that w., = wr o Ng/p. This
allows us to restrict the lifting to the one between II(G'(F))y-1),., and II(L'(F))y-10N, ) -
As for characters, the passage to the modulo center situation is just

tr (@) (o) = trmp(9)mp(o),  tra'(f) = ter (7).

Hence, taking the consideration in § into account, we can restate the definition as
follows.

Definition 4.11. 7}, € II(L/(F))
if

is the base change lift of 7’ € II(G'(F"))

wloNg/p W™ px

trmp(¢) (o) = tea' (f)
holds for any ¢ € H(L(F),wg) and f € H(G(F),w) as in Prop. .

Now we can state the first result of this section. Recall that 7" and wg/p(det)n’ share
the same base change lift [AC89 Prop. 6.8].
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Theorem 4.12. Suppose y € II(L'(F))y-10n,,, 18 the base change lift of ', wp p(det)n’ €

I(G'(F))w-11,,- Then the (stable) base change of 7 = w @ " € I(G(F)), and 7, =

wp ' @ wgp(det)n’ € IG(F))yy—1 is Tp == w @ © € II(L(F))y,.
Proof. As before, we write £ = 1gx or . We have from Def. that

Fp(@)F(o) =t [ olg)Felo)Felo) dy

Zg (F)\L(F)

— | 3 (9) i) (o) dg
Zp (F)\L'(F)

and
b ) e = [ ()i Felo) (o) dy
Zg (FO\L(F)
—u | 3 (9)ms(0) (o) do
Zpr (F)\L'(F)
equal
tra’ (') :tr/ f'(9)7'(9) dg
Zr (FO\G'(F)
:tr/ _ flo)w(g) dg = tr7(f),
Z&(FN\G(F)
and
et (1)) =tr | (£ (gwps(det)(g) dg
Ze (FO\G'(F)

:tr/ _ Me)mulg) dg = trmu (1),
Z5(F\G(F)

for ¢ € H(L(F),wg) and f € H(G(F),w), f* € H(G(F),wu™") as in Prop. . The
theorem follows. O

4.11 Restriction from GUg,/r(2) to Ug/p(2)
Here we deduce the restriction rule for GUg/p(2) to Ug/p(2) from Th. 4.12, It follows

from the definition of L-packets of G(F') [Rog90], 11.1] that, for 7 € II(G(F)),, there
exists a unique L-packet II(7) € ®(G),, such that

%‘G(F)g @ .

well(T)

Also if we fix w satisfying w|q,(r) = 1, ™ € II(G(F))., is uniquely determined by 7" =
Tler ) € I(G'(F))w-1,, - The following lemma describes I1(7) in terms of w and 7.
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Lemma 4.13. Suppose g € II(L(F)), is the stable base change lift of Il € ®(G),,
and 11, € ®(G),, 1. If we write II = II(7) for some © € II(G(F'))., as above, then
the base change lift of T is Tp := w @ w(det)'rg and 11, = II(7,) with T, == wpu ' ®

wwE/p(det)_lﬂE < H(G(F))wu_l'

Proof. It suffices to deduce the base change identity (4.16|) for 7, 7,, 7p from (4.15]) for
II, IT,,, mp. We write £ = 1gx or u as before. We know from (4.8) that 7z and

07 =wpt @w(det) Mg = wpt @ (wp ) (det) Tt (det) g
have the restriction g and p~!(det)mg to L(F), respectively. Thus we have
w@ T EFel0) =t [ (E)(9)€ Fe)o)Felo) dy
Zi (F)\L(F)

—tx / (£(det) ) (9) (E(det) " rg) (9) (o) dg
Zp (F)\L(F)

—tr(¢(det) ) (E(det) ) ms (o)
BB (5 = wre(f) = tr @D melff)

meCTela(r) meCTela(r)

[ f(o)e)dg
Za(F\G(F)

using the support condition for f¢ in Prop. (i)

—tr / FE(0)Te () do = tr7e (£9),
Zg(F)\G(F)

as desired. ]

From this, we obtain the restriction result.

Corollary 4.14. The L-packet T11(7) obtained by restricting 7 = w @ ' € II(G(F))w
to G(F) 1is characterized by the property that its stable base change lift & (II(T)) equals
w(det)nr,. Here 7y is the base change lift of " € II(G'(F)) to L'(F).

w px

Proof. This is immediate from the above lemma and Th. 4.12l We remark that the
notation & (II) makes sense, because Il determines 7, and hence II,, uniquely. ]

5 Local theta correspondence for unitary groups in
two variables

To construct the missing members of II,(G) for ¢ of the types (2.b), (2.c), (2.d) in
Prop. and Lem. [3.10, we use the local theta correspondence.
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5.1 Weil representations of unitary dual pairs

We begin with a brief review of the construction of Weil representations for unitary dual
pairs [Kud94], (see also [HKS96] for the non-archimedean case).

Fix a generator § of E over F such that A := 6% € F*. Let (W, (,)) = (W,,(, )n) be
the hyperbolic skew-hermitian space

W, = E2n7 <(:U7 Il)» (ya y/)>n = xto—(y/) - x/ta(y)'

The unitary group G(W) = G(W,,) of this space is isomorphic to Ga,(F'). We shall be
concerned with the cases n = 1 and 2. If F' is p-adic, we have only two isometry classes
of 2-dimensional hermitian spaces over E. We take representatives (V4,(, )+) of these
isometry classes to be Vi = E? with

(1) (1)), = ot = otaaon). (%) (%)= = ~atwn +oteale

Here we have fixed v € F* \ Ng,p(£*). The unitary group G(V,) for V. is our Go(F),
while G(V_) is its anisotropic inner form. If E/F ~ C/R, we write (V, 4, (, )pq) =

(C* L), (p+q=2,1,,is as in §[3.4.1)) so that G(V,,) = G, .
For such (V, (, )) and W, let us introduce an 8n-dimensional symplectic space

W:=VeegW, ((vawreuw) = %TTE/F[(U» v)o((w,w'))]

over F'. We have a homomorphism

tyvw : G(V) x Gop(F) 3 (h,g) — h® g € Sp(W).

5.1.1 Splitting of the metaplectic 2-cocycle

In §§[3.3] 3.4] we have fixed a non-trivial additive character )r of F.. Choose two maximal
isotropic subspaces

Y :={0,...,0,y1,...,yn) € Wi}, Y :={(yy,...,4,,0,...,0) € W, },

dual to each other. These give the Lagrangians Y :=V @ Y, Y :=V Qg Y’ of W. Let
P, = M, U, be the Siegel parabolic subgroup of G, associated to Y:

Pn = Stab(Y7 ng), Mn = Stab(Y/7 PTL)7 Un = {g 6 Pn ’ (g’Y) = idY}’

or explicitly,

Recall the metaplectic group Mp(W) of Sp(W):
1 — C' — Mp(W) — Sp(W) — 1.
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The Lagrangian Y specifies a homeomorphism (not a group homomorphism) Sp(W) x
C! = Mp(W) so that the multiplication of Mp(W) is given by
(91,€1)(92,€2) = (192, €126 (g1, 92)),  ew(gn, 92) = v (L(Y, Y5 ', Y1)

Here L(Y;,Y,,Y5) is the Leray invariant of (Yq,Ys,Ys) [RR93, Def. 2.10] and vy, (L)
denotes the Weil constant of a quadratic space L over F'. Thus we have

2

[ d@re(*5) de = sup@lals [ deyor(—5) da o€ S(F)

for the invariant measure dxr on F' self-dual with respect to ¢ p.
Using the Bruhat decomposition G, = [[._, P,w, P, with

0,

write g € G, (F) as

- ( ta(ejl)l) o ( ta@)l) |

Define r(g) := r and d(g) := det(a,as) € E*/Ng/p(E*). As before n denotes a character
of EX/F*. Also we need Langlands’ A-factor AN(E/F,¥r) = Yy, (1)/7p.(A) for E/F.
Now if we set

Bv(g) : = (A(E/F,vr)wg/r(det V) Dn(d(g))
n(d(g)) if £ is non-archimedean and V =V
= ¢ (=1)"9n(d(g)) if F is non-archimedean and V = V_
i@ Pr@n(d(g)) if E/F ~ C/R,
then
vy GV) X Gon(F) 3 (b, 9) — (wvw (h, 9), Bv(g)) € Mp(W)

is a continuous homomorphism which makes the following diagram commute [Kud94,
Th. 3.1].

G(V) X Gon(F) 250 Mp(W)

tv,w

G(V) X Gop(F) —— Sp(W)

5.1.2 Weil representations
The Heisenberg group H(W) associated to W is W @ F' with the multiplication

{(w, w')

(w; 2) (W' 2") = (w+ w2+ 2 + )

).
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By the Stone-von Neumann theorem, there is a unique irreducible unitary representation
Py of H(W) on which the center F' acts by ¢p. Its underlying smooth representation is
realized on S(Y') = S(V"):

oo @ 1:200) = o (2 + BEELIN o0 ) 6 e s,

This extends uniquely to an irreducible admissible representation wy, of the metaplectic
Jacobi group Mp(W) x H(W). Here the action of Mp(W) on H(W) is through the
Sp(W)-action on W. The composite

wvav s G(V) X Gan(F) 25 Mp(W) 5 U(S(V™))
is the Weil representation of G(V') x Go,(F') associated to n. It is characterized by the
explicit formulae [Kud94, § 5|:

wy,wny(mp(a))p(v) = n(deta)| det a|pp(v.a), a € GL(n,E),

(

v )ow) = wr( NP o0), b =10() € M,(B), (
(

(

WV,W,n(“’rW( )= (il)r‘/fV;t,Tqb(_'UlaUQ)v
wywa(h)p(v) = p(h~'v), heG(V),

where

Fvrg(v,v) = Cb(v )Y ( (Ul’ )) dv', g :=1poTrgp.

If the base field F' is archimedean, we fix a Cartan involution fyw on sp(W) which induces
Cartan involutions 0, , and 0, , on g, , and g, ,,, respectively. In particular, this determines
maximal compact subgroups Kw C Sp(W), K,,, C G,, = G(V), K,,,, C Gy, », which are
compatible with vyy. We write (wy,w.,;, So(V")) for the Fock subspace of (wy,w,,, S(V™)),
which is the underlying (sp(W), RW)-mOdule or (gpq X Gnn, Kpg X Ky, n)-module of the
Weil representation. When F is non-archimedean, we just put So(V,,) := S(V,,).

We write Z(Gan(F),wyw,) (resp. Z(G(V),wv,w,y)) for the set of isomorphism classes
of the irreducible admissible representations of G, (F') (resp. G(V)) which appear as
quotients of wyw,. For mw € Z(Ga,(F),wvw,) (resp. 1y € Z(G(V), wvw,y)), we write
So(V™, ) (resp. So(V"™, my)) for the maximal quotient of So(V™) on which Gy, (F') (resp.
G(V)) acts by some copy of my (resp. my). Thus we have an smooth representation
O, (mw, V) of G(V) (resp. ©,(my, W) of Ga,(F)) such that

So(V™, mw) >~ O,(mw, V) @ mw,  (resp. So(V", 7v) ~ 1y @ O, (my, W)).

The following conjecture is proved by R. Howe if F' is archimedean [How89] and by
Waldspurger if F' is non-archimedean and the residual characteristic of F' is odd [Wal90].

Conjecture 5.1 (Local Howe duality conjecture). (i) ©,(mw,V) (resp. ©,(my,W))
is an admissible (quasisimple if F is archimedean) representation of finite length.

(i1) ©,(mw, V') (resp. ©,(my, W)) admits a unique maximal submodule and hence a unique
irreducible quotient 0, (mw, V') (resp. O,(my, W)).

(11t) mw — O, (mw, V) and my — 0, (my, W) are bijections converse to each other between
%(ng(F), wV,VV,n) and L@(G(V), wa[/m).
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In §[5.2] we shall obtain a precise description of this correspondence in the case n = 2
and non-archimedean F. Along the way, we also affirm the conjecture in this special
case over F' of residual characteristic two. We remark that (i) in the conjecture is always
valid [MVWST, Ch.3, IV, Th.4] so that ©,(mw,V) or ©,(my,, W) admits an irreducible
quotient. Our tools are the local theta correspondence between the unitary similitude
groups studied by M. Harris [Har93] and the restriction rule Cor.[£.14] The corresponding
result for F' = R is reviewed in §[5.3

5.2 Local theta correspondence for non-archimedean U(2)

From now on, we assume F' is non-archimedean. We first review the definition of the local
theta correspondence for the similitude groups from [Har93, § 3].

5.2.1 The group GU(gB)

Let B be a quaternion algebra over F', so that it is isomorphic to either My(F') or the
unique quaternion division algebra D over F. Using the quadratic extension F of F, we
fix an isomorphism D ®pr E ~ My (FE) so that

o femen s, ooxa-{(7, 2)

Thus D ~5 E? but this is not an E-algebra isomorphism. Using the main involution ¢ on
B, we define a quadratic form (z,y)p := 7/p(2" - y)/2 on B, where 75,p is the reduced
trace. Thus

x,yGE}.

( a b a v ) ad +d'd—bd —b'c N
= 1 splits
c d)’\¢ d)'B 9 plits,
x oy oy 1 ,
; = —Trg,p(xa’ —~4°yy’) otherwise.
( 7y ax> (,ng, w))B 5 T/ YY)

By abuse of notation, we write B and B* for the algebraic group which associate to a
commutative F-algebra R B ®p R and (B ®p R)*, respectively. We write O(B) for the
orthogonal group of (B, (, )g), and GO(B) for its similitude group:
GO(B, R) :={g € GLr(B ®r R)| (92, 9y) = v5(9)(z,y)5, Fv5(g) € R*}.
We have an isomorphism p : (B* x B*)/AG,, = GO(B)° given by
p(g.9): B> x— gug ' €B.
This extends to an isomorphism p : (B* x B*)/AG,, x (¢) = GO(B), where €(g, ¢') :
((¢")"', (g")~"). Then, writing vg,p for the reduced norm on B, we have vg(p(g,q’)) =

var(99'™").
We view E' as a subalgebra of B by

T4yl — ( v —y) € My(F') if B splits,
1: B> o
z — ( z) eD otherwise.
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If we take the basis

0 0}y .
A 0)) it B~ My(F),

( )
( , 3 é)) if B~ D

of B over E, then writing v = z1e1 + 29e9, V' = Zje1 + zhes with z; = z; +y;6, 2zl = x, + 6,
we have

(61,62) =

o = O O
_ O = O

N ([ Y2 —Whn Ys  —Y _ T1Yy — Y1Ty — Tayy + Yoy
('U)U)B_((_a:,2 IL’1)’(—ZE/2 17/1>)B_ 2
1

=§T1"E/F (—((951 — y10) (23 + y50) — (22 — y20) (2 + yié)))
:%TrE/F((fle,azQ) <_<2%)_1 (25())—1) <2>)

if B splits, and

UZ o‘Z o‘Z/ O’Z/ 1 o o
(v,v")p :(( ! 2) ; ( ) /2))3 = §TrE/F( 2121 — Y 2225)

!
YZ2 oz S|

1 S 1 0 2
ety ) ()

otherwise. Thus if we write

2 0 @)™\ o
(B.( o) = { (_@5)—1 0 >> it B = Ma(F),
(V—’(’ )—) if B=D,

then (B,(, )p) is the quadratic space associated to this hermitian space over E. In
particular, the centralizer of i(E£*) in GO(B) is the unitary similitude group GU(gB):

GU(gB) :=Cent(i, GO(B)) = Cent(i, GO(B)°)

={p(g,9) | gi(z)xg ™ =i(2)gzxg ", V2 € B, x € B}
—{p(= )| = € Cent(i, B*) = i(EX), ¢ € B},

Moreover the above p restricts to the analogue for GU(gB) of the isomorphism (4.2)):
GU(pB) = (E* x B*)/AF* 3 (2,4') = zvpr(g) "¢’ € G(B),

where G(B) is the unitary similitude group of V.. if B = My(F) and V_ if B = D:
1—1 / / . Zi nN—1 [ *1
z(zie1 + 2me2)g T = zien + ze0 if S = zvpir(9) g )
2

The similitude norm v composed with this isomorphism is given by v(z, ¢') = Ng/p(2)vp/r(g) "
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5.2.2 Dual pairs and Weil representations for similitude groups

Suppose for the moment that E is a quadratic extension of F' or F itself, and write o for
the generator of I'g/p. Let (W, (,)) and (V, (, )) be skew-hermitian and hermitian space
over E| respectively. We have the corresponding similitude groups

GUW) :={g € GLg(W) [{wg,w'g) = v(g){w,w"), w, w' € W, v (g) € G},
GU(V):={h e GLg(V)|(hv,hv") = v(h)(v,v"), v,v" € V, v(h) € G,,}.

Define R(V,W) := {(h,g) € GU(V) x GU(W)|v(h) = v(g)}. The first and the second
projections pry : R(V,W) — GU(V), pry : R(V,W) — GU(W) have images of finite
index in GU (V') and GU (W), respectively. We have the symplectic space

(W, () =V eeW,[E: F]""Trgr((,) @57(, ).

Then ¢ : GU(V) x GUW) > (h,g) — h® g € GL(W) sends R(V, W) into Sp(W).

Our first example is the case E = F, (W,(,)) := (F%,(_1 1)), V,(,)) = (B,(, )B).
In this non-archimedean case, pr; projects R(B) := R(V, W) onto GO(B) and GL(2, F) =
GSp(1, F). In what follows, we write W for the symplectic space associated to this (V, W)
unless otherwise stated. As before, we consider the metaplectic group Mp(W) and its Weil
representation (wy,,S(B)). Put

YD)\ )
bnla) = enlder B dlae (-2 ) T =g, geszenm

where
(—1,-1)p if B splits,
€p 1=
b (=1,—1)p otherwise.

Then [Kud94, Th. 3.1] asserts that
0:O(B, F) x SL(2,F) 3 (h, g) — ((h, 9), B5(g)) € Mp(W)

is an well-defined homomorphism lifting ¢. This yields the Weil representation (wp :=
wyp0t, S(B)) of O(B, F')x SL(2, F'). Noting that scalar multiplications do not change the
isometry class of (B, (, )g), we deduce the following explicit formulae which characterize

(ws, S(B)).

WB((G )) (v) =lalz¢(v.a), a€ F (5.5)
< 1) ’U)B)cb(v), beF (5.6)
( 1) o WF / Aujr (v, ~v)z) du (57)
wi(h)ov) =¢(h~v), he O(B,F). (5.8)

Here 7y, (B) is 1 if B splits and —1 otherwise.
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As in [Shi72], we extend this to a representation of R(V,W). Using the embeddings
1
GO(B) > h — (h, ( V(h))) e R(V, W)

and SL(2) 5 g+ (1,g9) € R(V,W), we have R(V,W) ~ GO(B) x SL(2) where h acts on
SL(2) by Ad(("' s ))- Thus we can extend (wp,S(B)) by extending (5.8) to

wp()9(v) = [(h)[F'o(h"v), b€ GO(B,F).

Also we shall consider the case where F is a quadratic extension of F' and W, V
are (W1, (, )1), (gB,(, )zB), respectively. Since we are considering non-archimedean F,
vp/r(B*) = F* and R(gB) = R(gB,W;) projects onto G(B) and G(F). If we write
(W, ((, )/g) for the symplectic space associated to (gB,W;), then we have the iso-
morphism W,p = B ®; g E* = B ®Qp F? = W. We know from § that this is in
fact an isometry of symplectic space. We already constructed the Weil representation
(W = weB Wiy S(B)) of G(gB) x Go(F) in §[.1.2l As in the first example, we have
R(gB) ~ GU(gB) x Gy(F) with respect to the action

Ad(h)g =Ad(p(1, (1 g e GUGB). g € GalF)
We can extend (wp1,S(B)) to R(gB) by setting
wp1(h)e(v) = [v(h)|5 e(h~ ).

5.2.3 Review of the Shimizu-Jacquet-Langlands correspondence

Our input to deduce sharp informations on local theta correspondences is the Shimizu-
Jacquet-Langlands correspondence [JL70], [Shi72]. Jacquet-Langlands showed that there
exists a bijection

Maise (GL(2, F)) 3 7 «— 7% € TI(B>),

which is characterized by the character formula

e () trm(g)  if B is split,
T =
g —trm(g) otherwise,

for any regular semisimple g € GL(2, F') and ¢’ € B* sharing the eigen values.

Moreover they also constructed the global correspondence. Let k£ be a number field
and write A for its ring of adeles. For a quaternion algebra B over k, we write Sp
for the set of places of k where B is ramified. We write Aeusp(GL(2))? for the set of
irreducible cuspidal automorphic representations m of GL(2,A) whose local components
T, at v € Sp are square integrable. Also write Acusp(B*)* for the set of irreducible
automorphic representations of By := (B ®; A)* which are not 1-dimensional. Then
Jacquet-Langlands proved that

Acsp(GL2)P 57 = Q) m «— 77 = Q) 7/ € Acusp(B*)"
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is an well-defined bijection. Notice that B ~ GL(2,k,) and 72 ~ w, at almost every v.

By taking the restricted tensor product of the local Weil representations (wg,, S(By))
(§[5-2.2)), we have the Weil representation (wp,S(Ba)) of O(B,A) x SL(2,A). We extend
this to R(Ba) = {(h,g) € GO(B,A) x GL(2,A)|v(h) = det g} as in the local case. For
each ¢ € §(B,), we have the theta kernel

9¢(h79) = Z WB(ha g)¢(€)7 h € GO<BA)v g€ GL<2?A)
(eB

For each irreducible cuspidal representation 7 of GL(2,A), we write A(7) for its unique
realization in the space of automorphic forms on GL(2,k)\GL(2,A) with the central
character w,. Let ©(m, B) be the space of automorphic forms

GO(B)\GO(By) > h — 0(h,9)f(9)dg, ¢ € So(Ba), f € Ar")
GL(2,k)AX\GL(2,A)

on GO(B)\GO(By), where Sy(B,) is the K-finite part of S(B,) with respect to a max-
imal compat subgroup K C GO(B,). Shimizu showed that O(m, B) is an irreducible
cuspidal representation of GO(B,) and, at almost all v where B, ~ Mjy(k,), its local
component restricted to GO(B,)? is isomorphic to m, ® 7. Here we use p to identify the
representations of GO(B,)? with those of B, x B whose restriction to A(k)) is trivial.

Now we go back to the local (non-archimedean) situation. Each (7, V) € II(GL(2, F))
can be regarded as a representation (7 o pry, V) of R(B). But since GL(2, F') is not a
Howe subgroup of R(V, W), we cannot define ©(m, B) as in §[5.1.2] Instead we consider
the SL(2, F')-coinvariant space

@(ﬂ', B) = (S(B) X VﬂV>SL(27F).

In this notation, the v-component of the global O (7, B) is apparently ©(m,, B). Since both
the cusp forms on GL(2) and those on B* satisfy the strong multiplicity one theorem, we
deduce the following result.

Proposition 5.2 (Shimizu, Harris). (i) If B= D and m € TI(GL(2, F)) is not square
integrable, ©(m, B) = 0. Otherwise O(m, B) is an irreducible admissible representation of
GO(B).

(i) In the latter case, we have
(a) O(m, B)|gomp ~ 18 @ nPV.

(b) If we write Q for the linear form Vs @ Vi, 3 (v,vY) — (v,v") € C, then € acts as
+1 and it preserves ().

5.2.4 Local theta correspondence for GU(2)

Now we deduce the local Howe duality correspondence for GU(gB) x G(F). As in §m, we
write each irreducible representation of GU (g B) as 72 = w @ 8. Here, w € II(EX), 7 €
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[I(GL(2, F)) with (w|px )w, = 1, and 78 € TI(B*) is the Jacquet-Langlands correspondent
of m. Using the Weil representation (wp1,S(B)), we define

@1(%3, Wl) = (S<B) ® V%\/B)U(EB)7

where U(gB) = {(2,9') € GU(gB)|vs/r(¢9') = Ng/p(2)} is the unitary group of
(B, (,),B). Let us consider the “seesaw dual pair”

Here the vertical lines assign the inclusions while the diagonal ones stand for the dual
pairs. For 78 € I[I(GU (gB)) and 7’ € II(GL(2, F)), we have the seesaw duality

HomGL(2,F)<®1 (%B, Wl) (%9 7T,V, C) ~ HOIIIGU(EB) (%B,\/ & @(7’(”, B), (C)
Thanks to Prop. [5.2] the right hand side becomes

Homear () ((w' @ 7%Y) @ (77 0i @ 2'"Y),C)
~Hom gx (w, 7" 0i) ® Homgy g gy (7?77,
Thus we have:

(i) ©1(78, W) is non-trivial if and only if 75 o contains w as a submodule.

(ii) In that case, ©1 (7%, W) is isomorphic to 77 = w™ @ 7V.

The condition w < 7" o i is well understood. That is, the following result was proved

by Waldspurger, Tunnel, H. Saito [Sai93], [Tun83], [Wal84].

B,v

(i) w < 72" o7 if and only if

5(177T1v5 Ruw L Yp)ws(—1) = €(B), ¢B):=

2 —1 otherwise.

{1 if B splits,
Here (s, mp X w,1g) is the standard e-factor for the base change lift 75 € II(GL(2, E))
of m € II(GL(2, F)) twisted by w [JL70]. Its value at s = 1/2 is independent of the choice
of a non-trivial character ¢¥p = 9p o Trg/p of E.

In the above, we have taken 7 =1 to make the splittings 7, for GU(gB) x G(F) and
v for GO(B) x GL(2, F) compatible. Now let us calculate the effect of . We know from
[HKS96, (1.8)] that T|c,(r) = 1, - 11| Ga(r), Where 1g, is multiplied to C' ¢ Mp(W). In
the realization (4.2]), we have

NG+ Ga(F) 3 (2,9') — nu(det(202(g"))) = nu(z0(2)™") = n(z) € C
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so that we can extend this to the character  : G(F) 3 (z,¢') — n(z) € C*. Let us
define the Weil representation (wg,, S(B)) of R(gB) to be the twist of (wg1,S(B)) by
nopry: R(gB) — C*. This restricts to the Weil representation (wg,,S(B)) defined in

§[6.1} Since
0,77, W) = (nwp1 © 7%V )u(s) = 161 (77, W),

we have proved the following.

Proposition 5.3 (Lem. 4.3.3 in [Har93|). (i) For7 = w® n/, (w € II(E¥), 7’ €
II(GL(2,F)), wr(w|px) =1), ©,(7, gB) # 0 if and only if

e(1/2, 7 x wn™" Yp)ww (=1) = ¢(B).

Here €(B) is as in (3) above.
(ii) If this is the case, then ©,(T7, pB) ~ nw~' @ 7',

5.2.5 Correspondence for unitary groups in two variables

Now we can describe the local theta correspondence for G(V.) x Go(F). Recall that each
L-packet IT" for G(V_) consists of the irreducible components of some 7° = w @ 7" €
1(G(D)) [LL79, § 4]. We write this packet II(72). As in the GL(2)-case, we have the
bijection between the set of the discrete L-packets of Go(F') and that of the L-packets of
G(V_) given by II(7) « II(7P). This is independent of the choice of 7 so that we denote
this correspondence by II — JL(II). The cardinality of II(7?) is at most two and it is so
if and only if the same is true for II(7) [loc.cit. Lem. 7.1]. Note that the problematic case
treated in [loc.cit. Prop. 7.4] does not occur for G(V_).

Theorem 5.4 (e-dichotomy for U(2)). We write ¢(Vy) := £1.
(i) Let I1 be an L-packet of Go(F) and m € II. For a 2-dimensional hermitian space V
over E, ©,(m, V) # 0 if and only if

e(1/2, I x Y Yp)wn(—DNE/F,¢p) 2 = e(V). (5.9)

Here e(s,11 X w,1r) denotes the standard e-factor for Il and w € II(E*) defined by the
Langlands-Shahidi theory [Sha90)], and N(E/F, ) is Langlands’ A-factor (see p.[49).
(i1) For such V and m € 11, ©,(m, V) is irreducible, and we have a bijection

Vv , —

M>r 0,(rnV)e {"GH Felv)=1,

naJL(IT)Y  otherwise.
Remark 5.5. This is the e-dichotomy property which was proved by Harris-Kudla-Sweet
[HKS90, Th. 6.1] for general unitary dual pairs at least for supercuspidal 7. But they used
the e-factors defined by the doubling method of Piatetskii-Shapiro-Rallis [PSR86]. The
comparison conjecture between their e-factor and that defined by the Langlands-Shahidi
method (see the introduction of [HKS90]) is not yet established in the present case. This
1s the reason why we rely on the Shimizu-Jacquet-Langlands correspondence together with
the restriction rule for GU(2) to U(2).
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Proof. Take 7 = w ® 7' € II(G(F)) such that IT = II(7) in the notation of § . Let B
be the quaternion algebra over F associated to the hermitian space V in §[5.2.1 We first
remark that the condition is equivalent to the condition in Prop. (i). In fact, we
know from Cor. that & (IT) = w(det)n’;, so that [KonO1l, Prop. 3.2] shows

5(871_[ X 77717wF) :)\(E/Fv wF)Qg(Safl(rD X 7771,7%1)
:A(E/F7 Q/)F)2‘€(87 7TIE ® WT/_17¢E)‘

Also (4.2)) gives wy/(—1) = wn(—1), hence the conditions are equivalent. If II(7) consists
of a single 7, that is, 7|q,(r) = 7, the theorem is just the restriction of Prop.
Otherwise I1(7) consists of two elements 7., where we may assume 7, is xa-generic

and 7_ is not. Notice that é(F)/G(F)Zé(F) ~ 7./27Z, which is generated by the image
of any g € G(F) with v(g) ¢ Ng,p(£*). Writing Vz for a realization of 7 and so on, we
know from definition that

0,(7, B) = (S(V) @V )awr) ® (S(V) @ V. ar).- (5.10)

Moreover g transposes the two terms in the right hand side.

Now is equivalent to ©,(7, gB) # {0}, which in turn amounts to the non-
vanishing of at least one of the terms in the right hand side of . But since ¢
transposes these, this is equivalent to the non-vanishing of both ©, (74, V') and 6, (7_, V).
We have proved (i). Furthermore, in this case, combined with Prop. (i) yields

U%B’v|g(v) ~ @n(ﬂ'Jr, V) ) @T](ﬂ-*7 V)

Now (ii) follows from 07"V |qwv) =~ @, cizs) NaTV - O

5.3 The case FF =R

If E/F ~ C/R, the result analogous to Th. Was proved by A. Paul for general unitary
groups in n-variables [Pau9g|. Using the description of the representations in §, [Pau98|
Th. 6.1] specializes to the following.

Proposition 5.6. For a 2-dimensional hermitian space (V, (, )) over C, we set (V) :=
—det V.
(1) For any m € II(G1,1), Oyn(m, V') # {0} only if

e(1/2,m x 0" Yr)wr(~MC/R, ¢p) ~* = (V).

(2) More precisely, for each m € II(Gy 1), there exists a unique signature (p,q), (p+q = 2)
satisfying the above condition such that 8,.(7,V, ,) does not vanish. Such (p,q) and the
Howe correspondent 0,.(7,V}, ;) is explicitly given as follows.
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T Conditions | (p,q) | Opn(m,Vp4)
eRey S T
’ >as >n | (1,1) 2. 02
5(0,_2;&) ax 2 ) 5(n ag;n al)
5(%; %) ar>n>a (2,0) 5(n§a2’ ngal)
gg%g; %; 1 2 (0’ 2) ggn—;z’ n—2a1§
ar. az n—as. n—ai
22 n>a >a 1,1 2 e
54 | "7 0> | (WY | e nom)
T(5:5)+ a>n | (1,1) | 7("5% 5%
7'((;‘5‘; 5)+ n>a (1,1) T(Z;a; )+
Jg; (Wa) — (L1) | Jgi(wiap)

Proof. As for (ii), there are two points to translate the reuslts of Paul into our setting.
Firstly, the Howe duality correspondence in [Pau98| is the contragredient of ours. Sec-
ondly, we use the Weil representation wy,y,,» while wy 1 was used in [Pau9g]. According
to [HKS96, (1,8)], we have wy,w,;» = ng,wv,w so that Oy (m, V) ~ 01(ngm, V). Now the
table follows from [Pau98 Th. 6.1].

We recall the definition of Artin L and e-factors at archimedean places. As usual we
write I'c(s) := 2(27)~°I'(s). We need the following two cases.

(i) If F = C, a quasi-character of W = C* is of the form wy,,(2) = (2/2)"?|z|%, (b € Z,
v € C). We have L(s,wp,) :=Tc(s+ v+ |b]/2), e(s, wpp, Pc) = V=1

(ii) Each two dimensional irreducible representation p of Wx is an induced moudule
ind%ﬁ (wh,p). Then we have L(s, p) = L(s,ws,), €(8, p, Yr) = MC/R, Yr)e(s, wp . ),
where A\(C/R, ¢g) = v/—1.

Suppose first 7 = d(a1/2;a2/2). Looking at the Langlands parameter (3.2]), we have

e(1/2,m x 0", Yr)w.(—1)A(C/R, 77Z)R)_2 _ /—_1\a1—n|+\a2—n|(_1)(a1+a2)/2
(_1)a1+a272n 1

if ay > ag > Mn;
=q (-1 "=-1 if ap >n > as;
(-1)°=1 if n > a; > ao,

which always equals €(V') for V indicated by the table. For the other 7, we have only to
note that

2la—n|
(

e(1/2,m x 07" Yr)wr(~DAC/R, Yr) = V1 —)*=1

6 Candidates for local A-packets of U(4)

In this section, we combine the induction principle in the local theta correspondence
[AB95], [Kudg&6], [MVWS7, Ch.3] with the results of § 5| and construct the candidates for
the A-packets in the cases in Prop. (2.b, ¢, d), and Lem. (2.c, d). We first treat

the non-archimedean case.
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6.1 Non-archimedean A-packets

Throughout this subsection, we take F' to be non-archimedean.

6.1.1 Induction principle in the non-archimedean case

In order to have the induction principle, we need explicit formulae for the Jacquet modules
of the Weil representation. This was done by Kudla [Kud86, Th. 2.8] in the symplectic
orthogonal dual pair case. We begin with the analogous formula for our unitary dual
pairs.

We use the following temporal notation. Let (H, (, )g) be the hyperbolic hermitian
plane. We fix an anisotropic hermitian space (Vp, (, )o) of dimension my, and write
V. (,) =WV, =VoadH",(,)r:=(,)0®(,)i) Thus (,), is realized as the hermitian

matrix

L

qo0

where qq is a mgy X mgo hermitian matrix representing (, )o. Its unitary group is given by

G(V,):={g9€ GLp(V,)|o(*9)qrg = ¢ }-

For 0 < k < r, we have the maximal standard parabolic subgroup Py (V') = M (V)Ux(V') C
G(V) given by

a
M = 14 — t \—1
=y s ot g=[c D y|eawiy (-
. < W 9o

< w | 9o

lk !

y” lr—k y,

= cVvk,,

UV) = ui(y.2) = | 2= 8= =y T —o(y) [ —o(wao || 77\, )77

/

Y lr—k o = —O'(tZ) c Mk(E)

Yo 1,

The standard parabolic subgroups P, of GL(k, E) are in one to one correspondence with
the partitions p of k. For each partition p of k, we write P, (V) = My(V)Up(V) for
the standard parabolic subgroup m} (P, x G(V,_))Ur(V) of Py(V), where P, is the
transpose of P,. Similarly, Gy, has the maximal standard parabolic subgroups Py (W) =
M (W)U,(W) given by

a € GL(k, FE)
A B ,
o(*a)~" g= (C D) € Ganr)
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L ly” i é?:’y/%nk y/ / //) Wk
- L n—k o'y y=\y,y" )& n—k
Up(W) = S wly, 2) := 1, 2 =0o(t2) € My(E)
—oy") Lo

Again for each partition p of k, we have the standard parabolic subgroup P,(W) :=
mk(Pp X Gn_k)Uk(W) of Pk(W)

As in §[5.1.2] we have the Weil representation wy.,, := wy, w, , of G(V;) X Gon(F). It
suffices to calculate the Jacquet modules along the maximal parabolic subgroups P (V')
and P,(W). For a smooth representation (7, V;) of Gan(F), we write (7p, wy, Vz p.w))
for its Jacquet module along P,(W). We also use similar notation for G(V).

Proposition 6.1. (1) Gy,-side. For 0 < k < n, we write s := min(k,r). There ezists a
G(V,) x P,(W)-invariant filtration

(Wrn) ey =S DS D 85?528 D {0}
such that W) )
1 G V)X M (W i
= S/ 2 Doy <G W) (hin © Wrjin—)-

Here o), is the representation of M;(V') x Mu_;;)(F) on S(GL(j, E)) given by

, A
ot aa (*, )t
=n(det A" det a’)| det Aﬂgﬂé - | det a’a|?¢(a(ta’)xa).

(2) G(V;)-case. For 0 < k < r, we put t := min(k,n). There is a P,(V) X Gon(F)-
wnvariant filtration

(Wr,n)Pk(V) =T'>T'>7T*>.--D>T'D {0}

such that

— g it ~ pMe(V)XG2n(F) I ,
T T /T ](P(k ]])XG(VT k))XP( )( rn ®w7‘_k7n_‘j).

Here 71, is the representation of M.—; ;5 (V) x My(V') on S(GL(j, E)) given by

() S )

et Aln Ep(deta)| detad'[n? (o (‘a)zd).

From this, we can deduce the following special case of the induction principle [Kud94],
IMVWST, Ch.3, IV].

Corollary 6.2. Let V. = V, with r < 1. For m € II(G(V)), there exists a unique
1 <n(m) < dimgV such that the followings hold.

(1) If 7 is supercuspidal, then ©,(m,W,) is an irreducible admissible representation of
Gon(F) if n > n(w) and ©,(m, W,,) = {0} otherwise. Further, we have
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(i) ®n(7r7Wn(7r)) S chSP(G%(W)(F))'

(1) When n =n(r)+t, (t > 1), O,(x, Wn)pt(wn) ~ n(det)| det |ZT+Ln ® O, (m, Wn(,,)).

(2) Otherwise, we have r =1 and mp vy # {0}. Again ©,(m,W,) = {0} if n < n(r), and
it is an admissible representation of Gon(F) of finite length if n > n(w). In particular it
admits an irreducible quotient.

(i) If JH(mp,(v)) consists of representations of the form | ],?T__n ® mo, then such my €
Hewsp(G(Vo)) is uniquely determined by m and ©,,(mo, Wy,) is the unique irreducible
quotient 0, (m, W,,) of ©,(m, W,,).

(11) Otherwise, for each irreducible quotient my of ©,(m,W,), there ezists w ® my €
JH(7p,vy) such that Ty is a quotient of 11(3;12(7%/1/) (no(w) ® O, (1o, Wa_1)).
6.1.2 Local non-archimedean A-packets

Now we are ready to complete the A-packets in the cases Prop. (2.b, ¢, d). For
7 € II(Ga(F)), define

6(71—7 7]) 226(1/27 X 77_17 wF)wW(_l)A(E/F7 ¢F)_2
=e(1/2, g x n~ g)we (1),

and let (V, (, )) be a representative of the isometry class of 2-dimensional hermitian spaces
over E with (V) = e(m,n) (cf. Th.[p.4). We also take a representative (V',(,)’) of the
other isomety class of 2-dimensional hermitian spaces.

(2.b) ¥, We need to find the partner of J§ (n[l] @ «), m € IL.
(2.b.1) m € Ieysp(Go(F')). Writing

)Y itV ~v,
v JL(7)Y  otherwise,

we have ©,(m, V) ~ ngaymy (Th. . Cor. (Lii) implies ©,(ngw)mv, Wa) =~
J& (n[1] ® m). On the other hand, Th. asserts that the Jacquet-Langalnds corre-
spondent nevn Ty = ngnJL(my) satisfies n(ngnmyr) > 1 so that Cor. (1.i) gives
O, (nanmy, Wa) € Iy (G(F)) (the early lift). We define

gy, (G) = {r" = Jﬁi(n[l] ®m), 7 = Oy(nepmmv, Wa)t.
(2.b.ii) 7 ~ n’Gzéocz, with 7’ £ 7. In this case, 6(77/G2(50GQ, n) is equal to the value of

L(1/2 — 5 ﬁ/n)
L(s —1/2,9'n)

at s = 1/2. If n'n is ramified, this equals (see for example [Tat79])

e(s+1/2,0'0,vp)e(s = 1/2,1'n,¢E) = 1.

e(s,n'0(det)dy” x, ) = e(s + 1/2,9'7, ¥p)e(s — 1/2,0%, ¥r) (6.1)
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Otherwise, we have 75 = | |5/ 8% (gp is the cardinality of the residue field of O), and
1 1/2—s .
(s, (det)ofl o) = = gl
1+qp

In any case we have e(n’G2(5§2, n) =1, so that V ~ V, and Th. gives
7TV+ = 977(7]&26(?27 V+) = (nﬁ/)G26§2

Since (mv, ) p, v,y = n7'[—1] (note that P;(V.) is opposite to By, cf. §, we can apply
Cor. (2.ii) to see that any irreducible quotient my of ©,(my,,Ws) is a quotient of
IS (n'[-1] ® ng,). The hermitian dual of this is I (1'[1] ® 1e,) which has the unique
submodule J§ (n[1] ® 77/925(?2) [KonO1l Prop.5.6]. Since this last representation is unita-
rizable [KonO1l Th.6.2], it turns out that this is also the unique irreducible quotient of
IS (n'[-1] ® ng,). Hence

Oy (v, Wa) =~ J§ (n[1] ® 0z, 657).

Now the Jacquet-Langlands correspondent 7y := JL(my, ) is (97 )av_). This is super-
cuspidal since G(V_) is anisotropic, and Cor.|6.2] (1.i) shows ©,(my_, Wa) € Ileusp(Ga(F)).
We set

gy, (G) = {r" = T (1] @15, 65%), 7~ 2= ©,((07 )y, Wa) }-

(2.b.iii) 7 ~ 1g,05?. Again we have from (6.1)

~ lim Ce(l/2 —s)
elmm = i o —12)

sothat V =V_and m, := 9,7(77@5(?2, Vo) =1gwy. Cor.(l.ii) tells us O, (my_, Wa)p, ~
n(det), and we can deduce from the proof of [Kon0I, Prop.5.8] that

=1,

Oy, Wa) = J5 (n[1] @ ne,&5).

In this case, the Jacquet-Langlands correspondent of my_ is my, = 50G (V+) (compare this
with the case (2.c) below). It follows from Cor. that any irreducible quotient 7y,
of®, (v, , Wa) is a quotient of I§ (n[—1] ® ng,). Its hermitian dual I§ (n[1] ® ne,) admits
a unique irreducible submodule 7¢,7(1¢,) [Kon01, Prop.5.8], which is tempered. Thus
this is also the unique irreducible quotient of I (n[—1] ® ne,):

077(5(?(‘4)’ WQ) = nG4T(1G2)'

We define
H"/)H,n (G) = {7T+ = ng (77[1] ® 77025(?2)’ T = nGT(le)}'
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(2.c) ¥, We start with 7g,. As above, we have

6(77,(}2? wF) = 5(1777/77]7 ¢E)€(O777,777 wE) = 17

so that V. = Vi and my, = 0,(ng,, V) ~ 07)cw,y. Cor. (2.ii) combined with
[Kon01) Prop.5.6] shows

On (v, , Wa) 2 J5, (Igh (n @ 1) [1]).
The Jacquet-Langlands correspondent of 7y, is again my_ = (97 )e(v_), and we define

My, (G) = {7" = J5,(Iga (n@0)[1), 7~ = Oy((ni )av-), Wa) }-

Notice that ©,((n7)aw.), Wa) =~ Oy (M) awv.), Wa).

(2.d) ¥y, p# p'. This case is completely similar to the case (2.b.i). That is,

o mys =0, (7% (u)+, V) are exactly the members of the L-packet nelly, (G(V))Y =
m, (V)

o We have O, (my,+, Wa) ~ J§ (n[1] @ 7% (1) +).

o Writing 7y 4 for the members of Il, _ (G(V')), Oy(my .+, Wa) are two distinct

elements of s, (G4 (F)).

u—1

Thus we set

Iy, (G) = {7 = JE (1] @ 7% () ), 7= 1= Oy (v e, Wa) }.

6.2 Relation with ZASS involution

Here we verify that our definition of A-packets for G4(F') is consistent with Hiraga’s
conjecture on ZASS duality.

For the moment let G be a connected reductive group over a p-adic field F' and we adopt
the notation of § We write R(G(F")) for the category of admissible representations of
finite length of G(F') and K(G(F')) for its Grothendieck group. For a parabolic subgroup
P = MU of GG, we have the parabolic induction functor

R(M(F)) > 7+ IS(n) € R(G(F)),
and the Jacquet functor
R(G(F)) > 7+ mp € R(IM(F)).

Both of these are exact and we write i§ : K(M(F)) — K(G(F)) and r§ : K(G(F)) —
KC(M(F)) for the homomorphisms defined by them.
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In [Zel80L 9.16], Zelevinsky introduced an involution Dg on K(GL(n, F)). Aubert
[Aub95] extended this to general reductive groups by setting

Dg(m) =) (~1)m/49)iG o rf(m).
P

Extending the result of Zelevinsky for GL(n), Aubert [Aub95], [Aub96] and Schneider-
Stithler [SS97] proved that this sends irreducible representations to irreducible ones up
to signs. (Precisely speaking, Schneider and Stiihler adopted a different definition of Dy,
and we do not know whether their definition coincides with Aubert’s.) We call Dg ZASS
1mvolution.

By analogy with the role played by the Curtis-Kawanaka-Alvis duality in the represen-
tation theory of reductive groups over finite fields, we expect some relationships between
D¢ and the A-packets. In fact, some of these relationships have already been used in
[Jan95] and [Mcegl]. The following conjecture is communicated to us by K. Hiraga.

Conjecture 6.3 (Conj. 1 in [Hir]). D¢ sends A-packets to A-packets. More precisely,
if we write an A-parameter ¢ € W(G) in the form:

Y« Wp x SU(2) x SL(2,C) 5 (w, h,g) — p(w)A(h)7(g) € "G,
then D¢ should send the A-packet 11,(G) to Ilp, ) (G), where
De(v) : Wp x SU(2) x SL(2,C) 3 (w, h, g) — p(w)7(h)A(g) € “G.
Here rational representations of SLy(C) are identified with those of SU(2) by restriction.

We now examine this for the group G = G4. By using the calculation of Jacquet
modules in [KonO1], we can check the following.

Corollary 6.4. Conj. is consistent with our definition of the A-packets for G4(F).

Since the proof of this is a lengthy case by case verification, we omit it. Instead we
explain two examples.

(1) Cases (2.b.ii) and (2.c) We have constructed 7~ € Il..sp(G(F')) such that

1,(G) = {5 1] ® 16, 06%), 7}, Uy (G) = {JE (' [1] @ ne,d5) 7},
My (G) = {J5,(Igs (n @ n)[1]), 773,

where the A-parameters have the restrictions to Ag = Wg x SU(2) x SL(2,C) given by

V|ap = (M@ pasre) ® (1 @ pasue),  ¥las = (1 @ paspe) © (1@ pasue),
V' ap = (N ® pasre) @ (1 @ pasre))-

We can verify Dg(J5 (n[1] ® 7]2;25(?2)) =Jg (1] ® N6,052) and Dg () = 1, and hence
Conj. is valid in this case. On the other hand, since Dg(J§ (122 (n @ n)[1])) = 55 (n)

B
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(see § , Conj. asserts that the L-packet associated to the Langlands parameter
¢" = Dg(") with
O"ew = MR pasue) ® (0 @ p2,sue))

should be Il (G) := {6§(n), 7" }. In this way, it will be possible to determine certain
discrete L-packets of general classical groups by applying the ZASS involution to certain
A-packets. This strategy was already taken by Moeglin [Mcegl, 5.6], where she applied
D¢ to her quadratic unipotent A-packets. Notice that IT,/(G) is precisely an analogue of
quadratic unipotent A-packet for G.

(2) Case (2.b.iii) D¢ transposes 1678 (05?), natd (1¢,) and JPQ(IH2 (n@n)[1]), J& (n[1]®
77@2500 ), respectively. The tempered Langlands parameter ¢, in this case corresponds to
the tempered L-packet Il,, = {ne7& (052), naté(1g,)}. As is conjectured, the A-packet
corresponding to Dg(p,) = 1, is {JI%([H2 (m@n)[1]), JS (1] ®16,652)}. (These are not
treated in § because ¥y is not elhptlc. See Prop. |6.11}) On the other hand, w 552

is unchanged under D¢ while the two members of the corresponding A-packet are trans—
posed with each other. Also note that the elliptic tempered (but not square-integrable)
representation ng7¢ (1g,) appears in the elliptic A-packet.

6.3 A-packets in the archimedean case

Here we determine the candidates for the A-packets of G4(R) = U(2,2) following Adams’
conjecture (see the introduction). We first review some general results on the local theta
correspondence over R.

6.3.1 Some tools in the Howe duality over R

Adams-Barbasch’s induction principle The key tool in our calculation is the in-
duction principle of [AB95]. To state this, we need Weil representations of twisted type
IT dual pairs. Let X’ and Y’ be C-vector spaces of dimension r and r’, respectively, and
write X := Homc (X', C), Y := Homc,(Y’,C). Then we have a symplectic space

WX7Y = Y/X,Y D YX,Y;
Yiy=X®cY, Yxyi=X &Y

with the symplectic form
1
<<(y17 Y1), (yéayQ)»)QY = §TTE/Ft1"(y2 © yi — Y10 y;), v € Yxyy, ZJ; € le,y
In particular GL¢(X') and GL¢c(Y') form a twisted type II dual pair in Sp(Wx y):
olta) ' ®@d
ixy : GLc(X') x GLc(Y') 2 (a,d") — ( (a) 0 a(ta’)l) € Sp(Wyxy).

Let £ = (£,¢’) be a pair of characters of £ trivial on Ng/p(£*). Clearly txy lifts to a
continuous homomorphism

LXYE GLc(X') X GLc(Y') 2 (a,d") — (txy(a,d’),&(deta) (deta’)) € Mp(Wxy).
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The composite wx y,¢ 1= wy; 0 Lx,v,¢ of the Weil representation wy, of Mp(Wx y) with this
is the Weil representation of the twisted type II pair GLc(X') x GLc(Y'). An explicit
formula in the Schrédinger model S(YY y ) is given by

wxye(a,a)p(y) = E(det a)| detalc" ¢ (det a')| det ' |*¢(o (a).y.a')

for a € GLc(X'), ' € GLc(Y').
Now we can state the induction principle. Recall the setting of § 5.1}

Theorem 6.5 ([Pau98] Th.4.5.5). We adopt the notation analogous to §|6.1.1. Suppose
that admissible representations my, mw of G(V,—r), Gom—i(R) satisfy

Homg(v, _yxaw, ) (Wv,_w, 6TV @ mw) # 0,

and admissible representations w, " of GL(k,C), GL(k,C’) satisfy

Homearkcyxanw o) (Wxye, m@7') # 0.

Then we have a non-trivial G(V,.) X Ga,(R)-homomorphism
t/2 G2n
wywe — I P(V (]det| 7r®7ry)®f (|det|<C ' R mw).

Here, by abuse of notation, we write wywe for the Harish-Chandra module (the Fock
model) of the Weil representation wywe and t :=m —k + k' — 2n.

6-corresondence for K-types We adopt the notation of 3.4.1] We also need the
correspondence of K-types [How89)|, [Li90].

Consider the unitary dual pair G, x G,,. We always assume m := p + ¢ is even.
Temporally we use the abbreviation V =V, ,, W = W,. We have the seasaw diagrams

Kp?q GT’T Gp?q KTiT.

Notice that K, , ~ G, x Go, and so on. The (Harish-Chandra modules of) Weil repre-
sentations of K, , X (G,, x G,,) and (Gp, x Gp4) X K, are realized on the same Fock
model Py w,m of wyw,». Recall that p,, C g,, is equipped with the decomposition
Ppg = p;;q ©® p,, By definition, the spaces of G, ,-harmonics and G, ,-harmonics are
given by

%(Gr,r) = {(b € '@V,W,T]” |X¢ = 07 VX € p;,r X p;,r}7
H(Cpq) ={0 € Pvwy | X.0=0,VX €p, X p, .},

respectively. The intersection Zyw,» = H(G,,) N H(G,,4) is called the space of joint
harmonics. We recall from [How89, § 3] the followings.
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o Jvwyn generates Py as (Gpg X Grr, Kpg X K. )-module.

o Zvw, is multiplicity free as K, ; x K, ,-module:

Iy = @ noT, 7elK,,), e (K,,). (6.2)

Thus 7; and 7] determine each other. We refer them as 6-correspondents. Moreover
the 7; x 7/-isotypic part of #yw,n» consists of homogeneous polynomials, whose
degree we denote by deg 7; = deg7/.

For a K, ,-type 7 appearing in Zy,y,», we call the minimum degree of polynomials in
the 7-isotypic subspace of Py, its W-degree. Such 7 is said to be W-harmonic if it
occurs in the decomposition (6.2). Similarly, V-degree of a K, ,-type and V-harmonic
K, ,-types are defined.

Fact 6.6 ([How89] § 4). For my € Z(Gpq,wvwan), take a K, ,-type 7 of the minimum
W -degree in it. Then T is W-harmonic and its 0-correspondent ' is of minimum V -degree
in O (v, W).

The #-corresopndence for K-types is explicitly described as follows. Notice that our
correspondence is the contragredient of the one in [Li90] twisted by ng := det™.

Lemma 6.7 ([Li90] § 5, [Pau98]). Any K, ,-type 7 has the unique highest weight of
the form

AT = (gl,...,ak,O,...,0,—bg,...,—bll;\cl,...,ck/,O,...,O,—dg/,...,—dl),
TV

J

-

p q

where {a; Yo, {b Yoo, {c: V), {d}E., are strictly decreasing sequence of positive integers.
Then 1 is W,.-harmonic if and only if k +¢', k' + € < r. Further, its 0-correspondent 1’
has the highest weight

1. N _ N
A ::§(n+p—q,...,n+p—q;n+q—p,...,n+q—p)
+(bl,...,bg,O,...,0,—ck/,...,—cl;dl,...,dg/,O,...,0,—ak,...,—a1).
I8 T

f-correspondence for infinitesimal characters Finally we review the correspon-
dence between infinitesimal characters [Li90), § 5]. We still consider the Weil representa-
tion wyw,» of the dual pair G, X G, and assume 27 > m. As usual, we identify an
infinitesimal character with an element of t* invariant under the Weyl group.

Lemma 6.8 ([Li90] p. 926). If my € II(G,,) has the infinitesimal character X =
(A1,-.., Am), then that of O,n(my, W) is given by

X:<E ﬁ)
)
()\ \ m+1 m+1 m—1 m—1 1 1)
Lyeves A, T 5 r,r 7 r,...,2, 5)-
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6.3.2 Candidates for real A-packets

Now we calculate the candidates for the A-packets of G4(R) = Ga9 associated to the
parameters of the types (2.c, d) in §

(2.d) Yo, a € 2Z, a1 > as € 2Z+ 1 Following Adams’ conjecture, we define
One (0(%5; 952), Wa),  Opa(0(%5; 45), Wa), }

2 2

IT a G = a—ai1 a— ag a—a1 a— ag
e a (G22) {ena<a< S TANNE oz, Wa)

2 2

Here 0(®)s0, 0(®)p2 are just (o) viewed as a representation of Gag, G2, respectively,
although Go o ~ Gy 2. Also notice that each of these 4 lifts is non-trivial, since we are in
the stable range. Our task is to calculate these local #-lifts explicitly. We first prove the
following.

Lemma 6.9. Recall the 8-correspondence for U(2) given in Prop.[5.0. We have

(0, (0(55252), W) if 4y > a5 > a;
Te [ @ 0(%: %)) = € 0o (6(°52, %5 )20, Wa)  if a1 > a > a;
[0 (0(552: 520), Wa)  ifa > ar > a,
(0, (0(5521 52), Wa)  if @y > ar > a;
Tor (0[] @ 6(%: %)) = § 0 (5552, %51)00, Wa)  if a1 > a > a;
(O (0(552; 552), Wa) - ifa > a1 > an.

Proof. We prove the case a; > ay > a and JPfQ( “[1] ® 6(a1/2;a2/2)). The other cases
can be treated similarly. Prop. [5.6) implies the existence of a non-zero homomorphism
Wy wime = 0((@ —a1)/2;(a — a)/2) ® §(a1/2;a2/2). Thus Th. gives a non-trivial
homomorphism

a—ay a-— Caooaf 1, a2
) @ I (-1 @ 6(55 ).

This combined with the uniqueness of the Howe quotient shows that 0. (0(*5™; “52), W)

is an irreducible constituent of [ “(77 [—1] ® 0(%; %)), or equivalently, 1212*2(77“[1] ®

o(%;2)). We know from Lem. [6 . 7| that 0. (6(“52; “5%2), Wa) has the minimal K »-type

272 2
with the highest weight

Wy 1, Wa,ne 5(

<a1+1 a az—1 a)
2 20 2 72/
On the other hand, the standard module IIC;;Q’Z (n*[1] ® d(a1/2;a2/2)) corresponds to the

“limit character” ) 1
a a as a

/\ :(_7_;_7_>7 :< y = 7_>

th={533573) v={0303

in the notation of [Pau9d8| § 3]. The 6, s-stable parabolic subalgebra q = [ + v associated
to A+ p in [Pau98, Prop. 3.2.7] is given by
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Hence [loc.cit.] asserts that JG“( “[1] ® d(a1/2;a2/2)) is the unique constituent of
Igf *(n°[1] ® 6(a1/2; az/2)) having the minimal K o-type with the highest weight

ap+1 a ay—1 a)
2 27 2 2/
The assertion is proved. O

A+ + Ponpss — Ponta s = (

This assures that our Iy , .(G22) contains the corresponding L-packet IT; L I’LQ(GQQ).

Next we calculate the rest #-correspondents in the sufficiently regular cases: a; > as >
a+3ora; >a+3,a—3>ayora—3 > a; > ay. This was done for the general dual
pair in [Li90]. Thus we only write out the results taking modifications caused by our
convention on Weil representation into account.

(i) When a; > as > a + 3, we set
1 1
ML= §(a1—3,a+2;a2—1,a+2), ALy = 5(0,2—1,(I+2;6L1—3,a+2),
1 1
Az 1= §(a1 =342 — Lia+2,a+2), Xp:= §(a+27a+2;a1_3>a2_1)-

(ii)) When a; > a+ 3 and a — 3 > ay, we set

1 1

)\2,0 = 5(@1 — 3,&; a, as + 3), )\072 = 5(0,, (05} + 3, a; — 3,&),
1 1

A = §(a1 —3,a2+3;a,a), A= é(a,a;al —3,as + 3).

(iii) When a — 3 > a; > as, we set

1 1
/\f1 =s(a—2,a1+1L;a—2,a2+3), A ;:=3(a—2a3+350—2,a;+1),

2 2
1 1
Ao = 5(a—2,a—2;a1 +1,as+3), Aoo:= 5((11 +1,a2 4+ 3;a — 2,a — 2).

In each case, /\fl, A2 and Moo determine f-stable parabolic subalgebras qfl, q2,0 and
o2 C g containing t, respectively, such that

e  admits a Levi factor [ := Cent (], g);

e a'(\) >0, Va € R(q,t).
For each of these (q,A), we have an irreducible unitarizable (g, Ks2)-module A4(X) with
non-trivial (g, Ka 2)-cohomology [KV95|, [Vog81], [VZ8&4].

(i) When a; > ay > a + 3, we have

ena(6<a—a1;a—a2>7w2

5 o, AT = 2 (0°(1] © (a1 /2: 02/2)),

(A1) = Jp22 (1] @ 6(az/2; a1/2)),

a—ay a—ag a1 ag. a+1 a—1
9"“(5( ’ >2,0’W2)_Aq2*°@2’°) 5(2 27 2 7 2 )

Gna(é( 2 72 >0,27W2)gAqO‘Q()\m)E(s(a—;l’a;l;%’%)




(i) When a; > a+ 3 and a — 3 > as, we have

a—ay a—a 22
9na(6( LA W) 2 Ay, (Rao) 2 TR0 1] @ 0(a1 /25 02/2))

5(‘1 5 al)o 2’ Wa) = Ag, ,(Ao2) = chjfa (n*[1] © d(az/2; a1/2)),
(
(o

0, (6 ).Wa) = A

a—a1 a—a2 1 a2 a+1 a—1
(5 M =63 )

227 2 ' 2

a—az a—a1 -~ a+1 a—1 a; as
0 (6(*5 )W) = A, ) = 6(55= 550 ).

(iii) When @ — 3 > a; > ao, we have

0 (5( 252 ) W) = Age (ML) == JE22 (1) @ 6 /2 02/2),

Ope (5<a ;al; ¢ ;a2>,Wz) ~ Ag (Ann) = Jp2* (°[1] © 8(a2/2;01/2)),
a—ay; a—ap a+1l a—1 a1 ap

0””(5< 2 2 )2,0’W2)_Aq2’0()\2’0)_5< 2 7 2 ’5’5)

a—ay a—a; ap ap, a+1 a—1
9”“(5< 2 72 )0,2’W2)_Aq02(/\02) 5(2 27 2 72 )

Remark 6.10. These are precisely the non-tempered cohomological A-packets of Adams-
Johnson [AJ87].

Finally we calculate the Howe correspondents in the singular cases.

(i) When a; > a; = a + 1, we need to calculate 6,.(0(—1/2,(a — a1)/2)2,0, Wa),
O (0(—1/2,(a — a1)/2)02, W2). We deduce from Lemmas [6.7] [6.8] that these have

the infinitesimal character 27'(a;,n + 1,n + 1,n — 1) and the minimal K »-types
with the highest weights

2
Granting the table in Lem. [3.9] we obtain
1 a—a ap a+1 a+1 a—1
ea(s(——, ) RUAES (_, AT )
02— )W) =),

1 a—a a+1 a—1 a; a+1
0“(5(__7 > 7W = ( ) N > .
r(00~3 3 0.2 ) 2 T( 5 i g Ty )

1 1
(a1 +1,a+4a—2,a —2), 5(@—2,a—2;a1+1,n+4).

(ii) There are the following 3 singular cases in the case a; > a > ax.

(a) When a; =a+1, a—3 > ay, we have

1 a— a9 a+1l ay a+1 a—1
Hna((5<—§; —>,W2) ~ 7'( - , >+,

2 2 727 2 2

a—ay 1 a+1 a—1 a+1 ay
8“5< ;__>7W = ( ) ) 7_> .
(0~ )= g )




(b) When a; > a+ 3, ay = a — 1, we have
a—ap 1 ap a—1 a+1 a—1
9’7“(5< 2 ’2>’W2)—T<2’ 2 2 2 )J

1l a—a; a+1 a—1 a1 a—1
8“5<_.—>7W =~ ( ) Y Tm ) .
a ) =75 i ),

(¢) When a; =a+1, ay = a — 1, we have
11

a+1 a—1 a+1 a—-1
0a5<__;_>7W = ( ) ; ) ) )
r(0(=5i5) W) =75 55 .

1 1 a+1 a—1 a+1 a—1
eaa(—;——),w ~ ( , : , ) .
al 2" 9 ) =7 2 9 2 o ).

These can be calculated in the same way as in (i).

(iii) When a; = a — 1 > ag, we have

0 (0(152.3), W) (S )
2,0 +

2 9 2 "2 ' 2 '}

a—ay 1 a—1 a a+1 a—1
eaa( ,-> W) ~ ( acy , )
e (00 20,2W2) "o 97y T )

Again the calculation is similar to the first case.

6.4 Non-elliptic parameters

Here we describe the A-packets associated to non-elliptic parameters listed in Prop. [3.2]
§13.4.2, and study their relation to the local #-correspondence. There are the following
two types of non-elliptic A-parameters for G:

(My) ¥} whose restriction to Ag is w @ o(w) ™' &7 @ ps.

(My) M2 whose restriction to Ag is w ® ps @ o(w) ™! @ po.

As was remarked in Rem. [3.5] we cannot assume that w is unitary. Instead we impose
the condition (i)’ in the remark, which can be stated in the present case as follows.

(My) w in ]} is either:

a) a unitary character with w # o(w)™!, or
(a) y ,

b) n'[s], (0 < s < 1), where iy can be n, or

(b) n'[s]; U n
(¢) w=p.

(My) w in 2 is either

a) a unitary character with w # o(w)™!. or
(a) y #o(w)™,

(b) w=pls], (0<s<1),o0r

(¢) w=n.
In the case (M), w = n[s], (0 < s < 1) is excluded because the packet II;,(G) contains
the representation J§(n[1 + s] @ n[1 — s]) which is not unitarizable. (See [Kon0I, Th. 6.2

(1L.a)] for the non-archimedean case. The archimedean case can be proved by the same
argument. )
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The A-packets

We first give the list of A-packets.

Proposition 6.11. (i) The A-packets and other data associated to the A-parameters of
type (My) are described as follows.

A-parameter Sy(G) I, (G) X-base point
Vo {£1} x C* {J5 (nl1] @ Ig2(w))} unique
o {1} 5L2,0) | (I8 1] @ I (1)} unique
wé‘,ﬂlsm, (0<s<1) {£1} x C* {JS(n[1] @ n'[s])} unique
w%; (non-arch.) {£1} x O(2,C) {Jg( 1] ® TG2(,u)i)} Jf,l (1] @ 7%2(n)4)
U (B/F=C/R) | (1} x0G.0) | (R WrI® r& D)} | JAir i o7 5)0)

Here in the first case, w is a unitary character of E* such that w # o(w)™ .
(ii) The A-packets and other data associated to the A-parameters of type (M) are de-

scribed as follows.

A-parameter Sy(G) I1,(G) x-base point
Yo C {J5, (I (w @ a(w) 1))} unique
Yt SL(2,C) {(]132(IH2 (p® w1} unique
G
1/1717‘/[2 (non-arch.) 0(2,C) ?;12((]&{} (QZZ;%)[ ]>)’ } Jg (IH2 (n®@mn)[1])
Jpl( “Ne (ia%l)%
M: (E/F ~C/R) | O(2,C) Je (1] @ ( S5)) o | TR Iy (@ )[1))
TE, (I (0 @ n*)[1])

Here in the first case, w is either a unitary character of E* with w # o(w)™ or of the

form p[s] with 0 < s < 1.

Proof. If F' is non-archimedean, this follows immediately from the definition of non-elliptic
A-packets Conj. (B.2) and results of [Kon0O1) §§ 5, 6]. Notice that all the representa-
tions appeared in the packets are unitarizable.

Next consider the case E/F = C/R. Everything but the A-packets can be obtained
in the same way as in the non-archimedean case. To determine the packets we need the
intertwining operator.

We temporally goes back to the notation of §[3.2 Let P = MU C G be a standard
parabolic subgroup. For w € W such that w(M) is again a standard Levi subgroup, we
write P(w) = M(w)U(w) for the standard parabolic subgroup with the Levi component
M(w) = w(M). Take an admissible representation 7 of finite length of M(R) and
A€ ay e If a¥(Red) >> 0 for any o € A}, the intertwining integral

M(w,m)6(g) : o(wtug) du, ¢ € IS(Ty).

/(w(U)ﬂU(w))(R)\U(w»R)

converges absolutely. This extends meromorphically in A to whole aj, ¢, and besides its
poles, it defines an intertwining operator M (w, ) : 1§ (my) — Ig(w) (w(my)). Moreover,
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if 7 € Hiemp(M(R)) and A satisfies a(ReX) > 0, Vo € AY,, M(wy, ) is holomorphic
and J§(my) = ImM (wy, 7y) [Lan89, p. 147], [BWQ0, IV.4]. Thus, at such A, M (wpyy, 7)
is an isomorphism if and only if I§(my) is irreducible.

Now we return to the proof.

(i) Y2 case. We write n = n* Recall [JL70, Th. 6.2] that, writing w; = wp, .,

(1 =1, 2) with Rer; > Rews, Ig?{ (w1 ® we) is irreducible unless vy — vy + (by — by)/2 € N.
2

We first consider the cases (a), (b) above. One can write w = wy,, with v € iR \ {0} in
the case (a), and w = n® in the case (b) with s = 0. In both cases, we have

i, (1°[1] @ w) = ImM (wpr,, 0 [1] @ I (w))

(6.3)
=Im [ M (r1,w @ n°[=1]) M (ro,w @ n*[1]) M (r1, 7°[1] @ w)].

In the case (b) with s > 0, we can write w = 7°[s] so that
Jg (' [1] @ 1°[s]) = ImM (w_, 0" [1] © 1"[s])
=Im [M(r1,0"[=s] @ n*[=1]) M (ra, 0" [=s] @ n* 1) M (ry, 0" [1] @ 0"[—=s]) ~ (6.4)
M (r2,n"[1] @ n°[s])].
Since [ggf (n[1] ® w), IH2 (w ® n*[—1]) are irreducible, the operators M (r,n*[1] ® w),
M (ry,w@n®[—1]) are 1somorphlsms. Similarly, the operators M (ry, n®[1]@n°[s]), M (r1, n°[1]®
n’[—s]), M(ry,n°[—s] @ n?[—1]) are isomorphisms. Thus we have
Jp, (" [1] ® w) = ImM (r2,w @ 1°[1]) = If, (w ® ImM (w2, 9°[1]))
Jg ([ @ 1°[s]) = ImM (rz, 1 [~s] @ n°[1]) = I5, ("[~s] ® TmM (S, " [1]))
=I5, (n"[s] ® 1g,),

and this together with Conj. (B.2) yields the result. Here in the last line, we can

replace n°[—s| by n°[s] by applying wyy, to the inducing representation. Next consider the
case (¢) w = pP, b€ 2Z + 1. We know

Ko e ) = 1 (i o (5 2) Je g (riler(5:3) ).

so that we have as in the previous cases

I Orier(3:3) ) @ JE el o (3:5) )

b b b b
=t (w1 @7 (5 5) ) @M (wast 1@ 7(5:5) )
=ImM (war,, 0°[1] @ 1) = If, (1" 18, ).

The assertion follows.
(ii) Y M2 case. We first note that:

(1) M(w®?,w[s]) has zero at s = 1 if and only if w = n* for some a € 2Z.
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(2) In that case, ImM (w%, 7?[1]) = ng, and

a+1 a—1
=)

a—l'a+1)
2 72 ’

KerM (w%, n*[1]) =~ §( D o( IR

Again we begin with the simpler cases (a), (b). Similar argument as in the proof of (i)
gives
T, (I (w @ o (w) 1))
= Im[M (ry, w[—1] @ w[1]) M (r1,w[1] ® w[—1])M (ry,w[1] ® o(w)™1)].
(1) assures that the first and the last operator in the right hand side are isomorphisms, so

that this equals ImM (ry,w[1] ® w[—1]) = I§ (w(det)) and the assertion follows. Finally
we consider the case (c) w = n®. (2) above gives

+1 a—-1 -1 a+1

TR e sy 5 ) e Rt e 6(S5 =5 )
a a+1 a—1 a a—1 a+1
:ImM(le,n[1]®5< 5 g ))EBIHIM<IUM1,77[1]®5< 5 o ))

=M (war,, n*[1] @ n*[1])Ker M (r9, n*[1] @ n*[1]),
while it follows from definition that
J%Ug; (n* @n*)[1]) =ImM (war,, n"[1] ® n*[1])

®n
=Im[M (wag, n*[1] @ n*[1]) M (r1,n*[1] ® n*[1])]
=Im[M (wa, , n*[1] @ n°[—1]) M (r9, n°[1] ® n*[1])].

By the functional equation [KS80], the following diagram commutes.

a a M(wﬂfl e [1]®77a[1]) a a
Ig(m* 1] @n°[1]) I (n*[=1] ® n°[1])

M(Tzan“[1}®n“[1])l lM(T%TIa[*l]@UaU])

M (wazy m*[1@n*[-1])

I (n°[1] @ n[-1]) ISt (=1 @n*[-1])

In other words, the homomorphism induced on I§(n°[1] ® n?[1])/KerM (rq, n%[1] @ n®[1])
by M (wys,,n*[1] ® n*[1]) is the same as the restriction of M (wy,,n*[1] ® n*[—1]) to
ImM (r5,n°[1] @ n*[1]). Noting ImM (wyy,, n*[1] @ n*[1]) = I§,(n*(det)), we conclude that

" a+1 a—1 u a—1 a+1
0 — J5 (n [1]®5( SR ))@Jf»i(n [1]®5( S ))
— I5,(n"(det)) — J5, (Igh (" @ 0*)[1]) — 0.
This completes the proof. O
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Relation with the local #-correspondence For later use, we describe these A-packets
by means of the local f-correspondence. The cases (Ms.a, b) are not treated, because they
appear only as local components of the global parameters of the form Cor. (1.b), which
contribute only to the residual spectrum.

Lemma 6.12. Suppose E/F is a quadratic extension of non-archimedean local fields of
characteristic zero. We use the notation of §[6.1]

(i) For w in (My.a, b) above, we have e(lgz(w),n) =1 and Hn(fgj(w),v+) ~ Ig;(nw_l)
(Th.[5.4). Moreover,

JS (1] ® Igj (w)) in the case (a),

Oy (152 (nw™"), Wa) = {Jg(n[l] ® 1'[s]) in the case (b).

(i) In the case (Mi.c), we consider the L-packet I, (Go) = {7%2(n)+}. We have
e(t92(u)x,m) = 1, and hence 72 (nu= ) e := 0,(792(u)x, V) for some € € {£1}. Al-
though we cannot specify this €, we have 0,(7?(nu™") e, Wa) = J5 (n[1] @ 792 (1) 1).

(iti) As for the case (Ms.c), we have 0, (1g.y, Wa) = J§, (N[1®1c,0572), and 0,(Laey, ), Wa)
IS (e ).

Proof. (i) Writing w; := wn™!, we have

e(Ig; (), n) =€(1/2,w' 9p)e(1/2,0(w) " Pp)w'(-1)
26(1/2? wla wE>€(1/27 w/_la wE>w/(_1)7

so that e(Igj (w),n)) =1 follows for unitary w. The case of w = 1/[s] was already treated
in § (2.b.ii). The rest assertion follows from the induction principle Cor. (2.ii)
combined with [Kon01l, Lem.5.3].

(ii) €(79?(p)+,n) can be calculated in the same manner as above. The local 6-
correspondence sends I1,,, (G2) bijectively to Il, _ (G2) (Th.5.4), and we name the corre-
spondents as in the lemma. Again the induction principle asserts that ©, (7¢2(nu=1) 1., Wa)

are non-zero, so that we can take irreducible quotients . of ©, (792 (nu=") 4., W), respec-
tively. We know (Cor. (2.i1)) that they are quotients of

I8 (1 ® ney) ~ J5 (n[l] © 79 (1) 1) & J5 (n[1] @ 7% () ).

Let us introduce the characters
+
YU U(F) — UM(F) ~ Uy(F) 25 ¢

of U(F) = Uy(F) and consider the space (Wi)UX

[BZ77]. Here x4 := X2 and x, is the character y, defined with ¢7(z) = ¥(y - ),
v € F*\Ng,p(E*) in place of ¢. Also we have written UM = UnN M;. One can deduce
from [KonO1, Cor. 5.2, Prop. 5.7] that

My of degenerate Whittaker models

Jg, (1] @ 7 (1)) = 1 ® niey +1[=1] @ 79 (1) (6.5)
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(in the Grothendieck group), so that for €, €5 € {£1} we have

Ta 1) @ 79 (1)e )y o = (T3 (1 © 7% (e )P ) gar, o2
i {(C if €1 = €9, (66)

0 otherwise.

On the other hand, Prop.[6.1|asserts that there exists a G(V, ) x M, (F)-stable filtration
(Wv, wam) P, O S1 D {0} such that

So = (v wam) P /S 2 =1 @ Wy, wimy St~ 5200 (0! @ 1c,),

where o7 is a certain representation of To(F) x E*, (E* C M;(F)) on S(E*). Note

Wo,w1.n = Na, by our convention. Obviously (Sl)UM1 o= {0}, so that we have
(v = (Sohysn i = 1l=1) @ v 11y - (6.7)
Let vz € Vi be any vector satisfying (vy,vi): = 2, (v_,v_)_ = 27, and write Q.

for the G(V,)-orbits of vy. Granting (5.2), we see that the projections wy, w,, —
(Wvy wim)u, ¢ are, respectively, given by the restriction maps S(Vi) — S(Qy). We

apply the twisted coinvariant functor for (Us, Xét) to the Howe duality correspondence
792 (np~Y) Lo «» 792 ()4 to see that

Homgy,) (S(,), 762 (Ulfl)eez)

2HOIHG(VHXZGQ (F) ((wV+,W1,77)U2,X§1 ) 7% (77“71)662 ® (TG2 (u)ez)Uz,xgl)
-~ C if €1 = €9,
|0 otherwise.
Now we go back to m3. We know from that (7,)y; m =~ C for some pair
sXeq

(e1,€2) € {£1}%. We apply the twisted Jacquet functor for (U, x2) to the Howe duality
correspondence 72 (N ), < ey

(6.8)

HomG(V+)XZ]Wl (F)((WV-s-szm)U,Xi‘/lIl ) 7% (77“71)662 ® (WEQ)U,Xglll) # {O}

The left hand side is equal to that of by (6.7), (6.5)), so that this is possible only
if ¢ = €5. It follows from that the irreducible quotient 6, (792 (nu=")s., Ws) of

O, (7> (™) 1, Wh) is unique and is isomorphic to J§ (n[1] @ 792 (p)+).
(iii) has already been proved in § (2.b.iii). O

Lemma 6.13. Next we consider the case E/F = C/R.
(i) In the cases (Mj.a, b), writing w = wy,, we have Qna(Igj(wa),V'm) = Igj (Wa—b—v)

(Prop.[5.6)), and

JE (1] ® I§2(ws)) in the case (a),

0o (152 (Warb,—v), Wa) = {Jg(na[l] ® n°[s]) in the case (b).
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(ii) In the case (Mi.c), we write i = u. Prop. gives

b (55) Vi) = (555 =)

and we have , a—b a—b e b b
"a(T< 2 2 >ie’ 2) = P1(77H®7'<§7§>i)-

(iii) As for the case (Ms.c), we have

+1 a—1
O (L Wo) = JE ("1 @ 5 (5= "5 ).

-1 a+1
977“(1@0,27W2>:Jlg’i(na[l]@é(a2 ;a2 ))7

‘977“ (101,17 WQ) = ‘]gg (Igsi (Ua & Ua)[l])

Proof. (i), (ii) can be proved in the same manner as in § [6.3.2] The details are omitted.
Note that, if b is odd, I§?(we—s,») has the minimal K;;-type 27} (a — b+ L;a — b F 1)
which corresponds to the Ky o-type 271 (a,b + 1;a,b F 1) by the local #-correspondence
(Lem. [6.7). The 1/2-shifts are caused by the so-called fine weight [Pau98, 3.2].

The first assertion in (iii) is merely a restatement of Lem. . The last assertion again

can be shown as in §[6.3.2] O

6.5 Split case

Finally we treat the case where the quadratic extension E/F is trivial: £ = FGF. We still
write o for the unique non-trivial element of Autp(E): o(z,y) = (y,x). H, = Rg/prGL(n)
is just the double copy of GL(n) and

Gn ={(9,0n(9)) € Hn} ~ GL(n)F.
In the dual setting, we have the “base change map”
LG =Go x Wp 2 gxw— (9.0,(9)) x we "H,
so that the base change lift in this case is given by

(G (F) o7 — re7n’ € ll(H,(F)).

6.5.1 A-parameters and representations

An A-parameter ¢ for GG, in this case is simply a completely reducible representation
¢ = @ Pr; ® Pd;

of Lr x SL(2,C). Here ., is the Langlands parameter for some m; € II(G,,, (F')) and
n = >, dim;. Recall (Rem. that we cannot assume the temperedness of m;, and
we impose some unitarizability condition instead. To make this explicit, we review the
classification of the unitary dual of G,,(F') = GL(n, F) from [Tad86, Th.A], [Vog86]. We
write P, = M,U, for the standard parabolic subgroup of GG,, associated to a partition n
of n.
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(i) Speh modules. Let n = dm, d, m € N, and take 0 € Igisc(G.n(F)).

J(6,d) = Jp" , (6] det 9D/ & 5 det |42 @ - - @ 8] det | 1~072)

4)
is known to be unitarizable. This is called the Speh module associated to (4, d).

(ii) (Stein’s) complementary series. For J(4,d) as above and 0 < s < 1,
J(6,d)(s) = I (J(3,d)] det [3* © J(5,d)| det [ %)
is irreducible and unitarizable.

(iii) For each finite family of representations {m;}; where

e 7, is either a Speh module or a complementary series representation of G, (F');
° Zz m; =mn,

the induced representation

EEZ' T = ]]Cj(?n”i (® 7Tl')

i

is irreducible and unitarizable. Any element of IT,,; (G, (F')) is of this form, and the
set {m;} is uniquely determined by H; m; (of course, up to permutations).

Now the A-parameters with non-trivial SL(2,C)-components and the associated A-
packets, or simply irreducible representations for G4(F), are given as follows. For a
quasi-character w of F'*, we write wg, for the quasi-character w o det of G,,(F).

(1) Elliptic cases. Ellipticity of an A-parameter v in the GL(n) case is equivalent to its
irreducibility.

(a) ¥ =w ® pg with w € Wy (F). [1y(Gs) = {wa, }-

(b) ¥ = @5 ® p2, where s is the Langlands parameter of some 6 € Ilgis.(G2(F)).
Iy (Gy) = {J(5,2)}.

(2) Non-elliptic cases. These are reducible parameters. For later global use, we divide
them according to if their images are contained in a globally defined parabolic subgroups
of G4 or not.

Globally elliptic (endoscopic) cases.

(a) ¥ =(w® ps) ®w with w, W € Myt (F). y(Gy) = {we, Buw'}.
(b) ¥ = (w® p2) ® s, w € Hunit(F), 0 € Maise(Ga(F)). Hy(Ga) = {we, B}

Globally non-elliptic cases.

(M) M = (W py) Pw Bwy ! with w € My (F*). Rem. (1)’ restricts the possibility
for wy; ® we € TI(EX) to:
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(1) w1, Wy € Hunit(FX). Hle (G4> = {sz Hw, B w;l}.

(i) wy = w’||;/2, wy = w’_lH;/Q for some ' € Iy(F*) and 0 < s < 1.
Iy (Gy) = {wg, Bw'(s)}.

(M) M2 = (w1 ® py) B (wy ' @ py). Here again Rem. [3.5] (1)’ implies that w; ®@w, € TI(EX)
is either:

(1) w1, Wy € Hunit(FX). HwMQ (G4) = {UJ17G2 H WQVGQ}.
(i) w; = w| |;{2, wy = w| |SF/2 for some w € Il (F) and 0 < s < 1. Ty, (Gy) =
{J(w,2)(s)}-
6.5.2 Local #-correspondence

We shall also need realizations of some of these representations as local 6-lifting from
Go(F).

A rank m hermitian space over E = F @ F is a pair (V, (, )) consisting of

e A scalar extension V := X ®p F = X @& X of some m-dimensional F-vector space
X. Note that o acts on V' as the transposition of the first and second X.

e An F-bilinear form (, ) : V ®p V — E satisfying (Av, N'v') = a(AM)N - a((v/,v)), VA,
NeFE viveV.

Writing this hermitian condition in coordinates, it turns out that we can write V = X'® X,
X’ being the dual space of X, and

(@, z1), (25, 22)) = ({21, 23), (7}, 72)), 7€ X', m; € X,
Here (, ) is the duality between X and X’. In fact, this gives the identification

G(V):={g e GLg(V)|(gv, g v) = (v,0), Vv, v € V}
={ga@'g" g€ GL(X"} ~ GL(X),

where ‘g is the adjoint of g with respect to the duality (, ). Also a rank n skew-hermitian
space over E is a pair (W, (, )) of

e W =Y ®rFE=Y &Y for some n-dimensional vector space Y over F.

e An F-bilinear form (, ) : W@pW — E satistying (Aw, Nw') = —Aa(X)-o((w', w)),
for \, N € E, w, w' € W.

Again we may write W =Y’ @Y with
<(y/17y1)7 (y;7y2)> = ((y/by?)a _<y17yé>)7 y: € Y/> Yi € Y7

where (, ) in the right hand side stands for the duality between Y and its dual Y. The
unitary group G(W) of W is identified with GL(Y”).

As in § p.1] we define a 2nm-dimensional symplectic space (W := V ®@p W, ((, )) :=
27 Trg/r((, ) ®p o((,)))). Note that Trp/r : E — F' is just the summation of the first
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and second components. If we identify W =Y @ Y, with Y := X ® Y' = Hompg(Y, X),
Y =X ®Y = Homp(X,Y), then we have

1
(2", 2), (v, y)) = Etr(x’ oy—yox), 2,yeY z,yeY.

Thus in the present case, the dual pair (G(V),G(W)) in Sp(W) reduces to the type II
dual pair:

ixy  GLIX') x GL(Y") 2 (9,d) — (‘g ' @ ¢) @ (9@ 'd™") € Sp(W).

Take a character w of F* which we identify with the character E* 3 (z,y) — w(zy™!) €
C! trivial on the diagonal subgroup F*. We adopt the identification Mp(W) = Sp(W) x
C! in which the metaplectic 2-cocycle is given by 7, (Y, Yg, ', Yg1) for (g1, 92) € Sp(W)2.
Since the image of txy is contained in the Siegel parabolic subgroup Py stabilizing Y,
this obviously lifts to a continuous homomorphism

ixyw: GL(X') x GLY") 2 (9,¢") — (txy(g9,¢),w(det ¢')) € Mp(W).

The composite wx,y. = wy 0 Lx,yw is the Weil representation, which we need below. In
the Schrédinger model S(Y’), we have the explicit formula

wxyw(9,9)0(x) = | det g w(det ¢')| det ¢'| 7> ¢ (g 2.9),
g € GL(X"), ¢ € GL(Y").

When F' is archimedean, we fix suitable maximal compact subgroups Ky C GL(X’),
Ky C GL(Y’) and consider the Fock subspace Sy(Y’) C S(Y’) with respect to them.

As in the inert case §[5.1.2] we have Z(GL(X'), wx,y.) C I(GL(X')) and O, (7x,Y”)
for each mx € Z(GL(X'),wxyw). By the local Howe duality conjecture, ©,(7y,Y) is
an admissible finitely generated representation. It admits a unique irreducible quotient
0.,(mx,Y"). Similar construction works for 7y € Z(GL(Y'),wx yw) and mx +— 6,(7x,Y’),
Ty — 0,(my, X') are bijections between Z(GL(X'),wxy,) and Z(GL(Y'),wx y.) con-
verse to each other. Besides these generalities, the following result is well-known, although
we cannot find a suitable reference ([KS97] 777).

Proposition 6.14. (i) Suppose n = m = 2. Then for each m € TI(GL(Y")), (7, X") ~
w(det)mY. Here we identify II(GL(X")) = II(GL(Y")).

(ii)) Whenn =4, m =2 and 7w € My (GL(X")), we have 0,(m,Y") ~ w(det)n" B wg,.

7 An incomplete multiplicity formula

In this final section, we give an example of the half inequality of the expected multiplicity
formula for A-paramters of type (2.b) in Prop. in order to motivate the reader.
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7.1 Multiplicity pairing

We still assume that E is a 2-dimensional semisimple algebra over a local field F' of
characteristic zero. Our task here is to define a local pairing (, |7y )y : Sy(G) xI1,(G) — C
in Conj. (C). Since Sy(G) = {1} and I1,(G) is a singleton for G = GL(n)p, one may
exclude the trivial case '~ F' & F'.

First we consider the non-archimedean case. The global A-parameters of type (2.b)
have the following three types of non-archimedean local components.

(2.b) ¢n, with IIg € Igs(Ho(F)). In this case, II,(G) consists of two elements 7=
(§ (2.b)), the x-base point m, is 7t and Sy(G) ~ Z/2Z (Prop. |3.7)). Define
<a7T+|7T+>¢ = la <77T7|7T+>¢ = SgnSﬂ,(G)‘

+,+ +,+

(2.d) ¥y, with g = (u, pt), p # p'. T, (G) contains 4 representations m
and Sy(G) = Z /27 x Sy, (M) ~ (Z/2Z)* (Prop. . We define

Ty =T

o (5. Tusl ™)y = (5,792 ()l (1) Do, on 5 € Syiep(My);
o (, mid|mt ™), onZ/27Z equals the sign character if 7_ o and the trivial character
otherwise.

Notice the ambiguity in the definition of (5, 7*|7™),, since the labeling of 7=
depends on an arbitrary parametrization of vy € I, _ (G(V')). A precise label-
ing will be given in [Kon]. At present, we only remark that this ambiguity has no
effect to the global consequence for the global parameters of type (2.b).

(M) ¥}, where w is a quasi-character of E* of the type specified in § Unless
w|px = wgyr, I1y(G) consists of single element and S, (G) = {1} (Prop. (i)).
In'the case w = o, y(G) = {5, (n[1] ® T92()2)}, my = J& (1l1] @ 7%2(s) 1), and

Sy(G) = Syjcp(My) ~ Z/2Z. Following [Art89, § 7], we define
(5, J5, (1] @ 7 () )| T3, (1] @ 7 (1) 1)) = (5, 7% () £ |77 (1) 4 -
Notice that the R-group Ry [loc. cit.] for v is trivial in this example.

Next we move to the case E/F = C/R. Since there are no parameters of type (2.b),
we have only to consider the A-parameters of type (2.d) and (M;).

(2.d) Yy e, (a € 2Z, p* = (u™, u®), ay > ay € 2Z + 1). I1,(G) consists of

T = TS ) @ 8(ar 2 a0/2)), TP = TS (1) © Saz/2 a1 /2)),

and two discrete series or limit of discrete series representations which we temporally
label as 7=*. As is remarked in the non-archimedean case, this labeling is arbitrary
but does not affect the multiplicity formula for the global parameters of type (2.b).
m, for x with respect to ¢ is 777", and Sy(G) = Z/27Z X Syjz,. (M) ~ (Z/27)?
(Lem. [3.10). The pairing (, |7*T), is defined as in the non-archimedean case.

(M) @D%}?a, where w is specified in § Only the case w = p®, (b € 2Z+1) is non-trivial.
In that case TL,(G) = {J (*[I] @ 7(b/2,b/2)2)}, my = JS (1°[1] @ 7(b/2,5/2)-),
and Sy(G) = Sy|z,(My) ~ Z/2Z. As in the non-archimedean case (, |my)y is the
one induced from (, |[7(b/2,b/2)4)y|c, [Art89, § 7].
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7.2 The multiplicity inequality

We go back to the global situation of § [2| where E//F' is a quadratic extension of number
fields. At each place v of F', we write E, := F ®p F),. If further v is non-archimedean, we
write O, for the maximal compact subring in F, and Op, for its integral closure in FE,,.
We fix a non-trivial character ¢p = @), ¥, of A/F. This determines a non-degenerate
character (x = x4) = @, X» of U(A) trivial on U(F) as in the local case (see p. [20).
We also fix a maximal compact subgroup K =[], K, C G(A), which is in good position
with respect to the maximal F-split subtorus in T = T.

Take an A-parameter ¢ = 1y, of type Cor. (2.b). Ig =@, U, is an irreducible
cuspidal representation of Hy(A) = GL(2,Ag) such that o(Ilg) ~ IT}, wn,|ax is trivial
and Lasi(s,I1g) is holomorphic at s = 1. n = ), 1, is an idele class character of E
trivial on A*.

We have the local A-packet I1,, (G,) C it (G(F})) associated to its local components
1, at each place v of F. Here we have written GG, := G ®p F,. At all but finite number
of non-archimedean v, we have either

e F,/F, is an unramified quadratic extension and v, = wi‘f[ll with some unramified

quasi-character w of type listed at the beginning of § [6.4 Moreover 1, is of order
zero and our splitting spl, is chosen in such a way that (B, T,) is defined over Op,
and {X} C g,(Og,). Here, of course, we have used the smooth flat model over O, of
G, associated to a hyperspecial point defining K,. Under these conditions, the .-
base point m,, € Il (G,) is unramified, and contains a distinguished K,-spherical
vector @Y.

o B, ~F,®F, G, ~ GL(4)p, and ¢, = ¥ = w ® py ® w1 ® w, "' for some
unramified w € it (F*), w1 @ wy € II(E)) as in § (My). Again the unique
element wg, , B w; B wy ! of M, (G,) is unramified and possesses a distinguished
unramified vector ¢?.

We can define the global A-packet I1,(G) to be the set of irreducible representations
&, m of G(A), where m, € Il (G,) at each v and m, = m,, at all but finite number
of v. The restricted tensor product is taken with respect to ¢2. Note that we have a
canonical homomorphism Sy(G) 3 § — 5(v) € Sy, (G,) at each v. The restrictions of
(| Ty Vpe, Mo € Iy, (Gy) to the image of this homomorphism is not affected by the
ambiguity referred in § [7.1]

Theorem 7.1. We write m(w) for the multiplicity of an irreducible representation m of
G(A) in the discrete spectrum of L*(G(F)\G(A)). Then for 1 = @, m € Ix(G), we

have
> e® [[G0). mulm ),

3€8y, (@) v

m(m) >

N —

Here
L Jsens, ) ife(1/2,m x n ) = -1,
€y(5) = .
1 otherwise.

Here e(s,m x n~Y) is the global root number of the standard L-function for T x n~! defined
by means of the Langlands-Shahidi theory.
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Remark 7.2. The formula is interpreted in terms of [Art89, Conj. 8.1] as follows. Writ-
ing g = gl(4,C) for the Lie algebra of G, we consider the representation

Ty Sy(G) X L x SL(2,C) 5 (s,w, g) — Ad(s¢(w, g)) € GL(g).

It follows immediately from the realization of ¥ = Y, in Cor. (2) that this admits
an irreducible decomposition T, = @?:1 7;, where (1;,V;) are the restrictions of 7, to the
mvariant subspaces

T E (C} ,

{5 | resae). wen{(3 )
‘ cee)

e {(§ Dlvesmol. {3
= { (8 B) ] cemie),

=1, @1, ®ps, To=1ls, @) Qwe/r®@p1, T3=1g,c) @ (Adoyn)lsec) @ pr1,
Ty = lsw(G) QWE/F @ p1, T5= Sells, (@) ) ® mdgE(?? SOH’LE) ® p2.

so that

Noting L(s, indﬁg(n_lgonlgE)) = L(s,IIxn™ '), we see that the sign character e, of Sy(G)
defined in [Art89, (8.4)] is exactly the one in the theorem.

Proof. Only some simple arguments in the theory of #-correspondence is sufficient for
our purpose. Let (V,(,)) be a two-dimensional hermitian space over £ and write G(V)
for its unitary group. We fix a Lagrangian subspace Y’ of the symplectic space W :=
V @p Wy defined as in the local case § 5.1} At each place v of F', we have the local Weil
representation (wy, w, ., S(Y?)) of G(V,) x G(F,) associated to 7, and ¢p,, where V, :=
V&rF,, G(V,) = G(V, F,) is its unitary group, and Y/ ;=Y ®p F,, CW, := W®p F,.
Observe that, at all but finite number of (non-archimedean) places, we have

e F,/F, and G(V,), G are unramified (i.e. V,, is hyperbolic), so that we have hyper-
special maximal compact subgroups Ky, C G(V,) and K, C G(F,).

o w,w, : G(V,) x G(F,) — Sp(W,) sends Ky, x K, to a hyperspecial maximal
compact subgroup Ky, C Sp(W,). Here we have written W, :=V, ®g, Ws.

e 1, is of order 0.
e 1), is unramified. (Note, when v is inert, this is equivalent to the triviality of 7,.)
e The residual characteristic of F, is odd.

At such v, Ty, wy ., G(Vo) X G(F,) — Mp(W,) restricts to a continuous homomorphism
Ky, xK, — Ky, — Mp(W,). Ky is the stabilizer of some self-dual O,-lattice L, C W,.
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Writing L, := Y, N L,, its characteristic function o1, is fixed under Kyy,. The restricted
tensor product
(@i S(Y)) = Q) (v, S(Y1)
with respect to these ¢, € S(Y)) is the global Weil representation of G(Vy) x G(A)
associated to n and ¢¥r. We have written Vj := V®pA and G(V,) := G(V, A) for brevity.
For archimedean v, let Sy(Y,) be the Fock subspace of S(Y,) (pull-back of the Fock
model, cf. §[6.3.1). We set So(Y}) := &@,j00 So(Yo) @ &)poe S(Y},). For each ¢ € So(Y),),

we define the corresponding #-kernel by

945(979/) = Z wV,Wz,n(gag/)¢<€)7 g€ G(VA)7 g/ € G(A)

cey’

This turns out to be an automorphic form on (G(V) x G(F))\(G(Va) x G(A)). For an irre-
ducible cuspidal representation my of G(V} ), we write A(my ) for its space (precisely speak-
ing, its underlying Hecke algebra module) in the space of cusp forms Ay(G(V)\G(V4)).
We write ©,,(my, Ws) for the span of

G(A)>4¢ — f(9)04(g9,9")dg € C,
GIVI\G(Vi)

with f € A(ny)), ¢ € So(Y)). Since f is rapidly decreasing and 6, is slowly increasing,
the integral always converges absolutely.

Next let {V,}, be a family of two-dimensional hermitian spaces V,, over E, at each
place v of F'. Using the signature €(V,) := wg,/r, (— det V), the classical Hasse principle
for {V,}, can be stated as follows. There exists a hermitian space V' over E such that
V ®r F, ~V,, at every v if and only if

[Tcv)=1

v

Now take 7 = @), 7, € IL,(G) such that the right hand side of the inequality in the
theorem is not zero. If we write S for the set of places v where 5 +— (5(v), T, |my, )y, 18
s8N, (), then this amounts to

(—1)¥le(1/2, 1T x n71) = 1.

We know from the local construction in §[6] that there exists a two-dimensional hermitian
space V, and 7y, € ne,)He,, (G(V,))Y such that

G(V) . —8(1/2,Hv X 771,_1;wFU)WHU(_l))\(Ev/FmQ/}Fv)_Q ifve S, (7 1)
v 8(1/27 HU X 7];1) ¢Fu)wﬂv(_1)/\(Ev/Fva wFu>72 Otherwise, .
Ty =2 O, (T, Wa). (7.2)

Applying the product formula for the Langlands A-factor, ([7.1)) gives

[T cvo) = (—1)¥le(r/2,mx ™) =1,

v
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so that there exists a two-dimensional hermitian space (V,(, )) over E such that V, ~
V ®@p F, at every v. Since the global L-packet Il (G(V)) is stable, the irreducible
representation my = ), my, occurs in Ag(G(V)\G(V4)) [LL79, Prop. 7.2]. We take a
realization A(my,) of my in Ag(G(V)\G(V4)) and use it to construct ©,(my, Ws). Since
we are in the stable range, this is a non-trivial subspace of A(G(F)\G(A)), the space of
automorphic forms on G(A).

We apply the induction principle for global #-correspondence [Ral84]. First suppose
that S is empty. If L(1/2,11 x n~!) # 0, then 7 appears in the residual discrete spectrum
[Kon98, Th. 1.1 (5)] and the theorem follows. Otherwise, [Har93, Th. 4.5] asserts that
O, (myv, Wi) = {0}. In other words ©,(my, Ws) is the early lift and hence belongs to the
cuspidal spectrum. If S is non-empty, ©,(my, W;) = {0} because ©,, (my,, W;) = {0} at
v € S. Thus ©,(my, Ws) belongs to the cuspidal spectrum by the same reason as above.

We have to complete the proof only in the cases S # @) or L(1/2,11 x 1) = 0. Since
0, (my,, Wa) = 7, by construction, ©,(my, W5) must contain an irreducible component
isomorphic to 7. O
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