Discriminants and finiteness theorems
in number theory

Yuichiro Taguchi

In number theory, discriminants often appear at key points in proving
theorems which assert the finiteness in number (or even non-existence)
of certain kinds of arithmetic objects. A typical argument is to show
two estimates for the discriminant of opposite directions which eventu-
ally contradict; one from above which is often done algebraically, and
the other which is done by some other methods, say, analytically. As
this seems rather prevalent, I try in this paper to explain some of these
phenomena, including classical theorems such as Minkowski’s as well
as my recent results obtained jointly with H. Moon.

Mostly in this paper, K will denote an algebraic number field of
finite degree n over the rational number field Q.

1. Discriminants and finiteness theorems. In this section, we
follow [22] to review the definition of the discriminant together with
some classical theorems concerning it.

Let K be an algebraic number field of degree n. Then its ring of
integers O is a free Z-module of rank n. Let (wy,--- ,w,) be a free
Z-basis of Ok . Then the disciminant di of K is defined to be

N\ 2
dx = det (wj(-z)) :
where wj@ (1 < i < n) are the conjugates over Q of w;. Then a
celebrated theorem of Dedekind says that a prime p divides dy if and
only if the extension K /Q (or, the covering Spec O — Spec Z) ramifies
at p. The raison d’étre of the discriminant would primarily be in this
property.

Note that the discriminant is defined also in a relative case, i.e., for
a finite extension of global fields. Also, there is a closely related notion
different.

Following are some classical theorems of which we are interested in
the type:

Theorem 1 (Minkowski). There exist no algebraic number field K such
that |dgk| =1 except K = Q.

This is a direct consequence of Theorem 4 below. With some more

efforts, one obtains:
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Theorem 2 (Hermite-Minkowski). For any constant C' > 0, there ex-
ist only finitely many algebraic number fields K such that |dx| < C.

A version of this is:

Theorem 3. For any finite set S of prime numbers and any integer
n > 1, there exist only finitely many algebraic number fields K of degree
< n which are unramified outside S.

Theorem 2 has a function field analogue (i.e. with a suitable formu-
lation, it holds also for algebraic function fields in one variable over a
finite field). Theorem 3, however, does not hold for function fields be-
cause the Artin-Schreier equations produce infinitely many extensions
of degree p = char K which ramify only in S.

Traditionally, these theorems are porved by using “Geometry of
Numbers”. In fact, by this method, one can prove:

Theorem 4 (Minkowski bound). One has

2 (0>
dx| > (Z) (W)

Here and elsewhere, r; and 7y are, as usual, the number of real and
complex places of K.

This bound has long been the best known estimate of this kind. In
the mid 70’s, Stark invented a new analytic method ([21]), which was
pursued further by Odlyzko [11], Serre [17], Poitou [12], - -+, and lead
to:

Theorem 5 (Odlyzko bound; cf. [17]). Under the Generalized Riemann
Hypothesis, one has

ldg| > (8meX™™/2) 1 (8me?)?2 4 o(1)
as [K : Q] — oo.

Here, v = 0.577 - - - is the Euler constant.

There are more explicit versions, as well as unconditional ones (though
weaker than the above). See [12]. The proof depends on Weil’s explicit
formula [24], which is an equality of (i) a certain sum over zeroes of
the Dedekind zeta function (x(s) of K, plus a certain sum over prime
ideals of K; and (ii) an integral involving the gamma factor of (x(s),
which contains the term |dg|*/2.

2. Conductors and finiteness theorems. Conductors are closely
related to discriminants. Generally speaking, conductors are defined by
Galois theoretic or class-field theoretic means, while discriminants are
defined more directly from, say, the defining equations of the objects.
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In this section, we discuss conductors in various contexts and related
finiteness theorems.

(1) Abelian extensions. The conductor of an abelian extension of a
global field is defined to be the product of those of local extensions for
all places. To define the local conductor, let K be a (non-archimedean)
local field. Then local class field theory asserts that there exists a
unique homomorphism pr : K* — G2 = Gal(K*®/K) (where K"
denotes the maximal abelian extension of K) which induces an iso-
morphism pr/x : K*/Npx(L*) = Gal(L/K) for each finite abelian
extension L/K. If p denotes the maximal ideal of the integer ring Ok of
K, the conductor of L/K is defined to be the largest ideal p/ (i.e. with

the smallest f) such that the composite map K> 5 G3> — Gal(L/K)
factors through K> /(1 + p/).

For example, the conductor of the n-th cyclotomic extension Q(¢,)/Q
isnif2{nord|n.

The following theorem, which is a corollary of global class field the-
ory, is a first example of our finiteness theorems related to the conduc-
tor.

Theorem 6. Let K be an algebraic number field. Let m be a posi-
tive divisor of K. Then there exist only finitely many finite abelian
extensions of K whose conductor divides m.

Or, what amounts to the same thing, there exists a maximal abelian
extension of K with conductor dividing m, which is finite over K.

In the function field case, the same holds if one restricts to geometric
extensions, i.e., extensions with no constant field extensions.

(2) Galois representations. For any field K, we denote by G its abso-
lute Galois group Gal(K /K). Given a continuous Galois representation
p: Gk — GLg(V) of a global field K (where V is a finite-dimensional
vector space over a field k with discrete topology), its Artin conductor
is defined, which is again a product of local ones. To defined the lo-
cal conductor, let K be a local field, p : Gx — GLg(V) a continuous
representation (hence with finite image), and L/K a finite Galois ex-
tension such that p factors through G = Gal(L/K). Then one has the
Artin representation ag of G (cf. [15], Chap. VI). Let f(p) be the inner
product (ag, p)g of ag and p, which is equal to dimy Homg(ag, p) if
V' is projective as a k[G]-module. If the characteristic ¢ of the field
k does not divide the order of (G, it coincides with the expression
n(p) =Y 5o dim(V/VE)/(Gy : G;), where G; is the ith ramification
subgroup of G. The Artin conductor of p is by definition §(p) = p/(*)
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(or N(p) = p™® according to the purpose), where p is the maximal
ideal of the integer ring Ok of K.

The conductor is related to the discriminant by the
Fiithrerdiskriminantenproduktformel:

Theorem 7 (Artin). Let L/K be a finite Galois extension of global or
local fields, and let G be its Galois group. Then one has

dr/x = H f()Hmx,

Xx€EIrr(G)

Here the product is over the irreducible representations y of G.
This has been generalized by T. Saito [14] to the case of a relative
curve over a discrete valuation ring.

(3) Abelian varieties. ~ The conductor of an Abelian variety over a
global field is also defined locally. Let A be an Abelian variety over
a local field K. Let N(A) denote the Artin conductor of the group
¢A(K) of (-torsion points of A, viewed as a Galois representation of
K. This does not depend on the choice of a prime ¢ different from the
residue characteristic of K. It measures in some sense the badness of

the reduction of A:

Theorem 8 (Serre-Tate [19]). The mazimal ideal p of O divides N(A)
if and only if A has bad reduction at p.

Concerning the finiteness, Shafarevich conjectured the following (]20]):

Theorem 9 (Faltings [4]). Let K be an algebraic number field, and S
a finite set of finite places of K. Let g be an integer > 1. Then there
exist only finitely many isomorphism classes of principally polarized
Abelian varieties over K of dimension g which have good reduction
outside S.

Theorem 10 (Fontaine, Abrashkin [5], [1]). There exists no Abelian
variety over Q which has everywhere good reduction.

In Faltings’ theorem, the origin of the finiteness is in the finiteness of
heights on the moduli space. The proof of the theorem of Fontaine and
Abrashkin, very roughly speaking, consists in the two contradicting
estimates of the discriminant of the field of p-torsion points of the
Abelian variety over Q, one from above (shown algebraically), and the
other from below (= the Odlyzko bound, which is analytic in nature).
The estimate from above goes as follows:

Theorem 11 (Fontaine [5]). Let K be a complete discrete valuation
field of characteristic zero with perfect residue field of characteristic p.
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Let J be a finite flat group scheme over Ok which is killed by p", and
let L/K be the smallest Galois extension such that G, acts trivially on

the geometric points J(K) of J. Then one has

1
Theorem 12 (Abrashkin [2]). Let K be as in the previous theorem.
Assume further that p is a uniformizer of K. Let X be a proper
smooth variety over K with good reduction. Let H be a subquotient
of H.,(X @k K,Q,) which is killed by p", and let L/K be the smallest
Galois extension such that G acts trivially on H. If i < p, then one
has _

i

On the conductor of an Abelian variety, we may add the following:

Theorem 13 (Mestre [8]). Let A be an Abelian variety over Q. If we
assume some standard conjectures on the L-function of A/Q, then we
have:

N(A) > 109m4,
(In particular, it follows that there does not exist an Abelian variety
over Q with everywhere good reduction.)

Note that this is in accordance with the fact that N = 11 is the least NV
such that the modular curve Xo(N) has genus > 1, hence the estimate
is the best possible.

The proof of the above theorem depends on Weil’s explicit formula
for the L-function, hence is in the same spirit as the Odlyzko bound.

Shafarevich’es conjecture may be considered for other kinds of vari-
eties. At present, only a few cases are known ([1], [6]).

Such conjectures are generalized in terms of p-adic Galois represen-
tations, and formulated by Fontaine and Mazur ([7]). Here, let us cite
only one of their conjectures, which asserts the finiteness of certain
Galois representations:

Conjecture 14 (Fontaine-Mazur). Let K be an algebraic number field.
Then there would exist only finitely many isomorphism classes of con-
tinuous semi-simple p-adic representations p : G — GLd(@p) of di-
mension d which are geometric, of bounded inertial level, and of a given

Hodge-Tate type.

The condition “geometric”, which is defined algebraically via the theory
of Fontaine, is conjectured to be equivalent to that the representation
comes from algebraic geometry, i.e., realized as an étale cohomology
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group of an algebraic variety over K (this is in fact the main part of
the Fontaine-Mazur conjectures). The inertial level, of which we omit
explanation here, is something like the conductor. The Hodge-Tate
type is, so to speak, the “geometric shape” of the representation.

(4) Modular forms.  Let Sg(I'o(N),C) be the space of cusp forms
of weight k with respect to the congruence subgroup I'g(/N). Then
it is of finite dimension (being the space of the global sections of a
coherent sheaf on the proper curve Xo(N)). The integer N, called the
level, is related to the ramification of a Galois representation by the
following theorem due to Shimura (kK = 2) and Deligne (k > 2): To
any Hecke eigenform f € Si(I'o(N), C), there is associated a continuous
irreducible representation

pr: Go — GLa(K)

(where K, is a p-adic field) which is unramified outside Np and such
that Trace ps(Froby) = ay, the £th Fourier coefficient of f, for all prime
numbers ¢ not dividing Np.

(5) Fermat’s Last Theorem. Let us mention that the strategy of the
proof of Fermat’s Last Theorem, as suggested by G. Frey and explained
in §4.2 of [18], is also, in some sense, concerned with the estimate of
the ramification of Galois representations. Wiles showed ([25]) that
every semi-stable elliptic curve E over QQ is modular. If F is a so-called
Frey curve, which is constructed from an assumed integral solution
(a, b, c) to the equation X? 4+ Y? = ZP then the Galois representation
on its p-torsion points is “too good” in terms of ramification (in other
words, its ramification is bounded from above too keenly). Then Wiles’
theorem, together with the part of the e-conjecture proved by Ribet
([13]), £ must be modular of weight 2 and level 2, which does not exist
(if f € S3(To(V),C) is non-trivial, then N > 11); contradiction.

(6) Mod p Galois representations.  Let us begin with the following
conjecture of Serre. Let Fp be an algebraic closure of the prime field of
p elements. Consider a two-dimensional continuous F,-linear represen-
tation p : Gg — GLy(TF,) of the Galois group Gg of Q.

Conjecture 15 (Serre [16], [18]). If p is odd and irreducible, then p
would be modular, i.e., would come from a modular eigenform f. More-
over, the level N and weight k of f can be precisely predicted.

Precisely speaking, f is conjectured to be chosen so that its level N is
equal to N(p), the “Artin conductor outside p” of p, and the weight &
is bounded by p? — 1 (or 4 if p = 2) (in fact, the weight is predicted
more precisely).
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Since there are only finitely many eigenforms of a given weight and
level, we have

Corollary 16 (to the Conjecture). Let N be a positive integer. Then
there exist only finitely many isomorphism classes of odd and irreducible
continuous representations p : Gg — GLo(F,) with N(p)|N.

In [9], Moon proposes a problem generalizing this to the case of arbi-
trary continuous semi-simple Galois representations p : G — GLd(Fp)
of an algebraic number field K.

Some results relating the above are:

Theorem 17 (Tate [23]). If p =2 and N(p) =1, then the Conjecture
15 true.

Serre noted (in his (Euvres Vol. III, p. 710) that the same method
yielded the case of p = 3 and N(p) = 1.

Theorem 18 (Brueggeman [3]). If p = 5 and N(p) = 1, then the
Congecture 1is true.

On the finiteness, we have

Theorem 19 (Moon [9]). Assume that the Generalized Riemann Hy-
pothesis is true. Then there exist only finitely many isomorphism classes
of semi-simple representations p : Gg — GL4(Fy) which are unramified
outside 2.

She has some more results for a few other values of the characteristic
p and the degree d.

In proving these theorems, the basic strategy is to estimate the dis-
criminant of the field K/Q corresponding to the kernel of p; one from
above algebraically (using class field theory, etc.), and the other from
below, this being the Odlyzko bound, hence is analytic in nature.

For arbitrary p and d, we have:

Theorem 20 ([10]). Let K be an algebraic number field, and let N be
a non-zero ideal of K. Then there exist only finitely many isomorphism
classes of semi-simple representations p : Gx — GLqg(F,) with N(p)|N
and solvable image.

For representations with values in GL4(C), a similar statement holds
without the assumption of solvability.

Let us conclude with a sketch of the proof of the theorem. By a
theorem in group theory, the image of p contains a normal subgroup of
bounded index which is conjugate to a subgroup of the upper triangular
matrices. For the quotient, we apply the Hermite-Minkowski theorem.
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For the upper triangular part, we apply successively the conductor
estimate given in [9] and reduce to Theorem 6, the finiteness of the
abelian extensions of a given conductor.
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