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THETA SERIES

Y. CHOIE AND Y. TAGUCHI

ABSTRACT. We characterize the function spanned by theta series. As an
application we derive a simple proof of the modular identity of the theta

series.

1. Introduction

The standard proof of the theta modular transformation formula uses the
Poisson summation formula. In [1] using the elliptic shift relations a simple
proof of the theta modular transformation formula was given for the theta func-
tion 0(7,2) = >_,7 emir*TH2mirz Tp this paper we show that a similar method
can be employed to derive the theta modular transformation formula for more
general theta series by taking into account the heat kernel property in addi-
tion to the elliptic shift relations. These properties characterize the functions
spanned by certain theta functions (Section 2). This is applied in Section 3 to

derive the modular identity for the theta series.

2. Theta series

Let H C C be the complex upper half plane. The following theta series
has been studied in connection with Jacobi forms ([2], §5); for each m € Z
(m > 1) and each p (mod 2m),

r2 r T iz
(21) Qm,u(Ta Z) = Z qﬁg ) q = 62 75 = 62 .
reZr=p  (mod 2m)

This series converges uniformly in z € C and 7 € H and hence defines a

holomorphic function on H x C. One easily checks that 6, ,(7,2 + 1) =
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O (T, 2) and O, (7,2 + 7) = ¢ *™0,, (7, 2). Further one can check that
Ly (0, (7, 2)) = 0, where L,, is the heat operator defined by
92

L, =8mim— — —

or 022

Since these conditions are C-linear, any C-linear combination of the 6,, ,(7, z)’s

satisfies these three conditions. Conversely, we prove the following result:

Theorem 2.1. Let f(7,z) be a holomorphic function defined over H x C
satisfying the following three conditions;

(1) (shift) f(r,z+1) = f(7,2),

(2) (elliptic property) f(r,z +7) = e 2m(+22) f(7 2),

(3) (heat kernel) L,,(f(r,z)) =0.

Then (T, z) belongs to the vector space spanned by {0, ,.(7,2)|0 < p < (2m—
1)} over C.

Proof Since f is periodic with respect to z, f has the following Fourier

expansion in & = e?™:

f(r,2) = onlr)E"
reZ
Secondly, since L, (f) = 0, we note that

do, (1)
dr

4dm

= 27Tir2¢r (T) )

72 r2 . .
so that ¢,.(7) = ¢.€*™4m = c,q%m, where ¢, is a constant depending on r. So,
7'2 .
f(1,2) =3, c7¢qm& . On the other hand, since

i (r 2'm)2
flryz+71) = Z crqim (Eq) = Z erq +2n q_mf(r+2m)_2m
reZ rez
2
= q—mg—Qm Z Cr—qumgr,
reZ

the elliptic property f(7,z +7) = ¢"™E 2" f(7, z) implies that ¢, = ¢,49,, for

every r € Z. Now it follows that f(7,2) = Ziﬁgl Cpm, (T, 2). O
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Remark 2.2. (1) The case of m = 1 was studied in [1]. In that case, only
the first two conditions of Theorem2.1 (that is, the shift and elliptic
properties) were needed to show that f(7,z) is a constant multiple of
the theta series 0, 5(7, 2) = 3,5, €™ 7+277= This is because such an
f(7, z) has only one zero, TT“, modulo the period lattice Z + 77, which
is already a strong enough restriction. This doesn’t hold anymore in
our case.

(2) The referee pointed out that characterization of theta series 6(r, z) =
Y ez e™ir'TH2miz o the case when m = %, has been also studied in

[3](see Propositionll.1 in page 53).

Theorem 2.3. For each fized T, let f(7,2) be a holomorphic function satisfy-
ing the two relations (1) and (2) in Theorem 2.1. Then

(1) f wvanishes identically or it has 2m roots (counting with multiplicity)
modulo the lattice A(T) generated by T and 1, i.e., AN(7) = Z + TZ.
(2) The sum of all the roots z; modulo A(T) of f satisfies

20+ 21+ ...+ 20m 1 =m(t+ 1) (mod A(7)).

Proof Suppose that f does not vanish identically. The shift and elliptic
relations imply that, for each 7,
O.f(r,z+1)  0.f(7,2) 0.f(r,z+71)  0.f(1,2)
[l z+1) flr,2) f(r2+7) f(7,2)
Let F = {c+a+0br|a,be |0, 1]}, for ¢ € C, be a closed fundamental domain

of the lattice A(7). By choosing ¢ properly, we may assume that f has no roots

— 4mim.

on OF. Then the number and the sum of roots of f on F can be computed

respectively by the integrals
1 0.f(r,2) 1 20, f(1,2)

— " Zdz and

— — dz.
2mi Jor f(T,2) 2mi Jor  f(T,2) :

From the shift relations for f one can check that the first integral evaluates to

2m, so f has exactly 2m roots on F. The second integral evaluates
20+ 21+ ... + 20m 1 =m(t+ 1) (mod A(7)).

Now the proof is complete. O
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Remark 2.4. The referee pointed out that the related result of Theorem2.3

is also contained in Lemmad4.1 in [3].

3. The modular identity

Lemma 3.1. Let

2mi 22 1 =
I — —27rzm79m —=,=).
(r.2) = o 2 =2 2)
Then F(r, z) belongs to the vector space spanned by {6, (7,2) |0 < v < (2m—

1)}, so there exist complex numbers o, ..., Cam—1,, Such that

1 z
- m,;L(_;a ;) = CO,uem,O(Ta Z) + Cl,uem,l(’ra Z) + ...+ Cmel,ugm,mel(/n Z)

Proof We check the three conditions of Theorem 2.1 for F'(7, z). This can be

done by straightforward calculations, and we omit the details. For example,

2me . 52
e 27rzm7_9

the condition (1) can be checked as follows by looking at the Fourier expansion:

2m'l . (Z+1)2 _27ri7‘27' . oz+1
F(T,Z + 1) — e 27r7,mf 2 e Tam 6271'11“ =
reZr=p (mod 2m)

2 o2
_ e—ZWimZT E E_WGQM(T_ZW)f

reZr=p  (mod 2m)

27

In what follows, we put (5, = e2m.

Lemma 3.2. (1) Opp(7,2 + 5-) = q’ﬁ£_10m7u+1(7, z) for each p, 0 <
w < (2m —1). Here we put 0 0m(7,2) = Omo(T, 2).
(2) Orp(T, 2 4 5= ) = O (T, 2).

Proof (1) We have

2
b2+ o) = S qinggFn =Y ¢ g
T’:l,l/ T:U

2m

N 2 T R
— q 4m€ 1 Z q4m€ :q 4m§ 19m”u+1(7_,2)-

r=pu+1

(2) can be check even more easily and the proof is omitted. O
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Finally we can derive the following well-known modular transformation for-

mula:

Theorem 3.3. We have

1 z 2ma 2

Qm,u(_;a ;) Te—Qmm?

= Omo(7,2) + GHOma(T,2) + oo 4+ G (2m~—1) “ngm_l(r, z)

Proof We prove this result by three steps.
(Step 1) First note that, from Lemma 3.1, we can let
(3.1)

1 z
em Ty
W=22)

Replacing z by z 4+ 7/2m in this equation, we have

2mi —2mim*= 22
Te T = C “Hmo(’r Z)+Cl uem 1(7_ Z)+ +CQm 1,/1,9m 2m— 1(7- Z)

; T 12
l E 1 2m@ omim (24 977) T T

+—) —e T = CO,,uem,O(Ta z+_)+---+c2m71,;¢9m,2m71<77 Z+_)

Om. (= 2m

T 2m T 2m

Using Lemma 3.2 and multiplying qﬁf with the both sides, we have
(3.2)

1
;

) 2
2mi —2mimZ

V4
s ;) —€ T = (Cmel,uemD(T; Z>+00,y9m,1 (7—7 Z)+'--+C2mf2,u9m,2mfl(7-7 Z))

C;mem,u ( - T

By comparing the two equations (3.1) and (3.2), we conclude that

s 2m—1
2ma

— m‘mi 1 z —
(33) e (==, 2) = o Y G Ol )
A=0

T

(Step 2) Next, we need to determine the constant ¢y, in Equation (3.3) for
each 11,0 < p < (2m — 1). We shall use (3.3) twice to deduce that cj , = 1.
By replacing z by 7z and then 7 by —2 in (3.3), we have

_1/7— —2mm iy A 1 z
Orm,pu(T,2) = Co T ZCQ Onm, —;>—;)~

em,)\ (7—; _Z) — em,Qm—/\(Tu Z)

Since
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for each A, we have

[—1/T 2 2 1 z
0 ,,u(T Z) = cop op —27rzm Z CAHQ 7—7;>‘

Applying (3.3) again to the 6,,,(—2%,2) on the right-hand side, we derive

2m—1 2m—1
Co, _
bn(r,2) = 5% ST a0 (7, 2).
v=0 =0

Since the 6,,, (7, z)’s are linearly independent over C (as can be seen from the
Fourier series expansion), this implies that, for each yu and v,

c 2m—1

0,p

— oG
2m m

A=0

Alp—v) _ = 6
Here ¢, denotes the Kronecker delta function. Taking p = v and setting
a= Z/\ 0 co A, We have 620—7’71”04 = 1. In particular, the ¢y, is independent of f.
It follows that o = 2mcop and ¢y = 1.

(Step 3) The positivity of ¢ can be seen as follows: looking at the Fourier
series expansion we note that 6,, ,(it,0) > 0 for any real number ¢ > 0 and for

every p. So in the functional equation

2m 7

Pl

everything except ¢y is positive. This implies that ¢oo > 0. By (Step 2) we

O) = 0070(‘9m,0(2.t7 0) + Qm,l (’Lt, 0) + ...+ gm’Qm_l(’it, 0)),

conclude that ¢yp = 1. This ends our proof. O
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