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Algorithmic information theory (AIT, for short) is a framework to apply information-
theoretic and probabilistic ideas to recursive function theory. One of the primary concepts
of AIT is the program-size complexity H(s) of a finite binary string s, which is defined as the
length of the shortest binary input for a universal algorithm to output s. By the definition,
H(s) is thought to represent the amount of randomness of a finite binary string s. In particular,
the notion of program-size complexity plays a crucial role in characterizing the randomness of
an infinite binary string, or equivalently, a real.

In this talk, we develop a statistical mechanical interpretation of AIT by introducing the
notion of thermodynamic quantities, such as partition function, free energy, energy, statistical
mechanical entropy, and specific heat, into AIT. We investigate the properties of these quan-
tities by means of program-size complexity from the point of view of algorithmic randomness.
It is then discovered that, in the interpretation, the temperature plays a role as the partial
randomness of the values of all these thermodynamic quantities, which include the temperature
itself. Here the notion of partial randomness is a stronger representation of the compression
rate by means of program-size complexity. Reflecting this self-referential nature of the partial
randomness of the temperature, we obtain fixed point theorems on partial randomness.

We first review some basic notation and definitions which will be used in this talk. N =
{0,1,2,3,...} is the set of natural numbers, and NT is the set of positive integers. R is the
set of reals. {0,1}* is the set of finite binary strings. For any s € {0,1}*, |s| is the length of
s. A subset S of {0,1}* is called prefiz-free if no string in S is a prefix of another string in
S. For any partial function f, the domain of definition of f is denoted by dom f. We write
“r.e.” instead of “recursively enumerable.” We say that a real « is computable if there exists
a computable sequence {a,} of rationals such that |a —a,| < 27" for all n € N. For any
a € R and n € Nt we denote by a | n € {0,1}* the first n bits of the base-two expansion of
a — |« with infinitely many zeros, where |« is the greatest integer less than or equal to a.
For example, in the case of a = 5/8, « [ 6 = 101000.

A computer is a partial recursive function C': {0,1}* — {0, 1}* such that dom C is a prefix-
free set. For any computer C' and any s € {0,1}*, He(s) is defined by He(s) = min{ |p| | p €
{0,1}* & C(p) = s} (may be 00). A computer U is said to be optimal if for each computer
C there exists d € N such that, for every s € {0,1}*, Hy(s) < He(s) + d. There exists an
optimal computer. We choose a particular optimal computer U as the standard one for use,
and define H(s) as Hy(s), which is referred to as the program-size complezity of s.

Let T be an arbitrary real with 0 < 7" < 1. In 2002, Tadaki introduced several notions
of the partial randomness of a real by parameterizing the notions of randomness of a real by
a real T, as follows. Let o € R. We say that « is weakly Chaitin T-random if Tn < H(a |
n) + O(1). On the other hand, we say that « is T-compressible if H(a | n) < Tn + o(n).
Thus, if « is weakly Chaitin T-random and T-compressible, then lim, ... H(a | n)/n = T,
i.e., the compression rate of a equals to T'. Furthermore, we say that « is Chaitin T-random
if lim,, o H(a [ n) —Tn = co. Obviously, if « is Chaitin T-random, then « is weakly Chaitin
T-random. However, in 2005 Reimann and Stephan showed that, in the case of T' < 1, the
converse does not necessarily hold.

We introduce the notion of thermodynamic quantities into AIT as follows.

Definition 1 (thermodynamic quantities in AIT). We choose a particular enumeration p1, p2, ps,
D4, - .. of the countably infinite set domU. Let T be any real with T > 0.

(i) The partition function Z(T) at temperature T is defined as limy_, o, Zi(T) where

k
Zi(T) = Zz—@.
i=1
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(ii) The free energy F(T) at temperature T is defined as limy_,oc Fy,(T) where

Fi(T) = ~T log, Zi(T).

(iii) The energy E(T) at temperature T is defined as limy_,o Ex(T) where

k
1 |Pi
Eu(T) = > lpil2 T

(iv) The statistical mechanical entropy S(T) at temperature T is defined as limg_ oo Sk(T)
where

Ey(T) — Fi.(T)
———

(v) The specific heat C(T) at temperature T is defined as limy_.o Ci(T) where Cp(T)
E(T), the derived function of Ex(T).

Sk(T) =

o

The thermodynamic quantities in AIT have the following properties.
Theorem 2 (properties of Z(T) and F(T')). Let T € R.

(i) If 0 < T <1 and T is computable, then each of Z(T) and F(T) converges and is weakly
Chaitin T -random and T-compressible.

(i) If 1 < T, then Z(T) and F(T) diverge to co and —oo, respectively. O
Theorem 3 (properties of E(T), S(T'), and C(T)). Let T € R.

(1)) If 0 <T <1 and T is computable, then each of E(T), S(T), and C(T') converges and is
Chaitin T -random and T-compressible.

(i) If 1 < T, then both E(T) and S(T') diverge to co. In the case of T =1, C(T) diverges
to 00.? O

The fixed point theorems on partial randomness are given as follows.

Theorem 4 (fixed point theorem by partition function). For every T € (0,1), if Z(T) is
computable then T is weakly Chaitin T-random and T-compressible. ]

Theorem 5 (fixed point theorem by free energy). For every T € (0,1), if F(T') is computable

then T is weakly Chaitin T-random and T -compressible. O
Theorem 6 (fixed point theorem by energy). For every T € (0,1), if E(T) is computable then
T is Chaitin T-random and T'-compressible. O
Theorem 7 (fixed point theorem by statistical mechanical entropy). For every T € (0,1), if
S(T') is computable then T is Chaitin T-random and T'-compressible. O
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Ergodicity of the Wonham filter
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