Induction formula for the Artin conductors of mod ¢ Galois representations
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ABSTRACT. A formula is given to describe how the Artin conductor of a mod ¢ Galois
representation behaves with respect to induction of the representation.

1. Introduction. In this paper, we give a formula which describes how the Artin
conductor of a mod ¢ Galois representation behaves with respect to induction of
the representation. Such a formula is well-known for representations over a field of
characteristic zero, while there are some subtle problems in positive characteristics.
We shall show that the classical formula still holds in the mod ¢ case.

Let K be a complete discrete valuation field with perfect residue field of charac-
teristic p > 0. Let L/K be a finite Galois extension with Galois group G. Let H be
a subgroup of G, and let p : H — GLg (V') be a finite-dimensional linear representa-
tion of H over a field k of characteristic £ > 0. If ¢ does not divide the ramification
index of L/K, then the exponent of the Artin conductor f(p) of p is well-defined
either as the inner product of p and the Artin character or as a weighted sum of
the codimensions of the fixed subspaces of V' by higher ramification groups, and it
behaves nicely with respect to induction. If Indg p denotes the representation of G
induced by p, then we have!

(A) fmd$p) = frrr - F(p) + v (drr i) dimp,

where K is the subfield of L corresponding to H, fx//x (resp. dg, k) is the residual
degree (resp. discriminant ideal) of K’/K, and vy is the normalized valuation of
K.

If k is of any characteristic, then the exponent of the Swan conductor b(p) of
p, defined as the inner product of p and the Swan character ([7], §19.3), still be-
haves nicely with respect to induction as long as /¢ is different from the residual
characteristic p of K; we have ([5], Prop. 1; [2], Proof of Prop. 4.1)

(B)  b(Indfp) = frr/x - b(p) + (v (dirjx) = [K': K]+ freo/xc) dim p.

Formulas (A) and (B) are deduced, by taking the inner products and using the
Frobenius reciprocity, from the corresponding properties of the Artin and Swan
characters with respect to restriction. Such a formula, however, does not seem to be
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1See Cor. to Prop. 4 of [6], Chap. VI, for the case £ = 0. Most of the results there extend
to the case £ > 0 (c¢f. [9]) by employing the Brauer theory ([7], Part III) as long as £ does not
divide the ramification index. For example, the inner product of two k[Hg]-modules U and V (or
equivalently, their Brauer characters) is defined as dimyg Homk[HO](U, V), and this inner product
has enough properties to allow us the “usual” proof of (A) as in [6].
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known for the exponent of the Artin conductor n(p) of a mod ¢ Galois representation
p as defined in [8] when ¢ > 0 is arbitrary. It is defined as follows:

1

Ho H) dimy (V/VH),

n(p) =

K

1

Il
=

where Hj; is the ith ramification subgroup of H, and Vi is the fixed subspace of
V by H;. We also define
) = 3 dim(vyv )
- (Ho : Hz) ’

=1

)

so that
n(p) = dimy(V/VH) + c(p).

This n(p) coincides with the usual f(p) if £ does not divide |Hy|, and ¢(p) coincides
with the usual b(p) if £ # p (cf. the property (iii) of [7], §19.3). (If ¢ divides |Hy],
there are some technical difficulties in defining f(p) as the inner product of p and
the Artin character, and similarly for c(p); c¢f. [9].) These non-negative rational
numbers n(p) and ¢(p) are in fact integers if £ # p since so is b(p), while they may
not be so if £ = p. We have n(p) > 0 if and only if p is ramified, and ¢(p) > 0 if
and only if p is wildly ramified.
In this paper, we prove:

Theorem. Let G, H and p: H — GLg(V) be as above. For any { > 0, we have

vk (dg /i) dim p,
(vi(dgryi) — (K" K]+ froyxc) dimop.

n(Indfp) = frrjx - nlp)

_|_
c(Indfp) = frrjx - clp) +
Thus n(p) and ¢(p) satisfy the same formulas as in (A) and (B) respectively.

The proof will be given in §2. Our proof is different from the standard one as in
[6] even in the classical case k = C. As an application of the Theorem, we give in
§3 a modular version of the Fiihrerdiskriminantenproduktformel.

Such a considerataion has been motivated by Proposition 4.1 of [2] and Lemma
2.1 of [3]. I thank Hyunsuk Moon for discussions on this subject, and Hiro Yamada
for discussions on the Brauer theory. I also thank the Inamori Foundation for its
financial support. Finally, I thank Professor Jean-Pierre Serre for communicating
to me that the use of Hom (rather than ®) in the definition of the induced module
simplifies the exposition of the proof.

2. Proof of the Theorem. Let W = Ind$V := Homy, ) (k[G], V) be the

representation space? for Ind$p. For any k[G]-module U, we denote by Res%U its
restriction to H. By Mackey’s theorem ([7], §7.3, Prop. 22; [4], Chap. 3, Th. 1.9),
the k[G;]-module Resgilndgv decomposes as follows:

Resg,IndgV ~ @ Indf Vi,
s€eG;\G/H

20ne may use W = k[G) ®p[m) V here. Note that k[G] ®y(z) V' is isomorphic (non-canonically)
to Homy(z)(k[G], V) since (G : H) is finite.
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where s moves through a complete set of representatives for G;\G/H, H; , =
sHs™ ' NG; = sH;s™!, and the representation p; s : H; s — GLg(V; 5), with V 5 :=
V, is defined by g — p(s~1gs). By applying the Frobenius reciprocity law

Homy,c (U, md%V) ~ Homy (Res& U, V)

(cf. [1], Chap. II, Prop. 5.2') to our G;, H; s and V; s with U = k (with trivial G-
action), we have dimk(lndg’%’sVi’s)Gi = dimg sz This equals dimg V¢, since
Vi.s =V and the fixed subspace Vfi is identified with V#i. Hence dim; W& =
|G;\G/H|dimy, V. Then we have

n(1nd$p) — ficpxc - n(p)

i=0 ¢

 —( (G:H) [ /K .

- ;(@o G)‘(Ho:Hn)dlm’“V
Nyares \G/H’ Tr /K i VH
;( (Hoin'))d v

Here, the last sum vanishes because we have

GAG/H| __fioyx
(GO . Gl) (HO . Hz) '

This follows from the equality fx//x = |Go\G/H| and the “exact sequence”
1 — Hi\HO - Gz\GO - GZ\G/H - Go\G/H — 1

of homogeneous spaces.® (Or, one may identify G;\G/H = G/G;H and Go\G/H =
G/GoH since G; are normal in G, and use (GoH : G;H) = (Go : G;)/(Hy : H;) to
show the desired equality.) Thus we have

= (K K frr .
n(Indgp) = freyw n(p) = ) < ] (Hf-/g.)) e ¥
1=0 ’ ¢

But it is well-known that
=< (K K] o i
B = drr/1x).
;((GotGi) (Hy : H;) Vi ( K/K)

For example, this can be deduced from the classical formula

o0

k(Dryx) = Y _(IGil —1)/|Gy|

1=0

3Meaning that it is a sequence of maps compatible with the group actions of H;\Ho —
Gi\Go — G;\G - Go\G and, at each step X — Y — Z, the inverse image of any element of
Im(Y — Z) is a translation of Im(X — Y').
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([6], Chap. IV, §1, Prop. 4), where Dy, is the different of L/K, and that
vg(dgr k) = [K': K]vK(DL/KDZ}K,). (Note also that this is a special case of the
formula (A) of the Introduction, because its left-hand side is equal to
i (G:H)—|G\G/H| _ i dimy (k[G/H]/k[G/H]")
(GO . Gl) (Go . Gz)

i=0 i=0
for any field k, which is the exponent of the Artin conductor of the permutation
representation k[G/H] of G.) Thus the formula for n(Ind$p) is proved.

The formula for ¢(Ind$ p) is proved similarly by omitting the i = 0 term

(G:H)~ frr/k)dimg V.

3. Globalization. In this section, K may be a global (as well as local) field. Let
A be a Dedekind ring and K its field of fractions. Assume that the residue fields
of all non-zero prime ideals of A are perfect (e.g. A is a localization of the ring of
integers of an algebraic number field of finite degree). Let L/K be a finite Galois
extension with Galois group G, and let B be the integral closure of A in L. For a

representation p : G — GLg (W), we define its Artin conductor n(p), as an ideal of
A, by

n(p) = [Jp™®  with ny(p) :=n(p|p,),
p

where p runs through the non-zero prime ideals of A and Dg is the decomposition
subgroup of G for a prime ideal ‘B of B lying above p.

Suppose that H is a subgroup of G and p : H — GLg(V) is now a representation
of H. Let K’ be the subfield of L corresponding to H, and dg/k the discriminant
ideal of K'/K over A (= discriminant ideal of B/A). Then our Theorem globalizes
(cf. [6], Chap. VI, §3) to:

Corollary 1.  n(Ind%p) = N /x(n(p)) - deme

K'/K"
Here Nk is the norm map from K’ to K.

In the special case where p is the unit representation of H, we have

dgr/k = n(sq/u),

where sg/p is the permutation representation k[G/H] of G on G/H. If further
H = {1}, then
(©) dr/xk = n(ra),
where 7¢ is the regular representation k|G| of G.

Next write r¢ (uniquely) as a direct sum of indecomposable k[G]-modules:

re = P my- Py with my € Zs.
XESk(G)

Here the direct sum is over the set Si(G) of isomorphism classes of simple k[G]-
modules, and P, is the projective envelope of x € Si(G) ([7], Part III). Notic-
ing that n(p) is additive* in p, we deduce from (C) a modular version of the
Fiihrerdiskriminantenproduktformel:

Corollary 2.  dr x = [ cs, ) n(P)™-

4ice. n(p1 @ p2) = n(p1) + n(p2). Note, however, that n(p) is not additive with respect to

short exact sequences.
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