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Abstract

This is the first part of our two papers devoted to an explicit description of
the CAP automorphic representations of quasisplit unitary groups in four variables
over number fields. We describe them along the lines of Arthur’s conjecture [Art89].
In this first part, we calculate candidates of the local A-packets consisting of the
local components of CAP automorphic representations, by means of the local θ-
correspondence from unitary groups in two variables. For this, we need a version of
the ε-dichotomy property of the local θ-correspondence for unitary groups in two
variables, involving the Langlands-Shahidi local factors. We also verify that Hiraga’s
conjecture [Hir] on a relation between ZASS duality and A-packets is compatible
with our candidates.
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1 Introduction

This is the first one of two articles devoted to an explicit description of the CAP automor-
phic representations of the quasisplit unitary group in four variables UE/F (4) associated
to a quadratic extension E/F of number fields. The term “CAP” is a short hand for
the phrase “Cuspidal but Associated to Parabolic subgroups”. This is the name given by
Piatetski-Shapiro [PS83] to those cuspidal automorphic representations which apparently
contradict the generalized Ramanujan conjecture. More precisely, let G be a connected
reductive group defined over a number field F and G∗ be its quasisplit inner form. We
write A = AF for the adele ring of F . An irreducible cuspidal representation π =

⊗
v πv

of G(A) is a CAP form if there exists a residual discrete automorphic representation
π∗ =

⊗
v π

∗
v of G∗(A) such that, at all but finite number of v, πv and π∗v share the same

absolute values of Hecke eigenvalues.
It is a consequence of results of Jacquet-Shalika [JS81b], [JS81a] and Moeglin-Waldspurger

[MW89] that there are no CAP forms on the general linear groups. For a central division
algebra D of dimension n2 over F×, however, the trivial representation of D×(A) is a CAP
form, since it shares the same local component with the residual representation 111GL(n,A)

at any place v where D is unramified. Also it is known that even the quasisplit rank
one unitary group UE/F (3) of three variables has non-trivial CAP forms [GR90], [GR91].
But the first and most well-known examples of CAP forms are Howe-Piatetski-Shapiro’s
analogue of the θ10 representation [Sou88] and the Saito-Kurokawa representations [PS83]
of Sp(2) (for their local structures see also [Wal91]).

In any case, local components of CAP forms at almost all places are non-trivial Lang-
lands quotients by definition, and hence non-tempered. In order to describe such forms,
J. Arthur proposed a series of conjectures [Art89]. The conjectural description is through
the so-called A-parameters , homomorphisms ψ from the direct product of the hypothetical
Langlands group LF of F with SL(2,C) to the L-group LG of G:

ψ : LF × SL(2,C) −→ LG,

considered modulo Ĝ-conjugation. We write Ψ(G) for the set of Ĝ-conjugacy classes of
A-parameters for G. By restriction, we obtain the local component

ψv : LFv × SL(2,C)→ LGv

of ψ at each place v of F . Here LFv is the local Langlands group defined in [Kot84, §12],
and LGv is the L-group of the scalar extension Gv = G⊗F Fv. The local conjecture, among
other things, associates to ψv a finite set Πψv(Gv) of isomorphism classes of irreducible
unitarizable representations of G(Fv), called an A-packet . At all but finite number of v,
Πψv(Gv) is expected to contain a unique unramified element π1

v . Using such elements, we
can form the global A-packet associated to ψ:

Πψ(G) :=

{⊗
v

πv

∣∣∣∣ (i) πv ∈ Πψv(Gv), at any v;
(ii) πv = π1

v , at almost all v

}
.

Arthur’s global conjecture predicts the multiplicity of each element of Πψ(G) in the dis-
crete spectrum of the right regular representation of G(A) on L2(G(F )\G(A)).

Let us call an A-parameter ψ is of CAP type if
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(i) ψ is elliptic. This is the condition for Πψ(G∗) to contain a discrete automorphic
representation.

(ii) ψ|SL(2,C) is non-trivial.

According to the conjecture, the CAP automorphic representations of G(A) is contained
in the global A-packets associated to an A-parameter of CAP type. In this paper,
we construct candidates for the local A-packets associated to the local components of
A-parameters of CAP type for the quasisplit unitary group UE/F (4) in four variables.
Although the description tells us nothing about the character relations conjectured in
[Art89], it is explicit and fairly complete. In the subsequent one [Kon], we shall develop
a theory of L-functions of UE/F (4)×GL(2)E, and obtain a complete description of CAP
automorphic representations of UE/F (4) in terms of the local A-packets constructed in
this article. Since the main result of the present article is a case-by-case description of
the A-packets (see § 6), we present here an outline of our construction.

Parameter considerations In § 2, we classify the A-parameters of CAP type for
G = G4 := UE/F (4) together with their S-groups

Sψ(G) := π0(Cent(ψ, Ĝ)/Z(Ĝ)),

which plays a central role in the conjectural multiplicity formula. Assuming the existence
of the Langlands group, we first classify the elliptic A-parameters for general unitary
group Gn in n-variables (Prop. 2.2). In practice, we need to replace the role of the Lang-
lands group by the classification of automorphic representations of general linear groups.
Thanks to Rogawski’s result on the base change for G2 = UE/F (2), this replacement is
available for the A-parameters of CAP type for G (see Cor. 2.3). Then we have a similar
description for their local components in § 3.1.

At this point, we need to assume some local assertions of Arthur’s conjecture, which
we review in § 3.2. In particular, for each local component ψ of a CAP type A-parameter,
we have the associated non-tempered Langlands parameter φψ. It is imposed that the L-
packet Πφψ(G) corresponding to φψ should be contained in Πψ(G). In fact, we know from
[Kon98], [Kon01] that Πφψ(G) consist exactly of the local components of residual discrete
representations. We have the S-group Sψ(G) as in the global case. Let us postulate the
following slightly stronger assertion than Arthur’s conjecture, which might not be true in
general.

Assumption 1.1. There exists a bijection Πψ(G) 3 π 7−→ (s̄ 7→ 〈s̄, π〉ψ) ∈ Π(Sψ(G)).
Here Π(Sψ(G)) is the set of isomorphism classes of irreducible representations of Sψ(G).

There are six types of elliptic A-parameters appearing as local components of the A-
parameters of CAP type. According to the assumption, for three types of the six, Πψ(G)
coincides with Πφψ(G) so that no construction beyond [Kon98] is necessary. But for the
rest three types, Πφψ(G) contains only the half of the members of Πψ(G).
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Adams’ conjecture We use the local θ-correspondence to construct the set Πψ(G) \
Πφψ(G) of missing members. Consider an m-dimensional hermitian space (V, ( , )) and an
n-dimensional skew-hermitian space (W, 〈 , 〉) over E. The unitary groupsG(V ) andG(W )
for V and W form a type I dual reductive pair. For a pair ξ = (ξ, ξ′) of characters of E×

satisfying ξ|F× = ωnE/F , ξ′|F× = ωmE/F , we have the Weil representation ωV,W,ξ = ωW,ξωV,ξ′

of G(V )×G(W ) § 5.1 (cf. [HKS96]).
We write R(G(V ), ωW,ξ) for the set of isomorphism classes of irreducible admissible

representations of G(V ) which appear as quotients of ωW,ξ. For πV ∈ R(G(V ), ωW,ξ), the
maximal πV -isotypic quotient of ωV,W,ξ is of the form πV ⊗ Θξ(πV ,W ) for some smooth
representation Θξ(πV ,W ) of G(W ). Similarly we have R(G(W ), ωV,ξ′) and Θξ(πW , V )
for each πW ∈ R(G(W ), ωV,ξ′). The local Howe duality conjecture, which was proved
by R. Howe himself if F is archimedean [How89] and by Waldspurger if F is a non-
archimedean local field of odd residual characteristic [Wal90], asserts the following:

(i) Θξ(πV ,W ) (resp. Θξ(πW , V )) is an admissible representation of finite length of
G(W ) (resp. G(V )), so that it admits an irreducible quotient.

(ii) Moreover its irreducible quotient θξ(πV ,W ) (resp. θξ(πW , V )) is unique.

(iii) πV 7→ θξ(πV ,W ), πW 7→ θξ(πW , V ) are bijections between R(G(V ), ωW,ξ) and
R(G(W ), ωV,ξ′) converse to each other.

A link between local θ-correspondence and A-packets is given by the following conjec-
tures of J. Adams [Ada89], which will be taken as a leading principle in our construction.
Suppose n ≥ m. Then we have an L-embedding iV,W,ξ : LG(V )→ LG(W ) given by

iV,W,ξ(g o w) =


ξ′ξ−1(w)

(
g

111n−m

)
× w if w ∈ WE(

g

Jn−m−1
n−m

)
o wσ if w = wσ,

where wσ is a fixed element in WF \ WE and Jn = diag(1,−1, . . . , (−1)n−1). Let T :

SL(2,C) → Cent(iV,W,ξ, Ĝ(W )) be the homomorphism which corresponds to a regular

unipotent element in Cent(iV,W,ξ, Ĝ(W )) ' GL(n−m,C) (the tail representation). Using
this, we define the θ-lifting of A-parameters by

θV,W,ξ : Ψ(G(V )) 3 ψ 7−→ (iV,W,ξ ◦ ψ∨) · T ∈ Ψ(G(W )).

Conjecture 1.2 ([Ada89] Conj.A). The local θ-correspondence should be subordinated
to the map of A-packets Ψψ(G(V )) 7→ ΠθV,W,ξ(ψ)(G(W )).

Here we have said subordinated because Πψ(G(V )) ∩R(G(V ), ωW,ξ) is often strictly
smaller than Πψ(G(V )). When these two are assured to coincide, we can expect more:

Conjecture 1.3 ([Ada89] Conj.B). For V , W in the stable range, that is, the Witt
index of W is larger than m, we have

ΠθV,W,ξ(ψ)(G(W )) =
⋃

V ; dimE V=m

θξ(Πψ(G(V )),W ).
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ε-dichotomy Consider the special case m = 2 and W = V ⊕−V . It turns out that the
three types of A-parameters in question are exactly those of the form ψ = θV,W,ξ(ψ

′
1) for

some elliptic A-parameters ψ′1 for G2. Thus we should be able to construct the desired
candidates by calculating θ(τV ,W ), τV ∈ Πψ′1

(G(V )) for various V . But for our global
applications, we also need a parametrization of the members of Πψ(G) well-suited to the
conjectural multiplicity formula. For this, we need one more ingredient. For the purpose
of this introduction, it is best to restrict ourselves to the non-archimedean case. For the
corresponding result in the case F = R, see § 5.3.

Theorem 1.4 (Th. 5.4). Suppose dimE V = 2 and write W1 for the hyperbolic skew-
hermitian space (E2, ( 0 1

−1 0 )). Take an L-packet Π of G2(F ) = G(W ) and τ ∈ Π [Rog90,
Ch.11].
(i) τ ∈ R(G(W ), ωV,ξ′) if and only if

ε(1/2,Π× ξξ′−1
, ψF )ωΠ(−1)λ(E/F, ψF )−2 = ωE/F (− detV ).

Here the ε-factor on the right hand side is the standard ε-factor for G2 twisted by ξξ′−1.
ωΠ is the central character of the elements of Π, and λ(E/F, ψF ) is the Langlands λ-factor
[Lan70].
(ii) If this is the case, θξ(τ, V ) = (ξ−1ξ′)G(V )τ

∨
V . Here (ξ−1ξ′)G(V ) denotes the character

G(V )
det→ UE/F (1, F ) 3 z/σ(z) 7→ ξ−1ξ′(z) ∈ C×. Recall the Jacquet-Langlands correspon-

dence Π 7→ ΠV between the (discrete if V is anisotropic) L-packets of G2(F ) and those of
G(V ) [LL79]. Π 3 τ 7→ τV ∈ ΠV is a certain bijection, which we cannot specify explicitly.

This is a special case of the ε-dichotomy property of the local θ-correspondence for
unitary groups over p-adic fields, which was proved for general unitary groups (at least
for supercuspidal representations) in [HKS96]. But since we need to combine this with
our description of the residual spectrum [Kon98], we have to use the Langlands-Shahidi ε-
factors [Sha90] instead of Piatetski-Shapiro-Rallis’s doubling ε-factors used in that paper.
By this reason, we deduce the theorem from the analogous result for unitary similitude
groups [Har93] in § 5.2. The key is the following description of the base change lifting of
representations of G2(F ) to GL(2, E), which is proved at length in § 4.

Proposition 1.5 (Cor. 4.14). Let π̃ = ω⊗π′ be an irreducible admissible representation
of the unitary similitude group GUE/F (2) ' E××GL(2, F )/∆F×, and write Π(π̃) for the
associated L-packet of G2(F ) consisting of the irreducible components of π̃|G2(F ). Then
the standard base change of Π(π̃) to GL(2, E) [Rog90, 11.4] is given by ω(det)π′E, where
π′E is the base change lift of π′ to GL(2, E) [Lan80].

Candidates for the A-packets The candidates of the A-packets are constructed in
§ 6. Here we explain the construction in the non-archimedean case (§ 6.1), which is
summarized in Fig. 1.

Each A-parameter of our concern (or its restriction to LE × SL(2,C)) is of the form

ψ = ψ1 ⊕ (ξ′ξ−1 ⊗ ρ2),
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�

��3θξ(•,W2)

Figure 1: Construction of A-packets

where ψ1 is an elliptic A-parameter for G2. Take τ ∈ Πψ1(G2) and let (V, ( , )) be the
2-dimensional hermitian space such that the condition of Th. 1.4 (i) holds. If we write
πV := θξ(τ, V ) ' (ξξ′−1)G(V )τ

∨
V , then the induction principle in local θ-correspondence

[Kud86] (§ 6.1.1) implies that π+ := θξ(πV ,W2), (τ ∈ Πψ1(G2)) form the local residual
L-packet Πφψ(G4). Next we take π′V in the Jacquet-Langlands correspondent of the A-
packet θξ(Πψ1(G2), V ), an irreducible representation of the unitary group G(V ′) of the
other (isometry class of) 2-dimensional hermitian space V ′. Then π− := θξ(πV ′ ,W2) is
the so-called early lift or first occurrence. In particular, if πV ′ is supercuspidal then so
isπ−. Following Conj. 1.3, we define

Πψ(G) := {π± | τ ∈ Πψ(G2)}.

This gives the sufficiently many members of the packet as predicted by Assumption 1.1.
Analogous construction in the archimedean case is given in § 6.3.

In § 6.2, we show that our candidates of the A-packets are compatible with Hiraga’s
conjecture [Hir] on a relation between ZASS (Zelevinsky-Aubert-Schneider-Stühler) du-
ality and the A-packets. Although the global A-parameters of CAP type are elliptic,
some of their local components are not. For later use, we also describe these non-elliptic
A-packets in terms of local θ-correspondence in § 6.4. Also the split case E ' F ⊕ F ,
G ' GL(4)F is treated in § 6.5.

In the final section § 7, we give an example of the half of the multiplicity formula
in order to motivate the reader for the subsequent article. The result (Th. 7.1) is not
satisfactory but it clarifies the role of global root numbers in the multiplicity formula,
which is one of the main features in Arthur’s conjecture.

Parts of this work was done while the authors stayed at Johns-Hopkins Univer-
sity during the JAMI special period on “Automorphic forms and Shimura varieties” in
2000. The authors heartily thank the staffs of Johns-Hopkins University, especially to
Prof. S. Zucker, for their hospitality and encouragement. Also we are grateful to Prof.
H. Yoshida for giving us a chance to participate the JAMI program.

Notation For a subset S of a group G, we write Cent(S,G) and Norm(S,G) for the
centralizer and normalizer of S in G, respectively. For a topological group or an alge-
braic group G, write G0 for its connected component of the identity. diag(x1, . . . , xr) or
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diag({xi}ri=1) stands for the matrix
x1

x2

. . .

xr

 ,

where xi are square matrices. We write Mn,m(R) and Mn(R) for the R-modules of n×m
and n× n matrices with entries in a ring R, respectively.

2 A-parameters of CAP type for unitary groups

We start with a classification of the elliptic A-parameters for unitary groups associated
to a quadratic extension of number fields. The parameters which we shall treat in this
paper are listed in Cor. 2.3

2.1 Settings

Throughout this section let E be a quadratic extension of a number field F . We write
σ for the generator of the Galois group ΓE/F of this extension. We fix an algebraic
closure F̄ of F containing E. Γ and WF denote the Galois and Weil group of F̄ over
F , respectively. Also we need the hypothetical Langlands group LF of F . We use this
only to describe A-parameters, and in practical considerations we use the classification of
automorphic representations of GL(n) instead. As for the theory of endoscopy and the
notation related to it, we follow the book [KS99].

Writing

In :=


1

−1
.·...

(−1)n−1

 ,

we introduce the outer automorphism θn(g) := Ad(In)
tg−1 of GL(n). Let us realize the

quasisplit unitary group Gn associated to E/F in such a way that

Gn(R) = {g ∈ GL(n,R⊗F E) | θn(σ(g)) = g}

for any commutative F -algebra R. By the choice of θn, the usual splitting of GL(n)E '
Gn⊗F E gives a splitting splGn = (Bn,Tn, {X}) stable under ΓE/F (an F -splitting). We

fix the following set of L-group data (Ĝn, ρGn , ηGn) for Gn: Ĝn = GL(n,C),

ρGn(w) =

{
id if w ∈ WE,

θn otherwise,

and ηGn is the obvious identification between the dual of the based root datum for Gn

and the based root datum of Ĝn. The L-group of Gn is the semidirect product LGn =
Ĝn oρGn

WF .
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Also we let Hn := RE/FGL(n), where RE/F stands for Weil’s restriction of scalars. The
double copy of the standard splitting ofGL(n) defines a splitting splHn = (BH

n ,T
H
n , {XHn})

of Hn ⊗F E ' GL(n)2
E, which is actually an F -splitting of Hn. The L-group LHn =

Ĥn oρHn
WF is given by Ĥn = GL(n,C)2 and

ρHn(w)(h1, h2) =

{
(h1, h2) if w ∈ WE,

(h2, h1) otherwise,

for (h1, h2) ∈ GL(n,C)2.
For the moment, consider a general connected reductive group G defined over F with

the L-group LG. We define A-parameters for G as in the introduction [Art89]. In prac-
tice, we need to drop the boundedness of ψ(LF ) because of the lack of the generalized
Ramanujan conjecture. We shall give an alternative condition which is accessible but
more technical in § 3.2. Note that the classification results given below is not affected by
this change. Two A-parameters are equivalent if they are Ĝ-conjugate. The set of equiv-
alence classes of A-parameters for G is denoted by Ψ(G). For ψ ∈ Ψ(G), we write Sψ(G)

for the centralizer of the image of ψ in Ĝ, and set Sψ(G) := Sψ(G)/Sψ(G)0Z(Ĝ)Γ. An

A-parameter ψ is elliptic if Sψ(G)0 is contained in Z(Ĝ)Γ, or equivalently, Sψ(G)0 ⊂ ÂG
with ÂG := (Z(Ĝ)Γ)0. For G = Gn, ÂG is trivial so that this condition is equivalent to the
discreteness of Sψ(G). We write Ψ0(G) for the subset elliptic elements in Ψ(G). ΨCAP(G)
denotes the subset of elements of CAP type, defined in the introduction, of Ψ0(G).

In what follows, we write AF := LF × SL(2,C) for brevity. We fix wσ ∈ WF \WE so
that AF = AE ∪ wσAE.

2.2 Global A-parameters for unitary groups

Here we give a description of Ψ0(Gn). This begins with an irreducible decomposition.
Let ψ ∈ Ψ0(Gn). Thanks to the semisimplicity of Langlands parameter, the represen-

tation ψ|AE : AE → GL(n,C) admits an irreducible decomposition. Moreover looking at
the action of AF/AE ' ΓE/F , this decomposition must be of the form

ψ|AE '
r⊕
i=1

τ⊕mii ⊕
s⊕

j=r+1

(τj ⊕ σ(τj))
⊕mj , (2.1)

where σ(τj) := τj ◦ Ad(wσ), and we have imposed

τi 6' τj, if i 6= j,

{
τi ' σ(τi) for 1 ≤ i ≤ r,

τj 6' σ(τj) for r + 1 ≤ j ≤ s.

Let Vi be the τi- (resp. τi ⊕ σ(τi)-) isotypic subspace of ψ|AE for 1 ≤ i ≤ r (resp.
r + 1 ≤ i ≤ s). We may assume that

∏s
i=1 GL(Vi) is the standard Levi subgroup∏s

i=1 GL(ni) with ni := dimVi. Write ψ(wσ) = ψ(wσ)
0 owσ with ψ(wσ)

0 ∈ Ĝn. For this
to preserve each GL(ni)-component, ψ(wσ)

0 must be of the form

ψ(wσ)
0 =


x1

x2

.·...
xs

 , xi ∈ GL(ni,C).

9



Thus writing n̂i :=
∑s

j=i+1 nj, ňi :=
∑i−1

j=1 nj, we have

ρGn(wσ)ψ(wσ)
0

=


Ins

.·...
(−1)n̂2In2

(−1)n̂1In1

 t(ψ(wσ)
0)−1


(−1)ňsI−1

ns

.·...
(−1)ň2I−1

n2

I−1
n1



=


(−1)ňsθns(xs)

.·...
(−1)ň2+n̂2θn2(x2)

(−1)n̂1θn1(x1)


noting ňi + n̂i = n− ni,

=


(−1)n−nsθns(xs)

.·...
(−1)n−n2θn2(x2)

(−1)n−n1θn1(x1)


This gives

diag({(−1)n−nixiθni(xi)}si=1)× w2
σ = ψ(wσ)

0ρGn(wσ)(ψ(wσ)
0)× w2

σ = ψ(w2
σ)

= ψ(wσ)
2 = diag({τi(w2

σ)
⊕mi}ri=1, {(τi ⊕ σ(τi))(w

2
σ)
⊕mi}si=r+1)× w2

σ.
(2.2)

We write A and AE for the adele rings of F and E, respectively. ωE/F denotes the
quadratic idele class character of F associated to E/F by the classfield theory. For each
1 ≤ i ≤ s, we shall fix a character ω′i of A×

E/E
× whose restriction to A× equals to ωn−niE/F .

Define ψi : AF → LGni , (1 ≤ i ≤ s) by

ψi|AE =

{
ω′−1
i τ⊕mii × pWE

for 1 ≤ i ≤ r,

ω′−1
i (τi ⊕ σ(τi))

⊕mi × pWE
for r + 1 ≤ i ≤ s,

ψi(wσ) = xi o wσ,

where pWE
denotes the conjectural homomorphism LE → WE. ω′i are identified with

characters of WE by the classfield theory.

Lemma 2.1. (i) ψi is an well-defined A-parameter for Gni for each 1 ≤ i ≤ s.
(ii) ψ ∈ Ψ0(Gn) if and only if ψi ∈ Ψ0(Gni) for all 1 ≤ i ≤ s.

Proof. (i) follows immediately from (2.2). As for (ii), we have only to note that Schur’s
lemma implies

Sψ(G) = Cent(ψ,Cent(ψ(AE), Ĝn)) = Cent(ψ,
s∏
i=1

GL(ni,C)) =
s∏
i=1

Sψi(Gni).
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Thus we are reduced to study the ellipticity of each ψi. First consider the case 1 ≤
i ≤ r. Writing Vτi for the space of τi, we have Vi = Vτi ⊗ Cmi and

Sψi(Gni) = Cent(ψi(wσ),111Vτi ⊗GL(mi,C)).

Then ι := Ad(ψi(wσ)) acts on GL(mi,C) as an automorphism of order two, because
ψi(w

2
σ) = τi(w

2
σ) ⊗ 111mi . For ψi to be in Ψ0(Gni), it is necessary and sufficient that

GL(mi,C)ι is finite. Since Aut(GL(mi)) = Int(GL(mi)) o 〈θmi〉, this forces mi = 1.
Thus ni = dim τi and ψi(wσ) acts as Ad(ψi(wσ)

0) ◦ θni on τi. This also implies σ(τi) is
isomorphic to τ∨i , the contragredient of τi.

Next consider r + 1 ≤ i ≤ s. Similar argument as above shows mi = 1. We have an
irreducible decomposition Vi = Vτi ⊕ Vσ(τi) as an AE-module and

Sψi(Gni) = Cent(ψi(wσ),C×idVτi × C×idVσ(τi)
).

Since Ad(ψi(wσ))ψi|AE = ψi|AE ◦ Ad(wσ), ψi(wσ) must interchange Vτi and Vσ(τi). These
show that Sψi(Gni) equals the diagonal subgroup C×(idVτi⊕Ad(ψi(wσ))idVτi ). Hence such
ψi cannot be elliptic.

Define Φst
0 (Gn) to be the set of isomorphism classes of Langlands parameters ϕ : LF →

LGn such that

• Imϕ is bounded.

• ϕ|AE is irreducible.

For m ∈ N, let ρm be the m-dimensional irreducible representation of SL(2,C).

Proposition 2.2. Ψ0(Gn) is in bijection with the set of finite families of quadruples
(di,mi, ωi, ϕi)

r
i=1:

(i) di, mi are positive integers satisfying n =
∑r

i=1 dimi.

(ii) ωi is an idele class character of E such that ωi|A× = ωn−di−mi+1
E/F .

(iii) ϕi ∈ Φst
0 (Gmi).

such that ωiϕi⊗ ρdi 6' ωjϕj ⊗ ρdj for 1 ≤ i 6= j ≤ r. The bijection is given by the relation

ψ|AE =

ω1(ϕ1|LE)⊗ ρd1
. . .

ωr(ϕr|LE)⊗ ρdr

 ,

ψ(wσ) =

 ϕ1(wσ)J
d1−1
m1
⊗ 111d1

.·...
ϕr(wσ)J

dr−1
mr ⊗ 111dr

o wσ.

Here Jm = diag(1,−1, . . . , (−1)m−1).
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Proof. We retain the notation of the above argument. We may write

ψi|AE ' ϕ′i ⊗ ρdi .

Here ϕ′i is an irreducible representation of LE with bounded image whose dimension we
denote by mi. We obviously have n =

∑r
i=1 dimi.

Since σ(ψi|AE) ' (ψi|AE)∨, we may choose an isomorphism ϕ′i(wσ) : θmi ◦ ϕ′i
∼→

ϕ′i ◦ Ad(wσ). This must satisfy

Ad(ϕ′i(wσ)θmi(ϕ
′
i(wσ))) ◦ ϕ′i = ϕ′i ◦ Ad(w2

σ) = Ad(ϕ′i(w
2
σ)) ◦ ϕ′i.

The irreducibility of ϕ′i implies ϕ′i(wσ)θmi(ϕ
′
i(wσ)) = zϕ′i(w

2
σ), for some z ∈ C×. Moreover,

applying Ad(ϕ′i(wσ)) ◦ θmi to this, we see

zϕ′i(w
2
σ) =ϕ′i(wσ)θmi(ϕ

′
i(wσ)) = Ad(ϕ′i(wσ)) ◦ θmi(ϕ′i(wσ)θmi(ϕ′i(wσ)))

=z−1Ad(ϕ′i(wσ)) ◦ θmi(ϕ′i(w2
σ)) = z−1ϕ′i(Ad(wσ)w

2
σ)

=z−1ϕ′i(w
2
σ),

so that z = ±1. Take an idele class character ω′′i of E satisfying ω′′i |A× = ωεiE/F , where

εi ∈ Z/2Z is such that (−1)εi = z. Now one can easily check that

ϕi(w) :=

{
ω′′i

−1(w)ϕ′i(w)× pWE
(w) if w ∈ LE,

ϕ′i(wσ) o wσ if w = wσ

defines an well-defined element ϕi ∈ Φst
0 (Gmi).

We still have to determine εi. For this, we note the tensor product decomposition
θni = Ad(Jdi−1

mi
)θmi ⊗ θdi . If we write ψi(wσ) = gi(ϕ

0
i (wσ)J

di−1
mi
⊗ 111di) o wσ for some

gi ∈ GL(ni,C), we have

(ω′′i ϕ
0
i )(wσww

−1
σ )⊗ ρdi(g) = Ad(ψi(wσ))ψ

0
i (w, g)

=Ad(gi)(Ad(ϕi(wσ))(ω
′′
i ϕ

0
i )(w)⊗ ρdi(g))

=Ad(gi)((ω
′′
i ϕ

0
i )(wσww

−1
σ )⊗ ρdi(g)),

for any w ∈ LE, g ∈ SL(2,C). Thus gi must be a scalar matrix which, after a suitable

conjugation in Ĝni , we may assume to be 111ni . We now use the equality between

ψ0
i (wσ)

2 =(ϕi(wσ)
0Jdi−1

mi
⊗ 111di)θni(ϕi(wσ)

0Jdi−1
mi
⊗ 111di)

=ϕi(wσ)
0Jdi−1

mi
· Jdi−1

mi
θmi(ϕi(wσ)

0)θmi(J
di−1
mi

)J1−di
mi
⊗ 111di

=(−1)(mi−1)(di−1)ϕi(w
2
σ)

0 ⊗ 111di

and ψ0
i (w

2
σ) = ω′′i (w

2
σ)ϕ

0
i (w

2
σ) ⊗ 111di to see that εi ≡ (di − 1)(mi − 1) mod 2. We set

ωi := ω′iω
′′
i .

We specialize this to the case n = 4. Φ0(Hn) denotes the set of equivalence (i.e. Ĥn-

conjugacy) classes of elliptic Langlands parameters with bounded image. If we embed Ĥn

diagonally into GL(2n,C), Φ0(Hn) is exactly the set of induced representations indLFLE ϕE
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where ϕE runs over the set of isomorphism classes of irreducible n-dimensional represen-
tations of LE with bounded image. Then conjecturally, this is in bijection with the set of
irreducible cuspidal representations of Hn(A).

Recall the standard base change map:

ξ111 : LGn 3 g o w 7−→ (g, θn(g)) o w ∈ LHn.

The map Φst
0 (Gn) 3 ϕ 7→ ξ111◦ϕ ∈ Φ0(Hn) is an well-defined injection. For n ≤ 3, its image

consists of ϕ = indLFLE ϕE such that the corresponding irreducible cuspidal rerpesentation
ΠE of Hn(A) satisfies:

(i) σ(ΠE) := ΠE ◦ σ ' Π∨
E. This forces that its central character ωΠE restricted to

NE/F (A×
E) is trivial.

(ii) ωΠE is trivial on A×.

(iii) The twisted tensor (generalized Asai-Oda) L-function LAsai(s,ΠE) does not have a
pole at s = 1 in the case n = 2.

In fact, the stable cuspidal L-packets ofGn(A) lift exactly to these cuspidal representations
by the base change lift corresponding to ξ111 [Rog90, 11.5, Th.13.3.3]. Thus, in practice,
we can parametrize each element ϕΠ ∈ Φst

0 (Gn), (n ≤ 3) by the irreducible cuspidal
representation ΠE = ξ111(Π) of Hn(A) satisfying the above conditions.

We save η and µ to denote idele class characters of E whose restriction to A× equal 111
and ωE/F , respectively.

Corollary 2.3. The set ΨCAP(G4) consists of the following elements.
(1) Stable parameters.

Name ψ|AE ψ(wσ)

(1.a) ψη (η ⊗ ρ4)× pWE
1114 o wσ

(1.b) ψΠ,µ [µ(ϕ0
Π|LE)⊗ ρ2]× pWE

[ϕ0
Π(wσ)J2 ⊗ 1112] o wσ

Here Π runs over the set of stable L-packets of G2(A) containing a cuspidal representation.
(2) Endoscopic parameters.

Name ψ|AE ψ(wσ)

(2.a) ψµ ((µ⊗ ρ3)⊕ µ′)× pWE

(
1113

1

)
o wσ

(2.b) ψΠ,η ((η ⊗ ρ2)⊕ ϕ0
Π|LE)× pWE

(
1112

ϕ0
Π(wσ)

)
o wσ

(2.c) ψη ((η ⊗ ρ2)⊕ (η′ ⊗ ρ2))× pWE

(
1112

1112

)
o wσ

(2.d) ψη,µ ((η ⊗ ρ2)⊕ µ⊕ µ′)× pWE

 1112

1
1

o wσ

Here, in (2.a) µ = (µ, µ′) and µ′ can be µ, in (2.b) Π and ϕΠ are the same as in (1.b), in
(2.c) η = (η, η′) with η 6= η′, and in (2.d) µ = (µ, µ′) with µ 6= µ′.
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3 Local A-parameters and induced representations

From now on, we turn to the local situation and study the local A-packets associated to
the parameters listed in Cor. 2.3. Thus let E be a quadratic extension of a local field F
of characteristic zero. We write | |F for the module of F . We adopt analogous notation
as in the global setting such as ΓE/F := Gal(E/F ) = 〈σ〉, Γ = Gal(F̄ /F ), WF and
wσ ∈ WF \WE. The Langlands group of F is given by ([Kot84, § 12])

LF :=

{
WF if v is archimedean,

WF × SU(2) if v is non-archimedean.

3.1 Local A-parameters for G4

First we recall some general construction from [Art89]. Let G be a quasisplit connected
reductive group over F and LG be its L-group. An A-parameter for G is a continuous
homomorphism ψ : LF × SL(2,C)→ LG such that

(i) ψ|WF
is semisimple and has bounded image.

(ii) The composite WF
ψ→ LG

pr2→ WF is the identity.

(iii) ψ restricted to SL(2,C) or SU(2)× SL(2,C) is analytic.

Again we remark that the boundedness condition in (i) might be too strong for our
purpose, since the generalized Ramanujan conjecture is not yet known. An appropriate
alternative condition will be given in § 3.2 (Rem. 3.5). The notion of equivalence and
ellipticity for A-parameters are defined in the same manner as in the global case. Also the
groups Sψ(G) and Sψ(G) are defined. Although we consider only elliptic global parame-
ters, the same is not always true for their local components. Thus we have to classify the
whole Ψ(G) in the local case. For this, we use the reduction argument of [Art89, § 7].

Take a maximal torus Aψ in Sψ(G) and set M̂ψ := Cent(Aψ, Ĝ). Recall that we fixed a

splitting spl bG = (B, T , {X}) of Ĝ in the description of LG. Taking a suitable Ĝ-conjugate

of ψ, we may assume Aψ ⊂ T and that M̂ψ is a standard Levi subgroup of Ĝ with respect
to (B, T ). Thus we have a standard parabolic subgroup P̂ψ = M̂ψÛψ of Ĝ. One can
check that this is stable under the Γ-action ρG. In fact, since ψ(WF ) commutes with Aψ,
Ad(ψ(WF )) preserves the weight decomposition under Ad(Aψ) so that

Ad(ψ(w))P̂ψ = P̂ψ, ∀w ∈ WF .

Writing ψ(w) = ψ0(w) o w with ψ0(w) ∈ Ĝ, this becomes

ρG(w)(P̂ψ) = Ad(ψ0(w)−1)P̂ψ, ∀w ∈ WF .

Since ρG(w)(P̂ψ) is again standard, we have ρG(w)(P̂ψ) = P̂ψ and ψ0(w) ∈ P̂ψ for any
w ∈ WF , as claimed.

Since G is quasisplit, we can fix its F -splitting splG = (B,T, {X}). We now define
Pψ = MψUψ to be the standard parabolic subgroup of G with respect to (B,T) having
LPψ = P̂ψoρGWF as its L-group. The above discussion allows us to view ψ as an element
of Ψ(Mψ).
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Lemma 3.1. ψ ∈ Ψ0(M
ψ). As a consequence, we have the disjoint decomposition

Ψ(G) =
∐
[P ]

Ψ0(M)/W (M).

Here, [P ] runs over a system of representatives of the associated classes of parabolic sub-
groups of G, and W (M) := Norm(AM , G)/M is the Weyl group of AM in G.

Proof. It follows from M̂ψ = Cent(Aψ, Ĝ) that Aψ ⊂ ÂMψ . Since Aψ is a maximal torus
in Sψ(G)0, we have

Sψ(Mψ)0 = Cent(ψ,Cent(Aψ, G))0 = Cent(Aψ, Sψ(G)0) = Aψ ⊂ ÂMψ .

In the G4 case, a system of representatives of the associated classes of parabolic sub-
groups is given by the set of standard parabolic subgroups with respect to B4. This
consists of Pi = MiUi, (i = 1, 2) with

M1 =

m1(a, g) =

 a
g

θ1σ̃(a)

∣∣∣∣∣∣ a ∈ H1

g ∈ G2

 ,

U1 =

u1(y, β) =


1 y′′ y′ β − 〈y, y〉/2

1 −σ̃(y′)
1 σ̃(y′′)

1


∣∣∣∣∣∣∣∣
y = (y′′, y′) ∈ W1

β ∈ Ga

 ,

M2 =

{
m2(a) =

(
a

θ2σ̃(a)

) ∣∣∣∣ a ∈ H2

}
,

U2 =

{
u2(b) =

(
1112 b

1112

) ∣∣∣∣ b ∈ (RE/FM2)
ι(σ̃(b)) = −b

}
,

and G4, B4. Notice that our numbering of standard parabolics has been changed from
[Kon98], [Kon01]. Here, for an algebraic groupG over F , we write σ̃ for the F -automorphism
on RE/FG associated to σ by the F -structure of G. (W1, 〈 , 〉) denotes the hyperbolic
skew-hermitian space (RE/FGa)

2 with the form

〈(x′′, x′), (y′′, y′)〉 = x′′σ̃(y′)− x′σ̃(y′′).

ι denotes the main involution on M2:
ι( a bc d ) = ( d −b

−c a ).
Again as in the global case, we save η and µ for characters of E× whose restriction

to F× are 111 and ωE/F , respectively. Here ωE/F is the sign character of F×/NE/F (E×).
Any quasi-character ω of E× is identified with a character of WE by the local classfield
theory. For a connected reductive group G over F , we write Π(G(F )) ⊃ Πunit(G(F )) ⊃
Πtemp(G(F )) ⊃ Πdisc(G(F )) for the set of isomorphism classes of irreducible admissible,
unitarizable, tempered and square integrable representations (Harish-Chandra modules
if v is archimedean. This abuse of terminology will be adopted throughout the paper.
See § 3.4.1.) of G(F ), respectively. If F is non-archimedean, we write Πcusp(G(F )) for
the subset of Πdisc(G(F )) consisting of supercuspidal elements. Finally we write AF :=
LF × SL(2,C) as in the global case.
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Proposition 3.2. The equivalence classes of A-parameters for G4 with non-trivial re-
strictions to SL(2,C) are the followings. The reference to the global situation indicates
the numbers in Cor. 2.3.
(G) Ψ0(G) consists of the following six types of elements as in the global case.

(i) Stable parameters.

(a) ψη defined similarly as in (1.a)

(b) ψΠ,µ defined similarly as in (1.b). In the local case, the stable elliptic L-packet
Π has the base change lift ΠE = ξ111(Π) ∈ Πdisc(H2(F )) such that σ(ΠE) ' Π∨

E,
ωΠE |F× = 111 and LAsai(s,ΠE) is holomorphic at s = 0.

(ii) Endoscopic parameters.

(a) ψµ defined similarly as in (2.a), where µ = (µ, µ′) and µ′ can be µ.

(b) ψΠ,η defined similarly as in (2.b), where Π is the same as in (G.1.b) above.

(c) ψη defined similarly as in (2.c), where η = (η, η′) with η 6= η′.

(d) ψη,µ defined similarly as in (2.d), where µ = (µ, µ′) with µ 6= µ′.

(M1) Ψ0(M1) consists of the parameters ψM1
ω,η, (ω ∈ Πunit(E

×)):

ψM1
ω,η |AE = [(ω ⊕ σ(ω)−1)⊕ (η ⊗ ρ2)]× pWE

, ψM1
ω,η(wσ) = [(ω(w2

σ)⊕ 111)⊕ 1112] o wσ,

(M2) Ψ0(M2) consists of the parameters ψM2
ω , (ω ∈ Πunit(E

×)):

ψM2
ω |AE = [(ω ⊗ ρ2)⊕ (σ(ω)−1 ⊗ ρ2)]× pWE

, ψM2
ω (wσ) = [(ω(w2

σ)⊗ 1112)⊕ 1112] o wσ.

Proof. The elliptic cases are similar to the global case. The only point is that a stable
Langlands parameter ϕΠ for G2 is elliptic if and only if ΠE ∈ Πdisc(H2(F )) (see for
example [GL79]). The characterization of the image of the local base change in terms of
the Asai-Oda L-factor is due to Goldberg [Gol93] (at least in the non-archimedean case).
The parabolic cases are well known (cf. [Rog90]).

3.2 Review of the local Arthur conjecture

To obtain the local A-packets associated to the parameters in Prop. 3.2, we postulate
some local assertions of Arthur’s conjecture.

Let G be a connected reductive quasisplit group over F . We retain the notation of
§ 3.1. For an F -parabolic subgroup P = MU of G with a Levi component M , we have
the real vector spaces aM = Hom(X∗(M)F ,R) and a∗M = X∗(M)F ⊗ R dual to each
other. Here X∗(M)F is the lattice of F -rational characters of M . We have the map
HM : M(F )→ aM defined by

exp〈χ,HM(m)〉 = |χ(m)|F , ∀χ ∈ X∗(M)F .

Using this, we define the character eλ : M(F ) → C× associated to λ ∈ a∗M,C = a∗M ⊗R C
by eλ(m) = mλ := e〈λ,HM (m)〉. If we write AM for the maximal F -split torus in the center
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of M , the set ΣP of roots of AM in P can be viewed as a subset of a∗M . Similarly the set
Σ∨
P of corresponding coroots is a subset of aM . We write ∆P and ∆∨

P for the subsets of
simple roots and coroots in ΣP and Σ∨

P , respectively. Write

a∗,+P := {λ ∈ a∗M |α∨(λ) > 0, ∀α∨ ∈ ∆∨
P}.

For ψ ∈ Ψ(G), we define

µψ : Gm(C) 3 t 7−→
(
t
t−1

)
∈ SL(2,C)

ψ−→ Ĝ.

After a suitable Ĝ-conjugation of ψ, one may assume that µψ ∈ X∗(T ) and

α∨(µψ) ≥ 0, ∀α∨ ∈ ∆(B, T ) = ∆∨(B,T).

Here ∆(B, T ) denotes the set of simple roots of T in B. Then M̂ψ := Cent(µψ, Ĝ) is a

standard Levi subgroup of Ĝ, and we write P̂ψ = M̂ψÛψ for the corresponding standard

parabolic subgroup. Since µψ is stable under Ad(ψ(WF )) ⊂ Ad(M̂ψ) ◦ ρG(WF ), we see

that P̂ψ is ρG(WF )-stable. We obtain a standard parabolic subgroup Pψ = MψUψ of G

having LPψ := P̂ψ oρG WF as its L-group. We can view ψ|LF as an element of Ψ(Mψ).
For an admissible representation (τ, V ) of M(F ) and λ ∈ a∗M,C, (IGP (τλ), I

G
P (Vλ)) de-

notes the parabolically induced representation ind
G(F )
P (F )[τλ⊗111U(F )] with (τλ := eλ⊗τ, Vλ :=

V ). If τ ∈ Πtemp(M(F )) and λ ∈ a∗,+P , we write JGP (τλ) for the Langlands quotient of
IGP (τλ). For any admissible representation π of finite length of G(F ), JH(π) denotes the
set of isomorphism classes of its irreducible subquotients.

Let χ be a non-degenerate character of U(F ) in the sense that its stabilizer in B(F ) is
Z(G)(F )U(F ). A χ-Whittaker functional on an admissible representation (π, V ) of G(F )
is a (continuous if F is archimedean) linear functional Λ : V → C satisfying

Λ(π(u)v) = χ(u)v, ∀u ∈ U(F ), v ∈ V.

We say (π, V ) is χ-generic if it admits a non-zero χ-Whittaker functional. When π
is irreducible, it was shown by Shalika that the space of χ-Whittaker functionals on
V is at most one-dimensional [Sha74]. We write W = WG for the relative Weyl group
Norm(A0, G(F ))/T(F ), where we have written A0 := AT. It is a Coxeter group generated
by the simple reflections rα associated to the simple roots α ∈ ∆0 of A0 in B. In particular,
we have the associated length function `B on W . We write w− = wG− for the longest
element in W . In what follows we identify W with its fixed system of representatives
in Norm(A0, G(F )). For a standard parabolic subgroup P = MU , we set wM = wGM :=
w−(wM− )−1 ∈ G(F ). We recall the following from [Sha81].

Proposition 3.3 ([Sha81], Prop. 3.1, 3.2). Let χ and P = MU be as above.
(a) χM := Ad(w−1

M )χ|UM (F ) is a non-degenerate character of UM(F ) ⊂M(F ). (Note that
this depends on the choice of the representative of wM !)
(b) Let (τ, V ) be an admissible χM -generic representation of M(F ) and Λ be a χM -
Whittaker functional on it. Then the integral

IGP (Λλ, φ) :=

∫
wM (Ū)(F )

Λ(φ(w−1
M v))χ(v) dv, φ ∈ IGP (Vλ)
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converges absolutely for any λ ∈ a∗M,C and defines a χ-Whittaker functional on IGP (Vλ).

Moreover IGP (Λλ, e
λφ) is holomorphic in lambda for any φ ∈ IGP (V ).

We can now state the local Arthur conjecture which we shall need.

Conjecture 3.4 ([Art89] §§ 6, 7). (A) For each ψ ∈ Ψ0(G) there exists a finite subset
Πψ(G) ⊂ Πunit(G(F )) called the A-packet associated to ψ. Let us write Φ0(G) for the
subset of ϕ ∈ Ψ0(G) such that ϕ|SL(2,C) is trivial. Then we should have the disjoint
decomposition

Πdisc(G(F )) =
∐

ϕ∈Φ0(G)

Πϕ(G). (3.1)

For general ψ ∈ Ψ(G), we have the A-packet Πψ(Mψ) attached to ψ ∈ Ψ0(M
ψ). Then we

define

Πψ(G) :=
⋃

π∈Πψ(Mψ)

JH(IGPψ(π)).

Notice that IG
Pψ

(π) is completely reducible since π is unitarizable. Writing Φtemp(G) for
the set of ϕ ∈ Φ(G) with ϕ|SL(2,C) = 1, we deduce from (3.1) and the Harish-Chandra’s
classification of tempered representation that

Πtemp(G(F )) =
∐

ϕ∈Φtemp(G)

Πϕ(G).

(B) (1) Part (A) asserts the existence of the packet Πψ|LF (Mψ) ⊂ Πunit(Mψ(F )) associated
to ψ|LF ∈ Φtemp(Mψ). The A-packet Πψ(G) should contain

Π′
ψ(G) := {JGPψ(τµψ) | τ ∈ Πψ|LF (Mψ)}.

(2) Fix a non-degenerate character χ of U(F ). For ϕ ∈ Φ0(G), Πϕ(G) should contain a
unique χ-generic element δχ (the generic packet conjecture). For ϕ ∈ Φtemp(G), we have

Πϕ(G) =
∐

δ∈Πϕ(Mϕ)

JH(IGPϕ(δ)).

Applying Prop. 3.3, Πϕ(G) contains a unique χ-generic element τχ ∈ JH(IGPϕ(δχMϕ )).
Finally for general ψ ∈ Ψ(G), Πψ|LF (Mψ) contains a unique χMψ

-generic element τχMψ .

The element
πχ := JGPψ(τχMψ ,µψ) ∈ Π′

ψ(G) ⊂ Πψ(G)

is called the χ-base point of Πψ(G).
(C) (1) There should be a function 〈 , |πχ〉ψ : Sψ(G)×Πψ(G)→ C satisfying the following
conditions.

(a) For π ∈ Πψ(G), Sψ(G) 3 s̄ 7→ 〈s̄, π|πχ〉ψ ∈ C is a class function such that
〈1, π|πχ〉ψ ∈ R×

+.

(b) If we write s̄ψ for the image of ψ(1 × −1112) ∈ Sψ(G) in Sψ(G), then there exists a
sign character eψ( , π|πχ) : Sψ(G)→ {±1} such that

〈s̄ψs̄, π|πχ〉ψ = eψ(s̄ψ, π|πχ)〈s̄, π|πχ〉ψ, ∀s̄ ∈ Sψ(G).
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(2) If we define 〈 , |πχ〉′ψ : Sψ|LF (Mψ) × Π′
ψ(G) 3 (s̄, JGPψ(τµψ)) 7→ 〈s̄, τ |τχMψ 〉ψ|LF ∈ C,

then the following diagram commutes.

Π′
ψ(G) 3 π −−−→ 〈 , π|πχ〉′ψ ∈ Π(Sψ|LF (Mψ))

inclusion

y yinclusion

Πψ(G) 3 π −−−→ 〈 , π|πχ〉ψ ∈ Π(Sψ(G)).

Here Π(Sψ(G)) is the set of isomorphism classes of irreducible representations of Sψ(G),
whose elements we identify with their characters.

Remark 3.5. Since the generalized Ramanujan conjecture is not yet known, A-packets
Πψ(G) for ψ with ψ(WF ) bounded might not be sufficient. Thus, in this paper, we replace
the condition (i) in the definition of local A-parameter by the following.

(i)′ ψ|WF
is semisimple. Each member of the L-packet Πψ|LF (Mψ) appears as a local

component of some cuspidal automorphic representation which is not of CAP type.
Also the L-packet Π′

ψ(G) is contained in Πunit(G(F )).

3.3 Non-supercuspidal representations of G4(F )

In this subsection, we assume F is non-archimedean and calculate Π′
ψ(G4) for the elliptic

ψ in Prop. 3.2. We first review the classification of Πunit(G4(F )) from [Kon01].
η defines a character ηu : G1(F ) 3 xσ(x)−1 7→ η(x) ∈ C1. We write ηGn for the

composite Gn(F )
det→ G1(F )

ηu→ C1. Similarly for a character ω of E×, we write ωHm :
Hm(F ) 3 h 7→ ω(deth) ∈ C1. We express irreducible representations of standard Levi
subgroups of G(F ) = G4(F ) as follows.

ω[λ] : T(F ) 3 d(a1, a2) 7−→ ω1(a1)|a1|λ1/2
E ω2(a2)|a2|λ2/2

E ∈ C×,

ω[λ]⊗ π : M1(F ) 3 m1(a, g) 7−→ ω(a)|a|λ/2E π(g) ∈ GL(Vπ),

πE[λ] : M2(F ) 3 m2(a) 7−→ | det a|λ/2E πE(a) ∈ GL(VΠE).

Here ω = (ω1, ω2), ωi, ω ∈ Π(E×), (πE, VπE) ∈ Π(H2(F )), (π, Vπ) ∈ Π(G2(F )), and | |E is
the module of E. Also d(a1, a2) = diag(a1, a2, σ(a2)

−1, σ(a1)
−1) ∈ T(F ).

Recall that the endoscopic liftings in the following three settings were established by
Rogawski [Rog90, Ch. 11].

Standard base change for RE/FG2 This is the endoscopic lifting from the twisted en-
doscopic data (G2,

LG2, 1, ξη) for (H2, θ2 ◦ σ̃,111) (see [KS99, Ch. II]), where

ξη : LG2 3 g o w 7−→

{
(η(w)g, η(w)−1θ2(g))× w if w ∈ WE,

(g, θ2(g)) o wσ if w = wσ
∈ LH2.

Twisted base change for RE/FG2 This is the same as above except that the twisted
endoscopic data (G2,

LG2, 1, ξµ) is given by

ξµ : LG2 3 g o w 7−→

{
(µ(w)g, µ(w)−1θ2(g))× w if w ∈ WE,

(g,−θ2(g)) o wσ if w = wσ
∈ LH2.
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Endoscopic lift for G2 This is the endoscopic lifting from the unique elliptic endoscopic
data (G2

1,
L(G2

1), s, λµ−1) for G2. Here

λµ−1 : L(G2
1) 3 (z1, z2) o w 7−→



(
z1µ(w)

z2µ(w)

)
× w if w ∈ WE,(

−z1

z2

)
o wσ if w = wσ

∈ LG2.

It follows from (the local analogue of) Prop. 2.2 that the elliptic endoscopic parameters
for G2(F ) are of the form

ϕµ|LE = (µ⊕ µ′)× prWE
, ϕµ(wσ) =

(
0 1
−1 0

)
o wσ.

We recall from [Rog90] that the corresponding L-packet of G2(F ) is

Πϕµ(G2) = λµ−1(111⊗ (µ−1µ′)G1).

This description is valid even if µ = µ′.

Lemma 3.6. The Langlands data (Pψ,Πψ|LF (Mψ), µψ) for the elliptic local A-parameters
in Prop. 3.2 (G) are given by the following.

A-parameter Pψ µψ Πψ|LF (Mψ)

(1.a) ψη B (3, 1) η ⊗ η
(1.b) ψΠ,µ P2 1 µH2ΠE

(2.a) ψµ P1 2 µ⊗ Πϕµ(G2)

(2.b) ψΠ,η P1 1 η ⊗ π
(2.c) ψη P2 1 IH2

BH2
(η ⊗ η′)

(2.d) ψη,µ P1 1 η ⊗ Πϕµ(G2)

Here in (2.b), π is the unique member of Π.

This is an immediate consequence of the description of parameters.
Now we recall the results of [Kon01] on the composition series of IGPψ(τµψ), τ ∈

Πψ|LF (Mψ) in the above lemma. We write δH0 for the Steinberg representation of a con-
nected reductive group H(F ). We often drop the subscript 4 and write G = G4. We fix a
non-trivial character ψF of F . This determines a non-degenerate character χHn of UH

n (F )
such that

χHn
(


1 x1,2 . . . x1,n

1
. . .

...
. . . xn−1,n

1

) = ψF (
1

2
TrE/F

(n−1∑
i=1

xi,i+1

)
),

and its restriction to Un(F ) gives a non-degenerate character χn. We also fix a system
of representatives of W in Norm(A0, G(F )) as follows. Write αi, (i = 1, 2) for the simple
roots of A0 in G given by

α1(d(a1, a2)) = a1a
−1
2 , α2(d(a1, a2)) = a2

2.
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If we write ri ∈ W for the reflection associated to αi, W is the type C2 Weyl group
generated by them. We choose a system of representatives so that

r1 =


1

−1
1

−1

 , r2 =


1

0 1
−1 0

1

 , w− =


1

−1
1

−1

 .

These choices assure that χM = χ|UM (F ) for any standard Levi subgroup M ⊂ G. All
the equalities are those in the Grothendieck group of admissible representations of finite
length of G(F ).
(1.a) For ψη we have

IGB(η[3]⊗ η[1]) = ηGδ
G
0 + JGP1

(η[3]⊗ ηG2δ
G2
0 ) + JGP2

(ηH2δ
H2
0 [2]) + ηG.

ηGδ
G
0 ∈ Πdisc(G(F )), ηG ∈ Πunit(G(F )) but the other two constituents are not unitarizable.

(1.b) For ψΠ,µ we have the following two possibilities.

(i) If Π is supercuspidal, we have

IGP2
(µH2ΠE[1]) = δG2 (µH2ΠE) + JGP2

(µH2ΠE[1]),

where δG2 (µH2ΠE) ∈ Πdisc(G(F )) and JGP2
(µH2ΠE[1]) ∈ Πunit(G(F )).

(ii) ΠE = ηH2δ
H2
0 . We have

IGP2
((µη)H2δ

H2
0 [1]) = δG0 (ηµ)+ + δG0 (ηµ)− + JGP2

((µη)H2δ
H2
0 [1]),

where δG0 (µη)± ∈ Πdisc(G(F )) are labeled in such a way that δG0 (ηµ)+ is χ-generic.
JGP2

((µη)H2δ
H2
0 [1]) ∈ Πunit(G(F )).

(2.a) For ψµ, again we have two cases.

(i) If µ 6= µ′, then the L-packet Πϕµ(G2) consists of two distinct supercuspidal rep-

resentations πG2(µ)± [Rog90, p. 172, (5)], and only one of them, say, πG2(µ)+ is
χ2-generic. We have

IGP1
(µ[2]⊗ πG2(µ)±) = δG2 (µ)± + JGP1

(µ[2]⊗ πG2(µ)±).

Here δG2 (µ)± ∈ Πdisc(G(F )) and δG2 (µ)+ is χ-generic. JGP1
(µ[2]⊗πG2(µ)±) ∈ Πunit(G(F )).

(ii) If µ = µ′, then Πϕµ(G2) consists of the limit of discrete series representations

τG2(µ)±, where only τG2(µ)+ is χ2-generic [Rog90, p. 172, (6)]. We have

IGP1
(µ[2]⊗ τG2(µ)±) = δG0 (µ)± + JGP1

(µ[2]⊗ τG2(µ)±) + JGP2
(µH2δ

H2
0 [1]),

where δG0 (µ)± ∈ Πdisc(G(F )) and only δG0 (µ)+ is χ-generic. The other constituents
are also unitarizable.

(2.b) The following three cases occur for ψΠ,η.
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(i) If ΠE is supercuspidal, then so is π and

IGP1
(η[1]⊗ π) = δG1 (η, π) + JGP1

(η[1]⊗ π),

where δG1 (η, π) ∈ Πdisc(G(F )) and JGP1
(η[1]⊗ π) ∈ Πunit(G(F )).

(ii) If ΠE = η′H2
δH2
0 with η′ 6= η, then π = η′G2

δG2
0 . We have

IGP1
(η[1]⊗ η′G2

δG2
0 ) = δG0 (η) + JGP1

(η[1]⊗ η′G2
δG2
0 ).

We have written η = (η, η′) and δG0 (η) ∈ Πdisc(G(F )), JGP1
(η[1]⊗η′G2

δG2
0 ) ∈ Πunit(G(F )).

(iii) If π = ηG2δ
G2
0 , then

IGP1
(η[1]⊗ ηG2δ

G2
0 ) = ηGτ

G
0 (δG2

0 ) + JGP1
(η[1]⊗ ηG2δ

G2
0 ),

where τG0 (δG2
0 ) ∈ Πtemp(G(F )) and JGP1

(η[1]⊗ ηG2δ
G2
0 ) ∈ Πunit(G(F )). For later use,

we also recall

IGP1
(η[1]⊗ ηG2) = ηGτ

G
0 (111G2) + JGP2

(IH2

BH2
(η ⊗ η)[1]),

τG0 (111G2) ∈ Πtemp(G(F )), JGP2
(IH2

BH2
(η ⊗ η)[1]) ∈ Πunit(G(F )).

(2.c) For ψη, we have

IGP2
(IH2

BH2
(η ⊗ η′)[1]) =δG0 (η) + JGP1

(η[1]⊗ η′G2
δG2
0 )

+ JGP1
(η′[1]⊗ ηG2δ

G2
0 ) + JGP2

(IH2

BH2
(η ⊗ η′)[1]),

where δG0 (η) is as in (2.b.ii). The other constituents are also unitarizable.
(2.d) For ψη,µ, we have

IGP1
(η[1]⊗ πG2(µ)±) = δG1 (η, µ)± + JGP1

(η[1]⊗ πG2(µ)±),

where δG1 (η, µ)± ∈ Πdisc(G(F )) and only δG1 (η, µ)+ is χ-generic. JGP1
(η[1] ⊗ πG2(µ)±) ∈

Πunit(G(F )), and πG2(µ)± are as in (2.a.i).
We are now ready to determine the packets Π′

ψ(G) associated to the parameters in
Prop. 3.2.

Proposition 3.7. The L-packets Π′
ψ(G) and their χ-base points for the elliptic ψ in

Prop. 3.2 (G) are given by the following.

A-parameter Sψ(G) Π′
ψ(G) χ-base point

(1.a) ψη trivial {ηG} ηG
(1.b) ψΠ,µ trivial {JGP2

(µH2ΠE[1])} JGP2
(µH2ΠE[1])

(2.a) ψµ Z/2Z {JGP1
(µ[2]⊗ π±) |π± ∈ Πϕµ(G2)} JGP1

(µ[2]⊗ π+)

(2.b) ψΠ,η Z/2Z {JGP1
(η[1]⊗ π)} JGP1

(η[1]⊗ π)

(2.c) ψη Z/2Z {JGP2
(IH2

BH2
(η ⊗ η′)[1])} JGP2

(IH2

BH2
(η ⊗ η′)[1])

(2.d) ψη,µ (Z/2Z)2 {JGP1
(η[1]⊗ πG2(µ)±)} JGP1

(η[1]⊗ πG2(µ)+)
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Here in (2.a) and (2.d), the elements of Πϕµ(G2) are labeled so that π+ is χ2-generic.

Proof. The only thing that does not follow from the above list is the description of Sψ(G).
Since the argument does not change, we consider the global case. Recall the description
of ψ ∈ Ψ0(Gn) of Prop. 2.2. It follows from Schur’s lemma and the form of ψ(wσ) that

Sψ(G) = (Z/2Z)r. Since Z(Ĝn)
Γ is the diagonal subgroup Z/2Z of Sψ(G), we obtain

Sψ(G) ' (Z/2Z)r−1.

3.4 Induced representations over the real field

In this subsection, we consider the case Ev/Fv ' C/R. Each of the characters η and µ of
C× are written explicitly as

ηa(z) := (z/z̄)a/2, µb(z) := (z/z̄)b/2, a ∈ 2Z, b ∈ 2Z + 1,

so that η2a = (η2)a and µb = (µ1)b as notation suggests. Since Πdisc(Hn) is {ηa}a∈2Z if
n = 1 and empty otherwise, the Langlands parameters for Gn are given by the following.

(i) Φ0(Gn) consists of the elements ϕa, where a = (a1, . . . , an) ∈ (2Z+n+1)n satisfying
a1 > a2 > · · · > an:

ϕa|WC =

{
diag(ηa1 , . . . , ηan) if n is odd,

diag(µa1 , . . . , µan) if n is even,
ϕ(wσ) = In o wσ. (3.2)

(ii) As for general parameters, we have the decomposition (Lem. 3.1)

Φ(Gn) =

[n/2]∐
r=0

Φ0(M
(r))/W (M (r)),

where P (r) = M (r)U (r) is the standard parabolic subgroup with M (r) ' Hr
1 ×Gn−2r.

(iii) Φ0(M
(r)) consists of the elements ϕb,ν,a, (b ∈ Zr, ν ∈ Cr, a ∈ (2Z+n+1)n−2r) given

by

ϕb,ν,a|WC = diag(ωb1,ν1 , . . . , ωbr,νr ;ϕa|WC ;ωbr,−νr , . . . , ωb1,−ν1)× idWC

ϕb,ν,a(wσ) = diag(111r; In−2r; (−1)br , . . . , (−1)b1).

Here ωb,ν(z) = (z/z̄)b/2|z|νC, (z ∈ C×).

3.4.1 Explicit Langlands classification for G2, G4

In this section we describe the L-packets associated to the parameters listed above for
the unitary groups in two and four variables by means of Vogan’s Langlands classification
[KV95], [Vog84]. The groups to be considered are U(1, 1), U(2) and U(2, 2). We first
prepare some notation for general U(p, q), an inner form of Gm.
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Thus we take an R-form Gp,q = U(p, q)(R) of Gm:

Gp,q = {g ∈ Hm(R) | tḡIp,qg = Ip,q}, Ip,q = diag(111p,−111q).

Gp,q has the Lie algebra

gp,q = u(p, q)(R) =

{(
a b
tb̄ d

) ∣∣∣∣ tā = −a ∈Mp(C)
td̄ = −d ∈Mq(C)

b ∈Mp,q(C)

}
,

whose complexification is denoted by g = gl(m,C). As usual, we take the Cartan involu-
tion θp,q = Ad(Ip,q) on gp,q, which determines the Cartan decomposition g = kp,q ⊕ pp,q:

kp,q :=

{(
a

d

) ∣∣∣∣ a ∈Mp(C)
d ∈Mq(C)

}
, pp,q :=

{(
000p b
c 000q

) ∣∣∣∣ b ∈Mp,q(C)
c ∈Mq,p(C)

}
.

The corresponding maximal compact subgroup is

Kp,q =

{(
k1

k2

) ∣∣∣∣ k1 ∈ U(p)
k2 ∈ U(q)

}
.

We write T ' U(1)m for the diagonal fundamental Cartan subgroup of Gp,q, and t for its
Lie algebra. Writing X∗(T ) =

∑m
i=1 Zei with the standard basis

ei : T 3 diag(t1, . . . , tm) 7−→ ti ∈ Gm,

the set R(g, t) of roots of t in g is given by R(g, t) = Rcpt tRncpt where

Rcpt = R(kp,q, t) =

{
ei − ej

∣∣∣∣ 1 ≤ i 6= j ≤ p or
p+ 1 ≤ i 6= j ≤ m

}
,

Rncpt = R(pp,q, t) =

{
±ei ∓ ej

∣∣∣∣ 1 ≤ i ≤ p
p+ 1 ≤ j ≤ m

}
are the sets of compact and non-compact roots, respectively. We use the basis {ei}1≤i≤m
to identify t∗ with Cm.

In what follows, we call an admissible (gp,q,Kp,q)-module as an admissible represen-
tation of Gp,q by abuse of terminology. Similarly, a (gp,q,Kp,q)-module is called a smooth
representation of Gp,q. This latter terminology is quite unusual, but it is harmless for
our purpose and avails us to unify our descriptions in archimedean and non-archimedean
cases.

Discrete L-packets For each elliptic parameter ϕa ∈ Φ0(Gm), the corresponding L-
packet Πϕa(Gp,q) of Gp,q contains mCp = mCq distinct discrete series representations. In
fact, for each permutation

(ai1 , . . . , aip ; aj1 , . . . , ajq)

of the ordered family a satisfying

ai1 > ai2 > · · · > aip , aj1 > aj2 > · · · > ajq ,
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there correspond the discrete series representation δ(λ) with the Harish-Chandra param-
eter

λ :=
1

2
(ai1 , . . . , aip ; aj1 , . . . , ajq).

If we write B for the upper triangular Borel subgroup (over C) of G, then the B ∩Kp,q,C-
highest weight of the minimal Kp,q-type in δ(λ) is given by

Λ := λ+
1

2

∑
α∈R+

ncpt(λ)

α− 1

2

∑
α∈R+

cpt(λ)

α,

where R+
ncpt(λ) := {α ∈ Rncpt |α∨(λ) > 0}, R+

cpt(λ) := {α ∈ Rcpt |α∨(λ) > 0}. We apply
these to the groups G2,0, G1,1 and G2,2 and obtain the following.

Lemma 3.8. The members of the discrete L-packet Πϕa(Gp,q) for (p, q) = (2, 0), (1, 1),
(2, 2) are given by the following table.

Group Sϕ(G) 2λ Λ Comments

G2,0 Z/2Z (a1, a2) (a1−1
2
, a2+1

2
)

G1,1 Z/2Z (a1; a2) (a1+1
2
, a2−1

2
) holomorphic

(a2; a1) (a2−1
2
, a1+1

2
) anti-holomorphic

G2,2 (Z/2Z)3

(a1, a2; a3, a4) (a1+1
2
, a2+3

2
, a3−3

2
, a4−1

2
) holomorphic

(a1, a3; a2, a4) (a1+1
2
, a3+1

2
, a2−1

2
, a4−1

2
)

(a1, a4; a2, a3) (a1+1
2
, a4−1

2
, a2−1

2
, a3+1

2
)

(a2, a3; a1, a4) (a2−1
2
, a3+1

2
, a1+1

2
, a4−1

2
)

(a2, a4; a1, a3) (a2−1
2
, a4−1

2
, a1+1

2
, a3+1

2
)

(a3, a4; a1, a2) (a3−3
2
, a4−1

2
, a1+1

2
, a2+3

2
) anti-holomorphic

Limit of discrete series L-packets Here we recall the classification of the limit of dis-
crete series representations from [Vog84, § 2]. The limit of discrete series representations
of Gp,q are in one-to-one correspondence with the pairs (λ,Ψ) of

• λ =
1

2
(

k1︷ ︸︸ ︷
a1, . . . , a1, . . . ,

kr︷ ︸︸ ︷
ar, . . . , ar︸ ︷︷ ︸

p

;

`1︷ ︸︸ ︷
a1, . . . , a1, . . .

`r︷ ︸︸ ︷
ar, . . . , ar︸ ︷︷ ︸

q

) ∈ 1

2
(2Z +m+ 1)p+q,

• Ψ is a positive system in R(g, t),

satisfying the following conditions.

(i) a1 > a2 > · · · > ar (weak dominance for compact roots);

(ii) |ki − `i| ≤ 1, (1 ≤ i ≤ r);

(iii) Ψ contains R+
cpt := {ei − ej | 1 ≤ i < j ≤ p, or p+ 1 ≤ i < j ≤ m};

(iv) α∨(λ) ≥ 0, (∀α ∈ Ψ);

(v) (Condition (F-1) in [Vog84]) Any Ψ-simple root α satisfying α∨(λ) = 0 must be
non-compact.
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The corresponding limit of discrete series τ(λ,Ψ) has the minimal Kp,q-type with the
highest weight

Λ := λ+
1

2

∑
α∈Ψncpt

α− 1

2

∑
α∈Ψcpt

α,

where Ψcpt := Ψ ∩ Rcpt, Ψncpt := Ψ ∩ Rncpt. Also this has the Langlands parameter ϕa
given as in the discrete series case (3.2) but with the singular parameter

a := (

k1︷ ︸︸ ︷
a1, . . . , a1, . . . ,

kr︷ ︸︸ ︷
ar, . . . , ar,

`1︷ ︸︸ ︷
a1, . . . , a1, . . . ,

`r︷ ︸︸ ︷
ar, . . . , ar) ∈ (2Z +m+ 1)p+q.

Specializing these to G2 and G4, we have the following lemma. Since g = gl(m,C), the
set of positive systems Ψ are in one-to-one correspondence with that of permutations
(σ1, . . . , σm) of (1, . . . ,m) by setting:

Ψ = {ei − ej | 1 ≤ i 6= j ≤ m, σi < σj}.

Also notice that G2,0 has no limit of discrete series representations by the condition (v).

Lemma 3.9. The limit of discrete series L-packets for G1,1 and G2,2 are given as follows.
Notice that the L-packet is determined by a modulo permutation.
(i) G1,1-case. There is only one type of such packets.

2λ Ψ Representation Λ

(a; a)
(1, 2) τ(λ)+ (a+1

2
, a−1

2
)

(2, 1) τ(λ)− (a−1
2
, a+1

2
)

(ii) G2,2-case. We have the following types of limit of discrete series L-packets.

Case 2λ Ψ Representation Λ

(1) (a, a; a, a)
(1, 3, 2, 4) τ(λ)+ (a+1

2
, a+1

2
, a−1

2
, a−1

2
)

(3, 1, 4, 2) τ(λ)− (a−1
2
, a−1

2
, a+1

2
, a+1

2
)

(2.i) (a1, a2; a1, a2)

(1, 3, 2, 4) τ(λ)++ (a1+1
2
, a2+1

2
, a1−1

2
, a2−1

2
)

(1, 3, 4, 2) τ(λ)+− (a1+1
2
, a2−1

2
, a1−1

2
, a2+1

2
)

(3, 1, 2, 4) τ(λ)−+ (a1−1
2
, a2+1

2
, a1+1

2
, a2−1

2
)

(3, 1, 4, 2) τ(λ)−− (a1−1
2
, a2−1

2
, a1+1

2
, a2+1

2
)

(2.ii)
(a1, a2; a1, a1) (3, 1, 4, 2) τ(λ) (a1−1

2
, a2−1

2
, a1+1

2
, a1+1

2
)

(a1, a1; a1, a2) (1, 3, 2, 4) τ(λ) (a1+1
2
, a1+1

2
, a1−1

2
, a2−1

2
)

(2.iii)
(a1, a2; a2, a2) (1, 3, 2, 4) τ(λ) (a1+1

2
, a2+1

2
, a2−1

2
, a2−1

2
, )

(a2, a2; a1, a2) (3, 1, 4, 2) τ(λ) (a2−1
2
, a2−1

2
, a1+1

2
, a2+1

2
, )

(3.i)

(a1, a2; a1, a3)
(1, 3, 2, 4) τ(λ)+ (a1+1

2
, a2+1

2
, a1−1

2
, a3−1

2
)

(3, 1, 2, 4) τ(λ)− (a1−1
2
, a2+1

2
, a1+1

2
, a3−1

2
)

(a1, a3; a1, a2)
(1, 3, 4, 2) τ(λ)+ (a1+1

2
, a3−1

2
, a1−1

2
, a2+1

2
)

(3, 1, 4, 2) τ(λ)− (a1−1
2
, a3−1

2
, a1+1

2
, a2+1

2
)
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Case 2λ Ψ Representation Λ

(3.ii)

(a1, a2; a2, a3)
(1, 2, 3, 4) τ(λ)+ (a1+1

2
, a2+3

2
, a2−3

2
, a3−1

2
)

(1, 3, 2, 4) τ(λ)− (a1+1
2
, a2+1

2
, a2−1

2
, a3−1

2
)

(a2, a3; a1, a2)
(3, 1, 4, 2) τ(λ)+ (a2−1

2
, a3−1

2
, a1+1

2
, a2+1

2
)

(3, 4, 1, 2) τ(λ)− (a2−3
2
, a3−1

2
, a1+1

2
, a2+3

2
)

(3.iii)

(a1, a3; a2, a3)
(1, 3, 2, 4) τ(λ)+ (a1+1

2
, a3+1

2
, a2−1

2
, a3−1

2
)

(1, 3, 4, 2) τ(λ)− (a1+1
2
, a3−1

2
, a2−1

2
, a3+1

2
)

(a2, a3; a1, a3)
(3, 1, 2, 4) τ(λ)+ (a2−1

2
, a3+1

2
, a1+1

2
, a3−1

2
)

(3, 1, 4, 2) τ(λ)− (a2−1
2
, a3−1

2
, a1+1

2
, a3+1

2
)

The other L-packets We now give a list of the rest L-packets for G1,1 and G2,2. We
begin with the G1,1-case.

Recall the Borel pair (B2,T2) of G2. Each ϕ ∈ Φ0(T2)/W (T2) is of the form ϕb,ν ,
(b ∈ Z, ν ∈ C/{±1}) in the notation of p. 23. We always choose ν so that Reν ≥ 0. If
b is odd and ν = 0, this is of limit of discrete series type treated in Lem. 3.9 (i). In the
other cases, we have

Πϕb,ν = {JG2
B2

(ωb,ν)},

which belongs to Πtemp(G1,1) if and only if Reν = 0. Here, for Reν = 0, we have written
JG2
B2

(ωb,ν) = IG2
B2

(ωb,ν).
Next comes the G2,2-case.

(i) Each ϕ ∈ Φ0(M1)/W (M1) is of the form ϕb,ν,a (b ∈ Z, ν ∈ C/{±1}, a = (a1, a2),
a1 > a2 ∈ 2Z + 1) in the notation of p. 23. We always take ν such that Reν ≥ 0.
The case ν = 0, b ∈ 2Z + 1 is treated in Lem. 3.9 (ii). In the other cases, we have

Πϕb,ν,a = {JG2,2

P1
(ωb,ν ⊗ δ) | δ ∈ Πϕµ(G1,1)}, µ = (µa1 , µa2).

(ii) Each ϕ ∈ Φ(T4)/W
G2,2 is of the form ϕb,ν , ((b = (b1, b2), ν = (ν1, ν2)) ∈ (Z2 ×

C2)/WG2,2). The diagonal action of WG2,2 on the C2-component is as usual, while
that on Z2-component factors through S2.

(a) If ν2 = 0 and b2 ∈ 2Z + 1, ϕb,ν is a limit of discrete series parameter ϕb,ν,a
for M1, with b = b1 ∈ Z, ν = ν1 ∈ C/{±1}, a = b2 ∈ 2Z + 1. Further if
ν1 = 0, b ∈ 2Z+1, this gives the limit of discrete series packet in Lem. 3.9 (ii).
Otherwise, we have

Πϕb,ν,a(G2,2) = {JG2,2

P1
(ωb,ν ⊗ τ(a/2; a/2)±)}.

(b) Otherwise, we may assume Reν1 ≥ Reν2 ≥ 0. Πϕb,ν (G2,2) consists of the unique

irreducible quotient of I
G2,2

B4
(ωb1,ν1 ⊗ ωb2,ν2).

3.4.2 The packets Π′
ψ(G2,2)

By the same reasoning as in the beginning of this section, the equivalence classes of
A-parameters for G2,2 are
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(1.a) ψηa , a ∈ 2Z;

(2.a) ψµa ,(µ
a = (µa1 , µa2), a1, a2 ∈ 2Z + 1);

(2.c) ψηa , (ηa = (ηa1 , ηa2), a1 > a2 ∈ 2Z);

(2.d) ψηa,µa , (a ∈ 2Z, µa = (µa1 , µa2), a1 > a2 ∈ 2Z + 1);

(M1) ψ
M1
ωb,ν ,ηa

, (b ∈ Z, ν ∈ iR, a ∈ 2Z);

(M2) ψ
M2
ωb,ν

, (b ∈ Z, ν ∈ iR).

Using the lists in § 3.4.1, we have the following archimedean counter part of Prop. 3.7.
We take the non-trivial character ψR(x) = e2π

√
−1x of R, and use it to construct the

non-degenerate character χ = χn of Un(R) as in p. 20.

Lemma 3.10. The L-packets Π′
ψ(G) and their χ-base points attached to the elliptic ψ in

the above list are given by the following.

A-parameter Sψ(G) Π′
ψ(G) χ-base point

(1.a) ψηa trivial {ηaG = deta/2} ηaG

(2.a) ψµa, (a1 > a2) Z/2Z

{
J
G2,2

P1
(µa1 [2]⊗ δ(a1

2
; a2

2
))

J
G2,2

P1
(µa1 [2]⊗ δ(a2

2
; a1

2
))

}
JGP1

(µa1 [2]⊗ δ(a1

2
; a2

2
))

(2.a) ψµa, (a1 < a2) Z/2Z

{
J
G2,2

P1
(µa1 [2]⊗ δ(a1

2
; a2

2
))

J
G2,2

P1
(µa1 [2]⊗ δ(a2

2
; a1

2
))

}
JGP1

(µa1 [2]⊗ δ(a2

2
; a1

2
))

(2.a) ψµa, (a = (a, a)) Z/2Z {JG2,2

P1
(µa[2]⊗ τ(a

2
; a

2
)±)} J

G2,2

P1
(µa[2]⊗ τ(a

2
, a

2
)+)

(2.c) ψηa Z/2Z {JG2,2

P2
(IH2

BH2
(ηa1 ⊗ ηa2)[1])} J

G2,2

P2
(IH2

BH2
(ηa1 ⊗ ηa2)[1])

(2.d) ψηa,µa, (a1 > a2) (Z/2Z)2

{
JGP1

(ηa[1]⊗ δ(a1

2
; a2

2
))

JGP1
(ηa[1]⊗ δ(a2

2
; a1

2
))

}
JGP1

(ηa[1]⊗ δ(a1

2
; a2

2
))

4 Restriction rule from GU(2) to U(2) via base change

In this section we assume F is non-archimedean. We shall extend the base change lift of
representations of G2(F ) to H2(F ) [Rog90] to the corresponding unitary similitude group
GUE/F (2). Then we compare it with the base change lift for GL(2) [Lan80] and deduce
the restriction rule for irreducible representations of GUE/F (2) to G2(F ) = UE/F (2).

4.1 The groups

Throughout this section, we change the notation a little so that we write G = G2, G̃ =
GUE/F (2) the quasisplit unitary similitude group in two variables, and G′ := GL(2)F .

More precisely, for any linear algebraic group H over F , we write RE/FH for its Weil’s
restriction of scalars from E to F . Thus RE/FH(R) = H(R⊗FE) for any commutative F -
algebra R. If further R is an E-algebra, we have from E⊗F E ' E⊕E that RE/FH(R) =
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H(R ⊗E E ⊗F E) ' H(R) × H(R). Thus the scalar extension (RE/FH)E is isomorphic
to HE ×HE, where the factors correspond to 1 and σ ∈ HomF (E, F̄ ), respectively. There
exists an E-automorphism σ̃ = σ̃H on (RE/FH)E which is transported to σ̃(x, y) = (y, x)
on HE ×HE. On the other hand, the generator σ of ΓE/F acts on each HE components
while it also transposes HomF (E, F̄ ). Thus σ on RE/FH(R) is transported to

σ(x, y) = (σ(y), σ(x)), (x, y) ∈ H(R)×H(R).

In particular σ̃ turns out to be F -rational. If H = Gm, we write NE/F : RE/FGm 3 x 7→
xσ̃(x) ∈ Gm for the norm map.

We always write θ = θ2◦σ̃ ∈ AutF (RE/FGL(2)). In this section, we adopt the notation

G =G2 = {g ∈ RE/FGL(2) | θ(g) = g}
G̃ =GUE/F (2) := {g ∈ RE/FGL(2) | ν(g)θ(g) = g, ∃ν(g) ∈ Gm}.

We also write L := RE/FG, L̃ := RE/F G̃ and L′ := RE/FG
′. To describe these groups

explicitly, we again identify RE/F (RE/FGL(2)) ' RE/FGL(2)2. Note that σ̃ ∈ RE/FGL(2)
lifts to σ̃(x, y) = (σ̃(y), σ̃(x)), so that θ lifts to θ(x, y) = (θ(y), θ(x)). We obtain the
identification

L '{(g, θ(g)) | g ∈ RE/FGL(2)} ' RE/FGL(2)

L̃ '{(g, σ̃(ν)θ(g)) | g ∈ RE/FGL(2), ν ∈ RE/FGm} ' RE/F (GL(2)×Gm).
(4.1)

This realization of groups is consistent with [Rog90]. But to compare our results with
that of M. Harris [Har93], we also need the following realization. First notice that the

condition ν(g)θ(g) = g in the definition of G̃ amounts to

σ̃(g)g−1 = det(σ̃(g))ν(g)−1 ∈ RE/FGm.

An argument similar to the proof of Hilbert 90 theorem shows that this RE/FGm-valued
1-cocycle on 〈σ〉 splits: σ̃(g)g−1 = σ̃(z)z−1, ∃z ∈ RE/FGm. This implies θ2(g

′) := z−1g

belongs to (RE/FGL(2))σ̃ = GL(2)F and ν(g) = ν(zθ2(g
′)) = NE/F (z)det g′−1. Thus we

obtain an isomorphism

(RE/FGm ×G′)/∆Gm 3 (z, g′) 7−→ zθ2(g
′) ∈ G̃, (4.2)

which sends ν(z, g′) := NE/F (z)det g′−1 on the left to the similitude norm on the right.

∆ stands for the diagonal embedding z 7→ (z, z1112). G ⊂ G̃ consists of (z, g′) satisfying
NE/F (z) = det g′. (4.2) lifts to an isomorphism

L̃ '
(
RE/F (RE/FGm)× RE/FG

′
)/

∆RE/FGm

'(RE/FG2
m × L′)/∆RE/FGm

'RE/FGm × L′.

(4.3)

Notice that σ̃ on RE/FGm ⊂ G̃ lifts to σ̃(x, y; g′) 7→ (σ̃(y), σ̃(x); g′) on RE/FG2
m×L′. This

together with Gm = (RE/FGm)σ̃ shows that ∆ in (4.3) is given by

∆ : RE/FGm 3 z 7−→ (z, σ̃(z); z1112) ∈ RE/FG2
m × L′.
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Also note that σ̃ = σ̃ eG ∈ AutF (L̃) for G̃ comes from the outer restriction of scalars:
σ̃(x, y; g′) = (y, x; σ̃(g′)), and

σ̃ eG : L̃ 3 (z, g′) = (z, 1; g′) 7−→ (σ̃(z)−1, σ̃(z−1g′)) ∈ L̃.

L is realized as the subgroup {(det g, g) | g ∈ L′} in this setting.
The transition between the realizations (4.1) and (4.3) is given by

L̃ 3
{

(g, σ̃(ν)θ(g)) −→ (ν−1 det g, ν−1g)
(zθ2(g

′), θ(g′)) ←− (z, g′)

}
∈ RE/FGm × L′. (4.4)

This restricts to the injection L 3 g 7→ (det g, g) ∈ RE/FGm × L′.

4.2 Representations and test functions

In general, for a connected reductive p-adic group G(F ) and a character ω of its center
ZG(F ), we write Π(G(F ))ω for the set of isomorphism classes of irreducible admissible
representations of G(F ) having the central character ω. Also H(G(F ), ω) denotes the
space of C-valued smooth (i.e. locally constant) functions f on G(F ) satisfying

• f(zg) = ω(z)−1f(g), z ∈ Z(F ), g ∈ G(F );

• f is compactly supported modulo Z(F ).

Going back to G = G2, we fix a character η of E× satisfying η|F× = 111. This gives a
character ηu of ZG(F ) ' G1(F ) (§ 3.3). We shall be concerned with the sets Π(G(F ))ηu ,
Π(L(F ))η of representations of G(F ), L(F ) and the spaces H(G(F ), ηu), H(L(F ), η) of

test functions. As for G̃ and L̃, we take a character ω of E× ' Z eG(F ) whose restriction
to G1(F ) is ηu, and set

ωE : ZeL(F ) 3 (z1112, z
′1112) 7−→ ω(zz′) ∈ C×

in the realization (4.1). This specifies the sets Π(G̃(F ))ω, Π(L̃(F ))ωE , and the spaces

H(G̃(F ), ω), H(L̃(F ), ωE).
Since ν|Z eG(F ) : Z eG(F ) 3 z1112 7−→ z1112θ(z1112)

−1 = NE/F (z) ∈ Gm, we see that

G(F )Z eG(F ) = {g ∈ G̃(F ) | ν(g) ∈ NE/F (E×)}

is an index two subgroup of G̃(F ). This gives a surjection

H(G̃(F ), ω) 3 f 7−→ f1 := f |G(F ) ∈ H(G(F ), ηu). (4.5)

On the other hand, ZeL = {(z1112, σ̃(νz−1)1112) | z, ν ∈ RE/FGm} shows L̃(F ) = L(F )ZeL(F ),
and we have an isomorphism

H(L̃(F ), ωE) 3 φ 7−→ φ1 := φ|L(F ) ∈ H(L(F ), η). (4.6)
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In the realization (4.2), we have

Π(G̃(F ))ω = {π̃ = ω ⊗ π′ |π′ ∈ Π(G′(F ))ω−1|F×}. (4.7)

Also if we write an irreducible admissible representation π̃E of L̃(F ) as π̃E = χ ⊗ π′E,
χ ∈ Π(E×), π′E ∈ Π(L′(F )) in the realization (4.3), then its central character is given by

ωeπE : ZeL(F ) 3 (z1112, z
′1112)

(4.4)7−→ (z/σ(z′), σ(z′)−11112)
eπE7−→ χ(z)σ(χωπ′E)−1(z′) ∈ C×.

Thus ωeπE = ωE if and only if χ = ω and σ(ωπ′E) = ω−1 ◦ NE/F = ω−2η. Thus we obtain

Π(L̃(F ))ωE ={π̃E = ω ⊗ π′E |π′E ∈ Π(L′(F ))ω−1◦NE/F }
={π̃E = ω ⊗ ω(det)−1πE |πE ∈ Π(L(F ))η}.

(4.8)

In this notation, the restriction of π̃E to L(F ) is just πE.

4.3 Norm map in the theory of base change

Here we review the general construction of the norm map for the base change lifting from
[Kot82], [KS99] and [Lab99].

Let E/F be a cyclic extension of degree ` of local fields of characteristic zero. We fix
a generator σ of the Galois group ΓE/F of this extension. For the moment, we write G for
a quasisplit connected reductive group over F whose derived group is simply connected,

and put L := RE/FG. We have the E-isomorphism LE
∼→ G

|ΓE/F |
E as in § 4.1, and each

τ ∈ ΓE/F gives an F -automorphism τ̃ of L which is transported to

τ̃ : G
|ΓE/F |
E 3 (gγ)γ∈ΓE/F 7−→ (gτ−1γ)γ∈ΓE/F ∈ G

|ΓE/F |
E .

In particular we have σ̃ ∈ AutF (L).
We fix an algebraic closure F̄ of F containing E. To define the norm map, we start

with a construction at the level of F̄ -varieties. L acts on itself by the σ-conjugation:

Adσ(g)x := gxσ̃(g)−1, g, x ∈ L.

We say δ, δ′ ∈ L are σ-conjugate if they belong to a same Adσ(L)-orbit. We write Clσ(L)
for the set of σ-conjugacy classes in L. The set of ordinary conjugacy classes in L is
denoted by Cl(L). Define the concrete norm by

NE/F : L 3 g 7−→ gσ̃(g) · · · σ̃`−1(g) ∈ L.

If δ′ = g−1δσ̃(g) ∈ L we have NE/F (δ′) = g−1NE/F (δ)g. Also we have σ̃(NE/F (δ)) =
Ad(δ−1)NE/F (δ). These show that NE/F gives a map

NE/F : Clσ(L) −→ Cl(L)σ̃.

Now we consider the F -valued points. The set of F -valued points Cσ(F ) = Cσ(F̄ ) ∩
L(F ) of Cσ ∈ Clσ(L) is a stable σ-conjugacy class in L(F ). We write Ost

σ (L(F )) for
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the set of stable σ-conjugacy classes in L(F ). In general, the stable σ-conjugacy class
Ost
σ (δ) of δ ∈ L(F ) is larger than the rational σ-conjugacy class Oσ(δ) = Adσ(L(F ))δ.

Replacing (L, σ̃) by (G, idG) we have the set of stable conjugacy classes Ost(G(F )) and
that of rational conjugacy classes O(G(F )) in G(F ).

C ∈ Cl(G) is F -rational if it is fixed under the Γ-action. Clearly the conjugacy class
of a γ ∈ G(F ) is F -rational. Conversely, it was shown by Kottwitz [Kot82, Th. 4.1] that
each F -rational conjugacy class C has an F -rational point: C(F̄ ) ∩ G(F ) 6= ∅. Take
δ ∈ L(F ) = G(E) and write Cσ := Adσ(L)δ. Then NE/F (Cσ) is F -rational in L, so that
one can take x ∈ NE/F (Cσ)(F̄ ) ∩ G(E). But since NE/F (Cσ) is σ̃-stable, C = Ad(G)x is
F -rational and contains an element γ ∈ G(F ). One can easily check that Ost(γ) depends
only on Ost

σ (δ). Thus we obtain the norm map

NE/F : Ost
σ (L(F )) −→ Ost(G(F )).

Take a maximal torus TG ⊂ G and set T := Cent(TG, L). T is a σ̃-stable maximal
torus in L and TG = T σ̃. Write T (σ̃) := {tσ̃(t)−1 | g ∈ T} and Tσ̃ := T/T (σ̃). One
can easily verify the following lemma, which shows our concrete norm coincides with the
abstract norm in [KS99].

Lemma 4.1. NE/F : T → TG gives an isomorphism NE/F : Tσ̃
∼→ TG.

4.4 Classification of σ-conjugacy classes

We still continue the general construction. We use NE/F to describe σ-conjugacy classes
in L(F ). We say δ ∈ L(F ) is σ-semisimple if NE/F (δ) consists of semisimple elements.
We write Ost

σ (L(F ))ss for the subset of σ-semisimple elements in Ost
σ (L(F )).

Lemma 4.2. NE/F : Ost
σ (L(F ))ss → Ost(G(F ))ss is an injection.

Proof. Suppose σ-semisimple δ and δ′ ∈ L(F ) share the same norm Ost(γ), γ ∈ G(F ).
We choose a maximal F -torus TG ⊂ G containing γ, and set T := Cent(TG, L). We
write Ω(L, T ) for the absolute Weyl group of T in L. In the base change case, one can
easily check that Ω(L, T )σ̃ = Ω(G, TG) which acts on Tσ̃. Thanks to [KS99, Lem. 3.2.A],
the images of Adσ(L)δ ∩ T , Adσ(L)δ′ ∩ T in Tσ̃ are single Ω(G, TG)-orbits. Then by
Lem. 4.1, their images under NE/F : Tσ̃

∼→ TG must be the Ω(G, TG)-orbit of γ and hence
coincide.

δ ∈ L(F ) is σ-regular if NE/F (δ) is a regular semisimple stable class in G(F ). We
write Ost

σ (L(F ))reg for the subset of σ-regular elements in Ost
σ (L(F )). Take a σ-regular

δ ∈ L(F ) and γ ∈ NE/F (δ). Then the centralizer TG := Gγ of γ in G is a maximal
F -torus, and we have the σ̃-stable maximal torus T := Cent(TG, L) of L. By the proof of
Lem. 4.2, we can take δ∗ ∈ T (F̄ ), g ∈ L(F̄ ) such that

• δ = g−1δ∗σ̃(g),

• NE/F (δ∗) = γ.
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We write Lδ,σ for the fixed part of L under Ad(δ) ◦ σ̃ and call it the σ-centralizer of
δ. Ad(g−1δ∗σ̃(g)) ◦ σ̃ = Ad(g−1) ◦ Ad(δ∗) ◦ σ̃ ◦ Ad(g) shows Ad(g)Lδ,σ = Lδ∗,σ. Then
σ̃(δ∗) ∈ T (F̄ ) gives

Lδ∗,σ = (LNE/F (δ∗))
Ad(δ∗)◦σ̃ = T σ̃◦Ad(σ̃(δ∗)) = T σ̃ = Gγ.

In general δ∗ may not be F -rational, but it does not matter. We cite the following lemma.

Lemma 4.3 (Lem. 4.4.A in [KS99]). For any τ ∈ Γ, we have gτ(g)−1 ∈ T (F̄ ), so that
Ad(g) : Lδ,σ

∼→ Gγ is defined over F .

Finally we define D(Lδ,σ) := Ker[H1(F,Lδ,σ) → H1(F,L)]. The map which associates
to g−1δσ̃(g) ∈ Ost

σ (δ) the class of the 1-cocycle {gτ(g)−1}τ∈Γ in H1(F,Lδ,σ) gives a bijection

Ost
σ (δ)/Adσ(L(F ))

∼−→ D(Lδ,σ). (4.9)

For α ∈ D(Lδ,σ), we write δα for the corresponding element in Ost
σ (δ)/Adσ(L(F )). Com-

bining Lem. 4.2 with (4.9), we can describe the σ-regular σ-conjugacy classes in L(F ) in
terms of NE/F and D(Lδ,σ).

4.5 σ-conjugacy classes in L and L̃

We now apply the above construction to our L and L̃.
We first describe the maximal tori in the related groups. For any maximal torus

TG ⊂ G, T := Cent(TG, L) is a σ̃-stable maximal torus in L as above. Conversely for
any σ̃-stable maximal torus T in L, TG := T σ̃ is a maximal torus in G. Similar relation
holds for G̃ and L̃. Since G and G̃ share the derived group SL(2), we have the following
relationships between their maximal tori:

G̃ ⊃ T̃G
-

Cent(T̃G, L̃)
� eT σ̃ T̃ ⊂ L̃

6
Cent(TG, eG)

?

eTG∩G
?

eT∩L 6
Cent(T,eL)

G ⊃ TG
-

Cent(TG,L)

�
T σ̃

T ⊂ L

Here T̃ and T are σ̃-stable. Thus to classify the (σ̃-stable for L and L̃) maximal tori in
these groups, it suffices to describe those in G. We review the classification from [Rog90,
3.4].

Write (B, ε) for the central simple algebra M2(E) together with the involution of the
second kind ε(a) = Ad(I2)

tσ(a), so that G(R) = {g ∈ (B ⊗F R)× | gε(g) = 1} for any
commutative F -algebra R. For a maximal torus TG ⊂ G, its centralizer BT in B and the
restriction of ε to BT gives rise to a pair (BT , εT ) of a two-dimensional abelian semisimple
algebra over E and an involution of the second kind on it. Of course TG is recovered as
TG(R) = {t ∈ (BT ⊗F R)× | tεT (t) = 1}. Such pairs are easily classified as follows.
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(i) (BT = E2, εT (x, y) = (σy, σx)), TG ' RE/FGm.

(ii) (BT = E2, εT (x, y) = (σx, σy)), TG ' G1 ×G1.

(iii) (BT = K := E.E ′, εT (z) = σz) for a quadratic extension E ′ of F other than E,
where σ denotes σ ⊗ id on E ⊗F E ′ ' K. TG ' RE′/F (UK/E′(1)).

Next we review the classification of the σ̃-regular σ̃-conjugacy classes in L(F ) [Rog90,
3.12]. The stable σ̃-regular classes are parameterized by their images under NE/F , the
regular semisimple stable classes in G(F ). Thus let δ1 ∈ L(F ) be a σ̃-regular element, and
take γ1 ∈ NE/F (δ1), δ

∗
1 and g1 ∈ L(F̄ ) as in § 4.4. We need to calculate Ost

σ̃ (δ1)/Adσ(L(F ))
or equivalently D(Lδ1,σ). Since H1(F,L) ' H1(E,GL(2)) = {1} by Shapiro’s lemma and
Hilbert 90 theorem, we see that

D(Lδ1,σ) = H1(F,Lδ1,σ)
Ad(g)
∼−→ H1(F,Gγ1)

∼−→ H1(E/F,Gγ1).

For a 1-cocycle {tσ} ⊂ Gγ1(E) representing the image of α ∈ H1(E/F,Gγ1), δ
α
1 ∈

Ost
σ (δ1)/Adσ(L(F )) can be explicitly given as follows. We identify the cocycle with

tσ ∈ Gγ1(E) satisfying tσσ(tσ) = 1. Here, identifying G(E) = L(F ) with GL(2, E), the σ-
action onG(E) is given by σ(g) = θ2(

σg) where g 7→ σg is the σ-action onGL(2, E). Hence
the image of tσ under the isomorphism L(E)

∼→ GL(2, E)2 is (tσ, θ2(tσ)) = (tσ,
σt−1
σ ). Tak-

ing a ∈ L(E) which is transported to (tσ, 1) ∈ GL(2, E)2, tσ splits in L(E) as

(tσ,
σt−1
σ ) = (tσ, 1)(1, σt−1

σ ) = aσa−1.

Correspondingly, α equals the class of {Ad(g−1)(aσa−1)}σ∈ΓE/F . It follows from the defi-
nition of the bijection (4.9) that

(δα1 ,
σδα1 ) = (Ad(g−1)a)−1(δ1,

σδ1)θ2(
σ(Ad(g−1)a))

= (Ad(g−1)t−1
σ · δ1, σ(Ad(g−1)tσ)

−1 · δ1).

Thus δα1 = Ad(g−1)t−1
σ · δ1.

This completes the classification of the σ-regular σ-conjugacy classes in L(F ). We
recall the following exact sequence [Rog90, Prop. 3.12.1]:

H1(E/F,ZG) −→ H1(E/F,Gγ1)
det−→ H1(E/F,Gab). (4.10)

Here Gab := G/Gder ' G1 is the abelianization of G. Notice that H1(E/F,G1) is
identified with F×/NE/F (E×). Moreover, under the bijection (4.9), the image of z ∈
F×/NE/F (E×) = H1(E/F,ZG) in D(Lδ1,σ) ' H1(E/F,Gγ1) corresponds to z−1δ1 ∈
Ost
σ (δ1). Following Rogawski, we define

σD(Lδ1,σ) := cok[H1(E/F,ZG)→ H1(E/F,Gγ1)].

We now proceed to L̃. We take σ-regular δ ∈ L̃(F ), γ ∈ NE/F (δ), δ∗ and g̃ ∈ L̃(F̄ )

satisfying the conditions in § 4.4. Here again, we need to describe D(L̃δ,σ). Since L̃(F ) =
ZeL(F )L(F ), we may write

δ = ζδ1, ζ ∈ ZeL(F ), δ1 ∈ L(F ),

where δ1 is obviously σ-regular. Take γ1 ∈ NE/F (δ1), δ
∗
1, g ∈ L(F̄ ) as above. Then

Adσ(g)δ = ζδ∗1 and NE/F (ζδ∗1) = NE/F (ζ)γ1 imply
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(i) NE/F (δ) = Ost(NE/F (ζ)γ1). We may choose γ := NE/F (ζ)γ1.

(ii) We can choose (δ∗ = ζδ∗1, g) as (δ∗, g) of § 4.4 for δ.

Thus in the relation of maximal tori above, we have TG = Gγ1 , T̃G = G̃γ, T = Lγ1 ,

T̃ = L̃γ. Again we have the isomorphism

D(L̃δ,σ) = H1(F, L̃δ,σ)
Ad(g)
∼−→ H1(F, G̃γ).

Lemma 4.4. For a maximal torus TG ⊂ G, the following is exact.

H1(F,ZG) −→ H1(F, TG) −→ H1(F, T̃G) −→ {1}.

Proof. Recall the pair (BT , εT ) associated to TG. Then T̃G is given by

T̃G(R) = {t ∈ (BT ⊗F R)× | tεT (t) ∈ R×},

while ZG(R) = Z(B ⊗F R) ∩ TG(R) = (E ⊗F R)× ∩ TG(R). We examine the three types
of maximal tori in turn.

(1) If TG ' RE/FGm, (x, y) ∈ BT ⊗R belongs to T̃G if and only if

(x, y)εT (x, y) = (xσy, σxy) = (a, a), ∃a ∈ R×.

Thus T̃G = {(t, aσ̃(t)−1) | t ∈ RE/FGm, a ∈ Gm} ' RE/FGm × Gm, so that H1(F, TG) =

H1(F, T̃G) = {1} and the exactness is trivial.

(2) If TG ' G2
1, we have T̃G = {(x, xt) |x ∈ RE/FGm, t ∈ G1} ' RE/FGm ×G1. Thus

1 −→ ZG −→ TG −→ T̃G/RE/FGm −→ 1

is exact. The result follows from this together with the injectiveness of H1(F, T̃G) →
H1(F, T̃G/RE/FGm).

(3) If TG ' RE′/F (UK/E′(1)), we look at the long exact sequence of Galois cohomology
associated to

1 −→ TG −→ T̃G
ν−→ Gm −→ 1.

Noting NK/E′(K
×) ⊃ F×, we can check the surjectivity of ν : T̃G(F ) → F×. Hence the

long sequence gives H1(F, TG)
∼→ H1(F, T̃G). This combined with the triviality of the

image of H1(F,ZG) = F×/NE/F (E×) in H1(F, TG) ' H1(E ′, UK/E′(1)) ' E ′×/NK/E′(K
×)

yields the desired exactness.

This gives an isomorphism σD(Lδ1,σ)
∼→ H1(F, G̃γ)

∼→ D(L̃δ,σ). In particular for

α ∈ D(L̃δ,σ), we have δα = Ad(g−1)t−1
σ · δ, where {tσ} is a Gγ1(E)-valued 1-cocycle on

ΓE/F representing an inverse image of α in H1(E/F,Gγ1).
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4.6 Orbital integral transfers

To define the base change lift, one needs the relevant orbital integral transfers. We review
this for (G,L) from [Rog90, 4.11] and then deduce an analogous result for (G̃, L̃).

Let us define the twisted orbital integrals on L(F ). Write p : L � Lad := L/ZL for
the natural projection. Take a σ-regular δ1 ∈ L(F ) and γ1 ∈ NE/F (δ1). Define

Iδ1,σ :=p−1(p(Lδ1,σ)) = {g ∈ L | (gz)−1δ1σ̃(gz) = δ1, ∃z ∈ ZL}
={g ∈ L | g−1δ1σ̃(g) ∈ δ1ZL(σ̃)},

where ZL(σ̃) := (1− σ̃)ZL. Under the identification ZL
∼→ RE/FGm, σ̃ on ZL corresponds

to z 7→ σ̃(z)−1. Thus (1− σ̃) is just NE/F : RE/FGm → Gm and ZL(σ̃) = Gm. Notice that

Iδ1,σ(F ) = {g ∈ L(F ) | gz ∈ Lδ1,σ(F̄ ), ∃z ∈ ZL(F̄ )}

is strictly larger than Lδ1,σ(F )ZL(F ). Since the central character η restricted to ZL(σ̃, F ) =
F× is trivial, the σ-orbital integral of φ1 ∈ H(L(F ), η) at δ1

Oσ,δ1(φ1) :=

∫
Iδ1,σ(F )\L(F )

φ1(g
−1δ1σ(g))

dg

dt

is well-defined. Here we have fixed an invariant measures dg and dt on L(F ) and Iδ1,σ(F ),
respectively.

Next consider L̃. We take σ-regular δ and γ ∈ NE/F (δ). We again write p : L̃ � L̃ad

for the natural projection and define

Ĩδ,σ := p−1(p(L̃δ,σ)) = {g ∈ L̃ | gz ∈ L̃δ,σ, ∃z ∈ ZeL}.
In this case ZeL is identified with RE/F (RE/FGm) ' RE/FG2

m and σ̃ is just the transposition
of the two components. Since ZeL(σ̃) = {(x, x−1) |x ∈ RE/FGm} and 1 − σ̃ : ZeL(F ) →
ZeL(σ̃, F ) is surjective, we have

Ĩδ1,σ(F ) = L̃δ1,σ(F )ZeL(F ).

Since ωE : ZL(σ̃, F ) 3 (z, z−1) 7→ ω(zz−1) = 1 ∈ C×, the σ-orbital integral

Oσ,δ(φ) :=

∫
eIδ,σ(F )\eL(F )

φ(g−1δσ(g))
dg

dt
=

∫
eLδ,σ(F )ZeL(F )\eL(F )

φ(g−1δσ(g))
dg

dt

of φ ∈ H(L̃(F ), ωE) is well-defined. Let us write δ = ζδ1, ζ ∈ ZeL(F ), δ1 ∈ L(F ), and

adopt the notation of § 4.5. It follows from Lad = L̃ad that Ĩδ,σ ∩ L = Iδ1,σ. We may and

do choose the invariant measures dg and dt on L̃(F ) and Ĩδ,σ(F ), respectively, in such a
way that the isomorphism (4.6) gives

Oσ,δ(φ) =

∫
Iδ1,σ(F )ZeL(F )\L(F )ZeL(F )

φ(ζg−1δ1σ(g))
dg

dt

=ωE(ζ)−1

∫
Iδ1,σ(F )\L(F )

φ1(g
−1δ1σ(g))

dg

dt

=ωE(ζ)−1Oσ,δ1(φ1).

(4.11)
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For f1 ∈ H(G(F ), ηu) and regular semisimple γ1 ∈ G(F ), we have the usual orbital
integral

Oγ1(f1) :=

∫
Gγ1 (F )\G(F )

f1(x
−1γ1x)

dx

dt
.

As in the σ-twisted case, we define D(Gγ1) := Ker[H1(F,Gγ1) → H1(F,G)]. There is a
bijection D(Gγ1) 3 α

∼7→ γα1 ∈ Ost(γ1)/Ad(G(F )). In fact, this is the composite of the
isomorphism

(Gγ1\G)(F ) 3 x ∼7−→ x−1γ1x ∈ Ost(γ1)/Ad(G(F ))

and the bijection

(Gγ1\G)(F ) 3 x ∼7−→ class of {xτ(x)−1}τ∈Γ ∈ D(Gγ1).

Using the former, we can take compatible measures on the rational conjugacy classes in
Ost(γ1) as was explained in [LS87, (1.4)]. The stable orbital integral of f1 at γ1 is defined
by

SOγ1(f1) :=
∑

α∈D(Gγ1 )

Oγα1
(f1),

where the orbital integrals in the right hand side are taken with respect to the compatible
measures. As for G̃ we have the following.

Lemma 4.5. For any maximal torus T̃G of G̃, D(T̃G) = Ker[H1(F, T̃G) → H1(F, G̃)] is
trivial.

Proof. The realization (4.2) gives the long exact sequence

1 −→ F× −→ E× ×GL(2, F ) −→ G̃(F )

−→ H1(F,Gm) −→ H1(F,RE/FGm ×GL(2)) −→ H1(F, G̃)
ιG−→ Br(F ),

and hence ιG becomes an injection of H1(F, G̃) into the Brauer group Br(F ) of F by

Hilbert 90. Let T̃G ' (RE/FGm ×RE′/FGm)/∆Gm be any maximal torus in G̃, where E ′

is a two dimensional abelian semisimple algebra over F . We have the similar long exact
sequence

1 −→ F× −→ E× × E ′× −→ T̃G(F )

−→ H1(F,Gm) −→ H1(F,RE/FGm × RE′/FGm) −→ H1(F, T̃G)
ιT−→ Br(F ),

and an injection ιT : H1(F, T̃G) ↪→ Br(F ). It follows from the functoriality of the Galois
cohomology that

H1(F, T̃G) −−−→ H1(F, G̃)

ιT

y yιG
Br(F ) Br(F )

is commutative. Hence the lemma follows from the injectivity of ιG and ιT .
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Thus each stable conjugacy class consists of a single rational class, so that the stable
orbital integral of f ∈ H(G̃(F ), ω) at a regular semisimple γ ∈ G̃(F ) is just the orbital
integral

Oγ(f) :=

∫
eGγ(F )\ eG(F )

f(x−1γx)
dx

dt
.

Further suppose that ν(γ) ∈ NE/F (E×). Thanks to p. 35 (i), any regular semisimple norm
γ ∈ NE/F (δ) satisfies this condition. Then we can write γ = zγ1, (z ∈ Z eG(F ), γ1 ∈ G(F ))

and have (Gγ1\G)(F ) ' (G̃γ\G̃)(F ) ' G̃γ(F )\G̃(F ). We choose the invariant measures

dx and dt on G̃(F ) and G̃γ(F ), respectively, so that we have

Oγ(f) =

∫
eGγ(F )\ eG(F )

f(zx−1γ1x)
dx

dt
= ω(z)−1

∫
( eGγ\ eG)(F )

f(x−1γ1x)
dx

dt

=ω(z)−1

∫
(Gγ1\G)(F )

f1(x
−1γ1x)

dx

dt

=ω(z)−1SOγ1(f1)

(4.12)

for f ∈ H(G̃(F ), ω) and its image f1 ∈ H(G(F ), ηu) under (4.5).
We also need the transfer factors. First we consider the case of G and L. We are

concerned with the twisted endoscopy problem for (L, σ̃,111) in the sense of [KS99], which
is the case (A) with n = 2 in [Kon02, Appendix]. Th. A.6 therein asserts that we
have two isomorphism classes of principal endoscopic data E2 = (G, LG, (1112,1112), ξ111) and
E0 = (G, LG, (1112,−1112), ξµ). The choice of a representative for the latter class specifies
a character µ of E× such that µ|F× = ωE/F . Since L ' L′ = RE/FGL(2), we have
det : L → RE/FGm. Moreover det(gδ1θ(g)

−1) = det δ1 · NE/F (det g) shows that the class
of det δ in E×/NE/F (E×) depends only on the σ-conjugacy class of δ in L(F ). (Recall
that σ̃ ∈ AutF (L) corresponds to θ ∈ AutF (L′).) Hence we can define the transfer factor
∆µ : Ost(G(F ))reg ×Oθ(L(F ))reg → C for E0 by

∆µ(γ1, δ1) :=

{
µ(det δ1) if γ1 ∈ NE/F (δ1),

0 otherwise.

The transfer factor ∆111 for E2 is just

∆111(γ1, δ1) :=

{
1 if γ1 ∈ NE/F (δ1),

0 otherwise.

Extending these, we define the transfer factor ∆µ and ∆111 on O(G̃(F ))reg ×Oσ(L̃(F ))reg

by

∆µ(γ, δ) =

{
µ(z) if γ ∈ NE/F (δ) and δ = (z, g′),

0 otherwise,

∆111(γ, δ) =

{
1 if γ ∈ NE/F (δ),

0 otherwise.
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Here in the former, we have used the realization (4.3). In this case we have

Adσ((x, h))(z, g
′) = (x, h)(z, g′)(σ(x), σ(x) · h−1) = (zNE/F (x), σ(x)Ad(h)g′),

so that ∆µ is well-defined.
We now recall the following from [Rog90, Prop. 4.11.1]. For an F -maximal torus

TG ⊂ G, TG(F )reg denotes the set of γ ∈ TG(F ) which is regular semisimple in G.

Proposition 4.6 (Orbital integral transfer for (G,L)). (i) For any φ1 ∈ H(L(F ), η),
there exist f1 ∈ H(G(F ), ηu) and fµ1 ∈ H(G(F ), ηuµ

−1) satisfying∑
α∈σD(Lδ1,σ)

∆111(γ1, δ
α
1 )Oσ,δ1(φ1) =SOγ1(f1),

∑
α∈σD(Lδ1,σ)

∆µ(γ1, δ
α
1 )Oσ,δ1(φ1) =SOγ1(f

µ
1 ),

(4.13)

for any σ-regular δ1 ∈ L(F ) and γ1 ∈ NE/F (δ1).
(ii) Conversely, for any f1 ∈ H(G(F ), ηu) and fµ1 ∈ H(G(F ), ηuµ

−1) satisfying

Oγ1(f
µ
1 ) = µ(γ1)Oγ1(f1), ∀γ1 ∈ TG(F )reg,

there exists φ1 ∈ H(L(F ), η) such that (4.13) holds. Here we view µ as the character
TG(F ) 3 (

x
σ(x)−1 ) 7→ µ(x) ∈ C×.

We can deduce the transfer for G̃ and L̃ from this. We regard µ as the character

µ : T̃G(F ) 3
(
z

NE/F (ν)σ(z)−1

)
7−→ µ(z) ∈ C×.

Proposition 4.7. (i) For φ ∈ H(L̃(F ), ωE), there exist f ∈ H(G̃(F ), ω), fµ ∈ H(G̃(F ), ωµ−1)
supported on the index two subgroup Z eG(F )G(F ) such that∑

δ′∈Ost
σ (δ)/Adσ(L(F ))

∆111(γ, δ
′)Oσ,δ′(φ) = Oγ(f),

∑
δ′∈Ost

σ (δ)/Adσ(L(F ))

∆µ(γ, δ
′)Oσ,δ′(φ) = Oγ(f

µ)
(4.14)

hold for any σ-regular δ ∈ L̃(F ) and γ ∈ NE/F (δ).

(ii) Conversely, for any f ∈ H(G̃(F ), ω), fµ ∈ H(G̃(F ), ωµ−1) satisfying

Oγ(f
µ) = µ(γ)Oγ(f), ∀γ ∈ T̃G(F )reg,

there exists φ ∈ H(L̃(F ), ωE) such that (4.14) holds.

Proof. We prove only (i). (ii) can be proved in a similar way using Prop. 4.6 (ii) and revers-

ing the argument. Take φ ∈ H(L̃(F ), ωE) and write φ1 ∈ H(L(F ), η) for its image under
the surjection (4.6). Then φ1 transfers to f1 ∈ H(G(F ), ηu) and fµ1 ∈ H(G(F ), ηuµ

−1)
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by Prop. 4.6 (i). Write f ∈ H(G̃(F ), ω) and fµ ∈ H(G̃(F ), ωµ−1) for any elements
in the inverse images of f1 and fµ1 under the surjections (4.5), respectively. Take σ-

regular δ = ζδ1 ∈ L̃(F ), (ζ ∈ ZeL(F ), δ1 ∈ L(F )), and γ = NE/F (ζ)γ1 ∈ NE/F (δ),

(γ1 ∈ NE/F (δ1)). We write ξ = 111 or µ, and ξ̃(z, g′) := ξ(z) inthe realization (4.3). Then
one has ∑

δ′∈Ost
σ (δ)/Adσ(eL(F ))

∆ξ(γ, δ
′)Oσ,δ′(φ) =

∑
α∈D(eLδ,σ)

∆ξ(γ, δ
α)Oσ,δα(φ)

=
∑

α∈σD(Lδ1,σ)

∆ξ(γ, ζδ
α
1 )Oσ,ζδα1

(φ)

(4.11)
= ξ̃ω−1

E (ζ)
∑

α∈σD(Lδ1,σ)

∆ξ(γ1, δ
α
1 )Oσ,δα1

(φ1)

(4.13)
= ξ̃ω−1

E (ζ)SOγ1(f
ξ
1 ) = ω−1ξ(NE/F (ζ))SOγ1(f

ξ
1 )

(4.12)
= Oγ(f

ξ),

as desired. Notice that if ζ = (z1112, z
′1112) = (z1112, σ(zσ(z′))θ(z1112)) in the realization (4.1),

then
ξ̃(ζ) = ξ((zσ(z′))−1 det(z1112)) = ξ(zσ(z′)−1) = ξ(zz′) = ξ(NE/F (ζ)).

4.7 Definition of the base change for G̃

We are now able to extend the definition of the base change lift for G = UE/F (2) to

G̃ = GUE/F (2). First we review the definition for G from [Rog90, 11.4].
Recall that Π(G(F ))ηu is partitioned into a disjoint union of the finite sets called

L-packets [Rog90, 11.1]:

Π(G(F ))ηG =
∐

Π∈Φ(G)ηu

Π.

Here we have written Φ(G)ηu for the set of L-packets of G(F ) with the central character
ηu. For Π ∈ Φ(G)ηu , we define

trΠ(f) :=
∑
π∈Π

trπ(f), f ∈ H(G(F ), ηu).

Rogawski proved that this is a stable distribution so that this depends only on the stable
orbital integrals SO•(f) of f .

πE ∈ Π(L(F ))η is σ-stable if σ(πE) := πE◦σ̃−1 is isomorphic to πE. We write Π(L(F ))ση
for the subset of σ-stable elements in Π(L(F ))η. For πE ∈ Π(L(F ))ση , we take an L(F )-

module isomorphism πE(σ) : σ(πE)
∼→ πE such that πE(σ)2 = id. This extends πE to an

irreducible representation of the non-connected group L(F )o〈σ〉. We define the σ-twisted
character of πE by

trπE(φ1)πE(σ) = tr

∫
ZL(F )\L(F )

φ1(g)πE(g)πE(σ) dg, φ1 ∈ H(L(F ), η).
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This is well-defined only up to {±1} due to the possible choices of πE(σ).

Definition 4.8. πE ∈ Π(L(F ))ση is a stable base change lift of Π ∈ Φ(G)ηu and Πµ ∈
Φ(G)ηuµ−1 (written πE ' ξ111(Π) ' ξ111(Πµ) in § 3.3) if

trπE(φ1)πE(σ) = trΠ(f1), tr(µ(det)−1πE)(µ(det)φ1)πE(σ) = trΠµ(f
µ
1 ) (4.15)

hold for any φ1 ∈ H(L(F ), η) and its transfer f1 ∈ H(G(F ), ηG), fµ1 ∈ H(G(F ), ηGµ
−1)

as in Prop. 4.6.

Notice that (4.15) determines the linear span of trπE(•)πE(σ). Since the irreducible
σ-twisted characters are linearly independent, this definition is independent of the choice
of πE(σ). We have the following trivial extension to G̃.

Definition 4.9. π̃E ∈ Π(L̃(F ))σωE is the base change lift of π̃ ∈ Π(G̃(F ))ω, π̃µ ∈
Π(G̃(F ))ωµ−1 if

trπ̃E(φ)π̃E(σ) = trπ̃(f), tr(µ̃−1π̃E)(µ̃φ)π̃E(σ) = trπ̃µ(f
µ) (4.16)

hold for any φ ∈ H(L̃(F ), ωE) and its transfer f ∈ H(G̃(F ), ω), fµ ∈ H(G̃(F ), ωµ−1) as
in Prop. 4.7. Here, we have written µ̃(z, g′) := µ(z) as in the proof of Prop. 4.7.

4.8 Restriction from GUE/F (2) to GL(2)

In what follows, we calculate the base change lift for GUE/F (2) defined above in the second
realization in § 4.1, and compare it with that for GL(2) [Lan80], [AC89]. We start with
the restriction of test functions, orbital integrals and representations from GUE/F (2) to
GL(2).

We can embed G′ = GL(2) and L′ = RE/FGL(2) as the subgroups of G̃ and L̃,
respectively, by

G′ 3 g′ 7−→ (1, g′)∆Gm ∈ RE/FGm ×G′/∆Gm

(4.2)
∼−→ G̃,

L′ 3 g′ 7−→ (1, g′) ∈ RE/FGm × L′
(4.4)
∼−→ L̃.

In this setting, the characters ω and ωE become

ω : Z eG(F ) 3 (z, z′1112)∆(F×)
(4.2)7−→ zz′

−1
1112 7−→ ω(zz′

−1
) ∈ C×,

ωE : ZeL(F ) 3 (z, z′1112)
(4.4)7−→ (zz′

−1
1112, σ(z′)−11112) 7−→ ω(z)ω(NE/F (z′))−1 ∈ C×.

Since H1(F,ZG′) = H1(F,Z eG) = {1} by Hilbert 90 theorem, we have G̃(F )/Z eG(F ) '
G̃ad(F ) ' G′

ad(F ) ' G′(F )/ZG′(F ), and similarly L̃(F )/ZeL(F ) ' L′(F )/ZL′(F ) as p-adic
manifolds. These together with the above give the isomorphisms

H(G̃(F ), ω) 3f ∼7−→ f̄ ′ := f |G′(F ) ∈ H(G′(F ), ω−1|F×)

H(L̃(F ), ωE) 3φ ∼7−→ φ̄′ := φ|L′(F ) ∈ H(L′(F ), ω−1 ◦ NE/F ).
(4.17)
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As for representations, we have the bijections

Π(G̃(F ))ω 3 π̃ = ω ⊗ π′ 7−→ π′ ∈ Π(G′(F ))ω−1|F× ,

Π(L̃(F ))ωE 3 ω ⊗ π′E 7−→ π′E ∈ Π(L′(F ))ω−1◦NE/F ,
(4.18)

from (4.7), (4.8), respectively.
Let us calculate the relation between orbital integrals corresponding to (4.17). For a

maximal torus T̃G ⊂ G̃, TG′ := T̃G ∩G′ is a maximal torus in G′, and T̃G = Cent(TG′ , G̃).

Moreover if T̃G is defined over F , we have T̃G(F ) = Z eG(F )TG′(F ) from G̃(F ) = Z eG(F )G′(F ).

γ = (z, γ′)∆F× ∈ G̃(F ), ((z, 1)∆F× ∈ Z eG(F ), γ′ ∈ G′(F )) is regular semisimple if and

only if so is γ′. Suppose that this is the case. Then G̃γ = Z eGG′
γ′ . Since H1(F,G′

γ′) is triv-

ial, we have an isomorphism G̃γ(F )\G̃(F ) ' (G̃γ\G̃)(F ) ' (G′
γ′\G′)(F ) ' G′

γ′(F )\G′(F )
given by the second projection. Hence we have

Oγ(f) =

∫
eGγ(F )\ eG(F )

ω(z)−1f(x−1(1, γ′)x)
dx

dt

=ω(z)−1Oγ′(f̄
′)

(4.19)

in the notation of (4.17). Here the invariant measures dx, dt on G′(F ), G′
γ′(F ) are the

transports of those on the second components of G̃(F ), G̃γ(F ), respectively.

Similarly δ = ζ(1, δ′) ∈ L̃(F ), (ζ ∈ ZeL(F ), δ′ ∈ L′(F )) is σ-regular if and only if so
is δ′. If this is the case, we define the σ-orbital integral of φ̄′ ∈ H(L′(F ), ω−1 ◦ NE/F ) at
such δ′ by

Oσ,δ′(φ̄
′) :=

∫
I′
δ′,σ(F )\L′(F )

φ̄′(g−1δ′σ(g))
dg

dt
,

where I ′δ′,σ = L′δ′,σZL′ . The measures are the second components of the measures on

corresponding subgroups of L̃(F ) in § 4.6. Then we have

Oσ,δ(φ) =

∫
I′
δ′,σ(F )ZeL(F )\L′(F )ZeL(F )

ωE(ζ)−1φ(g−1(1, δ′)σ(g))
dg

dt

=ωE(ζ)−1

∫
I′
δ′,σ(F )\L′(F )

φ̄′(g−1δ′σ(g))
dg

dt

=ωE(ζ)−1Oσ,δ′(φ̄
′).

(4.20)

4.9 Relation between the transfers for GUE/F (2) and GL(2)

We use the above relations to recapitulate the orbital integral transfer Prop. 4.7. We say
that a σ-regular δ ∈ L̃(F ) is σ-elliptic if NE/F (δ) consists of elliptic elements in G̃(F ).
One can easily check that (see the proof of Lem. 4.4)

D(L̃δ,σ) =

{
Z/2Z if δ is σ-elliptic,

{1} otherwise.
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When δ is σ-elliptic, we take a Gγ1(E)-valued 1-cocycle tσ on ΓE/F whose class α ∈
H1(F, G̃γ) ' D(L̃δ,σ) generates D(L̃δ,σ). As was explained at the end of § 4.5, we have

Ost
σ (δ) = Oσ(δ) tOσ(Ad(g−1)t−1

σ · δ)

in this case. Note that Ad(g−1)t−1
σ · δ

(4.4)7→ ζ · (det t−1
σ ,Ad(g−1)t−1

σ · δ′) in the present
realization. Writing ζ = (z, z′1112), we have δ = (z, z′δ′), γ = (z,NE/F (z′)γ′)∆F×, and the
formulae (4.14) read

ξ(z)ωE(ζ)−1
(
Oσ,δ′(φ̄

′) + ωξ−1(det tσ)Oσ,Ad(g−1)t−1
σ ·δ′(φ̄

′)
)

=ξ(z)ωE(ζ)−1Oσ,δ′(φ̄
′) + ξ(z det t−1

σ )ωE(ζ(det t−1
σ , 1))−1Oσ,Ad(g−1)t−1

σ ·δ′(φ̄
′)

(4.20)
= ∆ξ(γ, δ)Oσ,δ(φ) + ∆ξ(γ,Ad(g−1)t−1

σ · δ)Oσ,Ad(g−1)t−1
σ ·δ(φ)

=Oγ(f
ξ) = O(zNE/F (z′)−1,γ′)(f

ξ)
(4.19)
= ωξ−1(z−1NE/F (z′))Oγ′(f̄ ξ

′
)

=ξ(z)ωE(ζ)−1Oγ′(f̄ ξ
′
),

where we have written ξ = 111 or µ as in the proof of Prop. 4.7. Since det tσ ∈ F× \
NE/F (E×), this becomes

Oσ,δ′(φ̄
′) + ω(det tσ)Oσ,Ad(g−1)t−1

σ ·δ′(φ̄
′) = Oγ′(f̄

′),

Oσ,δ′(φ̄
′)− ω(det tσ)Oσ,Ad(g−1)t−1

σ ·δ′(φ̄
′) = Oγ′(f̄µ

′
)

(4.21)

To compare the base change lift of G̃ and G′, we first compare the orbital integral
transfer for G̃ (4.21) with that for G′. The transfer for G′ and L′ can be stated as follows.

Proposition 4.10 (Prop. I.3.1 in [AC89]). (i) For φ′ ∈ H(L′(F )), there exists f ′ ∈
H(G′(F )) such that

Oγ′(f
′) =

{
Oσ,δ′(φ

′) if γ′ ∈ NE/F (δ′),

0 otherwise

holds for any regular semisimple γ′ ∈ G′(F ).
(ii) Conversely for any f ′ ∈ H(G′(F )), there is φ′ ∈ H(L′(F )) satisfying Oσ,δ′(φ

′) =
ONE/F (δ′)(f

′) for any σ-regular δ ∈ L′(F ).

Notice that this is stated for H(G′(F )) while the statements for G̃ is always for
H(G′(F ), ω−1|F×). These two are related by the surjections

H(G′(F )) 3 f ′ 7−→ f̄ ′(x) :=

∫
ZG′ (F )

f ′(zg)ω−1(z) dz ∈ H(G′(F ), ω−1|F×),

H(L′(F )) 3 φ′ 7−→ φ̄′(g) :=

∫
ZL′ (F )

φ′(zg)ω−1(NE/F (z)) dz ∈ H(L′(F ), ω−1 ◦ NE/F ).
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Thus Fubini’s theorem gives a simple passage for the ordinary orbital integrals:

Oγ′(f̄
′) =

∫
G′
γ′ (F )\G′(F )

∫
ZG′ (F )

f ′(zx−1γ′x)ω−1(z) dz
dx

dt

=

∫
ZG′ (F )

∫
G′
γ′ (F )\G′(F )

f ′(x−1zγ′x)ω−1(z)
dx

dt
dz

=

∫
ZG′ (F )

Oγ′(f
′)ω−1(z) dz.

(4.22)

The counterpart for twisted orbital integrals is a little more complicated. We have

from L′δ′,σ ∩ ZL′ = Z
Ad(δ′)◦σ̃
L′ = ZG′ the bijection

L′δ′,σ(F )ZL′(F )\L′(F )× ZL′(F )/ZG′(F ) 3 (g, z)
∼7−→ gz−1 ∈ L′δ′,σ(F )\L′(F ).

Using this we have

Oσ,δ′(φ̄
′) =

∫
L′
δ′,σ(F )ZL′ (F )\L′(F )

∫
ZL′ (F )

φ′(zg−1δ′σg)ω−1(NE/F (z)) dz
dg

dt

=

∫
ZL′ (F )/ZL′ (σ̃,F )

∫
L′
δ′,σ(F )ZL′ (F )\L′(F )∫

ZL′ (σ̃,F )

φ′(g−1z̄z(σ)δ′σg) dz(σ)
dg

dt
ω−1(NE/F (z̄)) dz̄

=

∫
ZL′ (F )/ZL′ (σ̃,F )

∫
L′
δ′,σ(F )ZL′ (F )\L′(F )∫

ZL′ (F )/ZG′ (F )

φ′(zg−1z̄δ′σ(z−1g)) dz
dg

dt
ω−1(NE/F (z̄)) dz̄

=

∫
ZL′ (F )/ZL′ (σ̃,F )

∫
L′
δ′,σ(F )\L′(F )

φ′(g−1z̄δ′σg)
dg

dt
ω−1(NE/F (z̄)) dz̄

=

∫
ZL′ (F )/ZL′ (σ̃,F )

Oσ,z̄δ′(φ
′)ω−1(NE/F (z̄)) dz̄

Here we have used the isomorphism ZL′(F )/ZG′(F ) 3 z ∼7→ zσz−1 ∈ ZL′(σ̃, F ). Suppose
φ′ ∈ H(L′(F )) and f ′ ∈ H(G′(F )) are as in Prop. 4.10. Then this becomes

Oσ,δ′(φ̄
′) =

∫
ZL′ (F )/ZL′ (σ̃,F )

ONE/F (z̄)NE/F (δ′)(f
′)ω−1(NE/F (z̄)) dz̄

=

∫
NE/F (E×)

OzNE/F (δ′)(f
′)ω−1(z) dz.

This combined with (4.22) yields

1

2
(Oγ′(f̄

′) +Oγ′(f̄µ
′
)) =

∫
F×

Ozγ′(f
′)ω−1(z)

1 + ωE/F (z)

2
dz

=Oσ,δ′(φ̄
′)

(4.23)
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for γ′ ∈ NE/F (δ′). Also we note that NE/F (Ad(g−1)t−1
σ · δ′) contains

NE/F (t−1
σ δ′

∗
) =(tσ

σtσ)
−1γ′ = (tσθ2(tσ)

−1)−1γ′ = (tσ(det t−1
σ · tσ)−1)−1γ′

= det t−1
σ · γ′

(recall the cocycle condition tσθ(tσ) = 1). Hence we have

ω(det tσ)Oσ,Ad(g−1)t−1
σ ·δ′(φ̄

′) = ω(det tσ)

∫
NE/F (E×)

Oz det tσ ·γ′(f
′)ω−1(z) dz

=ω(det tσ)

∫
F×\NE/F (E×)

Ozγ′(f
′)ω−1(z det tσ) dz

=

∫
F×\NE/F (E×)

Ozγ′(f
′)ω−1(z) dz

=
1

2
(Oγ′(f̄

′)−Oγ′(f̄µ
′
)).

(4.24)

We conclude that (4.23) plus (4.24) and (4.23) minus (4.24) yield the first and second
formulae in (4.21), respectively.

4.10 Comparison of the base changes for GUE/F (2) and GL(2)

We write Π(L′(F ))σ for the set of isomorphism classes of irreducible admissible σ-stable
representations of L′(F ). For π′E ∈ Π(L′(F ))σ, its σ-twisted character trπ′E(φ′)π′E(σ)
is defined modulo a factor ±1. Recall that π′E ∈ Π(L′(F ))σ is the base change lift of
π′ ∈ Π(G′(F )) if

trπ′E(φ′)π′E(σ) = trπ′(f ′)

holds for any φ′ ∈ H(L′(F )), f ′ ∈ H(G′(F )) as in Prop. 4.10 (see [AC89, I.6]). Again this
is well-defined because of the linear independence of the irreducible twisted characters
[loc.cit. Lem. I.6.3]. Then we know from [loc.cit. Th. I.6.2] that ωπ′E = ωπ′ ◦ NE/F . This
allows us to restrict the lifting to the one between Π(G′(F ))ω−1|F× and Π(L′(F ))ω−1◦NE/F .
As for characters, the passage to the modulo center situation is just

trπ′E(φ′)π′E(σ) = trπ′E(φ̄′)π′E(σ), trπ′(f ′) = trπ′(f̄ ′).

Hence, taking the consideration in § 4.9 into account, we can restate the definition as
follows.

Definition 4.11. π′E ∈ Π(L′(F ))ω−1◦NE/F is the base change lift of π′ ∈ Π(G′(F ))ω−1|F×
if

trπ′E(φ̄′)π′E(σ) = trπ′(f̄ ′)

holds for any φ ∈ H(L̃(F ), ωE) and f ∈ H(G̃(F ), ω) as in Prop. 4.7.

Now we can state the first result of this section. Recall that π′ and ωE/F (det)π′ share
the same base change lift [AC89, Prop. 6.8].
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Theorem 4.12. Suppose π′E ∈ Π(L′(F ))ω−1◦NE/F is the base change lift of π′, ωE/F (det)π′ ∈
Π(G′(F ))ω−1|F× . Then the (stable) base change of π̃ = ω ⊗ π′ ∈ Π(G̃(F ))ω and π̃µ =

ωµ−1 ⊗ ωE/F (det)π′ ∈ Π(G̃(F ))ωµ−1 is π̃E := ω ⊗ π′E ∈ Π(L̃(F ))ωE .

Proof. As before, we write ξ = 111E× or µ. We have from Def. 4.11 that

trπ̃E(φ)π̃(σ) =tr

∫
ZeL(F )\eL(F )

φ(g)π̃E(g)π̃E(σ) dg

=tr

∫
ZL′ (F )\L′(F )

φ̄′(g)π′E(g)π′E(σ) dg

and

tr(µ̃−1π̃E)(µ̃φ)π̃E(σ) =tr

∫
ZeL(F )\eL(F )

(µ̃φ)(g)µ̃−1π̃E(g)π̃E(σ) dg

=tr

∫
ZL′ (F )\L′(F )

φ̄′(g)π′E(g)π′E(σ) dg

equal

trπ′(f̄ ′) =tr

∫
ZG′ (F )\G′(F )

f̄ ′(g)π′(g) dg

=tr

∫
Z eG(F )\ eG(F )

f(g)π̃(g) dg = trπ̃(f),

and

trωE/F (det)π′((f̄µ)′) =tr

∫
ZG′ (F )\G′(F )

(f̄µ)′(g)ωE/F (det)π′(g) dg

=tr

∫
Z eG(F )\ eG(F )

fµ(g)π̃µ(g) dg = trπ̃µ(f
µ),

for φ ∈ H(L̃(F ), ωE) and f ∈ H(G̃(F ), ω), fµ ∈ H(G̃(F ), ωµ−1) as in Prop. 4.7. The
theorem follows.

4.11 Restriction from GUE/F (2) to UE/F (2)

Here we deduce the restriction rule for GUE/F (2) to UE/F (2) from Th. 4.12. It follows

from the definition of L-packets of G(F ) [Rog90, 11.1] that, for π̃ ∈ Π(G̃(F ))ω, there
exists a unique L-packet Π(π̃) ∈ Φ(G)ηu such that

π̃|G(F ) '
⊕
π∈Π(eπ)

π.

Also if we fix ω satisfying ω|G1(F ) = ηu, π̃ ∈ Π(G̃(F ))ω is uniquely determined by π′ =
π̃|G′(F ) ∈ Π(G′(F ))ω−1|F× . The following lemma describes Π(π̃) in terms of ω and π′.
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Lemma 4.13. Suppose πE ∈ Π(L(F ))η is the stable base change lift of Π ∈ Φ(G)ηu
and Πµ ∈ Φ(G)ηuµ−1. If we write Π = Π(π̃) for some π̃ ∈ Π(G̃(F ))ω as above, then
the base change lift of π̃ is π̃E := ω ⊗ ω(det)−1πE and Πµ = Π(π̃µ) with π̃µ := ωµ−1 ⊗
ωωE/F (det)−1πE ∈ Π(G̃(F ))ωµ−1.

Proof. It suffices to deduce the base change identity (4.16) for π̃, π̃µ, π̃E from (4.15) for
Π, Πµ, πE. We write ξ = 111E× or µ as before. We know from (4.8) that π̃E and

µ̃−1π̃E = ωµ−1 ⊗ ω(det)−1πE = ωµ−1 ⊗ (ωµ−1)(det)−1µ−1(det)πE

have the restriction πE and µ−1(det)πE to L(F ), respectively. Thus we have

tr(ξ̃−1π̃E)(ξ̃φ)π̃E(σ) = tr

∫
ZeL(F )\eL(F )

(ξ̃φ)(g)(ξ̃−1π̃E)(g)π̃E(σ) dg

=tr

∫
ZL(F )\L(F )

(ξ(det)φ1)(g)(ξ(det)−1πE)(g)πE(σ) dg

=tr(ξ(det)−1πE)(ξ(det)φ1)πE(σ)

(4.15)
= trΠξ(f

ξ
1 ) =

∑
πξ⊂eπξ|G(F )

trπξ(f
ξ
1 ) = tr

⊕
πξ⊂eπξ|G(F )

πξ(f
ξ
1 )

=tr

∫
ZG(F )\G(F )

f ξ1 (g)π̃ξ(g) dg

using the support condition for f ξ in Prop. 4.7 (i)

=tr

∫
Z eG(F )\ eG(F )

f ξ(x)π̃ξ(x) dx = trπ̃ξ(f
ξ),

as desired.

From this, we obtain the restriction result.

Corollary 4.14. The L-packet Π(π̃) obtained by restricting π̃ = ω ⊗ π′ ∈ Π(G̃(F ))ω
to G(F ) is characterized by the property that its stable base change lift ξ111(Π(π̃)) equals
ω(det)π′E. Here π′E is the base change lift of π′ ∈ Π(G′(F ))ω−1|F× to L′(F ).

Proof. This is immediate from the above lemma and Th. 4.12. We remark that the
notation ξ111(Π) makes sense, because Π determines π̃µ and hence Πµ uniquely.

5 Local theta correspondence for unitary groups in

two variables

To construct the missing members of Πψ(G) for ψ of the types (2.b), (2.c), (2.d) in
Prop. 3.7 and Lem. 3.10, we use the local theta correspondence.
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5.1 Weil representations of unitary dual pairs

We begin with a brief review of the construction of Weil representations for unitary dual
pairs [Kud94], (see also [HKS96] for the non-archimedean case).

Fix a generator δ of E over F such that ∆ := δ2 ∈ F×. Let (W, 〈 , 〉) = (Wn, 〈 , 〉n) be
the hyperbolic skew-hermitian space

Wn = E2n, 〈(x, x′), (y, y′)〉n = xtσ(y′)− x′tσ(y).

The unitary group G(W ) = G(Wn) of this space is isomorphic to G2n(F ). We shall be
concerned with the cases n = 1 and 2. If F is p-adic, we have only two isometry classes
of 2-dimensional hermitian spaces over E. We take representatives (V±, ( , )±) of these
isometry classes to be V± = E2 with((x1

x2

)
,

(
y1

y2

))
+

:= δ(σ(x1)y2 − σ(x2)y1), (

(
x1

x2

)
,

(
y1

y2

)
)− := −σ(x1)y1 + γσ(x2)y2.

Here we have fixed γ ∈ F× \ NE/F (E×). The unitary group G(V+) for V+ is our G2(F ),
while G(V−) is its anisotropic inner form. If E/F ' C/R, we write (Vp,q, ( , )p,q) :=
(C2, Ip,q), (p+ q = 2, Ip,q is as in § 3.4.1) so that G(Vp,q) = Gp,q.

For such (V, ( , )) and W , let us introduce an 8n-dimensional symplectic space

W := V ⊗E W, 〈〈v ⊗ w, v′ ⊗ w′〉〉 :=
1

2
TrE/F [(v, v′)σ(〈w,w′〉)]

over F . We have a homomorphism

ιV,W : G(V )×G2n(F ) 3 (h, g) 7−→ h⊗ g ∈ Sp(W).

5.1.1 Splitting of the metaplectic 2-cocycle

In §§ 3.3, 3.4, we have fixed a non-trivial additive character ψF of F . Choose two maximal
isotropic subspaces

Y := {(0, . . . , 0, y1, . . . , yn) ∈ Wn}, Y ′ := {(y′1, . . . , y′n, 0, . . . , 0) ∈ Wn},

dual to each other. These give the Lagrangians Y := V ⊗E Y , Y′ := V ⊗E Y ′ of W. Let
Pn = MnUn be the Siegel parabolic subgroup of G2n associated to Y :

Pn := Stab(Y,G2n), Mn := Stab(Y ′, Pn), Un := {g ∈ Pn | (g|Y ) = idY },

or explicitly,

Mn =

{
mn(a) :=

(
a

tσ̃(a)−1

) ∣∣∣∣ a ∈ Hn

}
,

Un =

{
un(b) :=

(
111n b

111n

) ∣∣∣∣ b = tσ̃(b) ∈ RE/FMn

}
Recall the metaplectic group Mp(W) of Sp(W):

1 −→ C1 −→Mp(W) −→ Sp(W) −→ 1.
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The Lagrangian Y specifies a homeomorphism (not a group homomorphism) Sp(W) ×
C1 ∼→Mp(W) so that the multiplication of Mp(W) is given by

(g1, ε1)(g2, ε2) = (g1g2, ε1ε2cY(g1, g2)), cY(g1, g2) = γψF (L(Y,Yg−1
2 ,Yg1)).

Here L(Y1,Y2,Y2) is the Leray invariant of (Y1,Y2,Y2) [RR93, Def. 2.10] and γψF (L)
denotes the Weil constant of a quadratic space L over F . Thus we have∫

F

φ(x)ψF
(ax2

2

)
dx = γψF (a)|a|−1/2

F

∫
F

φ̂(x)ψF
(
−x

2

2a

)
dx, φ ∈ S(F )

for the invariant measure dx on F self-dual with respect to ψF .
Using the Bruhat decomposition G2n =

∐n
r=0 PnwrPn with

wr =


000r −111r

111n−r
111r 000r

111n−r

 ,

write g ∈ G2n(F ) as

g =

(
a1 ∗

tσ(a1)
−1

)
wr

(
a2 ∗

tσ(a2)
−1

)
.

Define r(g) := r and d(g) := det(a1a2) ∈ E×/NE/F (E×). As before η denotes a character
of E×/F×. Also we need Langlands’ λ-factor λ(E/F, ψF ) = γψF (1)/γψF (∆) for E/F .
Now if we set

βV (g) : = (λ(E/F, ψF )2ωE/F (detV ))−r(g)η(d(g))

=


η(d(g)) if F is non-archimedean and V = V+

(−1)r(g)η(d(g)) if F is non-archimedean and V = V−

i(q−p)r(g)η(d(g)) if E/F ' C/R,

then
ι̃V,W,η : G(V )×G2n(F ) 3 (h, g) 7−→ (ιV,W (h, g), βV (g)) ∈Mp(W)

is a continuous homomorphism which makes the following diagram commute [Kud94,
Th. 3.1].

G(V )×G2n(F )
eιV,W,η−−−→ Mp(W)∥∥∥ yproj

G(V )×G2n(F )
ιV,W−−−→ Sp(W)

5.1.2 Weil representations

The Heisenberg group H(W) associated to W is W⊕ F with the multiplication

(w; z)(w′; z′) = (w + w′; z + z′ +
〈〈w,w′〉〉

2
).
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By the Stone-von Neumann theorem, there is a unique irreducible unitary representation
ρψF of H(W) on which the center F acts by ψF . Its underlying smooth representation is
realized on S(Y′) = S(V n):

ρψF (y′, y; z)φ(x′) = ψF

(
z +
〈〈2x′ + y′, y〉〉

2

)
φ(x′ + y′), φ ∈ S(Y′).

This extends uniquely to an irreducible admissible representation ωψF of the metaplectic
Jacobi group Mp(W) n H(W). Here the action of Mp(W) on H(W) is through the
Sp(W)-action on W. The composite

ωV,W,η : G(V )×G2n(F )
eιV,W,η−→ Mp(W)

ωψF−→ U(S(V n))

is the Weil representation of G(V ) × G2n(F ) associated to η. It is characterized by the
explicit formulae [Kud94, § 5]:

ωV,W,η(mn(a))φ(v) = η(det a)| det a|Eφ(v.a), a ∈ GL(n,E), (5.1)

ωV,W,η(un(b))φ(v) = ψF (
tr(v, v)b

2
)φ(v), b = tσ(b) ∈Mn(E), (5.2)

ωV,W,η(wr)φ(v) = (±1)rFV±,rφ(−v1, v2), (5.3)

ωV,W,η(h)φ(v) = φ(h−1v), h ∈ G(V ), (5.4)

where

FV,rφ(v1, v2) :=

∫
V r

φ(v′, v2)ψE
(tr(v1, v

′)

2

)
dv′, ψE := ψF ◦ TrE/F .

If the base field F is archimedean, we fix a Cartan involution θW on sp(W) which induces
Cartan involutions θp,q and θn,n on gp,q and gn,n, respectively. In particular, this determines
maximal compact subgroups KW ⊂ Sp(W), Kp,q ⊂ Gp,q = G(V ), Kn,n ⊂ Gn,n, which are
compatible with ιV,W . We write (ωV,W,η,S0(V

n)) for the Fock subspace of (ωV,W,η,S(V n)),

which is the underlying (sp(W), K̃W)-module or (gp,q × gn,n,Kp,q ×Kn,n)-module of the
Weil representation. When F is non-archimedean, we just put S0(Vn) := S(Vn).

We write R(G2n(F ), ωV,W,η) (resp. R(G(V ), ωV,W,η)) for the set of isomorphism classes
of the irreducible admissible representations of G2n(F ) (resp. G(V )) which appear as
quotients of ωV,W,η. For πW ∈ R(G2n(F ), ωV,W,η) (resp. πV ∈ R(G(V ), ωV,W,η)), we write
S0(V

n, πW ) (resp. S0(V
n, πV )) for the maximal quotient of S0(V

n) on which G2n(F ) (resp.
G(V )) acts by some copy of πW (resp. πV ). Thus we have an smooth representation
Θη(πW , V ) of G(V ) (resp. Θη(πV ,W ) of G2n(F )) such that

S0(V
n, πW ) ' Θη(πW , V )⊗ πW , (resp. S0(V

n, πV ) ' πV ⊗Θη(πV ,W )).

The following conjecture is proved by R. Howe if F is archimedean [How89] and by
Waldspurger if F is non-archimedean and the residual characteristic of F is odd [Wal90].

Conjecture 5.1 (Local Howe duality conjecture). (i) Θη(πW , V ) (resp. Θη(πV ,W ))
is an admissible (quasisimple if F is archimedean) representation of finite length.
(ii) Θη(πW , V ) (resp. Θη(πV ,W )) admits a unique maximal submodule and hence a unique
irreducible quotient θη(πW , V ) (resp. θη(πV ,W )).
(iii) πW 7→ θη(πW , V ) and πV 7→ θη(πV ,W ) are bijections converse to each other between
R(G2n(F ), ωV,W,η) and R(G(V ), ωV,W,η).
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In § 5.2, we shall obtain a precise description of this correspondence in the case n = 2
and non-archimedean F . Along the way, we also affirm the conjecture in this special
case over F of residual characteristic two. We remark that (i) in the conjecture is always
valid [MVW87, Ch.3, IV, Th.4] so that Θη(πW , V ) or Θη(πV ,W ) admits an irreducible
quotient. Our tools are the local theta correspondence between the unitary similitude
groups studied by M. Harris [Har93] and the restriction rule Cor. 4.14. The corresponding
result for F = R is reviewed in § 5.3.

5.2 Local theta correspondence for non-archimedean U(2)

From now on, we assume F is non-archimedean. We first review the definition of the local
theta correspondence for the similitude groups from [Har93, § 3].

5.2.1 The group GU(EB)

Let B be a quaternion algebra over F , so that it is isomorphic to either M2(F ) or the
unique quaternion division algebra D over F . Using the quadratic extension E of F , we
fix an isomorphism D ⊗F E 'M2(E) so that

D =

{
X ∈M2(E)

∣∣∣∣Ad
(( 1
γ

))
◦ σX = X

}
=

{(
x y
γσy σx

) ∣∣∣∣ x, y ∈ E} .
Thus D 'F E2 but this is not an E-algebra isomorphism. Using the main involution ι on
B, we define a quadratic form (x, y)B := τB/F (xι · y)/2 on B, where τB/F is the reduced
trace. Thus

((a b

c d

)
,

(
a′ b′

c′ d′

))
B

=
ad′ + a′d− bc′ − b′c

2
if B splits,

(( x y

γσy σx

)
,

(
x′ y′

γσy′ σx′

))
B

=
1

2
TrE/F (σxx′ − γσyy′) otherwise.

By abuse of notation, we write B and B× for the algebraic group which associate to a
commutative F -algebra R B ⊗F R and (B ⊗F R)×, respectively. We write O(B) for the
orthogonal group of (B, ( , )B), and GO(B) for its similitude group:

GO(B,R) := {g ∈ GLF (B ⊗F R) | (gx, gy)B = νB(g)(x, y)B, ∃νB(g) ∈ R×}.

We have an isomorphism ρ : (B× ×B×)/∆Gm
∼→ GO(B)0 given by

ρ(g, g′) : B 3 x 7−→ gxg′
−1 ∈ B.

This extends to an isomorphism ρ : (B× × B×)/∆Gm o 〈ε〉 ∼→ GO(B), where ε(g, g′) :=
((g′ι)−1, (gι)−1). Then, writing νB/F for the reduced norm on B, we have νB(ρ(g, g′)) =

νB/F (gg′−1).
We view E as a subalgebra of B by

i : E 3


x+ yδ 7−→

(
x −y
−y∆ x

)
∈M2(F ) if B splits,

z 7−→
(
σz

z

)
∈ D otherwise.
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If we take the basis

(e1, e2) :=


((0 0

0 1

)
,

(
0 0

−1 0

))
if B 'M2(F ),

((1 0

0 1

)
,

(
0 1

γ 0

))
if B ' D

of B over E, then writing v = z1e1 +z2e2, v
′ = z′1e1 +z′2e2 with zi = xi+yiδ, z

′
i = x′i+y′iδ,

we have

(v, v′)B =
(( y2 −y1

−x2 x1

)
,

(
y′2 −y′1
−x′2 x′1

))
B

=
x1y

′
2 − y1x

′
2 − x2y

′
1 + y2x

′
1

2

=
1

2
TrE/F

( 1

2δ

(
(x1 − y1δ)(x

′
2 + y′2δ)− (x2 − y2δ)(x

′
1 + y′1δ)

))
=

1

2
TrE/F

(
(σz1,

σz2)

(
0 (2δ)−1

−(2δ)−1 0

)(
z′1
z′2

))
if B splits, and

(v, v′)B =
((σz1

σz2

γz2 z1

)
,

(
σz′1

σz′2
γz′2 z′1

))
B

=
1

2
TrE/F (σz1z

′
1 − γσz2z

′
2)

=
1

2
TrE/F

(
(σz1,

σz2)

(
1 0
0 −γ

)(
z′1
z′2

))
otherwise. Thus if we write

(EB, ( , )
EB) :=


(
E2,

(
0 (2δ)−1

−(2δ)−1 0

))
if B = M2(F ),

(V−, ( , )−) if B = D,

then (B, ( , )B) is the quadratic space associated to this hermitian space over E. In
particular, the centralizer of i(E×) in GO(B) is the unitary similitude group GU(EB):

GU(EB) :=Cent(i, GO(B)) = Cent(i, GO(B)0)

={ρ(g, g′) | gi(z)xg′−1
= i(z)gxg′

−1
, ∀z ∈ E×, x ∈ B}

={ρ(z, g′) | z ∈ Cent(i, B×) = i(E×), g′ ∈ B×}.

Moreover the above ρ restricts to the analogue for GU(EB) of the isomorphism (4.2):

GU(EB) = (E× ×B×)/∆F× 3 (z, g′)
∼7−→ zνB/F (g′)−1g′ ∈ G̃(B),

where G̃(B) is the unitary similitude group of V+ if B = M2(F ) and V− if B = D:

z(z1e1 + z2e2)g
′−1

= z′1e1 + z′2e2 if

(
z′1
z′2

)
= zνB/F (g′)−1g′

(
z1

z2

)
.

The similitude norm ν composed with this isomorphism is given by ν(z, g′) = NE/F (z)νB/F (g′)−1.
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5.2.2 Dual pairs and Weil representations for similitude groups

Suppose for the moment that E is a quadratic extension of F or F itself, and write σ for
the generator of ΓE/F . Let (W, 〈 , 〉) and (V, ( , )) be skew-hermitian and hermitian space
over E, respectively. We have the corresponding similitude groups

GU(W ) := {g ∈ GLE(W ) | 〈wg,w′g〉 = ν(g)〈w,w′〉, w, w′ ∈ W, ∃ν(g) ∈ Gm},
GU(V ) := {h ∈ GLE(V ) | (hv, hv′) = ν(h)(v, v′), v, v′ ∈ V, ∃ν(h) ∈ Gm}.

Define R(V,W ) := {(h, g) ∈ GU(V ) × GU(W ) | ν(h) = ν(g)}. The first and the second
projections pr1 : R(V,W ) → GU(V ), pr2 : R(V,W ) → GU(W ) have images of finite
index in GU(V ) and GU(W ), respectively. We have the symplectic space

(W, 〈〈 , 〉〉) := (V ⊗E W, [E : F ]−1TrE/F (( , )⊗E σ〈 , 〉)).

Then ι : GU(V )×GU(W ) 3 (h, g) 7→ h⊗ g ∈ GL(W) sends R(V,W ) into Sp(W).
Our first example is the case E = F , (W, 〈 , 〉) := (F 2, ( 1

−1 )), (V, ( , )) = (B, ( , )B).
In this non-archimedean case, pri projects R(B) := R(V,W ) onto GO(B) and GL(2, F ) =
GSp(1, F ). In what follows, we write W for the symplectic space associated to this (V,W )
unless otherwise stated. As before, we consider the metaplectic group Mp(W) and its Weil
representation (ωψF ,S(B)). Put

βB(g) := εB(detB, d(g))F

(
γψF (1)

γψF (detB)

)r(g)
= ε

r(g)
B , g ∈ SL(2, F )

where

εB :=

{
(−1,−1)F if B splits,

−(−1,−1)F otherwise.

Then [Kud94, Th. 3.1] asserts that

ι̃ : O(B,F )× SL(2, F ) 3 (h, g) 7−→ (ι(h, g), βB(g)) ∈Mp(W)

is an well-defined homomorphism lifting ι. This yields the Weil representation (ωB :=
ωψF ◦ ι̃,S(B)) of O(B,F )×SL(2, F ). Noting that scalar multiplications do not change the
isometry class of (B, ( , )B), we deduce the following explicit formulae which characterize
(ωB,S(B)).

ωB
((a

a−1

))
φ(v) =|a|2Fφ(v.a), a ∈ F× (5.5)

ωB
((1 b

1

))
φ(v) =ψF

(b(v, v)B
2

)
φ(v), b ∈ F (5.6)

ωB
(( −1

1

))
φ(v) =

1

γψF (B)

∫
B

φ(u)ψF ((u,−v)B) du (5.7)

ωB(h)φ(v) =φ(h−1v), h ∈ O(B,F ). (5.8)

Here γψF (B) is 1 if B splits and −1 otherwise.
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As in [Shi72], we extend this to a representation of R(V,W ). Using the embeddings

GO(B) 3 h 7−→ (h,

(
1

ν(h)

)
) ∈ R(V,W )

and SL(2) 3 g 7→ (1, g) ∈ R(V,W ), we have R(V,W ) ' GO(B) n SL(2) where h acts on
SL(2) by Ad(( 1

ν(h) )). Thus we can extend (ωB,S(B)) by extending (5.8) to

ωB(h)φ(v) := |ν(h)|−1
F φ(h−1v), h ∈ GO(B,F ).

Also we shall consider the case where E is a quadratic extension of F and W , V
are (W1, 〈 , 〉1), (EB, ( , )

EB), respectively. Since we are considering non-archimedean F ,

νB/F (B×) = F× and R(EB) = R(EB,W1) projects onto G̃(B) and G̃(F ). If we write
(W/E, 〈〈 , 〉〉/E) for the symplectic space associated to (EB,W1), then we have the iso-

morphism W/E = B ⊗i,E E2 ∼→ B ⊗F F 2 = W. We know from § 5.2.1 that this is in
fact an isometry of symplectic space. We already constructed the Weil representation
(ωB,η = ω

EB,W1,η,S(B)) of G(EB) × G2(F ) in § 5.1.2. As in the first example, we have
R(EB) ' GU(EB) nG2(F ) with respect to the action

Ad(h)g = Ad(ρ(1,

(
1

ν(h)−1

)
))g, h ∈ GU(EB), g ∈ G2(F ).

We can extend (ωB,111,S(B)) to R(EB) by setting

ωB,111(h)φ(v) := |ν(h)|−1
F φ(h−1v).

5.2.3 Review of the Shimizu-Jacquet-Langlands correspondence

Our input to deduce sharp informations on local theta correspondences is the Shimizu-
Jacquet-Langlands correspondence [JL70], [Shi72]. Jacquet-Langlands showed that there
exists a bijection

Πdisc(GL(2, F )) 3 π ←→ πB ∈ Π(B×),

which is characterized by the character formula

trπB(g′) =

{
trπ(g) if B is split,

−trπ(g) otherwise,

for any regular semisimple g ∈ GL(2, F ) and g′ ∈ B× sharing the eigen values.
Moreover they also constructed the global correspondence. Let k be a number field

and write A for its ring of adeles. For a quaternion algebra B over k, we write SB
for the set of places of k where B is ramified. We write Acusp(GL(2))B for the set of
irreducible cuspidal automorphic representations π of GL(2,A) whose local components
πv at v ∈ SB are square integrable. Also write Acusp(B

×)∗ for the set of irreducible
automorphic representations of B×

A := (B ⊗k A)× which are not 1-dimensional. Then
Jacquet-Langlands proved that

Acusp(GL(2))B 3 π =
⊗
v

πv ←→ πB =
⊗
v

πBv ∈ Acusp(B
×)∗
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is an well-defined bijection. Notice that B×
v ' GL(2, kv) and πBv ' πv at almost every v.

By taking the restricted tensor product of the local Weil representations (ωBv ,S(Bv))
(§ 5.2.2), we have the Weil representation (ωB,S(BA)) of O(B,A)×SL(2,A). We extend
this to R(BA) = {(h, g) ∈ GO(B,A) × GL(2,A) | ν(h) = det g} as in the local case. For
each φ ∈ S(BA), we have the theta kernel

θφ(h, g) :=
∑
ξ∈B

ωB(h, g)φ(ξ), h ∈ GO(BA), g ∈ GL(2,A).

For each irreducible cuspidal representation π of GL(2,A), we write A(π) for its unique
realization in the space of automorphic forms on GL(2, k)\GL(2,A) with the central
character ωπ. Let Θ(π,B) be the space of automorphic forms

GO(B)\GO(BA) 3 h 7−→
∫
GL(2,k)A×\GL(2,A)

θ(h, g)f(g) dg, φ ∈ S0(BA), f ∈ A(π∨)

on GO(B)\GO(BA), where S0(BA) is the K-finite part of S(BA) with respect to a max-
imal compat subgroup K ⊂ GO(BA). Shimizu showed that Θ(π,B) is an irreducible
cuspidal representation of GO(BA) and, at almost all v where Bv ' M2(kv), its local
component restricted to GO(Bv)

0 is isomorphic to πv ⊗ π∨v . Here we use ρ to identify the
representations of GO(Bv)

0 with those of Bv ×B×
v whose restriction to ∆(k×v ) is trivial.

Now we go back to the local (non-archimedean) situation. Each (π, Vπ) ∈ Π(GL(2, F ))
can be regarded as a representation (π ◦ pr2, Vπ) of R(B). But since GL(2, F ) is not a
Howe subgroup of R(V,W ), we cannot define Θ(π,B) as in § 5.1.2. Instead we consider
the SL(2, F )-coinvariant space

Θ(π,B) := (S(B)⊗ V ∨
π )SL(2,F ).

In this notation, the v-component of the global Θ(π,B) is apparently Θ(πv, B). Since both
the cusp forms on GL(2) and those on B× satisfy the strong multiplicity one theorem, we
deduce the following result.

Proposition 5.2 (Shimizu, Harris). (i) If B = D and π ∈ Π(GL(2, F )) is not square
integrable, Θ(π,B) = 0. Otherwise Θ(π,B) is an irreducible admissible representation of
GO(B).
(ii) In the latter case, we have

(a) Θ(π,B)|GO(B)0 ' πB ⊗ πB,∨.

(b) If we write Q for the linear form VπB ⊗ V ∨
πB 3 (v, v∨) 7→ 〈v, v∨〉 ∈ C, then ε acts as

±1 and it preserves Q.

5.2.4 Local theta correspondence for GU(2)

Now we deduce the local Howe duality correspondence for GU(EB)×G̃(F ). As in § 4.2, we
write each irreducible representation of GU(EB) as π̃B = ω ⊗ πB. Here, ω ∈ Π(E×), π ∈
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Π(GL(2, F )) with (ω|F×)ωπ = 111, and πB ∈ Π(B×) is the Jacquet-Langlands correspondent
of π. Using the Weil representation (ωB,111,S(B)), we define

Θ111(π̃
B,W1) := (S(B)⊗ V ∨eπB)U(EB),

where U(EB) := {(z, g′) ∈ GU(EB) | νB/F (g′) = NE/F (z)} is the unitary group of
(EB, ( , )

EB). Let us consider the “seesaw dual pair”

GO(B)

GU(EB)

GU(W )

GL(2, F )
�

�
��

@
@

@@

Here the vertical lines assign the inclusions while the diagonal ones stand for the dual
pairs. For π̃B ∈ Π(GU(EB)) and π′ ∈ Π(GL(2, F )), we have the seesaw duality

HomGL(2,F )(Θ111(π̃
B,W1)⊗ π′∨,C) ' HomGU(EB)(π̃

B,∨ ⊗Θ(π′, B),C).

Thanks to Prop. 5.2, the right hand side becomes

HomGU(EB)((ω
−1 ⊗ πB,∨)⊗ (π′

B ◦ i⊗ π′B,∨),C)

'HomE×(ω, π′
B ◦ i)⊗ HomGL(2,F )(π

B, π′
B,∨

).

Thus we have:

(i) Θ111(π̃
B,W1) is non-trivial if and only if πB,∨ ◦ i contains ω as a submodule.

(ii) In that case, Θ111(π̃
B,W1) is isomorphic to π̃∨ = ω−1 ⊗ π∨.

The condition ω ↪→ πB,∨ ◦ i is well understood. That is, the following result was proved
by Waldspurger, Tunnel, H. Saito [Sai93], [Tun83], [Wal84].

(iii) ω ↪→ πB,∨ ◦ i if and only if

ε(
1

2
, π∨E ⊗ ω−1, ψE)ωπ(−1) = ε(B), ε(B) :=

{
1 if B splits,

−1 otherwise.

Here ε(s, πE × ω, ψE) is the standard ε-factor for the base change lift πE ∈ Π(GL(2, E))
of π ∈ Π(GL(2, F )) twisted by ω [JL70]. Its value at s = 1/2 is independent of the choice
of a non-trivial character ψE = ψF ◦ TrE/F of E.

In the above, we have taken η = 111 to make the splittings ι̃η for GU(EB)× G̃(F ) and
ι̃ for GO(B)×GL(2, F ) compatible. Now let us calculate the effect of η. We know from
[HKS96, (1.8)] that ι̃η|G2(F ) = ηG2 · ι̃111|G2(F ), where ηG2 is multiplied to C1 ⊂ Mp(W). In
the realization (4.2), we have

ηG : G2(F ) 3 (z, g′) 7−→ ηu(det(zθ2(g
′))) = ηu(zσ(z)−1) = η(z) ∈ C×
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so that we can extend this to the character η : G̃(F ) 3 (z, g′) 7→ η(z) ∈ C×. Let us
define the Weil representation (ωB,η,S(B)) of R(EB) to be the twist of (ωB,111,S(B)) by
η ◦ pr2 : R(EB) → C×. This restricts to the Weil representation (ωB,η,S(B)) defined in
§ 5.1. Since

Θη(π̃
B,W1) = (ηωB,111 ⊗ π̃B,∨)U(B) = ηΘ111(π̃

B,W1),

we have proved the following.

Proposition 5.3 (Lem. 4.3.3 in [Har93]). (i) For π̃ = ω ⊗ π′, (ω ∈ Π(E×), π′ ∈
Π(GL(2, F )), ωπ(ω|F×) = 111), Θη(π̃, EB) 6= 0 if and only if

ε(1/2, π′E × ωη−1, ψE)ωπ′(−1) = ε(B).

Here ε(B) is as in (3) above.
(ii) If this is the case, then Θη(π̃, EB) ' ηω−1 ⊗ π′B,∨.

5.2.5 Correspondence for unitary groups in two variables

Now we can describe the local theta correspondence for G(V±)×G2(F ). Recall that each
L-packet Π′ for G(V−) consists of the irreducible components of some π̃D = ω ⊗ π′D ∈
Π(G̃(D)) [LL79, § 4]. We write this packet Π(π̃D). As in the GL(2)-case, we have the
bijection between the set of the discrete L-packets of G2(F ) and that of the L-packets of
G(V−) given by Π(π̃)↔ Π(π̃D). This is independent of the choice of π̃ so that we denote
this correspondence by Π 7→ JL(Π). The cardinality of Π(π̃D) is at most two and it is so
if and only if the same is true for Π(π̃) [loc.cit. Lem. 7.1]. Note that the problematic case
treated in [loc.cit. Prop. 7.4] does not occur for G(V−).

Theorem 5.4 (ε-dichotomy for U(2)). We write ε(V±) := ±1.
(i) Let Π be an L-packet of G2(F ) and π ∈ Π. For a 2-dimensional hermitian space V
over E, Θη(π, V ) 6= 0 if and only if

ε(1/2,Π× η−1, ψF )ωΠ(−1)λ(E/F, ψF )−2 = ε(V ). (5.9)

Here ε(s,Π × ω, ψF ) denotes the standard ε-factor for Π and ω ∈ Π(E×) defined by the
Langlands-Shahidi theory [Sha90], and λ(E/F, ψF ) is Langlands’ λ-factor (see p. 49).
(ii) For such V and π ∈ Π, Θη(π, V ) is irreducible, and we have a bijection

Π 3 π 7−→ Θη(π, V ) ∈

{
ηGΠ∨ if ε(V ) = 1,

ηGJL(Π)∨ otherwise.

Remark 5.5. This is the ε-dichotomy property which was proved by Harris-Kudla-Sweet
[HKS96, Th. 6.1] for general unitary dual pairs at least for supercuspidal π. But they used
the ε-factors defined by the doubling method of Piatetskii-Shapiro-Rallis [PSR86]. The
comparison conjecture between their ε-factor and that defined by the Langlands-Shahidi
method (see the introduction of [HKS96]) is not yet established in the present case. This
is the reason why we rely on the Shimizu-Jacquet-Langlands correspondence together with
the restriction rule for GU(2) to U(2).
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Proof. Take π̃ = ω ⊗ π′ ∈ Π(G̃(F )) such that Π = Π(π̃) in the notation of § 4.11. Let B
be the quaternion algebra over F associated to the hermitian space V in § 5.2.1. We first
remark that the condition (5.9) is equivalent to the condition in Prop. 5.3 (i). In fact, we
know from Cor. 4.14 that ξ111(Π) = ω(det)π′E, so that [Kon01, Prop. 3.2] shows

ε(s,Π× η−1, ψF ) =λ(E/F, ψF )2ε(s, ξ111(Π)× η−1, ψE)

=λ(E/F, ψF )2ε(s, π′E ⊗ ωη−1, ψE).

Also (4.2) gives ωπ′(−1) = ωΠ(−1), hence the conditions are equivalent. If Π(π̃) consists
of a single π, that is, π̃|G2(F ) = π, the theorem is just the restriction of Prop. 5.3.

Otherwise Π(π̃) consists of two elements π±, where we may assume π+ is χ2-generic

and π− is not. Notice that G̃(F )/G(F )Z eG(F ) ' Z/2Z, which is generated by the image

of any g ∈ G̃(F ) with ν(g) /∈ NE/F (E×). Writing Veπ for a realization of π̃ and so on, we
know from definition that

Θη(π̃, EB) ' (S(V )⊗ V ∨
π+

)G(F ) ⊕ (S(V )⊗ V ∨
π−)G(F ). (5.10)

Moreover g transposes the two terms in the right hand side.
Now (5.9) is equivalent to Θη(π̃, EB) 6= {0}, which in turn amounts to the non-

vanishing of at least one of the terms in the right hand side of (5.10). But since g
transposes these, this is equivalent to the non-vanishing of both Θη(π+, V ) and Θη(π−, V ).
We have proved (i). Furthermore, in this case, (5.10) combined with Prop. 5.3 (ii) yields

ηπ̃B,∨|G(V ) ' Θη(π+, V )⊕Θη(π−, V ).

Now (ii) follows from ηπ̃B,∨|G(V ) '
⊕

πV ∈Π(eπB) ηGπ
∨
V .

5.3 The case F = R
If E/F ' C/R, the result analogous to Th. 5.4 was proved by A. Paul for general unitary
groups in n-variables [Pau98]. Using the description of the representations in § 3.4, [Pau98,
Th. 6.1] specializes to the following.

Proposition 5.6. For a 2-dimensional hermitian space (V, ( , )) over C, we set ε(V ) :=
− detV .
(1) For any π ∈ Π(G1,1), θηn(π, V ) 6= {0} only if

ε(1/2, π × η−n, ψR)ωπ(−1)λ(C/R, ψR)−2 = ε(V ).

(2) More precisely, for each π ∈ Π(G1,1), there exists a unique signature (p, q), (p+q = 2)
satisfying the above condition such that θηn(π, Vp,q) does not vanish. Such (p, q) and the
Howe correspondent θηn(π, Vp,q) is explicitly given as follows.
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π Conditions (p, q) θηn(π, Vp,q)

δ(a1

2
; a2

2
)

a1 > a2 > n (1, 1)
δ(n−a1

2
; n−a2

2
)

δ(a2

2
; a1

2
) δ(n−a2

2
; n−a1

2
)

δ(a1

2
; a2

2
)

a1 > n > a2
(2, 0) δ(n−a2

2
, n−a1

2
)

δ(a2

2
; a1

2
) (0, 2) δ(n−a2

2
, n−a1

2
)

δ(a1

2
; a2

2
)

n > a1 > a2 (1, 1)
δ(n−a2

2
; n−a1

2
)

δ(a2

2
; a1

2
) δ(n−a1

2
; n−a2

2
)

τ(a
2
; a

2
)± a > n (1, 1) τ(n−a

2
; n−a

2
)±

τ(a
2
; a

2
)± n > a (1, 1) τ(n−a

2
; n−a

2
)∓

JG2
B2

(ωa,ν) — (1, 1) JG2
B2

(ωn−a,ν̄)

Proof. As for (ii), there are two points to translate the reuslts of Paul into our setting.
Firstly, the Howe duality correspondence in [Pau98] is the contragredient of ours. Sec-
ondly, we use the Weil representation ωV,W,ηn while ωV,W,111 was used in [Pau98]. According
to [HKS96, (1,8)], we have ωV,W,ηn = ηnG2

ωV,W,111 so that θηn(π, V ) ' θ111(η
−n
G2
π, V ). Now the

table follows from [Pau98, Th. 6.1].
We recall the definition of Artin L and ε-factors at archimedean places. As usual we

write ΓC(s) := 2(2π)−sΓ(s). We need the following two cases.

(i) If F = C, a quasi-character of WC = C× is of the form ωb,ν(z) = (z/z̄)b/2|z|νC, (b ∈ Z,

ν ∈ C). We have L(s, ωb,ν) := ΓC(s+ ν + |b|/2), ε(s, ωb,ν , ψC) =
√
−1

|b|
.

(ii) Each two dimensional irreducible representation ρ of WR is an induced moudule
indWR

WC
(ωb,ν). Then we have L(s, ρ) = L(s, ωb,ν), ε(s, ρ, ψR) = λ(C/R, ψR)ε(s, ωb,ν , ψC),

where λ(C/R, ψR) =
√
−1.

Suppose first π = δ(a1/2; a2/2). Looking at the Langlands parameter (3.2), we have

ε(1/2, π × η−n, ψR)ωπ(−1)λ(C/R, ψR)−2 =
√
−1

|a1−n|+|a2−n|
(−1)(a1+a2)/2

=


(−1)a1+a2−2n = 1 if a1 > a2 > n;

(−1)a1−n = −1 if a1 > n > a2;

(−1)0 = 1 if n > a1 > a2,

which always equals ε(V ) for V indicated by the table. For the other π, we have only to
note that

ε(1/2, π × η−n, ψR)ωπ(−1)λ(C/R, ψR) =
√
−1

2|a−n|
(−1)a = 1.

6 Candidates for local A-packets of U(4)

In this section, we combine the induction principle in the local theta correspondence
[AB95], [Kud86], [MVW87, Ch.3] with the results of § 5, and construct the candidates for
the A-packets in the cases in Prop. 3.7 (2.b, c, d), and Lem. 3.10 (2.c, d). We first treat
the non-archimedean case.
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6.1 Non-archimedean A-packets

Throughout this subsection, we take F to be non-archimedean.

6.1.1 Induction principle in the non-archimedean case

In order to have the induction principle, we need explicit formulae for the Jacquet modules
of the Weil representation. This was done by Kudla [Kud86, Th. 2.8] in the symplectic
orthogonal dual pair case. We begin with the analogous formula for our unitary dual
pairs.

We use the following temporal notation. Let (H, ( , )H) be the hyperbolic hermitian
plane. We fix an anisotropic hermitian space (V0, ( , )0) of dimension m0, and write
(V, ( , )) = (Vr := V0 ⊕ Hr, ( , )r := ( , )0 ⊕ ( , )rH). Thus ( , )r is realized as the hermitian
matrix

qr :=

 111r
111r

q0


where q0 is a m0 ×m0 hermitian matrix representing ( , )0. Its unitary group is given by

G(Vr) := {g ∈ GLE(Vr) |σ(tg)qrg = qr}.

For 0 ≤ k ≤ r, we have the maximal standard parabolic subgroup Pk(V ) = Mk(V )Uk(V ) ⊂
G(V ) given by

Mk(V ) =

m
V
k (a, g) =


a

A B x
σ(ta)−1

C D y
z w g0


∣∣∣∣∣∣∣∣∣∣

a ∈ GL(k,E)

g =

A B x
C D y
z w g0

 ∈ G(Vr−k)

 ,

Uk(V ) =

u
V
k (y, z) =


111k
y′′ 111r−k

z − (y,y)r−k
2

−τy′ 111k −σ(ty′′) −σ(ty0)q0
y′ 111r−k
y0 111m0


∣∣∣∣∣∣∣∣∣∣

y =

y′′y′
y0

 ∈ V k
r−k,

z = −σ(tz) ∈Mk(E)

 .

The standard parabolic subgroups Pp of GL(k,E) are in one to one correspondence with
the partitions p of k. For each partition p of k, we write Pp(V ) = Mp(V )Up(V ) for
the standard parabolic subgroup mV

k (P̄p × G(Vr−k))Uk(V ) of Pk(V ), where P̄p is the
transpose of Pp. Similarly, G2n has the maximal standard parabolic subgroups Pk(W ) =
Mk(W )Uk(W ) given by

Mk(W ) =

mk(a, g) :=


a

A B
σ(ta)−1

C D


∣∣∣∣∣∣∣∣

a ∈ GL(k,E)

g =

(
A B
C D

)
∈ G2(n−k)

 ,
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Uk(W ) =

uk(y, z) :=


111k y′′ z + 〈y,y〉n−k

2
y′

111n−k σ(ty′)
111k

−σ(ty′′) 111n−k


∣∣∣∣∣∣∣∣
y = (y′, y′′) ∈ W k

n−k
z = σ(tz) ∈Mk(E)

 .

Again for each partition p of k, we have the standard parabolic subgroup Pp(W ) :=
mk(Pp ×Gn−k)Uk(W ) of Pk(W ).

As in § 5.1.2, we have the Weil representation ωr,n := ωVr,Wn,η of G(Vr)× G2n(F ). It
suffices to calculate the Jacquet modules along the maximal parabolic subgroups Pk(V )
and Pk(W ). For a smooth representation (π, Vπ) of G2n(F ), we write (πPk(W ), Vπ,Pk(W ))
for its Jacquet module along Pk(W ). We also use similar notation for G(V ).

Proposition 6.1. (1) G2n-side. For 0 ≤ k ≤ n, we write s := min(k, r). There exists a
G(Vr)× Pk(W )-invariant filtration

(ωr,n)Pk(W ) = S0 ⊃ S1 ⊃ S2 ⊃ · · · ⊃ Ss ⊃ {0}

such that
Sj := Sj/Sj+1 ' I

G(V )×Mk(W )
Pj(V )×(P(k−j,j)×G(Wn−k))

(σjr,n ⊗ ωr−j,n−k).

Here σjr,n is the representation of Mj(V )×M(k−j,j)(F ) on S(GL(j, E)) given by

σjr,n
(
mV
j (a, g),

(
A′

a′

))
φ(x)

=η(detA′ det a′)| detA′|
m−j+k−2n

2
E | det a′a|

m−j
2

E φ(σ(ta′)xa).

(2) G(Vr)-case. For 0 ≤ k ≤ r, we put t := min(k, n). There is a Pk(V ) × G2n(F )-
invariant filtration

(ωr,n)Pk(V ) = T 0 ⊃ T 1 ⊃ T 2 ⊃ · · · ⊃ T t ⊃ {0}

such that
Tj := T j/T j+1 ' I

Mk(V )×G2n(F )

(P̄(k−j,j)×G(Vr−k))×Pj(W )
(τ jr,n ⊗ ωr−k,n−j).

Here τ jr,n is the representation of M(k−j,j)(V )×Mj(V ) on S(GL(j, E)) given by

τ jr,n(

(
A

a

)
, g
)
,mj(a

′, g′))φ(x)

=| detA|
m−k+j−2n

2
E η(det a)| det aa′|

j−2n
2

E φ(σ(ta)xa′).

From this, we can deduce the following special case of the induction principle [Kud94],
[MVW87, Ch.3, IV].

Corollary 6.2. Let V = Vr with r ≤ 1. For π ∈ Π(G(V )), there exists a unique
1 ≤ n(π) ≤ dimE V such that the followings hold.
(1) If π is supercuspidal, then Θη(π,Wn) is an irreducible admissible representation of
G2n(F ) if n ≥ n(π) and Θη(π,Wn) = {0} otherwise. Further, we have
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(i) Θη(π,Wn(π)) ∈ Πcusp(G2n(π)(F )).

(ii) When n = n(π) + t, (t ≥ 1), Θη(π,Wn)Pt(Wn) ' η(det)| det |
m+t

2
−n

E ⊗Θη(π,Wn(π)).

(2) Otherwise, we have r = 1 and πP1(V ) 6= {0}. Again Θη(π,Wn) = {0} if n < n(π), and
it is an admissible representation of G2n(F ) of finite length if n ≥ n(π). In particular it
admits an irreducible quotient.

(i) If JH(πP1(V )) consists of representations of the form | |
m−1

2
−n

E ⊗ π0, then such π0 ∈
Πcusp(G(V0)) is uniquely determined by π and Θη(π0,Wn) is the unique irreducible
quotient θη(π,Wn) of Θη(π,Wn).

(ii) Otherwise, for each irreducible quotient πW of Θη(π,Wn), there exists ω ⊗ π0 ∈
JH(πP1(V )) such that πW is a quotient of IG2n

P1(W )(ησ(ω)⊗Θη(π0,Wn−1)).

6.1.2 Local non-archimedean A-packets

Now we are ready to complete the A-packets in the cases Prop. 3.7 (2.b, c, d). For
π ∈ Π(G2(F )), define

ε(π, η) :=ε(1/2, π × η−1, ψF )ωπ(−1)λ(E/F, ψF )−2

=ε(1/2,ΠE × η−1, ψE)ωπ(−1),

and let (V, ( , )) be a representative of the isometry class of 2-dimensional hermitian spaces
over E with ε(V ) = ε(π, η) (cf. Th. 5.4). We also take a representative (V ′, ( , )′) of the
other isomety class of 2-dimensional hermitian spaces.

(2.b) ψΠ,η We need to find the partner of JGP1
(η[1]⊗ π), π ∈ Π.

(2.b.i) π ∈ Πcusp(G2(F )). Writing

πV :=

{
π∨ if V ' V+,

JL(π)∨ otherwise,

we have Θη(π, V ) ' ηG(V )πV (Th. 5.4). Cor. 6.2 (1.ii) implies Θη(ηG(V )πV ,W2) '
JGP1

(η[1] ⊗ π). On the other hand, Th. 5.4 asserts that the Jacquet-Langalnds corre-
spondent ηG(V ′)πV ′ := ηG(V ′)JL(πV ) satisfies n(ηG(V ′)πV ′) > 1 so that Cor. 6.2 (1.i) gives
Θη(ηG(V ′)πV ′ ,W2) ∈ Πcusp(G(F )) (the early lift). We define

ΠψΠ,η
(G) := {π+ := JGP1

(η[1]⊗ π), π− := Θη(ηG(V ′)πV ′ ,W2)}.

(2.b.ii) π ' η′G2
δG2
0 , with η′ 6= η. In this case, ε(η′G2

δG2
0 , η) is equal to the value of

ε(s, η′η̄(det)δH2
0 ×, ψE) = ε(s+ 1/2, η′η̄, ψE)ε(s− 1/2, η′η̄, ψE)

L(1/2− s, η̄′η)
L(s− 1/2, η′η̄)

. (6.1)

at s = 1/2. If η′η̄ is ramified, this equals (see for example [Tat79])

ε(s+ 1/2, η′η̄, ψE)ε(s− 1/2, η′η̄, ψE) = 1.
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Otherwise, we have η′η̄ = | |πi/ log qF
E (qF is the cardinality of the residue field of OF ), and

ε(s, η′η̄(det)δH2
0 ×, ψE) =

1 + q
1/2−s
F

1 + q
s−1/2
F

= q
1/2−s
F .

In any case we have ε(η′G2
δG2
0 , η) = 1, so that V ' V+ and Th. 5.4 gives

πV+ := θη(η
′
G2
δG2
0 , V+) ' (ηη̄′)G2δ

G2
0 .

Since (πV+)P1(V+) ' ηη̄′[−1] (note that P1(V+) is opposite to B2, cf. § 6.1.1), we can apply
Cor. 6.2 (2.ii) to see that any irreducible quotient πW of Θη(πV+ ,W2) is a quotient of
IGP1

(η′[−1] ⊗ ηG2). The hermitian dual of this is IGP1
(η′[1] ⊗ ηG2) which has the unique

submodule JGP1
(η[1] ⊗ η′G2

δG2
0 ) [Kon01, Prop.5.6]. Since this last representation is unita-

rizable [Kon01, Th.6.2], it turns out that this is also the unique irreducible quotient of
IGP1

(η′[−1]⊗ ηG2). Hence

θη(πV+ ,W2) ' JGP1
(η[1]⊗ η′G2

δG2
0 ).

Now the Jacquet-Langlands correspondent πV− := JL(πV+) is (ηη̄′)G(V−). This is super-
cuspidal since G(V−) is anisotropic, and Cor. 6.2 (1.i) shows Θη(πV− ,W2) ∈ Πcusp(G4(F )).
We set

ΠψΠ,η
(G) := {π+ := JGP1

(η[1]⊗ η′G2
δG2
0 ), π− := Θη((ηη̄

′)G(V−),W2)}.

(2.b.iii) π ' ηG2δ
G2
0 . Again we have from (6.1)

ε(π, η) = lim
s→1/2

ζE(1/2− s)
ζE(s− 1/2)

= −1,

so that V = V− and πV− := θη(ηGδ
G2
0 , V−) = 111G(V−). Cor. 6.2 (1.ii) tells us Θη(πV− ,W2)P2 '

η(det), and we can deduce from the proof of [Kon01, Prop.5.8] that

Θη(πV− ,W2) ' JGP1
(η[1]⊗ ηG2δ

G2
0 ).

In this case, the Jacquet-Langlands correspondent of πV− is πV+ = δ
G(V+)
0 (compare this

with the case (2.c) below). It follows from Cor. 6.2 that any irreducible quotient πW
ofΘη(πV+ ,W2) is a quotient of IGP1

(η[−1]⊗ ηG2). Its hermitian dual IGP1
(η[1]⊗ ηG2) admits

a unique irreducible submodule ηG4τ(111G2) [Kon01, Prop.5.8], which is tempered. Thus
this is also the unique irreducible quotient of IGP1

(η[−1]⊗ ηG2):

θη(δ
G(V+)
0 ,W2) ' ηG4τ(111G2).

We define
ΠψΠ,η

(G) := {π+ := JGP1
(η[1]⊗ ηG2δ

G2
0 ), π− := ηGτ(111G2)}.

63



(2.c) ψη We start with η′G2
. As above, we have

ε(η′G2
, ψF ) = ε(1, η′η̄, ψE)ε(0, η′η̄, ψE) = 1,

so that V = V+ and πV+ := θη(η
′
G2
, V+) ' (ηη̄′)G(V+). Cor. 6.2 (2.ii) combined with

[Kon01, Prop.5.6] shows

θη(πV+ ,W2) ' JGP2
(IH2

BH2
(η ⊗ η′)[1]).

The Jacquet-Langlands correspondent of πV+ is again πV− := (ηη̄′)G(V−), and we define

Πψη(G) := {π+ := JGP2
(IH2

BH2
(η ⊗ η′)[1]), π− := Θη((ηη̄

′)G(V−),W2)}.

Notice that Θη((ηη̄
′)G(V−),W2) ' Θη′((η

′η̄)G(V−),W2).

(2.d) ψη,µ, µ 6= µ′. This case is completely similar to the case (2.b.i). That is,

• πV,± := Θη(π
G2(µ)±, V ) are exactly the members of the L-packet ηGΠϕµ(G(V ))∨ =

Πϕηµ−1 (G(V )).

• We have Θη(πV,±,W2) ' JGP1
(η[1]⊗ πG2(µ)±).

• Writing πV ′,± for the members of Πϕηµ−1 (G(V ′)), Θη(πV ′,±,W2) are two distinct

elements of Πcusp(G4(F )).

Thus we set

Πψη,µ(G) := {π+,± := JGP1
(η[1]⊗ πG2(µ)±), π−,± := Θη(πV ′,±,W2)}.

6.2 Relation with ZASS involution

Here we verify that our definition of A-packets for G4(F ) is consistent with Hiraga’s
conjecture on ZASS duality.

For the moment letG be a connected reductive group over a p-adic field F and we adopt
the notation of § 3.2. We write R(G(F )) for the category of admissible representations of
finite length of G(F ) and K(G(F )) for its Grothendieck group. For a parabolic subgroup
P = MU of G, we have the parabolic induction functor

R(M(F )) 3 π 7−→ IGP (π) ∈ R(G(F )),

and the Jacquet functor

R(G(F )) 3 π 7−→ πP ∈ R(M(F )).

Both of these are exact and we write iGP : K(M(F )) → K(G(F )) and rGP : K(G(F )) →
K(M(F )) for the homomorphisms defined by them.
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In [Zel80, 9.16], Zelevinsky introduced an involution DG on K(GL(n, F )). Aubert
[Aub95] extended this to general reductive groups by setting

DG(π) :=
∑
P

(−1)dim(AM/AG)iGP ◦ rGP (π).

Extending the result of Zelevinsky for GL(n), Aubert [Aub95], [Aub96] and Schneider-
Stühler [SS97] proved that this sends irreducible representations to irreducible ones up
to signs. (Precisely speaking, Schneider and Stühler adopted a different definition of DG,
and we do not know whether their definition coincides with Aubert’s.) We call DG ZASS
involution.

By analogy with the role played by the Curtis-Kawanaka-Alvis duality in the represen-
tation theory of reductive groups over finite fields, we expect some relationships between
DG and the A-packets. In fact, some of these relationships have already been used in
[Jan95] and [Mœgl]. The following conjecture is communicated to us by K. Hiraga.

Conjecture 6.3 (Conj. 1 in [Hir]). DG sends A-packets to A-packets. More precisely,
if we write an A-parameter ψ ∈ Ψ(G) in the form:

ψ : WF × SU(2)× SL(2,C) 3 (w, h, g) 7−→ ρ(w)λ(h)τ(g) ∈ LG,

then DG should send the A-packet Πψ(G) to ΠDG(ψ)(G), where

DG(ψ) : WF × SU(2)× SL(2,C) 3 (w, h, g) 7−→ ρ(w)τ(h)λ(g) ∈ LG.

Here rational representations of SL2(C) are identified with those of SU(2) by restriction.

We now examine this for the group G = G4. By using the calculation of Jacquet
modules in [Kon01], we can check the following.

Corollary 6.4. Conj. 6.3 is consistent with our definition of the A-packets for G4(F ).

Since the proof of this is a lengthy case by case verification, we omit it. Instead we
explain two examples.

(1) Cases (2.b.ii) and (2.c) We have constructed π− ∈ Πcusp(G(F )) such that

Πψ(G) = {JGP1
(η[1]⊗ η′G2

δG2
0 ), π−}, Πψ′(G) = {JGP1

(η′[1]⊗ ηG2δ
G2
0 ), π−},

Πψ′′(G) = {JGP2
(IH2

BH2
(η ⊗ η′)[1]), π−},

where the A-parameters have the restrictions to AE = WE × SU(2)× SL(2,C) given by

ψ|AE = (η ⊗ ρ2,SL(2))⊕ (η′ ⊗ ρ2,SU(2)), ψ′|AE = (η′ ⊗ ρ2,SL(2))⊕ (η ⊗ ρ2,SU(2)),

ψ′′|AE = (η ⊗ ρ2,SL(2))⊕ (η′ ⊗ ρ2,SL(2)).

We can verify DG(JGP1
(η[1] ⊗ η′G2

δG2
0 )) = JGP1

(η′[1] ⊗ ηG2δ
G2
0 ) and DG(ψ) = ψ′, and hence

Conj. 6.3 is valid in this case. On the other hand, since DG(JGP2
(IH2

BH2
(η ⊗ η′)[1])) = δG0 (η)
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(see § 3.3), Conj. 6.3 asserts that the L-packet associated to the Langlands parameter
ϕ′′ := DG(ψ′′) with

ϕ′′|LE = (η ⊗ ρ2,SU(2))⊕ (η′ ⊗ ρ2,SU(2))

should be Πϕ′′(G) := {δG0 (η), π−}. In this way, it will be possible to determine certain
discrete L-packets of general classical groups by applying the ZASS involution to certain
A-packets. This strategy was already taken by Moeglin [Mœgl, 5.6], where she applied
DG to her quadratic unipotent A-packets. Notice that Πψ′′(G) is precisely an analogue of
quadratic unipotent A-packet for G.

(2) Case (2.b.iii) DG transposes ηGτ
G
0 (δG2

0 ), ηGτ
G
0 (111G2) and JGP2

(IH2

BH2
(η⊗η)[1]), JGP1

(η[1]⊗
ηG2δ

G2
0 ), respectively. The tempered Langlands parameter ϕη in this case corresponds to

the tempered L-packet Πϕη = {ηGτG0 (δG2
0 ), ηGτ

G
0 (111G2)}. As is conjectured, the A-packet

corresponding to DG(ϕη) = ψη is {JGP2
(IH2

BH2
(η⊗ η)[1]), JGP1

(η[1]⊗ ηG2δ
G2
0 )}. (These are not

treated in § 6.1 because ψη is not elliptic. See Prop. 6.11.) On the other hand, ψ
ηG2

δ
G2
0 ,η

is unchanged under DG while the two members of the corresponding A-packet are trans-
posed with each other. Also note that the elliptic tempered (but not square-integrable)
representation ηGτ

G
0 (111G2) appears in the elliptic A-packet.

6.3 A-packets in the archimedean case

Here we determine the candidates for the A-packets of G4(R) = U(2, 2) following Adams’
conjecture (see the introduction). We first review some general results on the local theta
correspondence over R.

6.3.1 Some tools in the Howe duality over R

Adams-Barbasch’s induction principle The key tool in our calculation is the in-
duction principle of [AB95]. To state this, we need Weil representations of twisted type
II dual pairs. Let X ′ and Y ′ be C-vector spaces of dimension r and r′, respectively, and
write X := HomC,σ(X

′,C), Y := HomC,σ(Y
′,C). Then we have a symplectic space

WX,Y := Y′
X,Y ⊕ YX,Y ,

Y′
X,Y := X ⊗C Y

′, YX,Y := X ′ ⊗C Y

with the symplectic form

〈〈(y′1, y1), (y
′
2, y2)〉〉X,Y :=

1

2
TrE/F tr(y2 ◦ y′1 − y1 ◦ y′2), yi ∈ YX,Y , y

′
i ∈ Y′

X,Y .

In particular GLC(X ′) and GLC(Y ′) form a twisted type II dual pair in Sp(WX,Y ):

ιX,Y : GLC(X ′)×GLC(Y ′) 3 (a, a′) 7−→
(
σ(ta)−1 ⊗ a′

a⊗ σ(ta′)−1

)
∈ Sp(WX,Y ).

Let ξ = (ξ, ξ′) be a pair of characters of E× trivial on NE/F (E×). Clearly ιX,Y lifts to a
continuous homomorphism

ιX,Y,ξ : GLC(X ′)×GLC(Y ′) 3 (a, a′) 7−→ (ιX,Y (a, a′), ξ(det a)ξ′(det a′)) ∈Mp(WX,Y ).
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The composite ωX,Y,ξ := ωψR ◦ιX,Y,ξ of the Weil representation ωψR of Mp(WX,Y ) with this
is the Weil representation of the twisted type II pair GLC(X ′) × GLC(Y ′). An explicit
formula in the Schrödinger model S(Y′

X,Y ) is given by

ωX,Y,ξ(a, a
′)φ(y) = ξ(det a)| det a|−r

′/2
C ξ′(det a′)| det a′|r/2C φ(σ(ta).y.a′)

for a ∈ GLC(X ′), a′ ∈ GLC(Y ′).
Now we can state the induction principle. Recall the setting of § 5.1.

Theorem 6.5 ([Pau98] Th.4.5.5). We adopt the notation analogous to § 6.1.1. Suppose
that admissible representations πV , πW of G(Vr−k), G2(n−k′)(R) satisfy

HomG(Vr−k)×G(Wn−k′ )
(ωVr−k,Wn−k′ ,ξ

, πV ⊗ πW ) 6= 0,

and admissible representations π, π′ of GL(k,C), GL(k,C′) satisfy

HomGL(k,C)×GL(k′,C)(ωX,Y,ξ, π ⊗ π′) 6= 0.

Then we have a non-trivial G(Vr)×G2n(R)-homomorphism

ωV,W,ξ −→ I
G(V )
Pk(V )(| det |t/2C π ⊗ πV )⊗ IG2n

Pk′ (W )(| det |t/2C π′ ⊗ πW ).

Here, by abuse of notation, we write ωV,W,ξ for the Harish-Chandra module (the Fock
model) of the Weil representation ωV,W,ξ and t := m− k + k′ − 2n.

θ-corresondence for K-types We adopt the notation of 3.4.1. We also need the
correspondence of K-types [How89], [Li90].

Consider the unitary dual pair Gp,q × Gr,r. We always assume m := p + q is even.
Temporally we use the abbreviation V = Vp,q, W = Wr. We have the seasaw diagrams

Gp,q

Kp,q

Gr,r ×Gr,r

Gr,r

�
�

��

@
@

@@

Gp,q ×Gp,q

Gp,q

Gr,r

Kr,r

�
�

��

@
@

@@

Notice that Kp,q ' Gp,0 ×G0,q and so on. The (Harish-Chandra modules of) Weil repre-
sentations of Kp,q × (Gr,r × Gr,r) and (Gp,q × Gp,q)×Kr,r are realized on the same Fock
model PV,W,ηn of ωV,W,ηn . Recall that pp,q ⊂ gp,q is equipped with the decomposition
pp,q = p+

p,q ⊕ p−p,q. By definition, the spaces of Gr,r-harmonics and Gp,q-harmonics are
given by

H (Gr,r) := {φ ∈PV,W,ηn |X.φ = 0, ∀X ∈ p−r,r × p−r,r},
H (Gp,q) := {φ ∈PV,W,ηn |X.φ = 0, ∀X ∈ p−p,q × p−p,q},

respectively. The intersection JV,W,ηn := H (Gr,r) ∩H (Gp,q) is called the space of joint
harmonics . We recall from [How89, § 3] the followings.
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• JV,W,ηn generates PV,W,ηn as (gp,q × gr,r,Kp,q ×Kr,r)-module.

• JV,W,ηn is multiplicity free as Kp,q ×Kr,r-module:

JV,W,ηn '
⊕
i

τi ⊗ τ ′i , τi ∈ Π(Kp,q), τ
′
i ∈ Π(Kr,r). (6.2)

Thus τi and τ ′i determine each other. We refer them as θ-correspondents . Moreover
the τi × τ ′i -isotypic part of JV,W,ηn consists of homogeneous polynomials, whose
degree we denote by deg τi = deg τ ′i .

For a Kp,q-type τ appearing in PV,W,ηn , we call the minimum degree of polynomials in
the τ -isotypic subspace of PV,W,ηn its W -degree. Such τ is said to be W -harmonic if it
occurs in the decomposition (6.2). Similarly, V -degree of a Kr,r-type and V -harmonic
Kr,r-types are defined.

Fact 6.6 ([How89] § 4). For πV ∈ R(Gp,q, ωV,W,ηn), take a Kp,q-type τ of the minimum
W -degree in it. Then τ is W -harmonic and its θ-correspondent τ ′ is of minimum V -degree
in θηn(πV ,Wr).

The θ-corresopndence for K-types is explicitly described as follows. Notice that our
correspondence is the contragredient of the one in [Li90] twisted by ηnG := detn.

Lemma 6.7 ([Li90] § 5, [Pau98]). Any Kp,q-type τ has the unique highest weight of
the form

Λτ := (a1, . . . , ak, 0, . . . , 0,−b`, . . . ,−b1︸ ︷︷ ︸
p

; c1, . . . , ck′ , 0, . . . , 0,−d`′ , . . . ,−d1︸ ︷︷ ︸
q

),

where {ai}ki=1, {bi}`i=1, {ci}k
′
i=1, {di}`

′
i=1 are strictly decreasing sequence of positive integers.

Then τ is Wr-harmonic if and only if k + `′, k′ + ` ≤ r. Further, its θ-correspondent τ ′

has the highest weight

Λτ ′ :=
1

2
(

r︷ ︸︸ ︷
n+ p− q, . . . , n+ p− q;

r︷ ︸︸ ︷
n+ q − p, . . . , n+ q − p)

+ (b1, . . . , b`, 0, . . . , 0,−ck′ , . . . ,−c1︸ ︷︷ ︸
r

; d1, . . . , d`′ , 0, . . . , 0,−ak, . . . ,−a1︸ ︷︷ ︸
r

).

θ-correspondence for infinitesimal characters Finally we review the correspon-
dence between infinitesimal characters [Li90, § 5]. We still consider the Weil representa-
tion ωV,W,ηn of the dual pair Gp,q × Gr,r, and assume 2r ≥ m. As usual, we identify an
infinitesimal character with an element of t∗ invariant under the Weyl group.

Lemma 6.8 ([Li90] p. 926). If πV ∈ Π(Gp,q) has the infinitesimal character λ =
(λ1, . . . , λm), then that of θηn(πV ,Wr) is given by

λ′ =
(n

2
, . . . ,

n

2

)
−
(
λ1, . . . , λm, r −

m+ 1

2
,
m+ 1

2
− r, r − m− 1

2
,
m− 1

2
− r, . . . , 1

2
,−1

2

)
.
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6.3.2 Candidates for real A-packets

Now we calculate the candidates for the A-packets of G4(R) = G2,2 associated to the
parameters of the types (2.c, d) in § 3.4.2.

(2.d) ψηa,µb, a ∈ 2Z, a1 > a2 ∈ 2Z + 1 Following Adams’ conjecture, we define

Πψηa,µa (G2,2) :=

{
θηa(δ(

a−a1

2
; a−a2

2
),W2), θηa(δ(

a−a2

2
; a−a1

2
),W2),

θηa(δ(
a−a1

2
, a−a2

2
)2,0,W2), θηa(δ(

a−a1

2
, a−a2

2
)0,2,W2)

}
Here δ(•)2,0, δ(•)0,2 are just δ(•) viewed as a representation of G2,0, G0,2, respectively,
although G2,0 ' G0,2. Also notice that each of these 4 lifts is non-trivial, since we are in
the stable range. Our task is to calculate these local θ-lifts explicitly. We first prove the
following.

Lemma 6.9. Recall the θ-correspondence for U(2) given in Prop. 5.6. We have

J
G2,2

P1
(ηa[1]⊗ δ(a1

2
; a2

2
)) '


θηa(δ(

a−a1

2
; a−a2

2
),W2) if a1 > a2 > a;

θηa(δ(
a−a2

2
, a−a1

2
)2,0,W2) if a1 > a > a2;

θηa(δ(
a−a2

2
; a−a1

2
),W2) if a > a1 > a2,

J
G2,2

P1
(ηa[1]⊗ δ(a2

2
; a1

2
)) '


θηa(δ(

a−a2

2
; a−a1

2
),W2) if a1 > a2 > a;

θηa(δ(
a−a2

2
, a−a1

2
)0,2,W2) if a1 > a > a2;

θηa(δ(
a−a1

2
; a−a2

2
),W2) if a > a1 > a2.

Proof. We prove the case a1 > a2 > a and J
G2,2

P1
(ηa[1] ⊗ δ(a1/2; a2/2)). The other cases

can be treated similarly. Prop. 5.6 implies the existence of a non-zero homomorphism
ωV1,1,W1,ηa � δ((a − a1)/2; (a − a2)/2) ⊗ δ(a1/2; a2/2). Thus Th. 6.5 gives a non-trivial
homomorphism

ωV1,1,W2,ηa −→ δ
(a− a1

2
;
a− a2

2

)
⊗ IG2,2

P1
(ηa[−1]⊗ δ

(a1

2
;
a2

2

)
).

This combined with the uniqueness of the Howe quotient shows that θηa(δ(
a−a1

2
; a−a2

2
),W2)

is an irreducible constituent of I
G2,2

P1
(ηa[−1] ⊗ δ(a1

2
; a2

2
)), or equivalently, I

G2,2

P1
(ηa[1] ⊗

δ(a1

2
; a2

2
)). We know from Lem. 6.7 that θηa(δ(

a−a1

2
; a−a2

2
),W2) has the minimal K2,2-type

with the highest weight (a1 + 1

2
,
a

2
;
a2 − 1

2
,
a

2

)
.

On the other hand, the standard module I
G2,2

P1
(ηa[1] ⊗ δ(a1/2; a2/2)) corresponds to the

“limit character”

λ+ µ =
(a1

2
,
a

2
;
a2

2
,
a

2

)
, ν =

(
0,

1

2
; 0,

1

2

)
in the notation of [Pau98, § 3]. The θ2,2-stable parabolic subalgebra q = l + v associated
to λ+ µ in [Pau98, Prop. 3.2.7] is given by

l =



∗
∗ ∗
∗

∗ ∗

 ∈ g

 , v =




∗ ∗ ∗

∗ ∗

 ∈ g

 .
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Hence [loc.cit.] asserts that J
G2,2

P1
(ηa[1] ⊗ δ(a1/2; a2/2)) is the unique constituent of

I
G2,2

P1
(ηa[1]⊗ δ(a1/2; a2/2)) having the minimal K2,2-type with the highest weight

λ+ µ+ ρv∩p2,2 − ρv∩k2,2 =
(a1 + 1

2
,
a

2
;
a2 − 1

2
,
a

2

)
.

The assertion is proved.

This assures that our Πψηa,µa (G2,2) contains the corresponding L-packet Π′
ψηa,µa

(G2,2).

Next we calculate the rest θ-correspondents in the sufficiently regular cases: a1 > a2 ≥
a + 3 or a1 ≥ a + 3, a − 3 ≥ a2 or a − 3 ≥ a1 > a2. This was done for the general dual
pair in [Li90]. Thus we only write out the results taking modifications caused by our
convention on Weil representation into account.

(i) When a1 > a2 ≥ a+ 3, we set

λ+
1,1 :=

1

2
(a1 − 3, a+ 2; a2 − 1, a+ 2), λ−1,1 :=

1

2
(a2 − 1, a+ 2; a1 − 3, a+ 2),

λ2,0 :=
1

2
(a1 − 3, a2 − 1; a+ 2, a+ 2), λ0,2 :=

1

2
(a+ 2, a+ 2; a1 − 3, a2 − 1).

(ii) When a1 ≥ a+ 3 and a− 3 ≥ a2, we set

λ2,0 :=
1

2
(a1 − 3, a; a, a2 + 3), λ0,2 :=

1

2
(a, a2 + 3; a1 − 3, a),

λ+
1,1 :=

1

2
(a1 − 3, a2 + 3; a, a), λ−1,1 :=

1

2
(a, a; a1 − 3, a2 + 3).

(iii) When a− 3 ≥ a1 > a2, we set

λ+
1,1 :=

1

2
(a− 2, a1 + 1; a− 2, a2 + 3), λ−1,1 :=

1

2
(a− 2, a2 + 3; a− 2, a1 + 1),

λ2,0 :=
1

2
(a− 2, a− 2; a1 + 1, a2 + 3), λ0,2 :=

1

2
(a1 + 1, a2 + 3; a− 2, a− 2).

In each case, λ±1,1, λ2,0 and λ0,2 determine θ-stable parabolic subalgebras q+
1,1, q2,0 and

q0,2 ⊂ g containing t, respectively, such that

• q admits a Levi factor l := Cent(λ, g);

• α∨(λ) ≥ 0, ∀α ∈ R(q, t).

For each of these (q, λ), we have an irreducible unitarizable (g,K2,2)-module Aq(λ) with
non-trivial (g,K2,2)-cohomology [KV95], [Vog81], [VZ84].

(i) When a1 > a2 ≥ a+ 3, we have

θηa
(
δ
(a− a1

2
;
a− a2

2

)
,W2

)
' Aq+

1,1
(λ+

1,1) ' J
G2,2

P1
(ηa[1]⊗ δ(a1/2; a2/2)),

θηa
(
δ
(a− a2

2
;
a− a1

2

)
,W2

)
' Aq−1,1

(λ−1,1) ' J
G2,2

P1
(ηa[1]⊗ δ(a2/2; a1/2)),

θηa
(
δ
(a− a2

2
,
a− a1

2

)
2,0
,W2

)
' Aq2,0(λ2,0) ' δ

(a1

2
,
a2

2
;
a+ 1

2
,
a− 1

2

)
,

θηa
(
δ
(a− a2

2
,
a− a1

2

)
0,2
,W2

)
' Aq0,2(λ0,2) ' δ

(a+ 1

2
,
a− 1

2
;
a1

2
,
a2

2

)
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(ii) When a1 ≥ a+ 3 and a− 3 ≥ a2, we have

θηa
(
δ
(a− a2

2
,
a− a1

2

)
2,0
,W2

)
' Aq2,0(λ2,0) ' J

G2,2

P1
(ηa[1]⊗ δ(a1/2; a2/2)),

θηa
(
δ
(a− a2

2
,
a− a1

2

)
0,2
,W2

)
' Aq0,2(λ0,2) ' J

G2,2

P1
(ηa[1]⊗ δ(a2/2; a1/2)),

θηa
(
δ
(a− a1

2
;
a− a2

2

)
,W2

)
' Aq+

1,1
(λ+

1,1) ' δ
(a1

2
,
a2

2
;
a+ 1

2
,
a− 1

2

)
,

θηa
(
δ
(a− a2

2
;
a− a1

2

)
,W2

)
' Aq−1,1

(λ−1,1) ' δ
(a+ 1

2
,
a− 1

2
;
a1

2
,
a2

2

)
.

(iii) When a− 3 ≥ a1 > a2, we have

θηa
(
δ
(a− a2

2
;
a− a1

2

)
,W2

)
' Aq+

1,1
(λ+

1,1) ' J
G2,2

P1
(ηa[1]⊗ δ(a1/2; a2/2)),

θηa
(
δ
(a− a1

2
;
a− a2

2

)
,W2

)
' Aq−1,1

(λ−1,1) ' J
G2,2

P1
(ηa[1]⊗ δ(a2/2; a1/2)),

θηa
(
δ
(a− a2

2
,
a− a1

2

)
2,0
,W2

)
' Aq2,0(λ2,0) ' δ

(a+ 1

2
,
a− 1

2
;
a1

2
,
a2

2

)
θηa
(
δ
(a− a2

2
,
a− a1

2

)
0,2
,W2

)
' Aq0,2(λ0,2) ' δ

(a1

2
,
a2

2
;
a+ 1

2
,
a− 1

2

)
.

Remark 6.10. These are precisely the non-tempered cohomological A-packets of Adams-
Johnson [AJ87].

Finally we calculate the Howe correspondents in the singular cases.

(i) When a1 > a2 = a + 1, we need to calculate θηa(δ(−1/2, (a − a1)/2)2,0,W2),
θηa(δ(−1/2, (a − a1)/2)0,2,W2). We deduce from Lemmas 6.7, 6.8 that these have
the infinitesimal character 2−1(a1, n + 1, n + 1, n − 1) and the minimal K2,2-types
with the highest weights

1

2
(a1 + 1, a+ 4; a− 2, a− 2),

1

2
(a− 2, a− 2; a1 + 1, n+ 4).

Granting the table in Lem. 3.9, we obtain

θηa
(
δ
(
−1

2
,
a− a1

2

)
2,0
,W2

)
' τ

(a1

2
,
a+ 1

2
;
a+ 1

2
,
a− 1

2

)
+

θηa
(
δ
(
−1

2
,
a− a1

2

)
0,2
,W2

)
' τ

(a+ 1

2
,
a− 1

2
;
a1

2
,
a+ 1

2

)
−
.

(ii) There are the following 3 singular cases in the case a1 > a > a2.

(a) When a1 = a+ 1, a− 3 ≥ a2, we have

θηa
(
δ
(
−1

2
;
a− a2

2

)
,W2

)
' τ

(a+ 1

2
,
a2

2
;
a+ 1

2
,
a− 1

2

)
+
,

θηa
(
δ
(a− a2

2
;−1

2

)
,W2

)
' τ

(a+ 1

2
,
a− 1

2
;
a+ 1

2
,
a2

2

)
−
.
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(b) When a1 ≥ a+ 3, a2 = a− 1, we have

θηa
(
δ
(a− a1

2
;
1

2

)
,W2

)
' τ

(a1

2
,
a− 1

2
;
a+ 1

2
,
a− 1

2

)
−
,

θηa
(
δ
(1

2
;
a− a1

2

)
,W2

)
' τ

(a+ 1

2
,
a− 1

2
;
a1

2
,
a− 1

2

)
+
.

(c) When a1 = a+ 1, a2 = a− 1, we have

θηa
(
δ
(
−1

2
;
1

2

)
,W2

)
' τ

(a+ 1

2
,
a− 1

2
;
a+ 1

2
,
a− 1

2

)
+−
,

θηa
(
δ
(1

2
;−1

2

)
,W2

)
' τ

(a+ 1

2
,
a− 1

2
;
a+ 1

2
,
a− 1

2

)
−+
.

These can be calculated in the same way as in (i).

(iii) When a1 = a− 1 > a2, we have

θηa
(
δ
(a− a2

2
,
1

2

)
2,0
,W2

)
' τ

(a+ 1

2
,
a− 1

2
;
a− 1

2
,
a2

2

)
+
,

θηa
(
δ
(a− a2

2
,
1

2

)
0,2
,W2

)
' τ

(a− 1

2
,
a2

2
;
a+ 1

2
,
a− 1

2

)
−
.

Again the calculation is similar to the first case.

6.4 Non-elliptic parameters

Here we describe the A-packets associated to non-elliptic parameters listed in Prop. 3.2,
§ 3.4.2, and study their relation to the local θ-correspondence. There are the following
two types of non-elliptic A-parameters for G4:

(M1) ψ
M1
ω,η whose restriction to AE is ω ⊕ σ(ω)−1 ⊕ η ⊗ ρ2.

(M2) ψ
M2
ω whose restriction to AE is ω ⊗ ρ2 ⊕ σ(ω)−1 ⊗ ρ2.

As was remarked in Rem. 3.5, we cannot assume that ω is unitary. Instead we impose
the condition (i)′ in the remark, which can be stated in the present case as follows.

(M1) ω in ψM1
ω,η is either:

(a) a unitary character with ω 6= σ(ω)−1, or

(b) η′[s], (0 ≤ s < 1), where η′ can be η, or

(c) ω = µ.

(M2) ω in ψM2
ω is either

(a) a unitary character with ω 6= σ(ω)−1, or

(b) ω = µ[s], (0 ≤ s < 1), or

(c) ω = η.

In the case (M2), ω = η[s], (0 < s < 1) is excluded because the packet Π′
ψ(G) contains

the representation JGB(η[1 + s]⊗ η[1− s]) which is not unitarizable. (See [Kon01, Th. 6.2
(1.a)] for the non-archimedean case. The archimedean case can be proved by the same
argument.)
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The A-packets We first give the list of A-packets.

Proposition 6.11. (i) The A-packets and other data associated to the A-parameters of
type (M1) are described as follows.

A-parameter Sψ(G) Πψ(G) χ-base point

ψM1
ω,η {±1} × C× {JGP1

(η[1]⊗ IG2
B2

(ω))} unique

ψM1

η′,η {±1} × SL(2,C) {JGP1
(η[1]⊗ IG2

B2
(η′))} unique

ψM1

η′[s],η, (0 < s < 1) {±1} × C× {JGB(η[1]⊗ η′[s])} unique

ψM1
µ,η (non-arch.) {±1} ×O(2,C) {JGP1

(η[1]⊗ τG2(µ)±)} JGP1
(η[1]⊗ τG2(µ)+)

ψM1

µb,ηa
(E/F ' C/R) {±1} ×O(2,C) {JGP1

(ηa[1]⊗ τ( b
2
; b

2
)±)} JGP1

(ηa[1]⊗ τ( b
2
; b

2
)+)

Here in the first case, ω is a unitary character of E× such that ω 6= σ(ω)−1.
(ii) The A-packets and other data associated to the A-parameters of type (M2) are de-
scribed as follows.

A-parameter Sψ(G) Πψ(G) χ-base point

ψM2
ω C× {JGP2

(IH2

BH2
(ω ⊗ σ(ω)−1)[1])} unique

ψM2
µ SL(2,C) {JGP2

(IH2

BH2
(µ⊗ µ)[1])} unique

ψM2
η (non-arch.) O(2,C)

{
JGP1

(η[1]⊗ ηG2δ
G2
0 ),

JGP2
(IH2

BH2
(η ⊗ η)[1])

}
JGP2

(IH2

BH2
(η ⊗ η)[1])

ψM2
ηa (E/F ' C/R) O(2,C)


JGP1

(ηa[1]⊗ δ(a+1
2

; a−1
2

)),
JGP1

(ηa[1]⊗ δ(a−1
2

; a+1
2

)),

JGP2
(IH2

BH2
(ηa ⊗ ηa)[1])

 JGP2
(IH2

BH2
(ηa ⊗ ηa)[1])

Here in the first case, ω is either a unitary character of E× with ω 6= σ(ω)−1 or of the
form µ[s] with 0 < s < 1.

Proof. If F is non-archimedean, this follows immediately from the definition of non-elliptic
A-packets Conj. 3.4 (B.2) and results of [Kon01, §§ 5, 6]. Notice that all the representa-
tions appeared in the packets are unitarizable.

Next consider the case E/F = C/R. Everything but the A-packets can be obtained
in the same way as in the non-archimedean case. To determine the packets we need the
intertwining operator.

We temporally goes back to the notation of § 3.2. Let P = MU ⊂ G be a standard
parabolic subgroup. For w ∈ W such that w(M) is again a standard Levi subgroup, we
write P (w) = M(w)U(w) for the standard parabolic subgroup with the Levi component
M(w) := w(M). Take an admissible representation π of finite length of M(R) and
λ ∈ a∗M,C. If α∨(Reλ) >> 0 for any α∨ ∈ ∆∨

P , the intertwining integral

M(w, πλ)φ(g) :=

∫
(w(U)∩U(w))(R)\U(w,R)

φ(w−1ug) du, φ ∈ IGP (πλ).

converges absolutely. This extends meromorphically in λ to whole a∗M,C, and besides its
poles, it defines an intertwining operator M(w, πλ) : IGP (πλ) → IGP (w)(w(πλ)). Moreover,
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if π ∈ Πtemp(M(R)) and λ satisfies α∨(Reλ) > 0, ∀α∨ ∈ ∆∨
P , M(wM , πλ) is holomorphic

and JGP (πλ) = ImM(wM , πλ) [Lan89, p. 147], [BW00, IV.4]. Thus, at such λ, M(wM , πλ)
is an isomorphism if and only if IGP (πλ) is irreducible.

Now we return to the proof.
(i) ψM1

ω,η case. We write η = ηa. Recall [JL70, Th. 6.2] that, writing ωi = ωbi,νi ,

(i = 1, 2) with Reν1 ≥ Reν2, I
H2

BH2
(ω1 ⊗ ω2) is irreducible unless ν1 − ν2 ± (b1 − b2)/2 ∈ N.

We first consider the cases (a), (b) above. One can write ω = ωb,ν with ν ∈ iR \ {0} in
the case (a), and ω = ηb in the case (b) with s = 0. In both cases, we have

JGP1
(ηa[1]⊗ ω) = ImM(wM1 , η

a[1]⊗ IH2

BH2
(ω))

=Im
[
M(r1, ω ⊗ ηa[−1])M(r2, ω ⊗ ηa[1])M(r1, η

a[1]⊗ ω)
]
.

(6.3)

In the case (b) with s > 0, we can write ω = ηb[s] so that

JGB(ηa[1]⊗ ηb[s]) = ImM(w−, η
a[1]⊗ ηb[s])

=Im
[
M(r1, η

b[−s]⊗ ηa[−1])M(r2, η
b[−s]⊗ ηa[1])M(r1, η

a[1]⊗ ηb[−s])
M(r2, η

a[1]⊗ ηb[s])
]
.

(6.4)

Since IH2

BH2
(ηa[1] ⊗ ω), IH2

BH2
(ω ⊗ ηa[−1]) are irreducible, the operators M(r1, η

a[1] ⊗ ω),

M(r1, ω⊗ηa[−1]) are isomorphisms. Similarly, the operatorsM(r2, η
a[1]⊗ηb[s]),M(r1, η

a[1]⊗
ηb[−s]), M(r1, η

b[−s]⊗ ηa[−1]) are isomorphisms. Thus we have

JGP1
(ηa[1]⊗ ω) = ImM(r2, ω ⊗ ηa[1]) = IGP1

(ω ⊗ ImM(wG2
− , ηa[1]))

= IGP1
(ω ⊗ ηaG2

),

JGB(ηa[1]⊗ ηb[s]) = ImM(r2, η
b[−s]⊗ ηa[1]) = IGP1

(ηb[−s]⊗ ImM(wG2
− , ηa[1]))

= IGP1
(ηb[s]⊗ ηaG2

),

and this together with Conj. 3.4 (B.2) yields the result. Here in the last line, we can
replace ηb[−s] by ηb[s] by applying wM1 to the inducing representation. Next consider the
case (c) ω = µb, b ∈ 2Z + 1. We know

IGB(ηa[1]⊗ µb) = IGP1

(
ηa[1]⊗ τ

( b
2
;
b

2

)
+

)
⊕ IGP1

(
ηa[1]⊗ τ

( b
2
;
b

2

)
−

)
,

so that we have as in the previous cases

JGP1

(
ηa[1]⊗τ

( b
2
;
b

2

)
+

)
⊕ JGP1

(
ηa[1]⊗ τ

( b
2
;
b

2

)
+

)
=ImM

(
wM1 , η

a[1]⊗ τ
( b

2
;
b

2

)
+

)
⊕ ImM

(
wM1 , η

a[1]⊗ τ
( b

2
;
b

2

)
−

)
=ImM

(
wM1 , η

a[1]⊗ µb) ' IGP1
(µb, ηaG2

).

The assertion follows.
(ii) ψM2

ω case. We first note that:

(1) M(wG2
− , ω[s]) has zero at s = 1 if and only if ω = ηa for some a ∈ 2Z.
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(2) In that case, ImM(wG2
− , ηa[1]) = ηaG2

and

KerM(wG2
− , ηa[1]) ' δ

(a+ 1

2
;
a− 1

2

)
⊕ δ
(a− 1

2
;
a+ 1

2

)
.

Again we begin with the simpler cases (a), (b). Similar argument as in the proof of (i)
gives

JGP2
(IH2

BH2
(ω ⊗ σ(ω)−1)[1])

= Im[M(r2, ω[−1]⊗ ω[1])M(r1, ω[1]⊗ ω[−1])M(r2, ω[1]⊗ σ(ω)−1)].

(1) assures that the first and the last operator in the right hand side are isomorphisms, so
that this equals ImM(r1, ω[1] ⊗ ω[−1]) = IGP2

(ω(det)) and the assertion follows. Finally
we consider the case (c) ω = ηa. (2) above gives

JGP1

(
ηa[1]⊗ δ

(a+ 1

2
;
a− 1

2

))
⊕ JGP1

(
ηa[1]⊗ δ

(a− 1

2
;
a+ 1

2

))
=ImM

(
wM1 , η

a[1]⊗ δ
(a+ 1

2
;
a− 1

2

))
⊕ ImM

(
wM1 , η

a[1]⊗ δ
(a− 1

2
;
a+ 1

2

))
=M(wM1 , η

a[1]⊗ ηa[1])KerM(r2, η
a[1]⊗ ηa[1]),

while it follows from definition that

JGP2
(IH2

BH2
(ηa ⊗ ηa)[1]) =ImM(wM2 , η

a[1]⊗ ηa[1])

=Im[M(wM2 , η
a[1]⊗ ηa[1])M(r1, η

a[1]⊗ ηa[1])]

=Im[M(wM1 , η
a[1]⊗ ηa[−1])M(r2, η

a[1]⊗ ηa[1])].

By the functional equation [KS80], the following diagram commutes.

IGB(ηa[1]⊗ ηa[1])
M(wM1

,ηa[1]⊗ηa[1])
−−−−−−−−−−−−→ IGB(ηa[−1]⊗ ηa[1])

M(r2,ηa[1]⊗ηa[1])

y yM(r2,ηa[−1]⊗ηa[1])

IGB(ηa[1]⊗ ηa[−1])
M(wM1

,ηa[1]⊗ηa[−1])
−−−−−−−−−−−−−→ IGB(ηa[−1]⊗ ηa[−1])

In other words, the homomorphism induced on IGB(ηa[1]⊗ ηa[1])/KerM(r2, η
a[1]⊗ ηa[1])

by M(wM1 , η
a[1] ⊗ ηa[1]) is the same as the restriction of M(wM1 , η

a[1] ⊗ ηa[−1]) to
ImM(r2, η

a[1]⊗ ηa[1]). Noting ImM(wM1 , η
a[1]⊗ ηa[1]) = IGP2

(ηa(det)), we conclude that

0 −→ JGP1

(
ηa[1]⊗ δ

(a+ 1

2
;
a− 1

2

))
⊕ JGP1

(
ηa[1]⊗ δ

(a− 1

2
;
a+ 1

2

))
−→ IGP2

(ηa(det)) −→ JGP2
(IH2

BH2
(ηa ⊗ ηa)[1]) −→ 0.

This completes the proof.
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Relation with the local θ-correspondence For later use, we describe these A-packets
by means of the local θ-correspondence. The cases (M2.a, b) are not treated, because they
appear only as local components of the global parameters of the form Cor. 2.3 (1.b), which
contribute only to the residual spectrum.

Lemma 6.12. Suppose E/F is a quadratic extension of non-archimedean local fields of
characteristic zero. We use the notation of § 6.1.
(i) For ω in (M1.a, b) above, we have ε(IG2

B2
(ω), η) = 1 and θη(I

G2
B2

(ω), V+) ' IG2
B2

(ηω−1)
(Th. 5.4). Moreover,

θη(I
G2
B2

(ηω−1),W2) =

{
JGP1

(η[1]⊗ IG2
B2

(ω)) in the case (a),

JGB(η[1]⊗ η′[s]) in the case (b).

(ii) In the case (M1.c), we consider the L-packet Πϕµ(G2) = {τG2(µ)±}. We have
ε(τG2(µ)±, η) = 1, and hence τG2(ηµ−1)±ε := θη(τ

G2(µ)±, V+) for some ε ∈ {±1}. Al-
though we cannot specify this ε, we have θη(τ

G2(ηµ−1)±ε,W2) = JGP1
(η[1]⊗ τG2(µ)±).

(iii) As for the case (M2.c), we have θη(111G(V−),W2) = JGP1
(η[1]⊗ηG2δ

G2
0 ), and θη(111G(V+),W2) =

JGP2
(IH2

BH2
(η ⊗ η)[1]).

Proof. (i) Writing ω1 := ωη−1, we have

ε(IG2
B2

(ω), η) =ε(1/2, ω′, ψE)ε(1/2, σ(ω′)−1, ψE)ω′(−1)

=ε(1/2, ω′, ψE)ε(1/2, ω′
−1
, ψE)ω′(−1),

so that ε(IG2
B2

(ω), η)) = 1 follows for unitary ω. The case of ω = η′[s] was already treated
in § 6.1.2 (2.b.ii). The rest assertion follows from the induction principle Cor. 6.2 (2.ii)
combined with [Kon01, Lem.5.3].

(ii) ε(τG2(µ)±, η) can be calculated in the same manner as above. The local θ-
correspondence sends Πϕµ(G2) bijectively to Πϕηµ−1 (G2) (Th. 5.4), and we name the corre-

spondents as in the lemma. Again the induction principle asserts that Θη(τ
G2(ηµ−1)±ε,W2)

are non-zero, so that we can take irreducible quotients π± of Θη(τ
G2(ηµ−1)±ε,W2), respec-

tively. We know (Cor. 6.2 (2.ii)) that they are quotients of

IGP1
(µ⊗ ηG2) ' JGP1

(η[1]⊗ τG2(µ)+)⊕ JGP1
(η[1]⊗ τG2(µ)−).

Let us introduce the characters

χM1
± : U(F ) −→ UM1(F ) ' U2(F )

χ±2−→ C1,

of U(F ) = U4(F ) and consider the space (π±)
U,χ

M1
±

of degenerate Whittaker models

[BZ77]. Here χ+
2 := χ2 and χ−2 is the character χ2 defined with ψγ(x) := ψ(γ · x),

γ ∈ F× \NE/F (E×) in place of ψ. Also we have written UM1 = U∩M1. One can deduce
from [Kon01, Cor. 5.2, Prop. 5.7] that

JGP1
(η[1]⊗ τG2(µ)±)P1 = µ⊗ ηG2 + η[−1]⊗ τG2(µ)± (6.5)
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(in the Grothendieck group), so that for ε1, ε2 ∈ {±1} we have

JGP1
(η[1]⊗ τG2(µ)ε1)U,χM1

ε2

=
(
JGP1

(η[1]⊗ τG2(µ)ε1)P1

)
UM1 ,χ

ε2
2

=

{
C if ε1 = ε2,

0 otherwise.

(6.6)

On the other hand, Prop. 6.1 asserts that there exists a G(V+)×M1(F )-stable filtration
(ωV+,W2,η)P1 ⊃ S1 ⊃ {0} such that

S0 := (ωV+,W2,η)P1/S1 ' η[−1]⊗ ωV+,W1,η, S1 ' IG2×M1
B2×M1

(σ1 ⊗ ηG2),

where σ1 is a certain representation of T2(F ) × E×, (E× ⊂ M1(F )) on S(E×). Note
ω0,W1,η = ηG2 by our convention. Obviously (S1)UM1 ,χ

M1
±

= {0}, so that we have

(ωV+,W2,η)U,χM1
±

= (S0)UM1 ,χ
M1
±

= η[−1]⊗ (ωV+,W1,η)U2,χ
±
2
. (6.7)

Let v± ∈ V+ be any vector satisfying (v+, v+)+ = 2, (v−, v−)− = 2γ, and write Ω±
for the G(V+)-orbits of v±. Granting (5.2), we see that the projections ωV+,W1,η �
(ωV+,W1,η)U2,χ

±
2

are, respectively, given by the restriction maps S(V+) � S(Ω±). We

apply the twisted coinvariant functor for (U2, χ
±
2 ) to the Howe duality correspondence

τG2(ηµ−1)±ε ↔ τG2(µ)± to see that

HomG(V+)(S(Ωε1), τ
G2(ηµ−1)εε2)

'HomG(V+)×ZG2
(F )((ωV+,W1,η)U2,χ

ε1
2
, τG2(ηµ−1)εε2 ⊗ (τG2(µ)ε2)U2,χ

ε1
2

)

'

{
C if ε1 = ε2,

0 otherwise.

(6.8)

Now we go back to π±. We know from (6.6) that (πε2)U,χM1
ε1

' C for some pair

(ε1, ε2) ∈ {±1}2. We apply the twisted Jacquet functor for (U, χM1
ε1

) to the Howe duality
correspondence τG2(ηµ−1)εε2 ↔ πε2 :

HomG(V+)×ZM1
(F )((ωV+,W2,η)U,χM1

ε1

, τG2(ηµ−1)εε2 ⊗ (πε2)U,χM1
ε1

) 6= {0}.

The left hand side is equal to that of (6.8) by (6.7), (6.5), so that this is possible only
if ε1 = ε2. It follows from (6.6) that the irreducible quotient θη(τ

G2(ηµ−1)±ε,W2) of
Θη(τ

G2(ηµ−1)±ε,W2) is unique and is isomorphic to JGP1
(η[1]⊗ τG2(µ)±).

(iii) has already been proved in § 6.1.2 (2.b.iii).

Lemma 6.13. Next we consider the case E/F = C/R.
(i) In the cases (M1.a, b), writing ω = ωb,ν, we have θηa(I

G2
B2

(ωb,ν), V1,1) = IG2
B2

(ωa−b,−ν)
(Prop. 5.6), and

θηa(I
G2
B2

(ωa−b,−ν),W2) =

{
JGP1

(ηa[1]⊗ IG2
B2

(ωb,ν)) in the case (a),

JGB(ηa[1]⊗ ηb[s]) in the case (b).
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(ii) In the case (M1.c), we write µ = µb. Prop. 5.6 gives

θηa
(
τ
( b

2
;
b

2

)
±
, V1,1

)
= τ
(a− b

2
;
a− b

2

)
±ε
, ε = sgn(b− a),

and we have

θηa
(
τ
(a− b

2
;
a− b

2

)
±ε
,W2) = JGP1

(
ηa[1]⊗ τ

( b
2
;
b

2

)
±

)
.

(iii) As for the case (M2.c), we have

θηa(111G2,0 ,W2) = JGP1

(
ηa[1]⊗ δ

(a+ 1

2
;
a− 1

2

))
,

θηa(111G0,2 ,W2) = JGP1

(
ηa[1]⊗ δ

(a− 1

2
;
a+ 1

2

))
,

θηa(111G1,1 ,W2) = JGP2
(IH2

BH2
(ηa ⊗ ηa)[1]).

Proof. (i), (ii) can be proved in the same manner as in § 6.3.2. The details are omitted.
Note that, if b is odd, IG2

B2
(ωa−b,−ν) has the minimal K1,1-type 2−1(a − b ± 1; a − b ∓ 1)

which corresponds to the K2,2-type 2−1(a, b ± 1; a, b ∓ 1) by the local θ-correspondence
(Lem. 6.7). The 1/2-shifts are caused by the so-called fine weight [Pau98, 3.2].

The first assertion in (iii) is merely a restatement of Lem. 6.9. The last assertion again
can be shown as in § 6.3.2.

6.5 Split case

Finally we treat the case where the quadratic extension E/F is trivial: E = F⊕F . We still
write σ for the unique non-trivial element of AutF (E): σ(x, y) = (y, x). Hn = RE/FGL(n)
is just the double copy of GL(n) and

Gn = {(g, θn(g)) ∈ Hn} ' GL(n)F .

In the dual setting, we have the “base change map”

LGn = Ĝn ×WF 3 g × w 7−→ (g, θn(g))× w ∈ LHn

so that the base change lift in this case is given by

Π(Gn(F )) 3 π 7−→ π ⊗ π∨ ∈ Π(Hn(F )).

6.5.1 A-parameters and representations

An A-parameter ψ for Gn in this case is simply a completely reducible representation

ψ =
⊕
i

ϕπi ⊗ ρdi

of LF × SL(2,C). Here ϕπi is the Langlands parameter for some πi ∈ Π(Gmi(F )) and
n =

∑
i dimi. Recall (Rem. 3.5) that we cannot assume the temperedness of πi, and

we impose some unitarizability condition instead. To make this explicit, we review the
classification of the unitary dual of Gn(F ) = GL(n, F ) from [Tad86, Th.A], [Vog86]. We
write Pn = MnUn for the standard parabolic subgroup of Gn associated to a partition n
of n.
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(i) Speh modules. Let n = dm, d, m ∈ N, and take δ ∈ Πdisc(Gm(F )).

J(δ, d) := JGnP
(md)

(δ| det |(d−1)/2
F ⊗ δ| det |(d−3)/2

F ⊗ · · · ⊗ δ| det |(1−d)/2F )

is known to be unitarizable. This is called the Speh module associated to (δ, d).

(ii) (Stein’s) complementary series. For J(δ, d) as above and 0 < s < 1,

J(δ, d)〈s〉 := IG2n
P(n,n)

(
J(δ, d)| det |s/2F ⊗ J(δ, d)| det |−s/2F

)
is irreducible and unitarizable.

(iii) For each finite family of representations {πi}i where

• πi is either a Speh module or a complementary series representation of Gmi(F );

•
∑

i mi = n,

the induced representation

�i πi := IGnP(mi)i
(
⊗
i

πi)

is irreducible and unitarizable. Any element of Πunit(Gn(F )) is of this form, and the
set {πi} is uniquely determined by �i πi (of course, up to permutations).

Now the A-parameters with non-trivial SL(2,C)-components and the associated A-
packets, or simply irreducible representations for G4(F ), are given as follows. For a
quasi-character ω of F×, we write ωGn for the quasi-character ω ◦ det of Gn(F ).
(1) Elliptic cases. Ellipticity of an A-parameter ψ in the GL(n) case is equivalent to its
irreducibility.

(a) ψ = ω ⊗ ρ4 with ω ∈ Πunit(F
×). Πψ(G4) = {ωG4}.

(b) ψ = ϕδ ⊗ ρ2, where ϕδ is the Langlands parameter of some δ ∈ Πdisc(G2(F )).
Πψ(G4) = {J(δ, 2)}.

(2) Non-elliptic cases. These are reducible parameters. For later global use, we divide
them according to if their images are contained in a globally defined parabolic subgroups
of G4 or not.
Globally elliptic (endoscopic) cases.

(a) ψ = (ω ⊗ ρ3)⊕ ω′ with ω, ω′ ∈ Πunit(F
×). Πψ(G4) = {ωG3 � ω′}.

(b) ψ = (ω ⊗ ρ2)⊕ ϕδ, ω ∈ Πunit(F
×), δ ∈ Πdisc(G2(F )). Πψ(G4) = {ωG2 � δ}.

Globally non-elliptic cases.

(M1) ψ
M1 = (ω⊗ρ2)⊕ω1⊕ω−1

2 with ω ∈ Πunit(F
×). Rem. 3.5 (i)′ restricts the possibility

for ω1 ⊗ ω2 ∈ Π(E×) to:
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(i) ω1, ω2 ∈ Πunit(F
×). ΠψM1 (G4) = {ωG2 � ω1 � ω−1

2 }.

(ii) ω1 = ω′| |s/2F , ω2 = ω′−1| |s/2F for some ω′ ∈ Πunit(F
×) and 0 < s < 1.

ΠψM1 (G4) = {ωG2 � ω′〈s〉}.

(M2) ψ
M2 = (ω1⊗ρ2)⊕(ω−1

2 ⊗ρ2). Here again Rem. 3.5 (i)′ implies that ω1⊗ω2 ∈ Π(E×)
is either:

(i) ω1, ω2 ∈ Πunit(F
×). ΠψM2 (G4) = {ω1,G2 � ω2,G2}.

(ii) ω1 = ω| |s/2F , ω2 = ω−1| |s/2F for some ω ∈ Πunit(F
×) and 0 < s < 1. ΠψM2 (G4) =

{J(ω, 2)〈s〉}.

6.5.2 Local θ-correspondence

We shall also need realizations of some of these representations as local θ-lifting from
G2(F ).

A rank m hermitian space over E = F ⊕ F is a pair (V, ( , )) consisting of

• A scalar extension V := X ⊗F E = X ⊕X of some m-dimensional F -vector space
X. Note that σ acts on V as the transposition of the first and second X.

• An F -bilinear form ( , ) : V ⊗F V → E satisfying (λv, λ′v′) = σ(λ)λ′ · σ((v′, v)), ∀λ,
λ′ ∈ E, v, v′ ∈ V .

Writing this hermitian condition in coordinates, it turns out that we can write V = X ′⊕X,
X ′ being the dual space of X, and

((x′1, x1), (x
′
2, x2)) = (〈x1, x

′
2〉, 〈x′1, x2〉), x′i ∈ X ′, xi ∈ X.

Here 〈 , 〉 is the duality between X and X ′. In fact, this gives the identification

G(V ) :={g ∈ GLE(V ) | (g.v, g′.v′) = (v, v′), ∀v, v′ ∈ V }
={g ⊕ tg−1 | g ∈ GL(X ′)} ' GL(X ′),

where tg is the adjoint of g with respect to the duality 〈 , 〉. Also a rank n skew-hermitian
space over E is a pair (W, 〈 , 〉) of

• W = Y ⊗F E = Y ⊕ Y for some n-dimensional vector space Y over F .

• An F -bilinear form 〈 , 〉 : W ⊗FW → E satisfying 〈λw, λ′w′〉 = −λσ(λ′) ·σ(〈w′, w〉),
for λ, λ′ ∈ E, w, w′ ∈ W .

Again we may write W = Y ′ ⊕ Y with

〈(y′1, y1), (y
′
2, y2)〉 = (〈y′1, y2〉,−〈y1, y

′
2〉), y′i ∈ Y ′, yi ∈ Y,

where 〈 , 〉 in the right hand side stands for the duality between Y and its dual Y ′. The
unitary group G(W ) of W is identified with GL(Y ′).

As in § 5.1, we define a 2nm-dimensional symplectic space (W := V ⊗E W, 〈〈 , 〉〉 :=
2−1TrE/F (( , ) ⊗E σ(〈 , 〉))). Note that TrE/F : E → F is just the summation of the first
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and second components. If we identify W = Y′ ⊕ Y, with Y′ := X ⊗ Y ′ = HomF (Y,X),
Y = X ′ ⊗ Y = HomF (X, Y ), then we have

〈〈(x′, x), (y′, y)〉〉 =
1

2
tr(x′ ◦ y − y′ ◦ x), x′, y′ ∈ Y′, x, y ∈ Y.

Thus in the present case, the dual pair (G(V ), G(W )) in Sp(W) reduces to the type II
dual pair:

ιX,Y : GL(X ′)×GL(Y ′) 3 (g, g′) 7−→ (tg−1 ⊗ g′)⊕ (g ⊗ tg′
−1

) ∈ Sp(W).

Take a character ω of F×, which we identify with the character E× 3 (x, y) 7→ ω(xy−1) ∈
C1 trivial on the diagonal subgroup F×. We adopt the identification Mp(W) = Sp(W)×
C1 in which the metaplectic 2-cocycle is given by γψ(Y,Yg−1

2 ,Yg1) for (g1, g2) ∈ Sp(W)2.
Since the image of ιX,Y is contained in the Siegel parabolic subgroup PY stabilizing Y,
this obviously lifts to a continuous homomorphism

ιX,Y,ω : GL(X ′)×GL(Y ′) 3 (g, g′) 7−→ (ιX,Y (g, g′), ω(det g′)) ∈Mp(W).

The composite ωX,Y,ω := ωψ ◦ ιX,Y,ω is the Weil representation, which we need below. In
the Schrödinger model S(Y′), we have the explicit formula

ωX,Y,ω(g, g
′)φ(x) = | det g|−n/2F ω(det g′)| det g′|m/2F φ(g−1.x.g),

g ∈ GL(X ′), g′ ∈ GL(Y ′).

When F is archimedean, we fix suitable maximal compact subgroups KX ⊂ GL(X ′),
KY ⊂ GL(Y ′) and consider the Fock subspace S0(Y′) ⊂ S(Y′) with respect to them.

As in the inert case § 5.1.2, we have R(GL(X ′), ωX,Y,ω) ⊂ Π(GL(X ′)) and Θω(πX , Y
′)

for each πX ∈ R(GL(X ′), ωX,Y,ω). By the local Howe duality conjecture, Θη(πX , Y ) is
an admissible finitely generated representation. It admits a unique irreducible quotient
θω(πX , Y

′). Similar construction works for πY ∈ R(GL(Y ′), ωX,Y,ω) and πX 7→ θω(πX , Y
′),

πY 7→ θω(πY , X
′) are bijections between R(GL(X ′), ωX,Y,ω) and R(GL(Y ′), ωX,Y,ω) con-

verse to each other. Besides these generalities, the following result is well-known, although
we cannot find a suitable reference ([KS97] ???).

Proposition 6.14. (i) Suppose n = m = 2. Then for each π ∈ Π(GL(Y ′)), θω(π,X
′) '

ω(det)π∨. Here we identify Π(GL(X ′)) = Π(GL(Y ′)).
(ii) When n = 4, m = 2 and π ∈ Πunit(GL(X ′)), we have θω(π, Y

′) ' ω(det)π∨ � ωG2.

7 An incomplete multiplicity formula

In this final section, we give an example of the half inequality of the expected multiplicity
formula for A-paramters of type (2.b) in Prop. 2.3 in order to motivate the reader.
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7.1 Multiplicity pairing

We still assume that E is a 2-dimensional semisimple algebra over a local field F of
characteristic zero. Our task here is to define a local pairing 〈 , |πχ〉ψ : Sψ(G)×Πψ(G)→ C
in Conj. 3.4 (C). Since Sψ(G) = {1} and Πψ(G) is a singleton for G = GL(n)F , one may
exclude the trivial case E ' F ⊕ F .

First we consider the non-archimedean case. The global A-parameters of type (2.b)
have the following three types of non-archimedean local components.

(2.b) ψΠ,η with ΠE ∈ Πdisc(H2(F )). In this case, Πψ(G) consists of two elements π±

(§ 6.1.2 (2.b)), the χ-base point πχ is π+ and Sψ(G) ' Z/2Z (Prop. 3.7). Define
〈 , π+|π+〉ψ := 111, 〈 , π−|π+〉ψ := sgnSψ(G).

(2.d) ψη,µ with µ = (µ, µ′), µ 6= µ′. Πψ(G) contains 4 representations π±,±. πχ = π+,+

and Sψ(G) = Z/2Z× Sψ|LF (M1) ' (Z/2Z)2 (Prop. 3.7). We define

• 〈s̄, π•,±|π+,+〉ψ := 〈s̄, πG2(µ)±|πG2(µ)+〉ψ|LF on s̄ ∈ Sψ|LF (M1);

• 〈 , π±,•|π+,+〉ψ on Z/2Z equals the sign character if π−,• and the trivial character
otherwise.

Notice the ambiguity in the definition of 〈s̄, π−,•|π+,+〉ψ, since the labeling of π−,•

depends on an arbitrary parametrization of πV ′,± ∈ Πϕηµ−1 (G(V ′)). A precise label-

ing will be given in [Kon]. At present, we only remark that this ambiguity has no
effect to the global consequence for the global parameters of type (2.b).

(M1) ψM1
ω,η , where ω is a quasi-character of E× of the type specified in § 6.4. Unless

ω|F× = ωE/F , Πψ(G) consists of single element and Sψ(G) = {1} (Prop. 6.11 (i)).
In the case ω = µ, Πψ(G) = {JGP1

(η[1] ⊗ τG2(µ)±)}, πχ = JGP1
(η[1] ⊗ τG2(µ)+), and

Sψ(G) = Sψ|LF (M1) ' Z/2Z. Following [Art89, § 7], we define

〈s̄, JGP1
(η[1]⊗ τG2(µ)±)|JGP1

(η[1]⊗ τG2(µ)+)〉ψ := 〈s̄, τG2(µ)±|τG2(µ)+〉ψ|LF .

Notice that the R-group Rψ [loc. cit.] for ψ is trivial in this example.

Next we move to the case E/F = C/R. Since there are no parameters of type (2.b),
we have only to consider the A-parameters of type (2.d) and (M1).

(2.d) ψηa,µa , (a ∈ 2Z, µa = (µa1 , µa2), a1 > a2 ∈ 2Z + 1). Πψ(G) consists of

π+,+ := J
G2,2

P1
(ηa[1]⊗ δ(a1/2; a2/2)), π+,− := J

G2,2

P1
(ηa[1]⊗ δ(a2/2; a1/2)),

and two discrete series or limit of discrete series representations which we temporally
label as π−,±. As is remarked in the non-archimedean case, this labeling is arbitrary
but does not affect the multiplicity formula for the global parameters of type (2.b).
πχ for χ with respect to ψR is π+,+, and Sψ(G) = Z/2Z × Sψ|LF (M1) ' (Z/2Z)2

(Lem. 3.10). The pairing 〈 , |π+,+〉ψ is defined as in the non-archimedean case.

(M1) ψM1
ω,ηa , where ω is specified in § 6.4. Only the case ω = µb, (b ∈ 2Z+1) is non-trivial.

In that case Πψ(G) = {JGP1
(ηa[1] ⊗ τ(b/2, b/2)±)}, πχ = JGP1

(ηa[1] ⊗ τ(b/2, b/2)+),
and Sψ(G) = Sψ|LF (M1) ' Z/2Z. As in the non-archimedean case 〈 , |πχ〉ψ is the
one induced from 〈 , |τ(b/2, b/2)+〉ψ|LF [Art89, § 7].
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7.2 The multiplicity inequality

We go back to the global situation of § 2 where E/F is a quadratic extension of number
fields. At each place v of F , we write Ev := E⊗F Fv. If further v is non-archimedean, we
write Ov for the maximal compact subring in Fv and OEv for its integral closure in Ev.
We fix a non-trivial character ψF =

⊗
v ψFv of A/F . This determines a non-degenerate

character (χ = χ4) =
⊗

v χv of U(A) trivial on U(F ) as in the local case (see p. 20).
We also fix a maximal compact subgroup K =

∏
v Kv ⊂ G(A), which is in good position

with respect to the maximal F -split subtorus in T = T4.
Take an A-parameter ψ = ψΠ,η of type Cor. 2.3 (2.b). ΠE =

⊗
v ΠEv is an irreducible

cuspidal representation of H2(A) = GL(2,AE) such that σ(ΠE) ' Π∨
E, ωΠE |A× is trivial

and LAsai(s,ΠE) is holomorphic at s = 1. η =
⊗

v ηv is an idele class character of E
trivial on A×.

We have the local A-packet Πψv(Gv) ⊂ Πunit(G(Fv)) associated to its local components
ψv at each place v of F . Here we have written Gv := G⊗F Fv. At all but finite number
of non-archimedean v, we have either

• Ev/Fv is an unramified quadratic extension and ψv = ψM1
ω,111 with some unramified

quasi-character ω of type listed at the beginning of § 6.4. Moreover ψv is of order
zero and our splitting splG is chosen in such a way that (Bv,Tv) is defined over OEv
and {X} ⊂ gv(OEv). Here, of course, we have used the smooth flat model over Ov of
Gv associated to a hyperspecial point defining Kv. Under these conditions, the χv-
base point πχv ∈ Πψv(Gv) is unramified, and contains a distinguished Kv-spherical
vector φ0

v.

• Ev ' Fv ⊕ Fv, Gv ' GL(4)Fv and ψv = ψM1 = ω ⊗ ρ2 ⊕ ω1 ⊕ ω−1
2 for some

unramified ω ∈ Πunit(F
×), ω1 ⊗ ω2 ∈ Π(E×

v ) as in § 6.5.1 (M1). Again the unique
element ωG2,v � ω1 � ω−1

2 of Πψv(Gv) is unramified and possesses a distinguished
unramified vector φ0

v.

We can define the global A-packet Πψ(G) to be the set of irreducible representations⊗
v πv of G(A), where πv ∈ Πψv(Gv) at each v and πv = πχv at all but finite number

of v. The restricted tensor product is taken with respect to φ0
v. Note that we have a

canonical homomorphism Sψ(G) 3 s̄ 7→ s̄(v) ∈ Sψv(Gv) at each v. The restrictions of
〈 , πv|πχv〉ψv , πv ∈ Πψv(Gv) to the image of this homomorphism is not affected by the
ambiguity referred in § 7.1.

Theorem 7.1. We write m(π) for the multiplicity of an irreducible representation π of
G(A) in the discrete spectrum of L2(G(F )\G(A)). Then for π =

⊗
v πv ∈ Πψ(G), we

have

m(π) ≥ 1

2

∑
s̄∈Sψ(G)

εψ(s̄)
∏
v

〈s̄(v), πv|πχv〉ψv .

Here

εψ(s̄) =

{
sgnSψ(G) if ε(1/2, π × η−1) = −1,

111 otherwise.

Here ε(s, π×η−1) is the global root number of the standard L-function for π×η−1 defined
by means of the Langlands-Shahidi theory.
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Remark 7.2. The formula is interpreted in terms of [Art89, Conj. 8.1] as follows. Writ-

ing ĝ = gl(4,C) for the Lie algebra of Ĝ, we consider the representation

τψ : Sψ(G)× LF × SL(2,C) 3 (s, w, g) 7−→ Ad(sψ(w, g)) ∈ GL(ĝ).

It follows immediately from the realization of ψ = ψΠ,η in Cor. 2.3 (2) that this admits
an irreducible decomposition τψ =

⊕5
i=1 τi, where (τi, Vi) are the restrictions of τψ to the

invariant subspaces

V1 :=

{(
X 0
0 0

) ∣∣∣∣ X ∈ sl(2,C)

}
, V2 :=

{(
x1112 0
0 0

) ∣∣∣∣ x ∈ C
}
,

V3 :=

{(
0 0
0 X

) ∣∣∣∣ X ∈ sl(2,C)

}
, V4 :=

{(
0 0
0 x1112

) ∣∣∣∣ x ∈ C
}
,

V5 :=

{(
0 B
C 0

) ∣∣∣∣ B, C ∈M2(C)

}
,

so that

τ1 = 111Sψ(G) ⊗ 111LF ⊗ ρ3, τ2 = 111Sψ(G) ⊗ ωE/F ⊗ ρ1, τ3 = 111Sψ(G) ⊗ (Ad ◦ ϕΠ)|sl(2,C) ⊗ ρ1,

τ4 = 111Sψ(G) ⊗ ωE/F ⊗ ρ1, τ5 = sgnSψ(G) ⊗ indLFLE(η−1ϕΠ|LE)⊗ ρ2.

Noting L(s, indLFLE(η−1ϕΠ|LE)) = L(s,Π×η−1), we see that the sign character εψ of Sψ(G)
defined in [Art89, (8.4)] is exactly the one in the theorem.

Proof. Only some simple arguments in the theory of θ-correspondence is sufficient for
our purpose. Let (V, ( , )) be a two-dimensional hermitian space over E and write G(V )
for its unitary group. We fix a Lagrangian subspace Y′ of the symplectic space W :=
V ⊗E W2 defined as in the local case § 5.1. At each place v of F , we have the local Weil
representation (ωVv ,W2,ηv ,S(Y′

v)) of G(Vv)×G(Fv) associated to ηv and ψFv , where Vv :=
V ⊗F Fv, G(Vv) = G(V, Fv) is its unitary group, and Y′

v := Y′ ⊗F Fv ⊂Wv := W⊗F Fv.
Observe that, at all but finite number of (non-archimedean) places, we have

• Ev/Fv and G(Vv), G are unramified (i.e. Vv is hyperbolic), so that we have hyper-
special maximal compact subgroups KVv ⊂ G(Vv) and Kv ⊂ G(Fv).

• ιVv ,W2 : G(Vv) × G(Fv) → Sp(Wv) sends KVv × Kv to a hyperspecial maximal
compact subgroup KW,v ⊂ Sp(Wv). Here we have written Wv := Vv ⊗Ev W2.

• ψFv is of order 0.

• ηv is unramified. (Note, when v is inert, this is equivalent to the triviality of ηv.)

• The residual characteristic of Fv is odd.

At such v, ι̃Vv ,W2,ηv : G(Vv)×G(Fv)→Mp(Wv) restricts to a continuous homomorphism

KVv×Kv → KW,v ↪→Mp(Wv). KW is the stabilizer of some self-dual Ov-lattice L̃v ⊂Wv.
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Writing Lv := Y′
v ∩ L̃v, its characteristic function φLv is fixed under KWv . The restricted

tensor product

(ωV,W2,η,S(Y′
A)) =

⊗
v

(ωVv ,W2,ηv ,S(Y′
v))

with respect to these φLv ∈ S(Y′
v) is the global Weil representation of G(VA) × G(A)

associated to η and ψF . We have written VA := V ⊗F A and G(VA) := G(V,A) for brevity.
For archimedean v, let S0(Yv) be the Fock subspace of S(Yv) (pull-back of the Fock

model, cf. § 6.3.1). We set S0(Y′
A) :=

⊗
v|∞ S0(Yv)⊗

⊗
v-∞ S(Y′

v). For each φ ∈ S0(Y′
A),

we define the corresponding θ-kernel by

θφ(g, g
′) :=

∑
ξ∈Y′

ωV,W2,η(g, g
′)φ(ξ), g ∈ G(VA), g′ ∈ G(A).

This turns out to be an automorphic form on (G(V )×G(F ))\(G(VA)×G(A)). For an irre-
ducible cuspidal representation πV of G(VA), we write A(πV ) for its space (precisely speak-
ing, its underlying Hecke algebra module) in the space of cusp forms A0(G(V )\G(VA)).
We write Θη(πV ,W2) for the span of

G(A) 3 g′ 7−→
∫
G(V )\G(VA)

f(g)θφ(g, g
′) dg ∈ C,

with f ∈ A(π∨V ), φ ∈ S0(Y′
A). Since f is rapidly decreasing and θφ is slowly increasing,

the integral always converges absolutely.
Next let {Vv}v be a family of two-dimensional hermitian spaces Vv over Ev at each

place v of F . Using the signature ε(Vv) := ωEv/Fv(− detVv), the classical Hasse principle
for {Vv}v can be stated as follows. There exists a hermitian space V over E such that
V ⊗F Fv ' Vv, at every v if and only if∏

v

ε(Vv) = 1.

Now take π =
⊗

v πv ∈ Πψ(G) such that the right hand side of the inequality in the
theorem is not zero. If we write S for the set of places v where s̄ 7→ 〈s̄(v), πv|πχv〉ψv is
sgnSψ(G), then this amounts to

(−1)|S|ε(1/2,Π× η−1) = 1.

We know from the local construction in § 6 that there exists a two-dimensional hermitian
space Vv and πVv ∈ ηG(Vv)ΠϕΠ,v

(G(Vv))
∨ such that

ε(Vv) =

{
−ε(1/2,Πv × η−1

v , ψFv)ωΠv(−1)λ(Ev/Fv, ψFv)
−2 if v ∈ S,

ε(1/2,Πv × η−1
v , ψFv)ωΠv(−1)λ(Ev/Fv, ψFv)

−2 otherwise,
(7.1)

πv ' θηv(πVv ,W2). (7.2)

Applying the product formula for the Langlands λ-factor, (7.1) gives∏
v

ε(Vv) = (−1)|S|ε(1/2,Π× η−1) = 1,
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so that there exists a two-dimensional hermitian space (V, ( , )) over E such that Vv '
V ⊗F Fv at every v. Since the global L-packet ΠϕΠ

(G(V )) is stable, the irreducible
representation πV :=

⊗
v πVv occurs in A0(G(V )\G(VA)) [LL79, Prop. 7.2]. We take a

realization A(π∨V ) of π∨V in A0(G(V )\G(VA)) and use it to construct Θη(πV ,W2). Since
we are in the stable range, this is a non-trivial subspace of A(G(F )\G(A)), the space of
automorphic forms on G(A).

We apply the induction principle for global θ-correspondence [Ral84]. First suppose
that S is empty. If L(1/2,Π× η−1) 6= 0, then π appears in the residual discrete spectrum
[Kon98, Th. 1.1 (5)] and the theorem follows. Otherwise, [Har93, Th. 4.5] asserts that
Θη(πV ,W1) = {0}. In other words Θη(πV ,W2) is the early lift and hence belongs to the
cuspidal spectrum. If S is non-empty, Θη(πV ,W1) = {0} because Θηv(πVv ,W1) = {0} at
v ∈ S. Thus Θη(πV ,W2) belongs to the cuspidal spectrum by the same reason as above.

We have to complete the proof only in the cases S 6= ∅ or L(1/2,Π× η−1) = 0. Since
θηv(πVv ,W2) = πv by construction, Θη(πV ,W2) must contain an irreducible component
isomorphic to π.
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p-adic groups. I. Ann. Sci. École Norm. Sup. (4), 10(4):441–472, 1977.

[GL79] P. Gérardin and J.-P. Labesse. The solution of a base change problem forGL(2)
(following Langlands, Saito, Shintani). In Automorphic forms, representations
and L-functions (Proc. Sympos. Pure Math., Oregon State Univ., Corvallis,
Ore., 1977), Part 2, pages 115–133. Amer. Math. Soc., Providence, R.I., 1979.

[Gol93] David Goldberg. Reducibility of generalized principal series representations of
rmU(2, 2) via base change. Compositio Math., 86(3):245–264, 1993.

[GR90] Stephen S. Gelbart and Jonathan D. Rogawski. Exceptional representations
and Shimura’s integral for the local unitary group U(3). In Festschrift in honor
of I. I. Piatetski-Shapiro on the occasion of his sixtieth birthday, Part I (Ramat
Aviv, 1989), pages 19–75. Weizmann, Jerusalem, 1990.

[GR91] Stephen S. Gelbart and Jonathan D. Rogawski. L-functions and Fourier-Jacobi
coefficients for the unitary group U(3). Invent. Math., 105(3):445–472, 1991.

[Har93] Michael Harris. L-functions of 2×2 unitary groups and factorization of periods
of Hilbert modular forms. J. Amer. Math. Soc., 6(3):637–719, 1993.

[Hir] Kaoru Hiraga. On functoriality of zelevinski involutions. preprint.

[HKS96] Michael Harris, Stephen S. Kudla, and William J. Sweet. Theta dichotomy for
unitary groups. J. Amer. Math. Soc., 9(4):941–1004, 1996.

[How89] Roger Howe. Transcending classical invariant theory. J. Amer. Math. Soc.,
2(3):535–552, 1989.

[Jan95] Chris Jantzen. On the Iwahori-Matsumoto involution and applications. Ann.
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[Mœgl] C. Mœglin. Points de réductibilité des induites des cuspidales. preprint, July
2001.

[MVW87] Colette Moeglin, Marie-France Vign’eras, and Jean-Loup Waldspurger. Cor-
respondances de Howe sur un corps p-adique, volume 1291 of Lecture Notes in
Mathematics. Springer-Verlag, Berlin, 1987.

[MW89] C. Mœglin and J.-L. Waldspurger. Le spectre résiduel de GL(n). Ann. Sci.
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210, 1980.

90


	Introduction
	A-parameters of CAP type for unitary groups
	Settings
	Global A-parameters for unitary groups

	Local A-parameters and induced representations
	Local A-parameters for G4
	Review of the local Arthur conjecture
	Non-supercuspidal representations of G4(F)
	Induced representations over the real field
	Explicit Langlands classification for G2, G4
	The packets '(G2,2)


	Restriction rule from GU(2) to U(2) via base change
	The groups
	Representations and test functions
	Norm map in the theory of base change
	Classification of -conjugacy classes
	-conjugacy classes in L and L"0365L
	Orbital integral transfers
	Definition of the base change for G"0365G
	Restriction from GUE/F(2) to GL(2)
	Relation between the transfers for GUE/F(2) and GL(2)
	Comparison of the base changes for GUE/F(2) and GL(2)
	Restriction from GUE/F(2) to UE/F(2)

	Local theta correspondence for unitary groups in two variables
	Weil representations of unitary dual pairs
	Splitting of the metaplectic 2-cocycle
	Weil representations

	Local theta correspondence for non-archimedean U(2)
	The group GU(EB)
	Dual pairs and Weil representations for similitude groups
	Review of the Shimizu-Jacquet-Langlands correspondence
	Local theta correspondence for GU(2)
	Correspondence for unitary groups in two variables

	The case F=R

	Candidates for local A-packets of U(4)
	Non-archimedean A-packets
	Induction principle in the non-archimedean case
	Local non-archimedean A-packets

	Relation with ZASS involution
	A-packets in the archimedean case
	Some tools in the Howe duality over R
	Candidates for real A-packets

	Non-elliptic parameters
	Split case
	A-parameters and representations
	Local -correspondence


	Some incomplete multiplicity formulas
	Multiplicity pairing
	The multiplicity inequality


