2-ADIC PROPERTIES OF CERTAIN MODULAR FORMS AND THEIR
APPLICATIONS TO ARITHMETIC FUNCTIONS

KEN ONO AND YUICHIRO TAGUCHI

1. INTRODUCTION AND STATEMENT OF RESULTS

Suppose that f(z) = Y07 a(n)¢" (throughout let ¢ := €*™¥) is a holomorphic integer
weight modular form with integer coefficients on a congruence subgroup of SLy(Z). A famous

theorem of Serre [21, 22] implies, for every integer M, that there is an a(M) > 0 for which

X
n<X :an)Z0 (mod M)} =0 —7"~+—|.
<X 5 aln) 20 (mod M)} =0 (i)
In particular, “almost every” coefficient a(n) is a multiple of M.
By making use of congruences between modular forms, Serre’s Theorem can often be em-
ployed to imply results for the coefficients of non-holomorphic modular forms. For example,
consider Klein’s modular function

j(2) =) Cn)g" =q " + 744+ 196884g + - - - .
n=—1

Although little is known' about the parity of the coefficients C(8n + 7), it is an elementary
fact that C(n) = 0 (mod 2) for every n # 7 (mod 8). Serre’s result implies much more for
those n # 7 (mod 8). If t > 1, then it implies that almost every n # 7 (mod 8) has the
property that C'(n) =0 (mod 2°).

As another example, consider the partition function @(n) which counts the number of
partitions of an integer n into distinct summands. Its generating function is given by

Y Qg =0+ =1+q+¢+2¢8+---.
n=0 n=1

Although this generating function is not a holomorphic integer weight modular form (note.
it is essentially a modular function on I'g(1152)), Gordon and the first author confirmed [9]
a speculation of Alladi (see (4.6) of [1]), by proving, for every ¢ > 1, that almost every n has
the property that Q(n) =0 (mod 2¢).

Arguing in this way with Serre’s Theorem, one can obtain many further results of this
type. Here we show how to make such results more precise by making use of the fact that
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Hecke operators act nilpotently modulo powers of 2 on certain spaces of modular forms. As
a special case, we obtain the following theorem for the arithmetic functions C(n), Q(n), and
rs(n), the number of representations of an integer n as a sum of s integral squares.

Theorem 1.1. Assume the notation above.
(1) Ift > 1, then there is a positive integer ¢ such that for every set of distinct odd primes
D1, P2, - - -, Pe we have

C(pipz---pem) =0 (mod 2°),

whenever m > 1 is coprime to p1ps -+ pe and pips - --pem # 7 (mod 8).
(2) If t > 1, then there is a positive integer ¢ such that for every set of distinct primes
) S P, D2+, Pc WE have

o) (p1p2 - ‘QZCm — 1) =0 (mod 2'),

whenever m > 1 is coprime to p1ps - - - Pe.-
(3) If s > 2 is even, then there is a non-negative integer c¢ such that for every positive
integer t and every set of distinct odd primes p1, pa, ..., Pert we have

Ts(p1p2 - 'pc+tm) =0 (mod Qt),

whenever m > 1 is coprime to p1Pa - - - Peit-

Remark. In Theorem 1.1 (1) and (2), observe that the integer ¢ depends on the choice of .
For Theorem 1.1 (2), note that Q(a) = 0 if « is not an integer.

Similar arguments can provide information for half-integral weight modular forms modulo
2. In this direction, we consider the 2-divisibility of central values of quadratic twists of
certain modular L-functions. By works of Kohnen and Zagier, and Waldspurger (see [11,
12, 29]), these values are essentially the squares of coefficients of half-integral weight Hecke
eigenforms. We briefly recall some of the results of Kohnen and Zagier.

Suppose that N is odd and square-free, and suppose that F'(z) € Sy"(I'o(V)) is an even
weight newform. There is a Kohnen newform

gr(2) =) _b(n)q" € ST (To(4N)),

which is unique up to scalar multiple, whose image under the Shimura correspondence is
F(z). We assume that gp(2) is suitably normalized so that it has Fourier coefficients in the
integer ring Op of some number field L, and has the additional property that gp(z) # 0
(mod A) (i.e. there is an n for which b(n) # 0 (mod \)), where A is a prime above 2 in Op.

Let v(N) denote the number of prime factors of N, and let (F, F') (resp. (g, gr)) denote
the Petersson inner product on Sa,(I'g(N)) (resp. SH%(FO(ZLN))). If | N is prime, then let

wy € {1} be the eigenvalue of the Atkin-Lehner involution
F(2) |axW(0) = w,F(z).

If D is a fundamental discriminant for which (—1)¥D > 0, and has the additional property
that (£) = w, for each prime ¢ | N, then (see Corollary 1 of [11])
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(F,F).r*
(1.1) L(Fp,k) = — ) [b(| DI
27N (k — DYDI*"2(gp, gr)
Here Fp(z) is the newform corresponding to the D-quadratic twist of F'(z). For other
fundamental discriminants D with (—1)*D > 0, we have b(|D|) = 0. For those D for which

(1.1) holds, we define L?gg(FD, k), the Kohnen algebraic part of L(Fp, k), by

(1.2) LyE(Fp, k) = [b(| D).

These values are predicted, by the Bloch-Kato Conjecture (see [2]), to be quotients of
arithmetic invariants associated to Tate-twists of motives for modular forms, and they are
often expected to be highly divisible by A for those D with many prime factors. The simplest
case of this phenomenon holds for all newforms of level N =1,3,5,7,15 or 17.

Theorem 1.2. Suppose that F(z) € S3¥(To(N)) is an even weight newform where N =
1,3,5,7,15 or 17. There is a positive integer ¢ with the property that

LY (Fp,k) =0 (mod 4)
for every D, with at least ¢ odd prime factors, that satisfies (1.1).

Remark. The conclusion of Theorem 1.2 often holds for a higher power of 2. For example,
consider the case where F(z) = A(z) € S12(Tg(1)) and

ga(z) = Y b(n)q" = q —56¢" +120¢° — 240¢° + 9¢° + 1440¢"* — 1320¢"° — - --

n=1

For positive fundamental discriminants D > 1 (see p. 179 of [12]), it turns out that

64 (mod 256) if D=5 (mod 8) is prime,

L¥(Ap,6) =
i« (80,6) {O (mod 256) otherwise.

These results follow from the nilpotency, modulo powers of 2, of the action of the Hecke
operators on certain spaces of modular forms, a phenomenon first observed by Serre for
modular forms on SLy(Z). To make this notion precise, we begin by fixing notation. For
a congruence subgroup I' of SLy(Z) and a subring O of C, we denote by Si(I'; O) the
O-module of cusp forms of integer weight k& with respect to I' whose Fourier coefficients
liein O. If I' = I'y(N) and x : (Z/NZ)* — C* is a Dirichlet character, we denote by
Se(To(N), x; O) the O-module of cusp forms of weight & and Nebentypus character y with
respect to I'o(/N) whose Fourier coefficients lie in O. Similarly, we denote by My (I'o(N), x; O)
etc. the spaces of holomorphic modular forms which are not necessarily cusp forms. We
write simply Si(L), Sk(L'o(V),x), Mk(T') and My(I'o(N); x) for Sp(I';C), Si(L'o(NN), x; C),
My (T, C) and My (T'o(N), x; C) respectively. For convenience, we shall drop the dependence
of k and x (in the case of forms with Nebentypus), and we let 7T, denote the appropriate
nth Hecke operator which will be clear from context. Finally, if A is a prime of an algebraic
number field L, then we let Op, 5 be the localization of the integer ring Oy, at A.
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Theorem 1.3. Let a be a non-negative integer, and let N and k be positive integers. Suppose
that x : (Z/2°N)* — C* is a Dirichlet character with conductor §(x), and suppose that L is
a number field containing the coefficients of all the integer weight k newforms in the spaces
Sp(To(M), x), for every M with M | 2°N and f(x) | M. Let X be a prime of L lying above 2.

(1) If N = 1,3,5,15 or 17, then there is an integer ¢ > 0 such that for every f(z) €
Sk(L(2°N), x; Opa) and every t > 1 we have

(1.3) f(Z) | Tp1 | sz | | Tpc+t =0 (mOd )\t)’

whenever pi, pa, . .., Pers are odd primes not dividing N .
(2) If N = 7, then there is an integer ¢ > 0 such that (1.3) holds for every f(z) €
Sk(Lo(2%-7),x; Op.x) and every t > 1, provided that

P1y-eey Pett = +1 (mOd 7)

Furthermore, if x has 2-power order, then (1.3) holds for every set of primes py, ..., Pest
coprime to 14.

(3) If N = 9, then there is an integer ¢ > 0 such that (1.3) holds for every f(z) €
Sk(To(2%-9), x; OL.\) and every t > 1, provided that

Ply ey Detrt = 37,53,55, 71 (mod 72).

Furthermore, if x has 2-power order, then (1.3) holds for every set of primes p1, ..., Pett
coprime to 6.

(4) Suppose that N = 11. If the residue degree of A\ is not a multiple of 4 or x has
2-power order, then there is an integer ¢ > 0 and a set of primes Sy1 (see Section 4),
with density 2/3, such that (1.3) holds for every f(z) € Sp(I'o(2% - 11),x; Or\) and
every t > 1, provided that p1, ..., pers € S11-

(5) Suppose that N = 13. If the residue degree of \ is odd or x has 2-power order,
then there is an integer ¢ > 0 and a set of primes Si3 (see Section 4), with density
2/3, such that (1.3) holds for every f(z) € Si(Io(2*-13),x;OL.x) and every t > 1,
provided that py, ..., pest € Si3-

Remark. In Theorem 1.3, xy may be trivial. The integer ¢ depends on k, N, x and L. Fur-
thermore, we note that the primes py, ps, ..., peis are not required to be distinct.

Remark. Theorem 1.3 can be generalized to the spaces Mg (I'o(2°N), x; Or.x). To see this,
one merely needs to verify that the conclusion holds for the subspace of Eisenstein series.
This is easily done using well known formulas for the Fourier expansions of Eisenstein series
which are given in terms of generalized divisor functions (for example, see Chapter 7 of [14]
or Chapter VII of [19]). The proofs of Theorem 1.1 (1) and (2) require this observation for
modular forms on I'g(1) and ['y(4).

Serre’s e-Conjecture (cf. e.g. [18]) in characteristic 2 implies that every mod 2 Galois
representation associated to a modular form of level 2° N comes also from a modular form of
level N and weight < 4. Consequently, a proof of this conjecture would easily give Theorem
1.3. Although it is known in many cases (cf. [8], [3], [4]), it is not yet known in complete
generality. So instead of appealing to the e-Conjecture, we directly classify mod 2 Galois
representations with small Artin conductor N(p) outside 2 (see Section 2 for the definition
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of N(p)). To state this classification, for a field K, let K denote a fixed algebraic closure
of K, and let Gx = Gal(K/K) be the absolute Galois group of K. Regarding Galois
representations, we assume throughout that all representations are continuous with respect
to the obvious topology (so in particular their images are always finite in this paper). When
we say that an extension of QQ is unramified outside a set of primes, we allow it to be ramified
at oco. In this context, we extend non-existence theorems of Tate and Moon for irreducible
mod 2 representations, and we obtain the complete list of semisimple mod 2 representations
with N(p) € {1,3,5,7,9,15,17} (the cases N(p) = 1 and N(p) = 3 are respectively due to
Tate [28] and Moon [15]). Assuming GRH, we obtain the N = 11 and 13 cases, thereby
providing the following conditional classification for N < 17.

Theorem 1.4. Assume the notation above, and the definitions of V,, and W,, in Section 2.
(1) If N(p) = 1,3,5,7,15,17, then there are no irreducible representations

p: GQ — GLQ(FQ)
(2) There are two isomorphism classes of irreducible representations
P GQ — GLQ(FQ)

with N(p) = 9. Their images are isomorphic to W3, and they are defined over
Fy. These two representations into GLo(Fy) are Gal(Fy/Fy)-conjugates. If p§ is a
representative of either of these classes, then the extension K/Q cut out by p§ contains
the quadratic field Q(v/—2), and det p§ is a character of conductor 9 and order 3.

(3) If m is a positive integer with 4 1 m, then there is (up to isomorphism) a unique
wrreducible representation

P GQ — GLQ(FQm)

with N(p) = 11. Let py1 denote a representative of this isomorphism class. It has
image isomorphic to SLa(IFy) ~ V5. The field cut out by p11 contains the quadratic
field Q(v/—11), and det p;; = 1.

(4) Assuming GRH, in addition to the representation in (3), there are four isomorphism
classes of irreducible representations

P G@ — GLZ(FQ)

with N(p) = 11. They have images isomorphic to Ws, and can be defined over Faa.
These representations into GLy(Fe1) are conjugate to each other under the action
of Gal(Fa1/Fs). Let pf, denote a representative of any one of these isomorphism
classes. The field cut out by p5, contains the quadratic field Q(v/—2), and det p5, is
a character of conductor 11 and order 5.

(5) If m is a positive odd integer, then there is (up to isomorphism) a unique irreducible
representation

p: GQ — GLQ(FQ’WL)

with N(p) = 13. Let pi3 denote a representative of this isomorphism class. It has
image isomorphic to SLy(IFy) ~ V. The field cut out by p13 contains the quadratic

field Q(/—26), and det py3 = 1.
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(6) Assuming GRH, in addition to the representation in (5), there are two isomorphism
classes of irreducible representations

p: GQ — GLQ(FQ)

with N(p) = 13. They have images isomorphic to W3, and can be defined over
Fo2. These representations into GLy(Fa2) are conjugate to each other by the action
of Gal(Fy2/Fs). Let pi5 denote a representative of any one of these isomorphism
classes. The field cut out by pS, contains the quadratic field Q(v/—1), and det p5, is
a character of conductor 13 and order 3.

In Sections 2 and 3 we prove Theorem 1.4. In Section 4 we recall facts about traces of
these representations. In Section 5 we employ Theorem 1.4 to prove Theorem 1.3, and then
conclude with the proofs of Theorems 1.1 and 1.2.

ACKNOWLEDGEMENTS
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2. MoD 2 GALOIS REPRESENTATIONS WITH SMALL ARTIN CONDUCTOR

In this section, we prove Theorem 1.4 except the N(p) = 9 case. For this purpose?, ¢ will
always be a prime number. For a Galois representation

p:Go— GLp(V)

on a finite-dimensional vector space V over a discrete field F of characterisitc ¢, its Artin
conductor N(p) outside ¢ is defined by

(2.1) N(p)=]]a™",

q#AL
with
> 1
2.2 n = —  dimp(V/V %),
22) d0) = X gy Vv

Here GG ; denotes the 7th ramification subgroup of a decomposition subgroup at g of the Ga-
lois group G = Im(p). (For background information on ramification groups and conductors,
see Chapters IV and V of [24]; see also Section 1.2 of [25].) We note, among other things,
the following two facts about N(p):

(1) In this paper, we mainly consider the case where N(p) is square-free (i.e., ny(p) =1
for all ramified primes ¢ # ¢). This means in particular that p is (i.e. the field
extension cut out by p is) tamely ramified at g.

(2) If p : Gg — GLy(F,) comes from a mod ¢ Hecke eigenform f(z) of level N, then we
have that N(p) | N (see [5] and [13]).

2When referring to Fourier expansions in other sections, we shall always let g := €27,
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We shall also use the notation n,(p) in the local context (i.e. to denote the exponent of
the Artin conductor of a representation of a decomposition group D, of a prime ¢, or the
Galois group Gg, of the local field Q,). It is also given by (2.2).

We require some further notation to state our results. We shall use the “wild” notation
such as (* ), (* «), and (* ¥) to denote respectively the subgroups

{("a): deFy}, {("a) ¢ adeF,}, {(*h) : adeF,,bel,)
of GLy(F3). Let W be the semidirect product of the diagonal matrices (* ,) and ((; !)),

which is, as a set, equal to (* ,) U (, *). It is the wreath product of F, by Z/27Z (so that
Z]2Z acts on FQX X FQX by switching the two components), and sits in a short exact sequence

1HFQX XF; - W —Z/2Z — 1.
For each odd integer n > 1, let W, denote the subgroup of W of order 2n? which is the
extension of Z /27 by p, X fi,, where i, is the group of nth roots of unity in F; . As a special
case of Theorem 1 of Section 22 of [27], we have the following fact.

Lemma 2.1. Assume the notation above.

(1) Every mazimal solvable irreducible subgroup of GLy(F2) is conjugate to W,

(2) If p : Gg — GLo(Fs) is an irreducible representation with solvable image, then (af-
ter possibly replacing p by a conjugate) Im(p) is contained in W,, for some n > 3.
Moreover, we have an exact sequence of the form

1 — H —1Im(p) = Z/27 — 1,

where H is a finite subgroup of (* .) which is stable under the action of Z/27. The
subgroup H is the unique mazimal normal subgroup of Im(p).

Let V,, denote the dihedral group® of order 2n. Note that the projective image (= the
image in PGLy(Fy)) of W, is isomorphic to V,,, and that every irreducible subgroup G of
W, has projective image isomorphic to V,, for some m < n. For example, if G ~ V,,, then it
contains no non-trivial scalar matrix, and its projective image is also isomorphic to V,.

We require one further group theoretic lemma.

Lemma 2.2. Assume the notation above.

(1) Ifn > 3 is odd, then there are p(n)?/2 isomorphism classes of faithful representations
p: Wn — GLQ(FQ),

where p(n) := #(Z/nZ)*. They are defined over Fom, where m is the least integer
for which n | (2™ —1).

(2) Let I be a non-trivial subgroup of the subgroup p, x {1} of W,. There are o(n)
1somorphism classes of faithful representations

p: W, — GLy(F,)

for which dim VPO = 1, where V = Fy ® F, is the representation space of p. They
are Gal(IFam /Fy)-conjugate to each other.

3We use this notation to distinguish dihedral groups from decomposition groups.
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Proof. By Lemma 2.1, after conjugation, we may assume that Im(p) is contained in the
subgroup W of GLy(Fy). If p is faithful, then Im(p) coincides with the subgroup W, of
W. In particular, such p is automatically irreducible. Fix a generator ¢ of p,. For the
moment, denote the diagonal matrix (¢ ,) by (£,7). Suppose that p maps the elements
(¢, 1),(1,¢) € pn X pty C Wy, to (€2, ¢8), (¢4, ¢Y), respectively, where a, b, c,d € Z/nZ. Since
p is compatible with the involution 7 : (¢*,(Y) — (¢¥, ("), we must have a = d and b = c.
Indeed, we have p(¢%,¢Y) = (¢ote, ¢b**t4v) and p(¢Y, (%) = (¢WHer, (WHde). But we have
also
p(C¥,C7) = p((C*,¢)7) = (p(C*,¢¥))T = (CPF v, ¢ootey).
Therefore, we have that (¢wtee (bvtde) = (¢betdy cavtey) for all 2,y € Z/nZ, and hence
that a =d and b = c.
Conversely, for each (a,b) € (Z/nZ)?, we have a representation

Pa,b - Wn — Wn C GLQ(FQ)

which maps (¢, 1) to (¢4, ¢%). Tt is defined over Fom if p, C Fom (ie. if n | (27 —1)). It
induces on the subgroup g, X i, of W,, a (Z/nZ)-module endomorphism which is represented
by the matrix (¢ ). Hence p,, is faithful if and only if a*> — * € (Z/nZ)*. Such pairs
(a,b) € (Z/nZ)* are parametrized by (u,v) € (Z/nZ)* x (Z/nZ)* as a+b=u,a—b = v, so
that there are ¢(n)? such pairs (a,b). Also, we have pypy ~ pay if and only if (¢, ') = (a,b)
or (b,a). Thus there are just ¢(n)?/2 isomorphism classes of such representations p, ;. This
proves (1).

Now we prove (2). The condition dim V?*() = 1 means that a or b is 0. There are just
¢(n) isomorphism classes of such representations. Since Gal(Fym /Fy) acts transitively on the
set {¢* : a € (Z/nZ)*} of primitive nth roots of unity, the representations p, o are mapped
to each other by elements of Gal(Fom /Fy). O

Using these preliminary facts, in this section we shall prove Theorem 1.4 (1), (3-6), and
we defer the proof of Theorem 1.4 (2) to Section 3.

Remark. Note that all the representations in Theorem 1.4 have solvable images.

The proof of these cases of Theorem 1.4 depends on the analysis of the ramification of
the representations p at each prime ¢ | 2N(p). For each prime ¢, let D, (C Gg) be the
decomposition subgroup for a choice of an extension q of the prime ideal (¢) to Q, and I,
its inertia subgroup. By the embedding Q — @q, we identify D, with the absolute Galois
group G, of the g-adic field Q. For a representation

p: D, — GLy(IF)

over any discrete field F, let e, = ¢,(p) denote its ramification index (i.e. the ramification
index of the extension K/Q, cut out by p, or equivalently the order of p(I,)).

We first consider the case where ¢ = 2. The following proposition improves Tate’s dis-
criminant bound at 2 (Formula (%) on p. 154 of [28]); it reduces the valuation by 1/2 in the
“general” case.

Proposition 2.3. Let p: Dy — GLQ(E) be a 2-dimensional representation of Dy over F,.
(1) The ramification index ey of p is either a power of 2, or is an odd integer.
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(2) Suppose that p is wildly ramified, and has ramification index 2™ with m > 1. Let
K/Q, be the extension cut out by p, and let Di g, be its different. Then we have

1 or3/2 if p is abelian and m = 1,
02(Dkyg,) = 2 if p is abelian and m = 2,
2 —1/2™1 if p is non-abelian,

where vy is the valuation of K normalized by v9(2) = 1.

Remark. In the proposition above, we say that p is abelian if Im(p) is an abelian group. If
p is wildly ramified and abelian, then note that the only possible values of m are 1 and 2. If
p is wildly ramified and non-abelian, then we have m > 2.

Proof. Suppose p is wildly ramified (i.e. es is even). The wild inertia subgroup G; of
G = p(Ds) is then a non-trivial 2-group. After conjugation, we may assume that G is
contained in (! ¥). Since G is normal in G and the normalizer of (* ¥) in GLy(Fy) is (* ),
it follows that p is reducible. Suppose that

_ (¥ x
=" ).

where ¢; : Dy — FQX are characters of Dy. By local class field theory, the inertia subgroup
of D3® = Gal(Q5"/Q,) is identified with Z, which is a pro-2 group. Hence the v; must be
unramified, and p has a 2-power ramification index. This proves (1).

To calculate the different of K/Qs, let Ky be the maximal unramified subextension of
K/Q,. We shall calculate the different Dy, of K/Ky, which is equal to Dg/q,. Suppose
first that ¢; = 1. This is equivalent to saying that p is abelian (cf. Lemma 3.1 below).
Then K is the compositum of Ky and a totally ramified abelian extension K over Q with
Galois group isomorphic to Z/2™Z. Such a K; is contained in Q9 ((s), where (g is a primitive
8th root of unity. Then we have m =1 or 2, and

1 i Ky = Qo(v-1),
v2(Drjig) = v2(Dryjan) = §3/2 if Ki = Qu(VE2),
2 lf K1 - @2<C8)

To analyze the case where ¥ # 1y, let X = Hom(Gal(K/Ky),C*) be the character
group of Gal(K/K,). By assumption, we have X ~ (Z/2Z)®™. If A denotes the valuation
ring Ok, of Ky, then by local class field theory, X can be identified with a subgroup of
Hom(A*/(A*)?,C*), and then the subgroup X; of X consisting of the characters with
conductor dividing 2° is identified with a subgroup of Hom(A* /(1 + 2t A)*(AX)2,C*). Tt is
easy to see that

XZX?,DXQDXl:XO:{l}.
Moreover, Tate showed ([28], p. 155; see also the proof of Theorem 3 of [16]) that (X :
Xy)=1or2.

Let 0 € Ds be a lifting of the Frobenius element of Dy /I, (~ Gal(Fy/F5)). It acts on A*
and Gal(K/Kj) in a way compatible with the reciprocity map. Also we let o act on X by
X — xoo. Since the action of o on A is a ring automorphism of A, it preserves the filtration
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(1+2°A);>1, and hence the action of o on X preserves the filtration X3 D Xy D X; = X;. In
terms of the image of p, the action of o on Gal(K/Ky) = p(I3) can be visualized as follows
(cf. [16], Sect. 1). Write p(c) = (“* © ), and note that it acts on the subgroup p(l5) C (* })
by conjugation:

D - (o)

Set a = aja;"' € FZX . The above formula shows that, if a has order f as an element of FQX ,
then each non-trivial element of X is in a unique («)-orbit which has cardinality f. Suppose
U # 1y (ie. a1 # ag), so that « has order f > 3. If (X3 : X5) = 2, then X3 \ X, has
just 2! elements, and is at the same time a disjoint union of (a)-orbits of odd cardinality
f > 3; this is a contradiction. Thus we have that X = X, (i.e. all non-trivial y € X have
conductor 4). By the Fiithrerdiskriminantenproduktformel, we have

vz(DK/KO) = 2%”2 (Hf(X)) = (27?1_2# - 2_Qm—ll’

where f(x) is the conductor of y. This completes the proof of Proposition 2.3. U

Remark. The proof of Proposition 2.3 depends on the fact that X3 ~. X5 has 2-power order
if it is non-empty. This phenomenon does not hold in general for representations p : Dy —
GLy(F,) when ¢ is an odd prime. To see this, note that the set of characters of maximal
conductor has cardinality ¢™~*(¢—1), which is not a power of £ for odd primes ¢ (for example,
see the proof of Theorem 3 in [16]).

Next we consider ramification at primes ¢ # 2. The following general lemma, which
improves on Lemma 2 of [16], suffices for our purposes.

Lemma 2.4. Let ¢ and q be distinct primes, and let m be a positive integer. If p : Dy —
GLy(Fym) has ng(p) = 1, then p is reducible, and its ramification index e, either equals ¢ or
divides ged(q — 1,0™ — 1). If e, # {, then the representation p is completely reducible (i.e.
diagonalizable).

Proof. Since n,(p) = 1, the inertia subgroup p(I,) fixes a subspace of dimension one. Since
p(1,) is normal in p(D,), this subspace is stable under p(D,) (i.e. p is reducible). Then we
may assume that p is of the form

([ x . X
p_ ( 1/’2)’ %Dz . Dq ]Fzma

and where 1); is unramified. The restriction of ¢, to I, factors through the inertia subgroup
of D> = Gal(Q3"/Q,), which is identified by local class field theory with Zx. Since ),
is at most tamely ramified, it factors through (Z,/qZ,)*. Thus v»(l,) has order dividing
ged(qg — 1,0™ —1). Also, the (-primary part of the abelian group p(I,) has order at most
¢, because the tame inertia group is cyclic (in fact, the maximal pro-¢ quotient of I, is
isomorphic to Z, (cf. [23], Sect. 1)), while the group (! }) is ¢-torsion. Thus p(I,) has order
dividing £-ged(g—1, ¢™—1). But since p(I,) is abelian, it cannot have order strictly divisible
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by ¢, whence the conclusion. Indeed, suppose there are elements o, 7 € p(1,) of orders s, ¢,
respectively, where s > 1 and is prime to ¢. They must be of the form

02(1 Z) with d #1, and 7':(1 115) with ¢ # 0.

These do not commute.

Suppose e, # £. If p is not completely reducible, then there is an element 7 € p(D,)~\ p(I,)
of order ¢ (cf. (1) of Lemma 3.1). Then (7) is the unique ¢-Sylow subgroup of p(D,). Since
p(1,) is also non-trivial and normal in p(D,), these two subgroups commute. But this is a
contradiction, as can be seen in a similar way to the above arguments. Hence p is completely
reducible. OJ

Ezample. Here we provide some values of ¢, m, and e;, when ¢ = 2. Apart from the case
where ¢ = 257, we shall require these values later.

(1) If ¢ = 3,5,17,257, then ged(q — 1,2™ — 1) = 1. Consequently, Lemma 2.4 implies
that e, = 2 for all m > 1.
(2) If ¢ = 7 or 13, then ged(q — 1,2™ — 1) = ged(3,2™ — 1) = 1 or 3, depending on
whether m is odd or even. Hence, Lemma 2.4 implies that
{2 if m is odd,
eq =

2or 3 if mis even.
(3) If ¢ = 11, then a similar argument easily implies that

2 if 4 4 m,
2or5 if4|m.

€q =

Proof of Theorem 1.4 (1), (3-6). All of these cases are proved almost simultaneously. Sup-
pose there is an irreducible representation p : Gg — GLy(F,) with N(p) = N, where
N =1,3,5,7,11,13,15 or 17. Since the cases where N(p) = 1,3 are handled respectively in
[28] and [15], we only consider the remaining cases. As in [28], we distinguish the two cases
where G = Im(p) is solvable and non-solvable. Let K/Q be the extension cut out by p, so
that we have G = Gal(K/Q).

First we deal with the solvable cases. If G is solvable, then after conjugation, it is contained
in W, for some odd n > 3, and it sits in the exact sequence from Lemma 2.1 (2):

1—-H—-G—Z/2Z — 1, H c (F,)2

Hence, K is an abelian extension of odd degree over the quadratic field F' corresponding to H.
Since K is unramified outside 2N, so is F, and it is a quadratic subfield of Q(v/—1, V2,V N )
if N # 15 (resp. Q(v/—1,v2,v3,v/5) if N = 15). By Lemma 2.4, the ramification index e,
of p at ¢ | N is either 2 or an odd factor of ¢ — 1. Hence if N = 5,15 or 17, we have e, = 2
for all ¢ | N.

We first assume that e, = 2 also for the other N. Suppose N = 5,7,11 or 17. Since
each quadratic subfield F of Q(v/—1, V2,V N ) has class number dividing 4, the ideal class
group of F' does not contribute to the abelian extension K/F of odd degree. Since K/F is
unramified at ¢ = N, by Lemma 2.4 together with the assumption that e, = 2, the Galois
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group Gal(K/F) is, by class field theory, a quotient of the unit group O, of the 2-adic
completion Opy = Op ®z Zy of Op. Its prime-to-2 quotient has order at most 3, which is
possible only when 2 is inert in F'/Q. Since G = Im(p) has to be embedded irreducibly into
GLy(FFy), it must be isomorphic to SLy(FFy) ~ V3 ~ S3. According to [10], if N = 5,7 or
17, there are no Ss-extensions K /Q which are unramified outside 2N and have e; = 3 and
ey = 2; and if N = 11, there exists only one such extension, which is the splitting field of
the polynomial x® — 22 + z + 1. It contains the quadratic field F' = Q(+/—11).

Suppose N = 13. Three of the quadratic subfields F' of Q(v/—1, V2, \/1_3) which ramify
at 13 have class number 1 or 2, and the rest, Q(1/—26), has class number 6. If F/Q is
unramified at 2, then F' = Q(y/13), and 2 is inert there. Then O}, has prime-to-2 quotient
of order 3, but according to [10], there are no Ss-extension K/Q which are unramified outside
{2,13} and have ramification index e; = odd and e;3 = 2. If F/Q is ramified at 2, then by
Proposition 2.3 (1), K/F must be unramified everywhere, and K must be a cyclic extension
of degree 3 of F' = Q(v/—26). According to [10], there is just one Ss-extension of Q which
is unramified outside {2,13} and has ramification index es = e;3 = 2, which is the splitting
field of the polynomial 2* — x — 2 and is an unramified extension of F' = Q(y/—26).

Suppose N = 15. If F//Q is unramified at 2, then F' = Q(1/—15). It has class number
2, and the prime 2 splits in F/Q. Thus K/F must be trivial. If e; = 2, then F = Q(v/15)
or Q(v/£30), which has class number 2 or 4. By Lemma 2.4, K/F must be unramified
everywhere, and hence the extension must be trivial.

Suppose next that ¢ = N = 7,11 or 13 and e, is odd. Then since F/Q is ramified only at
2, the quadratic field F is either Q(v/—1), Q(v/2), or Q(v/=2). Since p(D,) is of odd order
by Lemma 2.4, the prime ¢ splits in F//Q, and hence we have

Q(v2) ifg=T,
F = qQ(v=2) ifg=11,
Q(v=1) ifq=13.

If (¢) = q192 in Op, then one of the two inertia subgroups of q; and g5 is mapped into (* ,)
and the other into (* ;). They are exchanged by the action of Gal(F/Q) ~ ((; !)). These
subgroups are described explicitly as follows: By Proposition 2.3 (1), K/F is ramified only
at ¢ = N. Since F has class number 1, by class field theory, Gal(K/F) is a quotient of
Or/Or(1 +qO0py)* ~ (FX x FX)/(Image of Of), where Op, := Op ®z Z,. Note that
Gal(K/F') is of odd order. The odd part of F;* x Fy is isomorphic to

(Z/32)? if N = 7,13,
(Z/5Z)? if N = 11.

Hence Im(p) is isomorphic to Ws (resp. W) and p(1,) is identified with its subgroup us x {1}
(resp. s x {1}) if N = 7,13 (resp. 11). But if N =7, there does not exist such a p. Indeed,
if there were a Galois extension K/Q with Galois group W,,, then it has a subextension
with Galois group isomorphic to V,, ~ W,,/{(£,£)| € € u,}. According to [10], there are no
Vs-extensions of Q unramified outside {2, 7}.
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If N = 11 (resp. 13), there do exist representations p : Gg — GLo(Fs) with N(p) = N
and Im(p) ~ W; (resp. W3). These are what we call p; and p5,.

The part of the theorem concerning the number of isomorphism classes, and the Galois
conjugacy of p with image isomorphic to W, follows from Lemma 2.2 on representations of
the finite group W,,.

The determinants of the representations p are known as follows: For p = py; and pi3,
it is trivial to see that detp = 1. If p = pi; (resp. pj;), the character detp : Go — sz
factors through the maximal quotient of (Z/11Z)* (resp. (Z/13Z)*) of odd order, which is
of order 5 (resp. 3) (cf. [25], §1.3; see also the remark at the beginning of §4 below). On the
other hand, as we saw above, det p(/,) has order 5 (resp. 3). Hence det p is a character of
conductor 11 (resp. 13) and of order 5 (resp. 3).

Next we prove the non-solvable case. This is done, as in [28], [15], [16], by the comparison
of the Tate and Odlyzko bounds for discriminants. Suppose there exists a non-solvable
representation p : Gg — GLa(Fy) with N(p) = N, where = 5,7,11,13,15 or 17. Let K/Q be
the extension cut out by p. We denote by d /g the discriminant of K/Q, and di/" = |d |/
the root discriminant of K, where n = [K : Q]. We compare the Tate and Odlyzko bounds
for d;/" and deduce a contradiction.

Let di, be the g-primary part of |d/gl, and write dj/" = I1, d}(/z. We have (dg,) =
1.1y Nx./0,(DPk, jq,), where K, is the v-adic completion of K at a prime v of K lying above
¢, Dk, q, the different of K,/Qq, and Nk, g, is the norm map of K,/Q,. For each ¢, we
shall calculate d}éz as ¢"1Pxv/2d) for any v | ¢. For ¢ = 2, this is done by Proposition 2.3 (2).
For q | N, since K,/Q, is tamely ramified, we have v,(Dx, q,) = (eq — 1)/e, if €, denotes
the ramification index of K,/Q,, and the value of e, is given by Lemma 2.4.

To apply Lemma 2.4, we shall twist p by a character so that it lands on as small a subgroup
of GLy(Fy) as possible. We have canonical isomorphisms SLy(Fy) = PSLy(Fy) = PGLy(Fs,),
and an isomorphism

GLQ(FQ) 1> SLQ(FQ)XF;
g — (gd(g)",d(9)),

where we set §(g) = det(g)*/2. This maps GLy(Fym) to SLy(Fom) x F, for each m > 1.
The character § : Gg — FQX is tamely ramified at ¢ | NV, and factors through the maximal
quotient of (Z/NZ)* of odd order. By Sections 251-253 of [7], the projective image of p (i.e.
the image of Im(p) in PGLy(FF,)) is conjugate in PGLy(FFy) to PGLy(Fou) = PSLy(Fax), where
2" is the order of the 2-Sylow subgroup of Im(p). Since we assume Im(p) is non-solvable, we
have o > 2. After replacing p by a conjugate, we may assume that

po=pR35 " Gg — GLy(IFy)

has values in GL3(FFou), and its image is the simple group SLy(Fau). Then p has values in
GL2(Fam ), where Fom := Fou(Im(det p)). Note that p divides m.

Suppose there is a p with g = 2. Then there should be an Aj-extension Ky/Q cut out by
po @ Gg — SLo(F4) ~ As which is unramified outside 2. According to [10], there are no
such extensions if N = 7,11 or 13. If N = 15 (resp. 17), then there are 51 (resp. one) such
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extensions, but none of them have ramification index e, = 2 at ¢ | N, as required by Lemma
2.4. Thus we have p > 3.

Suppose there is a p with ¢ > 3. By Proposition 2.3, Lemma 2.4 and the examples
following it, we have:

(452 =89442...  if N =5,

73 =14.6372... if N=T1,

-11Y/2 = 13.2664... if N =11 and 4{m,
1145 =27.2379... if N =11 and 4 | m,
1342 = 14.4222... if N =13 and 2{m,
-13%2/3 = 22.1150... if N =13 and 2 | m,
1512 = 15.4919... if N = 15,

(4-17"/2 = 16.4924... if N = 17.

If n = [K : Q] is equal to or larger than | SLy(IFgs)| = 504, then the Odlyzko bound [17] gives
unconditionally

(2.3) 4" <

A s e e

(2.4) A/ > 20.023,
and under the GRH gives
(2.5) dy/™ > 26.485.

These inequalities provide a contradiction unconditionally if either N = 5,7,15,17, or N =
13 and m is odd (resp. under the GRH if N = 13 and m is even).

The N = 11 case is a bit more involved. Recall that Fom = Fy.(Im(det p)). Suppose first
that det p is trivial. Then we have m = p. If 4 { m, then (2.3) contradicts (2.4). If 4 | m,
then the Odlyzko bound gives under the GRH that, for n > | SLy(Fa1)| = 4080,

(2.6) dy/™ > 31.645,

which contradicts (2.3).

If det p is non-trivial, then since it factors through a quotient of (Z/117Z)* of odd order,
its image has order 5 (so we have 4 | m). This implies the ramification index e (p) of p at 11
is divisible by 5. By Lemma 2.4, we have that e;;(p) = 5. Then e11(pg) divides eq;(p) = 5.
By [28], pp cannot be unramified at 11. Hence e11(pp) = 5. In particular, Im(pg) = SLa(Fax)
has order divisible by 5. Hence p must be even. Since we assumed p > 3, we have y > 4.
Then under the GRH, (2.3) and (2.6) contradict each other. Now the proof is complete. [

3. MOD 2 REPRESENTATIONS OF CONDUCTOR 9

To complete the proof of Theorem 1.4, we must handle the case where N(p) = 9 (i.e.
Theorem 1.4 (2)). Here we prove this remaining case. We require two preliminary lemmas.
Lemma 3.1. Let G be a finite subgroup of GLy(F), where F is a field of characteristic £ > 0.

(1) If the representation G — GLy(F) is reducible and the order of G is not divisible by
¢, then G is diagonalizable (i.e. it is conjuate to a subgroup of (* .)).
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(2) If G is abelian and its order is divisible by ¢, then G is the direct product of a subgroup
H of scalar matrices and a subgroup U of unipotent matrices (i.e. it is conjugate to
a subgroup of {(* %)| a € F*,b € F}).

Proof. Conclusion (1) is a basic fact in the theory of linear representations of finite groups.
Namely, every finite-dimensional representation of G over a field of characteristic £ 1 |G| is
completely reducible (for example, see [20]).

To prove (2), we may assume that the ¢-Sylow subgroup of G is contained in (! 1), and
then that G C (* 7). Since (! %) is the unique maximal f-torsion subgroup of (* ¥), the
subgroup G of (* #) has a unique ¢-Sylow subgroup U ;=GN (' %). Let 7= (*{) € U be a
non-trivial element. Then the commutant in GLy(F) of (7) is {(* %) : a € F*,b € F} =
{(*4) : a€F*}x('3), of which the first factor has no (-torsion and the second factor is

of /-torsion. As a subgroup, G has a similar structure. 0

Lemma 3.2. If p: D3 — GLy(Fy) has ns(p) = 2, then the following are both true.
(1) We have that p is wildly ramified, and possibly after conjugation, we have p(D3) C
(* ») and p(I3) € (* .). If G; denotes the ith ramification subgroup of p(Dj3), then

Go = G1 >~ Z/BZ and G2 = {1}
(2) Let K/Qs be the extension cut out by p, and let Dy g, be its different. Then we have
4

U3(DK/Q3) = ga
where vz is the valuation of K normalized by vs(3) = 1.

Proof. 1f p is irreducible, then by Lemma 2.1, after conjugation, its image G' = p(D3) sits in
the exact sequence in Lemma 2.1 (2):

1-H—-G—Z/2Z — 1,

where H is a subgroup of (* ,), and G is a semidirect product of H and the subgroup generated
by 7= (1 '). Put Go = p(I3) and Hy = HNGy. If Hy = {1}, then Gy maps isomorphically
onto Z/2Z in the above sequence. Since Gy is normal in G, we have G = H X Gy and it is
abelian. By Lemma 3.1 (2), G is reducible, contrary to our assumption. Hence Hy # {1}.
Then the fixed subspace of V = Fy @ Fy by Hj is {0}, since (7) normalizes Hy. It then
follows, from the assumption ng(p) = 2, that p is tamely ramified. If H has an element 7’ of
order 2, then (7'), being the unique 2-Sylow subgroup of the tame inertia, must be normal
in G, and hence G is the direct product of H and (7'). In particular, G is abelian. Then by
Lemma 3.1 (2), p is reducible, which contradicts the assumption that p is irreducible. Hence
p is reducible, and we may assume that

_ (U %
o= ("),

where ; : D3 — F; are characters. Since 1;(I3) is of odd order, by local class field theory,
the restriction of v; to I3 factors through (1 + 37Z3)* (i.e. v; is either unramified or wildly
ramified). The condition that

ns(p) = dim(V/VE) +dim(V/VE)/(Gy: G1)+--- = 2
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implies that ¢ is unramified, and that 1y is wildly ramified with ns(¢9) = 2 (if p|z, is
completely reducible, the role of i1 and 19 may be switched). By Lemma 3.1 (1), the wild
inertia subgroup G, of Gy is, after conjugation, contained in (! ). Since the normalizer in
GLsy(F,) of any non-trivial subgroup of (* ,) is (* ), and since G is normal in G, we have

G C (* ). Thus we have
_ [t
p = < ¢2>7

in which ¢, is unramified and ns(12) = 2. It then follows also that Gy = Gy ~ Z/37Z and
Go = {1}. This proves claim (1).

To prove claim (2), observe that there are two non-trivial C*-valued characters of Gy,
both of which have conductor 32. By the Fiihrerdiskriminantenproduktformel, we have

1 4
v3(Dr/gs) = §(2><2) =3

O

Proof of Theorem 1.4 (2). Let p : Gg — GLy(Fy) be an irreducible representation with
N(p) = 9. Again, we consider the solvable and non-solvable cases separately.
Suppose Im(p) is solvable. Then Im(p) sits in the exact sequence in Lemma 2.1 (2):

1— H —1Im(p) = Z/2Z — 1.

Let K/Q be the extension cut out by p, so that Gal(K/Q) = Im(p), and let F' be the
quadratic subfield of K corresponding to H. By assumption, K/Q is unramified outside
{2,3}. By Lemma 3.2, the prime 3 splits in F//Q, and hence F' = Q(v/—2). It has class
number 1. By class field theory and the condition N(p) = 32, the Galois group H =
Gal(K/F) is isomorphic to a quotient of
053/ Op(1+3°0p3)* ~ (Z/3L)* x Z/2.
Since H must fit into the above exact sequence, and since p(Dj3) is as described in Lemma
3.2, we have that
H = H1 X HQ,

where H; ~ Z/3Z, and the two factors H; are exchanged by the action of Gal(F/Q) ~ Z/27Z
(note. Each factor H; of H corresponds to the inertia subgroup of one of the two primes of F
lying above 3). Hence Im(p) is isomorphic to W3. By Lemma 2.2, there are two isomorphism
classes of such p which are defined over Fy, and they are Gal(F,/F3)-conjugate to each other.
Arguing as in the previous section, it turns out that det p, for these representations p, are
characters of conductor 9 and order 3.

Next suppose that there is a representation p : Gy — GLy(FF) with non-solvable image.
By Proposition 2.3, we have v2(Dg/q) < 2. By Lemma 3.2, we have v3(Dg/q) = 4/3. Hence
the root discriminant d}(/" of K/Q satisfies

A" < 22.3Y3 = 17.3069- - .
If n > 504 = | SLy(Fs3)|, then the Odlyzko bound [17] implies unconditionally that
4" > 20.023.



2-ADIC PROPERTIES OF MODULAR FORMS 17

Hence there are no such p with p > 3, where 2 is the order of the 2-Sylow subgroup of
Im(p). If pu = 2, then there must be a Galois extension K/Q with Galois group isomorphic
to SLy(F,) ~ As which is unramified outside {2,3}. According to [10], there are no such
extensions. If p =1, then Im(p) is solvable. O

4. TRACES OF MOD 2 REPRESENTATIONS

In this section, we study the traces of representations p : Gg — GLy(FFy). First recall the
following fact on characters of Gg (cf. [25], §1.3): Let

Y Gg — F;

be a character with N(i)) = N. By class field theory, it factors through the map Go —
(Z/t*NZ)* for some a > 0 which maps a Frobenius element Frob, to the class of p
(mod (*N). We have (Z/(°NZ)* ~ (Z/{°Z)* x (Z/NZ)*, and since F, has no non-
trivial elements of (-power order, i factors through the maximal prime-to-¢ quotient of
(Z)07)* x (Z/NZ)*. In particular, if £ = 2, then it factors through the maximal quotient
of (Z/NZ)* of odd order.

Let p : Gg — GLy(F,) be a reducible representation with N(p) = N. We may assume

that
_ Pk
p = ( w2) )

where 1; : Gg — FQX are characters. By the definition of the exponent of Artin conductor
(2.2), we have n,(¢1) + ny(12) < ny(p) for each ¢ | N. As remarked above, they factor
through the maximal quotient of (Z/NZ)* of odd order. Furthermore, for each prime g | N,
if ny(p) = 1, then one of the ¢; is unramified and the other is at most tamely ramified at
q. Also, if ny(p) = 2 and p is wildly ramified at ¢, then one of the 1); is unramified and the
other has the exponent of Artin conductor 2. In general, if p is not completely reducible,
the restriction p|;, could be completely reducible, and then the choice of i for which ; is
unramified may vary for different ¢. But if N is a prime power (as is the case below), then
one of the v; is an everywhere unramified character of G, and hence trivial by Minkowski.

Lemma 4.1. Let p: Gg — GLy(Fy) be a reducible representation with N(p) = N, and let
p* denote its semisimplification.

(1) If N = 3%5°17°257%65537¢ with a,b,c,d,e = 0 or 1, then p* is trivial, and
Tr(p(Frob,)) =0
for every prime pt2N.
(2) If N = 7,9,11,13, then either p* is trivial or p* ~ 1 @ 1, where 1 is the trivial
character of Gg and v is a character of conductor N and order 3, 3,5, 3 respectively.

If p* is trivial, then Tr(p(Frob,)) = 0 for every prime p { 2N. If p* ~ 1@ 1, then
for every prime p{ 2N we have

{pzil (mod N) if N =7,9,11,

Tr(p(Frob,) =0 <=
(p(Frob,) p=+1,45 (mod N) if N =13,
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Proof. First we prove (1). In these cases, (Z/NZ)* has 2-power order, and so the characters
1; are both trivial. Hence Tr(p(Frob,)) =1+ 1 = 0 for every prime p { 2N.

Now we prove (2). For N = 7,11,13, by the above discussion, one of the characters,
say 1y, is trivial and the other has n,(¢2) < 1. If 1)y is unramified, then it is trivial as a
character of G, and so p* is trivial. So we may assume n,(»2) = 1. If N =9, then p is
wildly ramified by Lemma 3.2. By the above discussion, we have v, trivial and ng(¢,) = 2.
In all cases, we have Tr(p(Frob,)) = 1 + ¢9(Frob,) = 0 if and only if ¢»(Frob,) = 1. Since
the maximal odd quotient of (Z/NZ)* has order 3 (resp. 5), if N =7,9,13 (resp. N = 11),
we have 15(Frob,) = 1 if and only if p is a 3rd (resp. 5th) power in (Z/NZ)*. O

Next we consider irreducible representations. Recall that the projective image of an irre-
ducible solvable representation is a dihedral group (see the remark after Lemma 2.1).

Lemma 4.2. Let p: Gg — GLy(Fy) be an irreducible solvable representation. If the projec-
tive image of p has order 2n, then the set S(p) of primes p t 2N (p) for which Tr(p(Frob,)) = 0
has density % + %

Proof. Possibly after conjugation, we may assume that Im(p) C (* .) U (. *). Then for
g € Im(p), we have Tr(g) = 0 if and only if g € (. *), or g is a scalar matrix. If ¢ denotes

the number of scalar matrices in Im(p), then Im(p) has 2¢cn elements and Im(p) N (. *) has
cn elements. By the Chebotarev Density Theorem, the density of the set S(p) is

cn+ ¢ 1 1

2en 2 * o
0J
Let p be one of the representations
(4.1) P11, P11y P13, P13 P9
from Theorem 1.4. Respectively, they have images which are isomorphic to
(42) ‘/3’ W5a ‘/3)7 W37 W3'
For these p, let

denote the corresponding set of primes p 1 2N (p) for which Tr(p(Frob,)) = 0. By Lemma
4.2, these sets of primes have density 2/3 or 3/5. They can be calculated explicitly by finding
a newform to which the p is associated (see Proposition 4.5 for more details).

In each case, these sets contain a natural subset of primes with density 1/2 which are
distinguished by simple congruence conditions. To see this, assume that Im(p) C (* ,)U(, *).
The extension K/Q cut out by p contains a unique quadratic subfield F'. A prime p{2N(p)
is split (resp. inert) in F/Q if and only if p(Frob,) maps to the trivial (resp. non-trivial)
element of Gal(F/Q) (i.e. if and only if p(Frob,) is in (* .) (resp. (x *))). In particular, we
have the following lemma.

Lemma 4.3. Assume the notation and hypotheses in the preceding discussion. If a prime p
is inert in F'/Q, then Tr(p(Frob,)) = 0.
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For the representations p in (4.1), the corresponding quadratic fields F' are:

This discussion is summarized by the following proposition which classifies the represen-
tations p of small conductor in terms of the set S(p). Here and elsewhere, for two represen-

tations p, p' : Gg — GLo(F2), we write p o p’ when the two representations are equal up
o

to isomorphism and Gal(F,/F,)-conjugacy.

Proposition 4.4. Let p: Gg — GLy(Fy) be a representation with N(p) = N.
(1) If N =1,3,5,15,17, then S(p) consists of all the primes pt 2N, and the semisimpli-
fication p> of p is trivial.
(2) If N =17, then there are two possibilities.
(a) The set S(p) consists of all primes p {14, and p* is trivial.
(b) The set S(p) consists of the primes p = +1 (mod 7). In this case, we have
s o1 2
P Gr, Der,
where €2 : Gg — F, is a character of conductor 7 and order 3.
Furthermore, if det p = 1, then the case (b) does not occur.
(3) If N =9, then there are three possibilities.
(a) The set S(p) consists of all primes pt 6, and p* is trivial.
(b) The set S(p) consists of the primes p = £1 (mod 9). In this case, we have

2
pss: 1@69,

where €3 : Go — FQX s a character of conductor 9 and order 3.
(c) The set S(p) contains the primesp = 5,7 (mod 8). In this case, S(p) has density
2/3, and we have p ~ P

Fa
Furthermore, if det p =1, then the cases (b) and (c¢) do not occur.
(4) Assuming GRH, if N = 11, then there are four possibilities.
(a) The set S(p) consists of all primes pt22, and p* is trivial.
(b) The set S(p) consists of the primes p = £1 (mod 11). In this case, we have
P - 1@ el
where €3, : Gg — FQX s a character of conductor 11 and order 5.
(c) The set S(p) contains the primes p = 2,6,7,8,10 (mod 11). In this case, S(p)
has density 2/3, and we have p ~ py;.
(d) The set S(p) contains the primes p = 5,7 (mod 8). In this case, S(p) has density
3/5, and we have p & 051 -
2

Furthermore, if det p = 1, then the cases (b) and (d) do not occur. If p is defined
over Fom, where 4 4 m, then we do not need to assume the GRH, and the cases (b)
and (d) do not occur.

(5) Assuming GRH, if N = 13, then there are four possibilities.
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(a) The set S(p) consists of all primes p {26, and p*™ is trivial.
(b) The set S(p) consists of the primes p = +£1,4+5 (mod 13), and we have

pss ~ 1 @ 81113,

where 15 : Gg — FQX s a character of conductor 13 and order 3.
(c) The set contains the primes
p = 11,19,23,29. 33,41, 53,55, 57,59, 61, 67,
69,73,77,79,83,87,89,95,97,99,101,103 (mod 104).
In this case, S(p) has density 2/3, and we have p >~ pi3.

(d) The set S(p) contains the primes p =3 (mod 4). In this case, S(p) has density
2/3, and we have p o Pl

F.

Furthermore, if det p = 1, then the cases (b) and (d) do not occur. If p is defined
over Fom, where 2 1 m, then we do not need to assume the GRH, and the cases (b)
and (d) do not occur.

Remark. Note that the condition det p = 1 follows if we assume that p is defined over Fam,
when 24 m and N =7,9,13 (resp. 4t m and N = 11).

Now we illustrate the implications of Proposition 4.4 for modular forms. To make this
precise, we recall important facts regarding modular Galois representations. Let N < 17 be
odd. Suppose that f(z) = > 7 a(n)g® € Sk(To(2°N), x; Or) is a newform of some level
M | 2°N. By Deligne [6], there is a Galois representation

py : Gg — GLy(Fy),
associated to f(z), which has the property that
Tr(ps(Frob,)) = a(p) (mod N),

det(ps(Frob,)) = p*'x(p) (mod X),

for every prime p 1 2M. Note that if the character x has 2-power order, then detp; = 1.
In particular, such a py cannot be pj;, pi; or pg. Note also that x has 2-power order if the
prime A has residue degree m not divisible by 2 (resp. 4) when N = 7,9,13 (resp. 11). Since
f(2) is a newform, for primes p { 2M we have

fG) 1T, = a(p) f(2).
Combining this fact with (4.5) and Proposition 4.4, we immediately obtain the following
proposition.

(4.5)

Proposition 4.5. Suppose that a > 0, and that L is a number field and \ a prime of L
lying above 2. Let f(z) € Si(T'o(2°N), x; Orn) be a newform of some level M | 2°N.

(1) If N =1,3,5,15, or 17, then for every prime p 12N we have
f(2) | T, =0 (mod \).

(2) If N =17, then one of the following holds.
(a) For every prime p 14, we have f(z) | T, =0 (mod \).
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(b) For every prime p t 14, we have f(z) | T, =0 (mod X) if and only if
p==+1 (mod 7).

Furthermore, if x has 2-power order, then the case (b) does not occur.
If N =9, then one of the following holds.

(a) For every prime p16, we have f(z) | T,
(b) For every prime p 16, we have f(z) | T,

p==+1 (mod9).

(c) For every prime p1 6, we have f(z) | T, =0 (mod \) if and only if p € S;.
Furthermore, if x has 2-power order, then the cases (b) and (c¢) do not occur.
Assuming GRH, if N = 11, then one of the following holds.

(a) For every prime p 122, we have f(z) | T, =0 (mod ).

(b) For every prime p {22, we have f(z) | T, =0 (mod \) if and only if

p==+1 (mod 11).

(c) For every prime p 122, we have f(z) | T, =0 (mod ) if and only if p € Si1.
(d) For every prime p1 22, we have f(z) | T, =0 (mod \) if and only if p € S§;.
Furthermore, if x has 2-power order, then the cases (b) and (d) do not occur. In
addition, if A has residue degree not divisible by 4, then the classification above is
unconditional, and the cases (b) and (d) do not occur.
Assuming GRH, if N = 13, then one of the following holds.
(a) For every prime p 126, we have f(z) | T, =0 (mod \).
(b) For every prime p {26, we have f(z) | T, =0 (mod \) if and only if

)

0 (mod \).
0 (mod A) if and only if

p=+1,45 (mod 13).
(c) For every prime p {26, we have f(z) | T, =0 (mod ) if and only if p € Shs.
(d) For every prime p {26, we have f(z) | T, =0 (mod ) if and only if p € Si,.
Furthermore, if x has 2-power order, then the cases (b) and (d) do not occur. In

addition, if X\ has odd residue degree, then the classification above is unconditional,
and the cases (b) and (d) do not occur.

5. PROOFS OF THEOREMS 1.1, 1.2 AND 1.3

In this section, we prove Theorems 1.1, 1.2 and 1.3 of the Introduction.

(5.1)

Proof of Theorem 1.3. Let fi(z),..., f;(2) be the newforms in SV (I'¢(M), x; Or ), where
M | 2*°N and f(x) | M. For each f;(z), let M,; denote its level, and denote its Fourier
expansion by

fi(z) = Z a;(n)q".

n=1

The theory of newforms implies that each f(z) € Si(I'o(2*N), x; O ) can be written as

f(z) = Z Z aiafi(dz),

=1 gz
3
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with a; 4 € L. Since the O y-module

>N Opa- fildz)

i=1 420N
d| M,

is of finite index in Sk (I'¢(2°N), x; OL.»), there is an integer ¢ > 0 such that for all such f(z)
we have ordy(a;q) > —c.
By Proposition 4.5, for every relevant prime p 1 2V, we have
fi(z) | T, = ai(p)fi(z) = Abipfi(z) with some b, € Op .

In some cases, the determining the set of relevant primes requires Lemma 4.3 and the fields
n (4.4). If we abuse notation and let A also be a uniformizer of Oy ), then we have

= Z Z aiafi(dz) | T, = Z Z a;,aAbip fi(d2).

i=1 g)2N i=1 g|2N
Applying T},’s repeatedly, we see that
fE T |- | T

Pe+

, =0 (mod A)

for any ¢ + t such primes py, ..., peis- O
To prove Theorem 1.1, we require an elementary proposition regarding the combinatorial

properties of Hecke operators acting on holomorphic modular forms f(z) = >">° ja(n)¢" €

My (To(N), x). For primes p t+ N, the Hecke operator T}, is a linear endomorphism on

Mi(To(N), x) (resp. Sp(T'o(N), x)), and it is defined by

o0

(5.2) ) 1T,=> (alpn) + x(p)p*"a(n/p)) ¢"

n=0
Note that a(a) =0 if a & Z.

Proposition 5.1. Suppose that f(z) = > .~ a(n)q” € My(Lo(N),x;Or), where L is a

number field and X is a prime of L. Ift is a positive integer and p1,ps, ..., p. are distinct
primes coprime to N for which
)1 Ty | Tpy | -+ | T =0 (mod X,

then we have a(pipz -+ pem) =0 (mod \'), for every m > 1 coprime to p1ps - - pe.
Proof. For integers 1 < j < ¢, define algebraic integers b;(n) € Of, by

Zb T |- [ Ty

In particular, for j = ¢ we have
Zb I T | Ty | -+ | T, =0 (mod ).

By (5.2), if m is a positive mteger coprime to pip2 - - Ppe, then 0 = b.(m) (mod \') and
be(m) = by (paps - - - pem) = a(p1pa - - - pem). This completes the proof. O
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Proof of Theorem 1.1. Here we prove Theorem 1.1 (1), (2) and (3).
(1) Théoreme 5.2 of [22] implies that

Jf(2)== > C(n)q" =744+ 196884q + - -
nZ7 (mod 8)

is a weight zero 2-adic modular form. This implies, for every power of 2, say 2!, that there
is a holomorphic modular integer weight £ modular form, say

F(z) = i@t(n)q” € M;,(SLs(2); Z),

for which F(z) = j*(z) (mod 2"). Since the Hecke eigenvalues of the Eisenstein series on
SLy(Z) are even for every T, where p is an odd prime, conclusion (1) follows from the N =1
case of Theorem 1.3 and Proposition 5.1.

(2) By the proof of Theorem 1 of [9], for every ¢ > 1 there is an integer weight cusp form
F(z) € Sk(I'g(1152); Z) with trivial Nebentypus character for which

F(z)= z:Q(n)qM”Jrl (mod 2").

Since 1152 = 27 -9, and since the trivial character has 2-power order, conclusion (3) follows

from Proposition 5.1 and the N = 9 case of Theorem 1.3.
(3) Since O(z) = 3.°° ¢ is a holomorphic modular form of weight 1/2 on ['y(4) and
since s > 2 is even, it follows that

> ru(n)g" = 0(2)" € Z][q]]

is an integer weight modular form on I'g(4). It is a classical fact that the phenomenon in
(1.3) holds for the integer weight Eisenstein series on I'g(4) (cf. Remark after Theorem 1.3).

Consequently, the desired conclusion follows from the N = 1 case of Theorem 1.3 and
Proposition 5.2. 0
Proof of Theorem 1.2. As before, let ©(z) =1+ 2¢+2¢* +--- =1 (mod 2) be the weight

1/2 Jacobi theta function on I'y(4). Using the notation from the introduction, we have
gr(2)0(2) = gr(2) (mod 2),

and is an integer weight modular form with level 4, 12,20, 28,60 or 68. The conclusion now
follows from (1.2), Theorems 1.3 and Proposition 5.2. O
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