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Introduction

In this paper, we study various ramifications arising from division points of Drinfeld
modules, abelian T -modules, formal modules, etc.. A motivation for this is to know
how many isogeny classes and isomorphism classes of Drinfeld A-modules exist
over a finite extension of the fraction field of A . We will see ( cf. Remark (3.4) )
that, modulo the isogeny conjecture, an isogeny class can contain infinitely many
isomorphism classes and, without any restriction on ramification at the infinite
places, there can be infinitely many isogeny classes.

To explane some of the results, let F be a function field in one variable over a
finite field, ∞ a fixed place of F , A the ring of elements of F which are regular
outside ∞ , and K a finite extension of F . Given a Drinfeld A -module φ over K
and a prime v of A , we denote by K(φ; vn) the field of vn -division points of φ .
Then it turns out ( Corollary 1.6 ) that the ramification at various primes in the
tower (K(φ; vn)/K)n≥1 is bounded at the places over ∞ by a divisor depending
only on φ , and at the finite places, it is controlled in a fairly precise way in terms of
the “discriminant” ∆(φ). Roughly speaking, ∆(φ) is the coefficient of the leading
term of the defining equation of φ . For finite places, this result is analogous to
the case of abelian varieties over number fields. ( At least one has the Hermite-
Minkovski theorem for number fields, which assures the existence of an estimate
of discriminants. ) But at infinite places, there occur new phenomena, which we
describe by example in §2. We construct explicitely an infinite family of Drinfeld
modules with everywhere good reduction and with ramification at infinity becoming
arbitrarily large ( Example 2.1 ), as well as an infinite family of mutually non-
isomorphic Drinfeld modules with everywhere good reduction and with bounded
ramification at infinity ( Example 2.2 ). In §3, we give a proposition on v -adic
Galois representations ( a positive characteristic version of a theorem of Faltings
), and discuss how many isomorphism and isogeny classes can exist. §4 and §5 are
generalizations of §1 to the cases of finite submodules of higher dimensional formal
modules. Theorem (4.6) is an A -module version of Théorème 1 of [5].

Acknowledgement. This paper is an extended version of my talk at the work-
shop “The arithmetic of function fields” held at the Ohio State University in June,
1991. I would like to thank the organizer David Goss for his efforts and his hos-
pitality during my stay at the Ohio State University after the workshop ( I found
Example (2.1) there ). I am also grateful to Greg W. Anderson for asking a question,
a partial answer to which is the content of §5.
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Notation. Throughout this article, A is a “basic” Dedekind ring and F is its
fraction field; in §§1 – 3 ( global context ), F is a function field in one variable
over a finite field, ∞ is a fixed place of F , and A is the ring of elements of F
regular outside ∞ , whereas in §§4 and 5 ( local context ), A is a complete discrete
valuation ring with finite residue field.

In either context, K will mainly be used to denote a finite extension of F , and
then OK will denote the integral closure of A in K .

If we are in the global context, a prime of OK means a non-zero prime ideal of
OK , which is identified with a place of K , and called a finite place of K . A place
of K is called infinite if it extends the place ∞ of F . A place of K will often be
identified with a normalized valuation of K . A non-zero fractional ideal of OK is
often regarded as a divisor of K and denoted additively. So we use notations like,
e.g., a ≤ b for such a and b . If w is a prime of OK or a place of K , OK,w and
Kw denote respectively the completions of OK and K with respect to w .

For a field K , Ksep denotes a fixed separable closure of K , and GK denotes
the absolute Galois group Gal(Ksep/K ). For a finite separable extension L/K ,
D(L/K) ( resp. d(L/K) ) denotes the different ( resp. discriminant ) of L/K if it
can be defined at all.

If G is a group scheme and v is a non-zero element or a non-zero ideal of End(G),
then vG denotes the subgroup scheme Ker(v ) of G .

1. Finite places

In this section, we estimate the differents at finite places of the field extensions
arising from division points of Drinfeld modules.

Let F be a function field in one variable over a finite field, ∞ a fixed place of
F , and A the ring of elements of F regular outside ∞ . We assume that the field
of constants is Fq , the finite field with q = pf elements. For a ∈ A− 0, we define
deg(a) by Card(A/aA) = qdeg(a) .

Let K be a field of characteristic p > 0, and Ga the additive group scheme over
K . After choosing a coordinate X of Ga , we can identify EndK(Ga) with the
non-commutative ring of additive polynomials of X with coefficients in K , where
the product is the composition of maps. So in the following, if

φ : A −→ EndK(Ga) ; a 7→ φa

is a Drinfeld module over K , we think of φa as a polynomial φa(X) ∈ K[X] via
this identification. If φ is of rank r , the degree of φa(X) as a polynomial of X is
qrdeg(a) for all a ∈ A− 0.

Let R be, for example, a Dedekind ring over A , and K its fraction field. For a
Drinfeld module φ over K , we have a minimal model (φ̃, m) of φ over R ( [10], §2
), where m is a fractional ideal of R . If R is a discrete valuation ring, we can take
m = R , and (φ̃, R) is characterized as the unique ( up to isomorphisms ) Drinfeld
module φ̃ over K such that φ̃a(X) ∈ R[X] for all a ∈ A and the valuations of the
coefficients of φ̃a(X) are minimal.

Lemma (1.1). Let R be a discrete valuation ring over A , and K its fraction
field. Let φ be a Drinfeld module over K of rank r , and (φ̃, R) be the minimal
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model of φ over R . Then there exists an ideal n of R such that the leading
coefficient of φ̃a(X) ∈ R[X] divides nδ(r,a) for any a ∈ A − 0 , where δ(r, a) :=
(qrdeg(a) − 1)/(q − 1) .

Proof:— Clearly, we may assume φ̃ = φ . Take a non-constant element x ∈ A ,
and let y ∈ A− 0. Since y is algebraic over Fq[x] , we have a non-trivial relation

∑
αijx

iyj = 0, αij ∈ Fq.

Let z =
∑

βijx
iyj be the sum of the αijx

iyj ’s with degree d := maxi,j{ deg(αijx
iyj) }

in the left side of this equality. We must have then

deg(z) < d.

If φx(X) = xX + · · ·+xmXqm

and φy(X) = yX + · · ·+ynXqn

with m = rdeg(x),
n = rdeg(y), and xm , yn ∈ R , then we have

φxiyj (X) = xiyjX + · · · + x1+qm+···+q(i−1)m

m yqim(1+qn+···+q(j−1)n)
n Xqim+jn

.

So the coefficient of Xqrd

in 0 =
∑

αijφxiyj is

∑
βijx

qim−1
qm−1

m y
qim qjn−1

qn−1
n ,

where the sum is over i and j with im + jn = rd . Since this sum must be zero,
there exist two terms in the sum ( say, of indices (i, j) and (i′, j′), with i 6= i′ and
j 6= j′ ) with the same valuation. Denoting by v the valuation of R , we have

qim − 1
qm − 1

v(xm) + qim qjn − 1
qn − 1

v(yn) =
qi′m − 1
qm − 1

v(xm) + qi′m qj′n − 1
qn − 1

v(yn).

Noticing the relation rd = im + jn = i′m + j′n , we see from this that

v(yn) =
qn − 1
qm − 1

v(xm).

Hence, if xm | n qm−1
q−1 , then yn | n

qn−1
q−1 . Now the proof is complete.

Definition (1.2). Let K be a finite extension of F . For a Drinfeld module φ
over K and a prime w of OK , consider its minimal model over OK,(w) , and define
∆w(φ) to be the smallest ideal n of OK,(w) with the property stated in Lemma
(1.1). Define also ∆(φ) :=

∑
w ∆w(φ), where the sum is over all primes of OK and

∆w(φ) is regarded as a divisor of K .

∆(φ) measures in a sense the “badness” of the reductions of φ at finite places.
To estimate the differents, we begin with

Lemma (1.3). Let R be a complete discrete valuation ring, K the fraction field,
and φ(X) ∈ R[X] a separable polynomial with coefficients in R . Assume the
coefficient of the leading term of φ is a unit. Let α be a root of φ in Ksep . Then
the different D(K(α)/K) divides the principal ideal (φ′(α)) .
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Note that φ′(α) = a0 if φ is of the form φ(X) =
∑

i aiX
pi

and K is of positive
characteristic p .

Proof:— Since the minimal polynomial of α divides φ(X) and all the roots of
φ(X) are integral over R , this follows from Cor. 2 (p. 66) to Prop. 11 of §6, Chap.
III of [8].

Lemma (1.4). Let R be a complete discrete valuation ring of characteristic p > 0
and K the fraction field. Let φ(X) =

∑N
i=0 aiX

pi

be a separable polynomial in
R[X] with a0aN 6= 0 , and α a root of φ in Ksep . Then the different D(K(α)/K)
divides the principal ideal (a0a

pN−2
N ) .

Proof:— φ̃(X) := apN−1
N φ(X/aN ) =

∑N
i=0 aia

pN−1−pi

N Xpi

is a separable monic
polynomial in R[X] and aNα is a root of φ̃ . The assertion now follows from the
previous lemma.

For a finite extension K of F and a ∈ A−0, let K(φ; a) = K(aφ(Ksep)) denote
the finite separable extension of K obtained by adding the a-division points of φ .
Let Df (/) denote the finite part of D(/), i.e., the sum of the components of D(/)
not lying over ∞ . Since the extension K(φ; a)/K is obtained by adding r roots of
φa(X) which form an (A/aA)-base of aφ(Ksep) ' (A/aA)r , we see from Lemmas
(1.1) and (1.4) the following

Proposition (1.5). Let φ be a Drinfeld module over a finite extension K of F
of rank r . For a ∈ A− 0 , we have

Df (K(φ; a)/K) ≤ r
[
(a) + δ(r, a)(qrdeg(a) − 2) ·∆(φ)

]
.

For an infinite place w of K , let Λw(φ) denote the A-lattice in Ksep
w correspon-

deing to φ ⊗K Kw ( [3], §3 ). This is a GKw -stable projective A -module of rank
r . In particular, it is finitely generated over A , and the fixed subfield Kw(Λw(φ))
of Ksep

w by the kernel of the natural representation GKw −→ Aut(Λw(φ)) is a
finite extension of Kw . We have for a ∈ A − 0, aφ(Ksep

w ) ' Λw(φ)/aΛw(φ) as
GKw -modules, which is rational over Kw(Λw(φ)). Hence we have:

Corollary (1.6). Let r be a positive integer, v a prime of A , and n a non-
zero ideal of OK . Let S be the set of finite places of K consisting of the finite
places lying above v or dividing n . Then there exists a family (N(w, n))w∈S,n∈N
of non-negative integers which has the following property:

For any Drinfeld module φ over K of rank r with ∆(φ) ≤ n and for any n ∈ N ,
we have

d(K(φ; vn)/K) ≤
∑

w∈S

N(w, n) · (w) + M(φ) · ∞,

where M(φ) is an integer ≥ 0 depending on φ but not on n .
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2. Infinite places — Examples

In contrast to the classical case ( where we have only C/R ), we have more compli-
cated field extensions at infinity in the Drinfeld module case, if the rank r is bigger
than one. In this section, we give two typical examples which clarify this contrast.

Let A , F , and ∞ be as in §1. For a Drinfeld module φ over a finite extension
K of F and an infinite place w of K , let Λw(φ) denote, as in §1, the A -lattice
corresponding to φ⊗K Kw .

Example (2.1). Let A = Fq[T ] , F = Fq(T ), ∞ = ( 1
T ), and r an integer ≥ 2.

Then there exists an infinite family (φ(n))n≥1 of Drinfeld modules over F of rank
r which has the following properties:
(i) φ(n) has everywhere good reduction over A ;
(ii) the ramification of the corresponding lattice Λ(n) = Λ∞(φ(n)) at ∞ becomes
arbitrarily large, i.e., ord∞(D(F∞(Λ(n))/F∞)) tends to infinity as n does.

Especially, for any finite place v of F , there arise infinitely many isomorphism
classes of v -adic GF -representations Tv(φ) ⊗Av Fv from Drinfeld modules φ of
rank r over F with everywhere good reduction.

Construction:— Consider a Drinfeld module φ(n) over A defined by

φ
(n)
T (X) = TX + a1X

q + · · ·+ arX
qr

, ai ∈ A,

where we assume:
(1) ar ∈ A× = F×q ;
(2) ord∞(ar−1) = −n(qr − qr−1) + 1;
(3) ord∞(ar−1) ≤ ord∞(ai) for 1 ≤ i ≤ r − 1.

Let v denote the normalized valuation ord∞(·) extended uniquely to a fixed
separable closure F sep

∞ of F∞ . The Newton polygon of φT (X) ∈ F∞[X] shows
that

(4) φT (X) has (qr − qr−1) roots λ with v(λ) = −n +
1

qr − qr−1

( take and fix one such λ ), and the other non-zero roots have non-negative valua-
tions. Conseqently, V := {λ′ ∈ T φ(F sep

∞ ) ; v(λ′) ≥ 0} forms an (r−1)-dimensional
Fq -vector space.

By (4), the degree of the minimal polynomial of λ over F∞ cannot exceed
(qr − qr−1). On the other hand, the denominator of v(λ), expressed as a reduced
rational number, is (qr−qr−1). Hence the extension F∞(λ)/F∞ is totally ramified
of degree (qr − qr−1), and in particular, it is wildly ramified.

Let L be the Galois closure in F sep
∞ of F∞(λ)/F∞ . Since L/F∞ is also wildly

ramified, there exists an element σ ∈ Gal(L/F∞) of order p . Then σ(λ) is of the
form

σ(λ) = αλ + λ′, for some α ∈ F×q and λ′ ∈ V .

Since v(σ(λ′)) = v(λ′) > v(λ), we again have σ(λ′) ∈ V . Hence σp = 1 implies
αp = 1. Thus

σ(λ) = λ + λ′, λ′ ∈ V.
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Set π := λ
T n , so that v(π) = 1

qr−qr−1 and π is a uniformizer of F∞(λ). Since

v(σ(π)− π) = v((σ(λ)− λ)/Tn) = n + v(λ′) ≥ n,

and
D(F∞(λ)/F∞) =

∏

τ∈Gal(L/F∞)−1

(τ(π)− π),

this different, and hence D(F∞(Λ)/F∞), can become arbitrarily large, as asserted
before.

Example (2.2). Let A , F , ∞ , and r be as in Example (2.1). Then there exists
an infinite family (φ(n))n≥0 of mutually non-isomorphic Drinfeld modules of rank
r over a finite extension L of F which has the following properties:
(i) φ(n) has everywhere good reduction over the integral closure OL of A in L .
(ii) Let w be an infinite place of L , and set Λ(n) := Λw(φ(n)). Then there are in
fact only finitely many field extensions in the set {Lw(Λ(n))/Lw ; n ∈ N} .

Construction:— Let K = Fq(t), OK = Fq[t] , and C the Carlitz OK -module
defined by

Ct(X) = tX + Xq.

Take an irreducible element T = f(t) ∈ OK of degree r , and let A be the subring
Fq[T ] of OK ( ∞ := ( 1

T ) = ( 1
tr ) in K ). Define a Drinfeld A -module φ over OK

by
φT := Cf(t).

Then φ has rank r , and everywhere good reduction over OK . By explicit class
field theory ( [7] ), the field L := K(f(t)C(Ksep)) = K(T φ(Ksep)) is an abelian
extension of K with Galois group (OK/(f(t)))× ' F×qr , and the prime (f(t))
ramifies totally in L . In particular, the polynomial Cf(t)(X)/X = φT (X)/X over
OK is Eisenstein at (T ); if we write

φT (X) = TX + a1X
q + · · ·+ ar−1X

qr−1
+ Xqr

,

then we have

(1) ordT (ai) ≥ 1, 1 ≤ i ≤ r − 1.

Write
φT (X) = TX

∏

λ∈ T φ−0

(1− X

λ
) in Ksep[X].

Looking at the Newton polygons of φT (X) at various finite places of K , we see
that, for any λ ∈ T φ(Ksep) − 0, (λ) is the unique prime ideal of OL lying over
(T ). So we can take a prime element τ ( say τ := one of the λ ’s ) of OL and write

λ = τλ1, λ1 ∈ O×
L

for each λ ∈ T φ(Ksep)− 0. Define Drinfeld modules φ(n) ( n = 0, 1, 2, · · · ) over
L by

φ
(n)
T (X) = TX

∏

λ∈ T φ−0

(1− X

τλpn

1

).
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If φ
(n)
T (X) = TX + a

(n)
1 Xq + · · ·+ a

(n)
r Xqr

, then

a
(n)
i = T

∑ ∏

(qi−1)

1
−τλpn

1

= Tτ1−qi

(
∑ ∏

(qi−1)

1
λ1

)pn

,

where
∑∏

(qi−1) denotes the sum of the products of (qi − 1) elements, the sum
taken over all possible choices of (qi − 1) λ ’s from T φ(Ksep) − 0. Set bi :=∑ ∏

(qi−1)
1
λ1

. Since (T ) = (τ qr−1) and, for 1 ≤ i ≤ r − 1,

ai = a
(0)
i = Tτ1−qi

bi

is by (1) an element of OK divisible by T , bi is integral; bi ∈ OL . Note that

(2) ordτ (bi) = ordτ (ai)− (qr − qi) > 0.

Since
a
(n)
i = Tτ1−qi

bpn

i = aib
pn−1
i ,

we have for a prime w of OL ,

(3) ordw(a(n)
i ) =

{
ordτ (ai) + (pn − 1)ordτ (bi) if w | T
pnordw(ai) if w - T.

Moreover we have for i = r ,

a(n)
r = Tτ1−qr

(
∏

(qr−1)

1
λ1

)pn ∈ O×
L .

We have thus obtained an infinite family (φ(n))n∈N of Drinfeld modules over OL

with everywhere good reduction. (2) and (3) imply that these are mutually non-
isomorphic, and yet the T -division points T φ(n)(Lsep) are rational over L . Further,
it will be shown in §3 ( Cor. (3.2), (ii) ) that there arise in fact only finitely many
extensions Lw(Λw(φ(n)))/Lw for all w | ∞ .

3. Some finiteness and infiniteness

In this section, A , F and ∞ are as in §1. Let v be a prime of A , K a finite
extension of F , and n a positive divisor of K . Let V be a finite dimensional
Fv -vector space, and ρ : GK −→ GL(V ) an Fv -linear continuous representation of
GK . Consider the following condition for ρ :

(*) ρ is unramified outside Supp(n), and there exists in V a GK -stable Av -
lattice T such that d(K ′/K) ≤ n , where K ′ is the fixed subfield of Ksep by the
kernel of the map GK −→ Aut(T/vT ) induced by ρ .

Proposition (3.1). Let r be a positive integer and n a positive divisor of K .
Then there exists a finite set S of finite places of K disjoint from Supp(n) which
has the following property:

Let ρi : GK −→ GL(Vi) , i = 1, 2, be two r -dimensional v -adic representations
which are semi-simple and satisfy the above condition (*). If the characteristic
polynonial of ρ1(Frobw) and ρ2(Frobw) coincide for all w ∈ S , then we have
ρ1 ' ρ2 .
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Proof:— ( Cf. Proof of Theorem 5 of [4]. ) Since there are only finitely many
separable extensions of K with given degree and discriminant, there exists a finite
Galois extension Kn/K which contains all separable extensions K ′/K such that
[K ′ : K] ≤ Card(GLr(Fqv

)) and d(K ′/K) ≤ n , where qv := Card(A/vA). By
Čebotarev, there exists a finite set S of finite places of K disjoint from Supp(n)
such that Gal(Kn/K ) is filled with the images of the conjugacy classes of Frobw

for w ∈ S . We will show that this S has the required property. Choose GK -stable
Av -lattices Ti of Vi for i = 1, 2, with the property as in the assumption (*), and
let Mj , 1 ≤ j ≤ r , be the Av -subalgebra of EndAv (∧jT1×∧jT2) generated by the
image of ∧jρ1×∧jρ2 . By the assumption of semi-simplicity and by a version of the
Brauer-Nesbitt theorem ( cf. [9] ), it suffices to show Tr(m1;∧jV1 ) = Tr(m2;∧jV2 )
for all m = (m1 , m2 ) ∈ Mj , 1 ≤ j ≤ r , which is already true by assumption if
m is conjugate to the image of Frobw for some w ∈ S . It remains to show that
these images together with their conjugates generate Mj over Av . They generate
the Av/vAv -module Mj/vMj , because GKn acts trivially on T1/vT1 × T2/vT2

according to our choice of Kn . By Nakayama’s lemma, they generate the Av -
module Mj .

Hereafter in §3, w denotes an infinite place of K .
Since the Galois representations Tv(φ)⊗Av Fv are semi-simple ( [10] ), Cor. (1.6)

and Prop. (3.1) imply

Corollary (3.2). Let v be a prime of A , r a positive integer, and n a positive
divisor of K . Then:
(i) There arise only finitely many isomorphism classes of Galois representations
Tv(φ)⊗Av Fv from Drinfeld modules φ over F of rank r such that ∆(φ) ≤ n and
d(Kw(vφ(Ksep

w )/Kw) ≤ n for all infinite places w of K .
(ii) For a Drinfeld module φ over K and an infinite place w of K , let Λw(φ)
be the A-lattice ( ⊂ Ksep

w ) corresponding to φ ⊗K Kw . Then there arise only
finitely many field extensions Kw(Λw(φ))/Kw from Drinfeld modules φ as in (i).
Especially, d(Kw(Λw(φ))/Kw) is bounded.

Remark (3.3). Over Kw , there may exist an infinite family (φ(n))n∈N of Drin-
feld modules of rank r ≥ 2 such that vφ(n)(Ksep

w ) is rational over Kw but the
ramification of the corresponding lattices Λ(n) is not bounded. For example, let A
:= Fq[T ] and λ(n) a root of the Artin-Schreier equation Xq −X = Tn . Consider
the rank two Drinfeld module φ(n) over F∞ corresponding to the A-lattice Λ(n) :=
A ·λ(n) +A · 1

T ( ⊂ F sep
∞ ). Then GF∞ acts trivially on T φ(n)(F sep

∞ ) ' Λ(n)/TΛ(n)

( since σ(λ(n)) − λ(n) ∈ Fq ⊂ A ⊂ TΛ(n) for σ ∈ GF∞ ), but d(F∞(λ(n))/F∞) is
not bounded.

Remark (3.4). It is conjectured that the isogeny classes of Drinfeld modules φ
over K are in one to one correspondence with the Galois representations Tv(φ)⊗Av

Fv . If this is true, then Ex. (2.1), Ex. (2.2) and Cor. (3.2) imply the following:
For a Drinfeld module φ over K , consider the positive divisor of K

∆(φ) := ∆(φ) +
∑

w|∞
d(Kw(Λw(φ))/Kw).

Suppose we are given a positive divisor n of K . Then:
(i) There exist only finitely many isogeny classes of Drinfeld modules φ of rank
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r ≥ 1 with ∆(φ) ≤ n ( Cor. (3.2) ).
(ii) Let A = Fq[T ] and F = Fq(T ). Then

(ii-1) there exist infinitely many isogeny classes of Drinfeld modules φ of rank
r ≥ 2 over F with ∆(φ) ≤ n ( Ex. (2.1) );

(ii-2) there exists an isogeny class of Drinfeld modules of rank r ≥ 2 over some
finite extension of F which contains infinitely many isomorphism classes ( Ex. (2.2)
+ Cor. (3.2) ).

Remark (3.5). The above definition of ∆(φ) is not good. We hope to find a
definition of the infinite component of ∆(φ) which is calculated directly from the
defining eqation of φ and with which we can bound

∑
d(Kw(Λw(φ))/Kw).

4. Higher dimensional cases

The content of this section is an A -module version of a theorem of Fontaine (
Théorème 1 of [5] ), which can be regarded as a higher dimensional generalization
of Lemma (1.3).

First we give a preliminary on Taylor expansions.
Let R be a commutative ring and R[[X]] = R[[X1, · · · , Xh]] the ring of formal

power series over R in h variables. For a multi-index n = (n1, · · · , nh) ∈ Nh ( N
is the set of natural numbers including 0 ), we define a “differential operator” δn

δXn

as follows:
If f(X) =

∑
amXm =

∑
am1,··· ,mh

Xm1
1 · · ·Xmh

h ∈ R[[X]] , then

δn

δXn
f(X) :=

∑
am

(
m

n

)
Xm−n

=
∑

am1,··· ,mh

(
m1

n1

)
· · ·

(
mh

nh

)
Xm1−n1

1 · · ·Xmh−nh

h ,

where
(
m
n

)
=

(
m1
n1

) · · · (mh

nh

)
is the “multi-binomial coefficient” with

(
mi

ni

)
:= 0 if

ni > mi .

Remarks (4.1). (1) δn

δXn is R -linear.
(2) ∂n

∂Xn = n! δn

δXn ( where n! := n1! · · ·nh! ) is the usual differential operator, and
δn

δXn = 1
n! (

δ
δX )n if n! is invertible in R . In particular, we have ∂

∂X = δ
δX .

(3) For f(X) ∈ R[[X]] , put fY (X) := f(X + Y ) ∈ R[[X, Y ]] = R[[X]][[Y ]] . We
have

δn

δXn
fY (X) = (

δn

δXn
f)(X + Y ) in R[[X,Y ]].

(4)
δn

δXn
(fg) =

∑

k+l=n

(
δk

δXk
f)(

δl

δX l
g) for f, g ∈ R[[X]].

(5) Let S be an R -algebra and I an ideal of S . Assume S is complete with
respect to the I -adic topology. If f(X) ∈ R[[X]] has the value f(x) ∈ S at a point
x = (x1, · · · , xh) ∈ Sh , then δn

δXn f(X) also has the value δn

δXn f(x) at x for any
n ∈ Nh
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Proposition (4.2). For f(X) ∈ R[[X]] , we have the formal Taylor expansion (
or rather, the binomial expansion )

(4.2.1) f(X + Y ) =
∑

|n|≥0

δn

δXn
f(X) · Y n in R[[X,Y ]].

If f(X) has the value f(x) ∈ S at x ∈ Sh and y is an element of Ih , then
f(x + y) ∈ S also exists and we have

(4.2.2) f(x + y) =
∑

|n|≥0

δn

δXn
f(x) · yn in S.

Proof:— Write f(X + Y ) =
∑

an(X)Y n with an(X) ∈ R[[X]] . Applying δn

δY n

to both sides and reducing modulo Y , we obtain ( cf. Remark (4.1), (3) )

δn

δXn
f(X) = an(X)

and hence (4.2.1).
The latter half of the Proposition is obvious.
Next we recall Fontaine’s numbering of the ramification groups of a local field

and some of his results ( [5], §1 ). In the rest of this section, if L is a discrete
valuation field, OL ( resp. mL , resp. kL ) denotes the integer ring of L ( resp.
the maximal ideal of OL , resp. the residue field OL/mL ).

In the following, K is a complete discrete valuation field with perfect residue
field k of characteristic p 6= 0. Let vK denote the valuation on K normalized by
vK(K×) = Z , and also its unique extension to any algebraic extension of K . If a
is a subset of an algebraic extension of K , we put vK(a) := inf{vK(x); x ∈ a} .

For a finite Galois extension L/K , Fontaine defines a filtration with lower (
resp. upper ) numbering G(i) ( resp. G(u) ) ( i, u ∈ R ) on the Galois group G =
Gal(L/K ), which is connected with the usual filtration Gi ( resp. Gu ) defined in
Chapitre IV of [8] by

Gi = G((i+1)/e), resp. Gu = G(u+1),

where e = eL/K is the ramification index of L/K .
He also defines a real number iL/K ( resp. uL/K ), which is characterized as

the largest real number i (resp. u ) such that G(i) 6= 1 ( resp. G(u) 6= 1 ). iL/K

and uL/K are connected by

uL/K =
∫ iL/K

0

(G(x) : 1)dx.

Then he proves the following

Proposition (4.3). Let L be a finite Galois extension of K .
(1) ( [5], 1.3 ) vK(D(L/K)) = uL/K − iL/K .
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(2) ( [5], 1.5 ) For a real number m ≥ 0 , consider the following property (Pm ) on
the extension L/K :

(Pm)





For any algebraic extension E of K, if there exists
an OK-algebra homomorphism : OL → OE/am

E/K

( where am
E/K := {x ∈ OE ; vK(x) ≥ m} ),

then there exists a K-embedding : L ↪→ E.

Then
(i) if m > uL/K , L/K has the property (Pm );
(ii) if L/K has the property (Pm ), we have m > uL/K − e−1

L/K .

Now we shall refine Fontaine’s Proposition 1.7 of [5] as follows. The main point
is that it works, mutatis mutandis, even in positive characteristics.

Proposition (4.4). Let B be a finite flat OK -algebra which is locally of complete
intersection over OK . Suppose that there exists an element a ∈ OK such that
Ω1

B/OK
is a flat (B/aB )-module.

(i) Let S be a finite flat OK -algebra and I an ideal of S . Suppose either the S -
submodule a−1Ip−1 of K⊗OK S is topologically nilpotent ( i.e., ∩n≥1(a−1Ip−1)n =
0 ), or I has a PD-structure such that ∩n≥1I

[n] = 0 .
(a) For any OK -algebra homomorphism u : B −→ S/aI , there exists an OK -

algebra homomorphism û : B −→ S which is uniquely determined by u(mod.I )
and makes the following diagram commutative:

B@ > u >> S/aI

@V ûV V @V V V

S@ >>> S/I .

(b) The canonical map of sets

HomOK -alg(B, S) −→ HomOK -alg(B,S/I)

is injective.
(ii) The K -algebra BK := K ⊗OK B is étale. Let L be the smallest subfield
of a separable closure Ksep of K which contains the images u(B) for all u ∈
HomK-alg(BK ,Ksep) . Then L/K is a finite Galois extension and uL/K ≤ vK(a)+

1
p−1 ·min{vK(a), vK(p)} .

The proof is essentially the same as the original one due to Fontaine, but here
we reproduce his proof of (i) to make clear the meaning of the condition in (i).

Proof:— We may and do suppose B is a local ring, because B is the product
of a finite number of local rings. Let mB be the maximal ideal of B . Replacing
K by an unramified extension if necessary, we may also suppose B/mB = k , the
residue field of OK .

Then Ω1
B/OK

is a free (B/aB)-module. Let x1, · · · , xh be elements of mB the
images of which form a k -base of mB/(m2

B + mKB). We see from the definition of
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differential modules that dx1, · · · , dxh generate Ω1
B/OK

, and further, they form a
(B/aB)-base of Ω1

B/OK
because of the canonical isomorphisms

Ω1
B/OK

⊗B Bo@ >∼>> Ω1
Bo/k (Bo := B/mKB),

mB/(m2
B + mKB)@ >∼>> mBo

/m2
Bo

@ >∼>> Ω1
Bo/k ⊗Bo

k,

where mBo
= mB/mKB is the maximal ideal of Bo .

Now let
α : OK [[X1, · · · , Xh]] −→ B

be the unique continuous OK -algebra homomorphism such that α(Xj) = xj , and
let J := Ker(α). Since B is finite of complete intersection over OK , J is generated
by h elements, say P1, · · · , Ph ∈ OK [[X1, · · · , Xh]] .

For each i , we have
∑

j
δPi

δXj
(x1, · · · , xh)dxj = 0 ( note δ

δXj
= ∂

∂Xj
), which im-

plies δPi

δXj
(x1, · · · , xh) ∈ aB . Hence there are pij ∈ B such that δPi

δXj
(x1, · · · , xh) =

apij . The fact that Ω1
B/OK

is a free (B/aB)-module means that the free B -
submodule of ⊕h

j=1BdXj generated by
∑

j
δPi

δXj
(x1, · · · , xh)dXj , 1 ≤ i ≤ h , coin-

cides with the one generated by adXj , 1 ≤ j ≤ h . We can therefore find qli ∈ B
such that

adXl =
∑

i

qli(
∑

j

δPi

δXj
(x1, · · · , xh)dXj), 1 ≤ l ≤ h,

i.e. , a1h = (qli)(apij). ( 1h is the unit matrix of degee h . ) Since B is a free
OK -module, we can divide both sides by a . Thus the matrix (pij) is invertible in
Mh(B) and (qli) = (pij)−1 .

The case of PD-ideals is proved in [5], so we suppose a−1Ip−1 is topologically
nilpotent. Then the ideal a−1Ip−1 + I is also topologically nilpotent. Set In :=
(a−1Ip−1 + I)n−1I , n ≥ 1 ( so that a−1Ip−1

n is again topologically nilpotent, and
S is canonically isomorphic to the projective limit of the system (S/In)n≥1 ). It
is easily seen that Ip

n ⊂ aI2n and I2
n ⊂ I2n . To show the assertion, it is enough to

verify:
For any integer n ≥ 1 and an OK -algebra homomorphism u : B −→ S/aIn ,

there exists an OK -algebra homomorphism u′ : B −→ S/aI2n such that u′ (mod.I2n )
is uniquely determined by u(mod.In ) and u′ makes the following diagram com-
mutative:

B@ > u >> S/aIn

@V u′V V @V V V

S/aI2n@ >>> S/In.

In other words, writing I for In and I2 for I2n :
For any elements u1, · · · , uh of S such that

Pi(u1, · · · , uh) = aλi with some λi ∈ I (1 ≤ i ≤ h),

there exist µ1, · · · , µh ∈ I such that µj (mod.I2 ) are uniquely determined by uj (mod.I )
and

(4.4.1) Pi(u1 + µ1, · · · , uh + µh) ∈ aI2 (1 ≤ i ≤ h).
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If µj ∈ I , we have the Taylor expansion (4.2.2)

(4.4.2) Pi(u1 + µ1, · · · , uh + µh) = aλi +
∑

j

δPi

δXj
(u1, · · · , uh)µj + Ri

with Ri :=
∑
|r|≥2

δrPi

δXr (u1, · · · , uh)µr .
For any element P ∈ J , we have δP

δXj
(x1, · · · , xh) ∈ aB , i.e.,

δP

δXj
(X1, · · · , Xh) ∈ aOK [[X1, · · · , Xh]] + J.

If |r| ≥ 1 and r! is invertible in OK , we see inductively ( cf. Remark (4.1), (2) )
δrP

δXr
(X1, · · · , Xh) ∈ aOK [[X1, · · · , Xh]] + J,

so
δrP

δXr
(u1, · · · , uh) ∈ aS + aI = aS.

Since I2 ⊂ I2 , we have
δrP

δXr
(u1, · · · , uh) · µr ∈ aI2,

if |r| ≥ 2 and r! is invertible in OK .
On the other hand, we have µr ∈ I |r| ⊂ Ip ⊂ aI2 if p divides r! , and δrP

δXr (u1, · · · , uh)
are always in S ( Remark (4.1), (5) ). Thus we have

(4.4.3) Ri ∈ aI2.

Take an element Pij ∈ OK [[X1, · · · , Xh]] such that α(Pij) = pij ∈ B for each
(i, j ). We have

δPi

δXj
(x1, · · · , xh) = apij ,

i.e., δPi

δXj
= aPij + Rij with some Rij ∈ J, from which follows the congruence

δPi

δXj
(u1, · · · , uh) ≡ aPij(u1, · · · , uh) (mod.aI),

and

(4.4.4)
δPi

δXj
(u1, · · ·uh) · µj ≡ aPij(u1, · · · , uh) · µj (mod.aI2).

Putting (4.4.3) and (4.4.4) into (4.4.2), we have

Pi(u1 + µ1, · · · , uh + µh) ≡ a(λi +
∑

j

Pij(u1, · · · , uh) · µj) (mod.aI2).

Since S is flat over OK , the condition (4.4.1) for µj is now equivalent to

λi +
∑

j

Pij(u1, · · · , uh) · µj ≡ 0 (mod.I2), 1 ≤ i ≤ h.

Since the matrix (pij) = (Pij(x1, · · · , xh)) is invertible, the matrix (Pij(u1, · · · , uh))
is invertible modulo aI . Now the existence of µj ∈ I satisfying (4.4.1) is clear.
Moreover uj (mod.I ), 1 ≤ j ≤ h , determine µj(mod.I2 ), 1 ≤ j ≤ h , uniquely,
because they determine λi ≡ 0 (mod.I ) and Pij(u1, · · · , uh) (mod.I ) uniquely
and I2 ⊂ I2 .

Part (b) of (i) follows immediately from Part (a).
The proof of (ii) is exactly the same as in [5].
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Corollary (4.5). Let the notation and hypothesis be as in Proposition (4.4).
Then we have vK(D(L/K)) < vK(a)+ 1

p−1 min{vK(a), vK(p)} unless vK(D(L/K)) =
0 .

Proof:— If L/K is unramified, then vK(D(L/K)) = 0. If not, we have iL/K >
0 and ( Prop. (4.3), (1) )

vK(D(L/K)) = uL/K − iL/K < uL/K ≤ vK(a) +
1

p− 1
min{vK(a), vK(p)}.

Theorem (4.6). Let A be a complete discrete valuation ring with finite residue
field, and fix a prime element π of A . Let K be a local field of “mixed charac-
teristic” over A , i.e., a complete discrete valuation field K with perfect residue
field which is endowed with an injective ring homomorphism A −→ K inducing
a local homomorphism A −→ OK . Let n ≥ 1 be an integer and J a finite flat
π -module scheme over OK ( [10], §1 ) such that the invariant differential module
ωJ of J is a free (OK/πnOK)-module. ( A typical example of such a π -module
is the kernel of πn on a π -divisible group ( loc. cit. ) ). Let uo := nvK(π) +

1
p−1 min{nvK(π), vK(p)} , H the kernel of the action of GK = Gal(Ksep/K ) on

J(Ksep) , L := (Ksep)H . Then we have G
(u)
K ⊂ H for all u > uo , and vK(D(L/K)) <

uo .

Proof:— As in the proof of Théorème 1 of [5], the affine ring B of J is locally
of complete intersection. Since Ω1

B/OK
= B ⊗OK ωJ is a free (B/πnB )-module,

we can apply Prop. (4.4) and Cor. (4.5) with a = πn and obtain the theorem.

Remark (4.7). In some simple cases, direct calculations yield sharper results.
For example, let A and π be as above, F the fraction field of A , and Fn , n ≥ 0,
the field of πn -division points of a Lubin-Tate group over A associated with π . If
L/K = Fm/Fn with m > n , we have

uL/K =
{

m, if n = 0,
qn + (m− n− 1)(qn − qn−1), if n ≥ 1,

iL/K =

{
1

q−1 , if n = 0,

qn−1, if n ≥ 1,

vK(D(L/K)) =

{
m− 1

q−1 , if n = 0,

(m− n)(qn − qn−1), if n ≥ 1.

5. The case of non-scalar A-actions on tangent spaces

Important classes of abelian T -modules ( [1] ), such as higher Carlitz modules C⊗n

( [2] ) and tensor products of Drinfeld modules ( [1], [6] ), are such that the actions
of T on the tangent spaces are not just multiplication by T , but T plus nilpotent
linear maps. In this section, we study the ramification arising from division points
of such objects.

Let A , π and K be as in Th. (4.6); A a complete discrete valuation ring
with finite residue field, π a uniformizer of A , and K a local field of “mixed
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characteristic” over A . Consider a smooth connected commutative formal group J
over OK with an A-action

φ : A −→ EndOK
(J) ; a 7→ φa

such that, for all a ∈ A , φa induces a linear map Lie(φa ) on Lie(J ) of the form (
multiplication by a ) + ( nilpotent map ). If J is, for example, the tensor product
of abelian T -modules with scalar T -actions on their tangent spaces, Th. (4.6) for
Jn = Ker(φT n) would be valid because ⊗ and Tv(·) should be compatible ( this
is shown in [6] at least for the tensor products of two Drinfeld modules). What
can be said on the ramification of the geometric points of Jn := Ker(φπn) in other
cases ?

(5.1). First assume that the nilpotent map Lie(φπn) − π is divisible by π in
EndOK (Lie(J)). Then, since the image of Lie(φπn ) is πn Lie(J ), we have

Ω1
Jn

= Ω1
J/πnΩ1

J ,

which is a flat B/πnB -module ( B is the affine ring of Jn ). So we can apply
Prop. (4.4), and Th. (4.6) remains valid for such Jn .

(5.2). We now return to a general J . Let d := dim(J ) = rankOK
(Lie(J )), and

let pk be the smallest power of p , the residue characteristic of A , such that pk ≥ d .
Then for any multiple m of pk , the nilpotent map Lie(φπm) − πm is divisible by
πm in EndOK (Lie(J )), as is easily seen by looking at the binomial expansion of
[π + (Lie(φπ)− π)]p

k

. In view of (5.1), we have

Theorem (5.3). Let J and pk be as above. For a positive integer n , let n′ be the
smallest multiple of pk not less than n , uo := n′vK(π)+ 1

p−1min{n′vK(π), vK(p)} ,
H the kernel of the action of GK on Jn(Ksep) , and L := (Ksep)H . Then we have
G

(u)
K ⊂ H for all u > uo , and vK(D(L/K)) < uo .

This theorem reduces to Th. (4.6) when n is divisible by pk . But if n is not
divisible by pk , the ramification can be bigger than expected from Th. (4.6), as the
following example shows:

Example (5.4). Let A = Fq[[T ]] and K = Fq((T )), and consider the d-dimensional
formal group Ĝ⊕d

a over A with an A-action defined by

φT




X1
...

Xd


 =




T −1
. . . . . .

. . . −1
T







X1
...

Xd


 +




Xq
1
...

Xq
d


 .

Then we have
K(J1(Ksep)) = K(T dC(Ksep)),

where C is the Carlitz module defined by CT (X) = TX + Xq . This means that
D(K(J1(Ksep))/K) can become arbitrarily large according to d .
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