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There is a result of N. Bouleau and F. Hirsch about existence of densities of solutions of stochas-
tic differential equations. The result tells us that if there are some conditions about ellipticity,
the distribution of the solution of stochastic differential equation whose coefficients are Lipschitz
continuous has its density. But, if there are some conditions about ellipticity, it seems that the
solution has its density even if the coefficients are not Lipschitz continuous. So I considered if the
solution has its density or not when the coefficients are not Lipschitz continuous.

When stochastic differential equations whose coefficients are not necessary Lipschitz continuous,
the solutions would not belong to Sobolev space in general. So we prepare a larger class than
Sobolev space.

Let (B, H, 1) be an abstract Wiener space, h € H, and fix h.

Definition 1 We denote V,,(B) by the total set of random variables F' on (B, B(B), 1) such that
there exists a random variable F on (B, B(B), ) satisfying that F = F a.s. and F(z + th) is a

function of bounded variation on any finite interval with respect to t for all x.

Let D;, be differential for the direction h. Then we have a theorem about random variables
which belong to the class V3 (B) as follows. The theorem is associated to that of N. Bouleau and
F. Hirsch.

Theorem 2 Let F be a random variable such that F € V,(B). If F s the modification of F
appeared in the definition of Vi, (B), then the measure on R

(IDnF|p) o F~
is absolutely continuous with the 1-dimensional Lebesgue measure.

Now we consider if solutions of stochastic differential equations whose coefficients are not nec-
essary Lipschitz continuous have their densities or not.

Theorem 3 Let d,r be positive integers, (B(t)) be a r-dimensional Brownian motion,

g = (U;)izl,md)jzl,mr S Cb([O,T] xR — Rd X RT),

b= (bi)izl’md S Cb([O,T] X C([O7T] — R) — Rd),
We consider a d-dimensional stochastic differential equation;
dX'(t) = ol(t, X (1))dBI (t) + b'(t, X)dt i=1,2,...d,
j=1

X(O) =T € RY.



Moreover, we assume that there exists constants M, K and a Radon measure n on [0,T] satisfying
that

max |0} (t,x)| < M, forall (t,z)€[0,T] xR,
0.

o (1.0) = 0(t0)) < & ([ ute) = o/ 9lante) + ute) ' 0)]).
for all t€[0,T], w,w' € C([0,T] — RY),

and the stochastic differential equation has pathwise uniqueness.

Then, the solution (X (t)) can be defined on a Wiener space (W, H, ), and X*(t) is in V(W)
for allt in [0,T),i=1,2,---,d, and h € H. Moreover, if we denote the version of X*(t) appeared
in Definitionl by X/ia), then

(|pxXim)|n) e xt)

is absolutely continuous to one-dimensional Lebesque measure.

When the coefficients are Lipschitz continuous, by the result of N. Bouleau and F. Hirsch,
the condition about ellipticity implies the positivity of |det(DX(t), DX7(t))y|. But when the
coeflicients are not necessary Lipschitz continuous, we cannot use the discussion. Generally, it is
hard to get some information about D} X (t). However, in the special case we can conclude the
positivity of Dy X (t).

Theorem 4 Letr be positive integer and (B(t)) be a r-dimensional Brownian motion, and consider
a one-dimensional stochastic differential equation;
T
dX(t) =Y oj(t, X(£))dB7 (t) + b(t, X (t))dt
j=1
X(0) ==z €R,
and the stochastic differential equation has pathwise uniqueness. On the coefficients we assume

o =(0;)j=1,.r € Cy([0,T] x R — R"),
be Cy([0,T) x R — R),

there exists constants M and K satisfying that

max |oj(t,z)| < M, forall (t,x)e€[0,T] xR,
j
|b(t,x) = b(t,y)| < Klx —y| forall z,y€ R andte]0,T].

There is a set S that consists of real numbers satisfying that o; € C%2([0,T] x (R\ S)) for
J=12,---,r, and 377_, 0; is positive on [0,T] x (R\ S).
Then,

1o X(t)_llR\S

is absolutely continuous to one-dimensional Lebesgue measure restricted on R\ S for allt in [0,T)].



Semi-classical limit of the lowest eigenvalue of
P(¢)o Hamiltonian on finite volume
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In this talk, we discuss the semi-classical limit of the lowest eigenvalue of a P(¢)o-Hamiltonian
on a finite volume interval. Let I = [-1/2,1/2] (I > 0) and A = % be the Laplace operator
with periodic boundary condition on L2(I,dzx). Let A = (m? — A)Y/* and define

H(I,dz) = {h € D(A%) | Bl := 1A%l 12100} -

In particular set H = H'/2(I,dzx). Let (W, H, 1) be the associated abstract Wiener space. For
example, W = H =% (I, dz) for any positive so. Note that T is the space of Schwartz distribu-
tions. Let A= ® o Ao ®~! where ® : L?(I,dx) — H is the natural unitary transformation. A
is a self-adjoint operator on H. Let —L 4 be the generator of the following Dirichlet form:

Ex(f,f) = /W |ADf (w) % dp

Let P(u) = Z]:VO aru® be a polynomial function with agy > 0 and N > 2. Let g be a periodic

positive smooth function on R such that g(z + 1) = g(x) for all xz. We define the potential
function on W by

B = asv () 1)

() - for(2R) o

where A > 0 and : P(w(z)) : is defined by the Wick product with respect to p. lim, .o [; :

P (wf/g)) : g(z)dx exists in L?(u) and we denote the limit by : V (%) ;. Here note that we

cannot define [, w(z)*g(z)dz for k > 2. The operator (—La + Vi, FCX(W)) (FCX (W) denotes
the set of smooth cylindrical functions) is essentially self-adjoint in L?(y) and we denote the
self-adjoint extension by —L 4 + V). —L4 + V), is called a P(¢)2 Hamiltonian on a finite volume
interval I. Physically A is the inverse of the Planck constant A and our problem is to determine
the semi-classical limt of the lowest eigenvalue Egp(A\) of —Lag + V) as A — oo in terms of the
potential function U which is given below.

Definition 1 Let U(h) = || AR||%, + V(R) for h € D(A) and U(h) = +oo for h ¢ D(A). Here
V(h) = [; P(h(x))g(x)dz and h € H.



It is easy to see that U(h) is a smooth functional on H'(I,dz). The following is our main
theorem.

Theorem 2 Assume (Al) and (A2).

(A1) U(h) (h € HY(I,dx)) is a non-negative function and has finitely many zero point set
N ={hi,..., hn}.

(A2) Suppose (Al). The Hessian 1D*U(h;) € L(H'(I,dz), H'(I,dz)) is a strictly positive
operator for all 1 < i < mn.

Let Eg(A) =info(—Lyg + V). Then

lim E = in F;
Jim Eo(A) = min E;, (3)

where E; is the lowest eigenvalue of —La + Qu,(w) and Qu,(w) = [ : w(z)? : vi(z)dz, vi(z) =
1P"(hi(x))g(x). Ezplicitly,

info(—La+Qp) = %@ﬁfﬂfm4mﬂﬂ (4)

B L[ 72\ i-1)2
——qH@m—A)AVmmemw (5)

where A,, = (m? — A + 4v;)'/* and tr denotes the trace in L*(I,dx).
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Let (2, F, P) be a probability space and { X,k > 1} is an i.i.d. sequence of
random variables satisfying the following condition with positive constant U

E(Xy) =0, X, <U,P(X,=U)=p>0. (1)

We shall consider the following versions of the so-called Oscar’s strategy and
martingales:

Yo =1,y = v+ X > 03, MY =0, M0 = 3" vVXg;
k=1

b— M
Y = 1,V = min(v{", — =L

C )7M(§2) :07M£2) :ZYk@)Xka
k=1

where C' is a minimal possible gain in all games (assuming it is positive). Con-
sider the first passage times

7D —inf{n > 1M > b},i=1,2.

)

In gambling terms M,(f might be considered as a total capital of a gambler at

time n, while {Yk(i),k > 1} is a strategy or, sequence of stakes in a series of

games with random results Xj. Then SUP,, (0 (MS))* = —infn<7_éi) (M,(f)),
where £~ = max{—z,0}, is the maximal loss of the gambler prior to reaching

the prescribed level b.

Theorem 1 Let {Xj, k > 1} satisfy (1), E(X}) = 0% < o0, E(X})? < oc.
Then
lim P{ sup (MY)™ > 2}z = E(M(%) <0
b

oo n<7'b(1)
and
. (1) 3/2 _ 2 (1)
i P{r, = > e = ™m 02E(Mﬂ§1)) =

where m = $(P(X; > 0))%



On the other hand, note that for the simple games with P(X; = 1) =

P(X; = —1) = 1/2 the sequence {Yk(z)7 k > 1} is the classical Oscar’s strategy

having the property M (%2)) = b for positive integer b. It was shown in Novikov[4]

Ty

that for the above gamés
P{Tb(Q) >n}=n"3/?

is valid. In this presentation we find new asymptotics of sup A r® (M,(LQ))* and
b
(2)
T,

Theorem 2 Let {Xj, k > 1} satisfy P(X; = 1) = P(X; = —1) =  and set
C =1. Then
lim P{ sup (M)™ >zle =10

Tr— 00 n<T;2)
and

24
lim P{TISQ) > nind/? = 1/?E(MT(2>) < 0.

n—oo b
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