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1 しきい値モデル

しきい値グラフGn = (Vn, En)は，n個のラベル付けされた頂点 Vn = {1, 2, . . . , n} からなる有限
単純グラフである．辺集合 En を定義するために，n個の実数（重み）x1, x2, . . . , xn と，しきい値

θ ∈ Rを用意する．しきい値グラフでは，各頂点 i ∈ Vnに重み xiを対応させ，異なる 2頂点 i, j ∈ Vn

はそれぞれの重みの和がしきい値を超えたときに限って辺で結ばれる．即ち，En = {(i, j) : xi +xj >

θ, 1 ≤ i < j ≤ n}と定義する．しきい値グラフには何種類もの同値な定式化が存在することが知ら
れている（例えば [8]を参照）．ここで，重みを独立同分布に従う確率変数列 X1, X2, . . . , Xn で与

え，従って，辺集合を（確率的に）En = {(i, j) : Xi + Xj > θ, 1 ≤ i < j ≤ n}と定義した，ラン
ダムなしきい値グラフをしきい値モデルと呼ぶことにする．このモデルは，Caldarelli et al. [1]と
Söderberg [11]によって導入されたネットワークモデルの特別な場合であり，種々の特性量が調べら
れている（例えば [2–7,9,10]を参照）．特に，重みを与える確率変数の分布が指数分布やパレート分
布の場合に，その次数分布がベキ則に従うこと（スケールフリー性）が示されており，ここ 10年ほ
どの間で活発に研究されている，複雑ネットワークの分野で注目されているモデルの 1つである．
本講演では，しきい値モデルの特性量のうち，特に，次数・クラスター係数・平均頂点間距離の 3

つについて，確率論的な立場から解析した結果 [3,4,6,7]のうち，概収束定理を紹介する．講演の最
後に，最近得られた次数分布に関する弱収束定理を紹介する．以下では，重みを与える確率変数の分

布関数を F とする．即ち，任意の x ∈ Rに対して，F (x) = P(X1 ≤ x)と定義する．

2 極限定理

まず，頂点 iの次数Dn(i)と頂点 iを含む三角形の個数 Tn(i)を以下で定義する．

Dn(i) ≡
∑

1≤j≤n
j �=i

I{Xi+Xj>θ}, Tn(i) ≡
∑

1≤j<k≤n
j,k �=i

I{Xi+Xj>θ} · I{Xj+Xk>θ} · I{Xk+Xi>θ}.

さらに，不定元 wを用いて，頂点 iのクラスター係数 Cn(i)を以下で定義する．

Cn(i) ≡ Tn(i)
(
Dn(i)

2

) · I{Dn(i)≥2} + w · I{Dn(i)=0,1}.

このとき，次数・クラスター係数に関して以下が成り立つ．

定理 1 (次数に関する概収束定理).

lim
n→∞

Dn(1)
n − 1

= D(1) ≡ 1 − F (θ − X1), a.s.(1)



lim
n→∞

1
n

n∑

i=1

Dn(i) = E [D(1)] = P (X1 + X2 > θ) , a.s.(2)

定理 2 (クラスター係数に関する概収束定理).

lim
n→∞Cn(1) = C(1) ≡ T (1)

D(1)2
· I{D(1)>0} + w · I{D(1)=0}, a.s.

ここで，任意の x ∈ Rに対して T (1; x) ≡ P(x + X2 > θ, X2 + X3 > θ, X3 + x > θ)と定義するとき，
T (1) ≡ T (1; X1)である．さらに，

lim
n→∞

1
n

n∑

i=1

Cn(i) = E [C(1)] , a.s.

グラフの平均頂点間距離 Ln は，グラフの距離 d(u, v)の可能な頂点対に関する相加平均で定義さ
れる量である．すなわち，平均頂点間距離 Ln を

Ln =
1(
n
2

)
∑

1≤i<j≤n

d(i, j)

と定義する．但し，非連結なグラフでは，2頂点間の距離が∞となる場合もあるが，その場合は不
定元 wで置き換えることにする．この Ln に対して，以下が得られる．

定理 3 (平均頂点間距離に関する概収束定理).

lim
n→∞Ln = 2 − P (X1 + X2 > θ) − (2 − w)F (θ − x∗) {2 − F (θ − x∗)} , a.s.

但し，x∗ = min{x ∈ R : F (x) = 1} である．
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Max-plus Stochastic Control and Risk-sensitivity

貝瀬 秀裕（名古屋大・情報）

(W.H. Fleming氏 (Brown Univ., USA)，S.-J. Sheu氏 (Academia Sinica, Taiwan)との共同研究）

本講演ではノイズが引き起こす最悪のシナリオに対応するための H∞ 制御を max-plus確率論
（idempotent確率論）の観点から捉えることにより，ある種の確率制御として展開することを目標と
する．まずmax-plus確率論を説明するために，T > 0は予め固定された有限な終末時刻，t ∈ [0, T ]
を初期時刻として次の確率微分方程式を考える：

dX(s) = f(X(s))ds + θ−1/2σ(X(s))dW (s), t ≤ s ≤ T, X(t) = x ∈ Rn.

{W (s)}は d次元 Brown運動，f : Rn → Rn, σ : Rn → M(n, d) (M(n, d)は n × d行列全体)とす
る．θ > 0は大きいパラメータ，すなわち θ−1/2は小さいとする．与えられた関数 l : Rn → Rに対し
て，Freidlin-Wentzellの大偏差原理により θ → ∞としたとき次のような漸近的性質が期待できる：

1
θ

log Etx

[∫ T

t
eθl(X(s))ds

]
→ sup

v∈L2[t,T ]

{
max

t≤s≤T
l(x(s)) − 1

2

∫ T

t
|v(s)|2ds

}
(θ → ∞). (1)

ここで x(s)は v ∈ L2[t, T ](= L2([t, T ]; Rd))を与えるごとに決まる次の常微分方程式の解である：

dx

ds
(s) = f(x(s)) + σ(x(s))v(s), t ≤ s ≤ T, x(t) = x. (2)

H∞制御では v ∈ L2[t, T ]はノイズとして扱われ，(1)における極限はH∞制御の立場から理解する
と，システムの状態 x(s)についての尺度 “maxt≤s≤T l(x(s))”にノイズのエネルギー “

∫ T
t |v(s)|2ds”

を重みとして付けて，さらにノイズにより引き起こされる最悪のシナリオを supを採って表現してい
る．この意味において，Ω = L2[t, T ]をノイズに対応する「標本空間」，Q(v) = −(1/2)

∫ T
t |v(s)|2ds

(v ∈ Ω）を「確率」と思い，(1)における極限は汎関数Φ(x(·)) = maxt≤s≤T l(x(s))の（標本に関す
る代表値という意味で）「期待値」と考えて次のように表す：

E+
tx[Φ(x(·))] ≡ sup

v∈Ω
{Φ(x(·)) + Q(v)} = sup

v∈L2[t,T ]

{
Φ(x(·)) − 1

2

∫ T

t
|v(s)|2ds

}
. (3)

E+
txはmax-plus期待値と呼ばれている ([1]を参照)．本講演では (2), (3)に制御を加味した場合を
考え，(3)を制御に関して最小化する問題を考察する．

ところでE+
txはΩ上の一般の関数に対しても定義できるが，通常の演算に関して線形性を持たな

い．しかし，実数に新しい和・積

a ⊕ b = max{a, b}, a ⊗ b = a + b, a, b ∈ R− ≡ R ∪ {−∞}

を導入すると，この演算に関してE+
txは線形性を持つ．R− = R ∪ {−∞}において新しい和・積と

して⊕, ⊗を考えたものはmax-plus algebraと呼ばれ，和に関する逆元の存在以外は環の公理を満
たし，(3)に対する制御問題を考えるときこの演算を用いると計算の見通しがよくなることが多い．
また，max-plus期待値に対して条件付き期待値が定義され，tower propertyなど通常の確率論と同
様の多くの性質が成り立ち，確率制御と類似のアイデアによりH∞制御を議論できる．

(2)において U ⊂ Rmに値を取る制御 u ∈ L∞([t, T ]; U)に依存する常微分方程式を考えよう：

dx

ds
(s) = f(x(s), u(s)) + σ(x(s), u(s))v(s), t ≤ s ≤ T, x(t) = x ∈ Rn. (4)
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この方程式の解は制御 u ∈ L∞([t, T ]; U)とノイズ v ∈ L2[t, T ]を与えると決定される．制御はノイ
ズの情報に基づいて決めるとし，α : L2[t, T ] → L∞([t, T ]; U)を用いて u(s) = α[v](s) (t ≤ s ≤
T, v ∈ L2[t, T ])と表す．さらに制御はノイズの情報に関して non-anticipatingであるべきで，それ
を微分ゲームにおけるElliott-Kalton戦略を使って定式化する．本講演におけるmax-plus stochastic
controlは，次の評価関数を Elliott-Kalton戦略のサブクラス Γ(t, T )で最小化する問題である：

J(t, x; α) = E+
tx

[∫ ⊕

[t,T ]
l(x(s), α[v](s))ds

]

= sup
v∈L2[t,T ]

{∫ ⊕

[t,T ]
l(x(s), α[v](s))ds − 1

2

∫ T

t
|v(s)|2ds

}
. (5)

ここで
∫ ⊕
[t,T ] l(x(s), α[v](s))ds = ess. supt≤s≤T l(x(s), α[v](s)), x(s)は (4)の u(s) = α[v](s)に対応

する解とする．最適制御理論においては (5)の αに関する最小値

V (t, x) = inf
α∈Γ(t,T )

J(t, x; α)

を特徴付けることが基本的問題である．本講演では制御理論で重要なフィードバック戦略を含むサ
ブクラス Γ(t, T )を新たに提案し，dynamic programmingのアイデアを用いて V (t, x)が次の準変
分不等式 (quasi-variational inequality) の一意的な粘性解となることを報告する：

min
u∈U

max
{

∂V

∂t
+ Hu(x,∇V (t, x)), l(x, u) − V (t, x)

}
= 0 in (0, T ) × Rn,

V (T, x) = min
u∈U

l(x, u), x ∈ Rn.

ここでHu(x, p) = maxv∈Rd{(f(x, u) + σ(x, u)v) · p − (1/2)|v|2} とする．

さらに (1)に制御を組み込んだ問題を扱うために，フィルター付き確率空間 (Ω, F , P, {Fs})にお
いて次の確率微分方程式を考える：

dX(s) = f(X(s), U(s))ds + θ−1/2σ(X(s), U(s))dW (s), t ≤ s ≤ T, X(t) = x ∈ Rn.

{W (s)}は {Fs}-Brown運動，U(·) = {U(s)}は制御過程を表し，U に値を取る {Fs}-発展的可測
過程とする．評価関数として

Jθ(t, x; U(·)) = Etx

[∫ T

t
eθl(X(s),U(s))ds

]
を導入し，これを U(·) = {U(s)}に関して最小化する問題

Ψθ(t, x) = inf
U(·)

Jθ(t, x; U(·))

を考える．ある特別なモデルではこの問題は数理ファイナンスにおける巾効用関数に対する最適投
資・消費問題と関連しており，θ → ∞としたとき投資家は非常にリスク回避的 (risk-averse) な態
度を取ることを意味する．本講演ではΨθ(t, x), およびその対数変換 Vθ(t, x) = (1/θ) log Ψθ(t, x) が
満たす偏微分方程式を通じて，粘性解理論における強力な安定性定理を用いることにより

Vθ(t, x) =
1
θ

log Ψθ(t, x) → V (t, x) (θ → ∞)

が (0, T ) × Rn上でコンパクト一様収束の意味で成立することを報告する．

参考文献
[1] W.H. Fleming, Max-plus stochastic processes, Appl.Math.Optim., 49 (2004), 159-181.

2



Perturbation of rough linear differential equations

Antoine Lejay (INRIA)

We show existence and uniqueness of a solution of a perturbation of a rough

linear equation, which means a perturbation of a linear equation in the sense of

rough paths. This have potential application for studying perturbation of rough

differential equations.
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In this talk, I will talk about a detailed asymptotic behavior of the eigenvalues of the Laplacian
associated with the Brownian motion on the Sierpinski carpet (Figure 1). All the results are valid
for any generalized Sierpinski carpets modeled on [0, 1]d, d ≥ 2, but we confine ourselves to the
case of the usual Sierpinski carpet for simplicity.

Let {Fi}i∈S , S := {1, . . . , 8}, be a family of similitudes on R2 as described in Figure 2 below,
where the whole square denotes [0, 1]2. The Sierpinski carpet K is defined as the self-similar set
associated with {Fi}i∈S , that is, the unique non-empty compact subset of R2 such that K =∪

i∈S Fi(K). Let V0 := [0, 1]2 \ (0, 1)2 (Figure 2), which should be regarded as the boundary of K:
In fact, V0 is the smallest subset of K that satisfies Fi(K)∩Fj(K) = Fi(V0)∩Fj(V0) for any distinct
i, j ∈ S. As #V0 = ∞, K is infinitely ramified. We also set V1 :=

∪
i∈S Fi(V0) (see Figure 3).

Figure 1 the Sierpinski carpet

V0
¾

F1 F2 F3

F7 F6 F5

F8 F4

Figure 2

V1
¾

µ1 µ2 µ3

µ7 µ6 µ5

µ8 µ4

Figure 3

Framework 1 (Barlow-Bass, Kusuoka-Zhou) (1) Let ν be the self-similar measure on K with
weight (1/8, . . . , 1/8), that is, the unique Borel probability measure on K satisfying ν(Kw) =
(1/8)|w| for any w ∈

∪
m∈N∪{0} Sm, where Fw := Fw1 ◦ · · · ◦ Fwm , Kw := Fw(K) and |w| := m for

w = w1 . . . wm ∈ Sm, m ∈ N ∪ {0}.
(2) There exists a (unique good) strong local regular Dirichlet form (E, F) on L2(K, ν) such that

E(u, v) =
∑
i∈S

1

r
E(u◦Fi, v◦Fi), u, v ∈ F (SSDF)

for some r ∈ (0, 1). By r < 1, it can be shown that F ⊂ C(K). We also set τ := 8/r.

This Dirichlet space (L := (K,S, {Fi}i∈S), ν, E ,F , r) is the framework of our study. Note that τ is
the time scaling factor for the corresponding diffusion process.

Definition 1 (The eigenvalue counting function and the (spectral) partition function)
Let {λN

n }n∈N be the eigenvalues of the non-negative self-adjoint operator −A (‘Laplacian’ ) on
L2(K, ν) associated with (E ,F). We define the eigenvalue counting function NN by NN(x) :=
#{n ∈ N | λn ≤ x}, x ∈ [0, ∞), and the (spectral) partition function ZN by

ZN(t) :=
∑
n∈N

e−λnt =
∫
[0,∞)

e−tudNN(u) = Tr(etA) =
∫

K
pN

t (x, x)dν(x), t > 0, (1)

∗JSPS Research Fellows DC (20·6088): Supported by Japan Society for the Promotion of Science
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where {pN
t }t>0 denotes the (unique) jointly continuous heat kernel, i.e. the integral kernel of etA.

Let FD := {u ∈ F | u|V0 = 0} and FV1 := {u ∈ F | u|V1 = 0}. For b ∈ {D,V1}, let Nb

and Zb be the eigenvalue counting function and the partition function, respectively, associated
with (E|Fb×Fb

,Fb). The following result has been obtained by B. M. Hambly [1]. (Below dimB de-
notes Box-counting dimension with respect to the Euclidean metric, which is also called Minkowski
dimension.)

Theorem 2 There exists a (log τ )-periodic continuous function G0 : R → (0, ∞) such that,
for b ∈ {N,D}, as t ↓ 0,

Zb(t) = t−df /dw G0(log t−1) + O(t−1/dw ), (2)

where df := log3 8 = dimB K and dw := log3 τ . Note that df/dw = logτ 8 and 1 = dimB V0.

Theorem 2 is proved by showing Zb(t) ≃ t−df /dw (easily proved from the self-similarity) and

(0 ≤)ZD(t) − ZV1(t) ≤ c1t−1/dw , t ∈ (0, 1], (3)

via the sub-Gaussian heat kernel upper bound. Since ZV1 = 8ZD(τt) by the self-similarity of the
diffusion (8: the number of cells, τ : time scaling factor), (3) immediately yields

0 ≤ tdf /dw ZD(t) − (τt)df /dw ZD(τt) ≤ c1t(df −1)/dw , t ∈ (0, 1], (4)

which is the essense of the statement of Theorem 2. Moreover, by having a closer look at the
asymptotic behavior of ZD(t) − ZV1(t), we have the following main theorem of this talk.

Theorem 3 (K., in preparation) There exist (log τ )-periodic continuous functions Gk :
R → R, k = 1, 2 and c ∈ (0,∞) such that G1 < 0 and, as t ↓ 0,

ZD(t) = t−df /dw G0(log t−1) + t−1/dw G1(log t−1) + G2(log t−1) + O
(
exp(ct

− 1
dw −1 )

)
. (5)

Here the existence of G1, for example, follows by showing the existence of a periodic function G′
1

such that
ZD(t) − ZV1(t) = t−1/dw G′

1(log t−1) + O(1) as t ↓ 0, (6)

whereas G1 < 0 follows from the fact that ZD(t) − ZV1(t) ≥ c2t−1/dw ∃c2 > 0, hence

t−df /dw G0(log t−1) − ZD(t) ≃ t−1/dw as t ↓ 0 (7)

(see Kajino [2]). Finally, we remark that the similar (or more detailed) result is valid for any
generalized Sierpinski carpet KGSC ⊂ Rd, as follows.

Theorem 4 (∃G0 > 0: Hambly [1, Theorem 4.1], the others: K., in preparation) There
exist continuous (log τ )-periodic functions Gk : R → R, 0 ≤ k ≤ d and c ∈ (0,∞) such that
G0 > 0, G1 < 0 and, as t ↓ 0,

ZD(t) =
d∑

k=0

t−dk/dw Gk(log t−1) + O
(
exp(ct

− 1
dw −1 )

)
, (8)

where dk := dimB

(
KGSC ∩ {x1 = · · · = xk = 0}

)
for 0 ≤ k ≤ d.
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ON DOUBLY FELLER PROPERTY

Z.-Q. Chen and K. Kuwae

University of Washington and Kumamoto University

1. Main Theorem

Let X = (Ω,F∞,Ft, Xt, ζ,Px, x ∈ E) be a strong Markov process on a locally compact
separable metric space E. Let ∂ be a point added to E so that E∂ := E ∪ {∂} is the
one-point compactification of E. The point ∂ also serves as the cemetery point for X.
Recall that X is said to have Feller property if Pt(C∞(E)) ⊂ C∞(E) for every t > 0 and
limt→∞ ∥Ptf − f∥∞ = 0 for every f ∈ C∞(E), where {Pt; t ≥ 0} defined by Ptf(x) :=
Ex[f(Xt)] is the semigroup of X. Here C∞(E) is the space of continuous functions on E

that vanishes at infinity and ∥f∥∞ := supx∈E |f(x)|. The space of bounded continuous
functions on E will be denoted as Cb(E). The process X is said to have strong Feller
property if Pt(Bb(E)) ⊂ Cb(E) for every t > 0. We say X (or its transition semigroup) has
doubly Feller property if it has both Feller and strong Feller property. Clearly the above
terminology can be formulated for any semigroup {Tt, t ≥ 0} acting on Bb(E).

Let {Zt, t ≥ 0} be a positive multiplicative functional of X. It defines a semigroup

(1) Ttf(x) := Ex [Ztf(Xt)] for t > 0 and f ≥ 0.

For an open subset B of E, we also define a semigroup TB
t by

(2) TB
t f(x) := Ex [Ztf(Xt) : t < τB] for t > 0 and f ≥ 0 on B,

where τB := inf{t > 0 | Xt ̸∈ B} is the first exit time from B. Let B∗(E) be the σ-
field of universally measurable subsets of E and denote by B∗

b (E) the family of bounded
universally measurable functions on E. Note that Ttf ∈ B∗(E) when f is Borel measurable
(Ttf is Borel for Borel function f if Zt is F0

t -measurable). An open set B(⊂ E) is said to
be regular if Px(τB = 0) = 1 for any x ∈ Bc = E \ B. Fix an open set B.

lim
t→0

sup
x∈D

Ex [|Zt − 1| : t < τD] = 0 for any relatively compact open set D ⊂ B,(3)

sup
s∈[0,t]

sup
x∈B

Ex[Zs : s < τB] < ∞ for some (and hence for every) t > 0,(4)

and for ∀t > 0, ∃p > 1 (which may depend on t) such that

sup
x∈B

Ex [Zp
t : t < τB] < ∞.(5)

The following theorem extends [1].

Theorem 1.1 ([2]). Let X be a doubly Feller process and B an open set in E. Suppose
that (3) holds and that

(6) for ∀t > 0 and compact set K ⊂ B, ∃p > 1 such that sup
x∈K

Ex [Zp
t : t < τB] < ∞.

Then {TB
t , t ≥ 0} defined by (1) has strong Feller property. Assume further that (4) and

(5) hold for every t > 0, B is regular and that limt→0 Ex[|Zt − 1| : t < τB] = 0 for every
x ∈ B. Then {TB

t , t ≥ 0} has Feller property.
1



Corollary 1.1 ([2]). Let X be a doubly Feller process and assume (3) holds. Let B an
open regular set. Suppose that

∃p > 1 such that sup
s∈[0,t]

sup
x∈B

Ex[Zp
s : s < τB] < ∞ for some (hence every) t > 0.(7)

Then {TB
t ; t ≥ 0} has doubly Feller property. If in addition, B is relatively compact, then

TB
t g ∈ C∞(B) for every t > 0 and g ∈ Bb(B).

2. Feynman-Kac transform

A positive additive functional (PAF in short) A is said to be of Dynkin class if
supx∈E Ex[At] < ∞ for some t > 0, or equivalently, supx∈E Ex[

∫ ∞
0 e−αtdAt] < ∞ for some

α > 0. A PAF A is said to be of Kato class (resp. of extended Kato class or generalized
Kato class) if limt→0 supx∈E Ex[At] = 0 (resp. limt→0 supx∈E Ex[At] < 1); or equivalently,
limα→∞ supx∈E Ex[

∫ ∞
0 e−αtdAt] = 0 (resp. limα→∞ supx∈E Ex[

∫ ∞
0 e−αtdAt] < 1). A PAF

A is said to be of local Kato class if for each compact set K, a PAF 1KA defined by
(1KA)t =

∫ t
0 1K(Xs−)dAs is of Kato class. For a PAF A, let Exp(A)t be the Stieltjes

exponential of A, that is, Exp(A)t is the unique solution of Zt of Zt = 1 +
∫
]0,t] Zs−dAs.

Theorem 2.1. Let A be a PAF of local and extended Kato class. Suppose that a PAF B

defined by Bt :=
∑

0<s≤t(∆As)2 is of Dynkin class. Put Zt := Exp(A)t. Let B an open
regular set. Then (3) and (7) hold for Z and B. Consequently, {TB

t , t ≥ 0} defined by (2)
has doubly Feller property provided X is doubly Feller.

3. Girsanov transform

Assume that X is an m-symmetric doubly Feller process, where m is a positive Radon
measure on E with full support and that the Dirichlet form (E ,F) of X is regular on
L2(E; m). We fix a continuous locally square integrable MAF M c and a Borel function
φ : E∂ ×E∂ → R with φ(x, y) > −1 for all x, y ∈ E∂ and φ(x, x) = 0 for x ∈ E∂ . We write
N(ψ)(x) :=

∫
E∂

ψ(x, y)N(x, dy), where N(x, dy) is the kernel of Lévy system (N,H). We
use µ〈Mc〉 to denote the Revuz measure of 〈M c〉. Let S1 be the class of smooth measures
in the strict sense (see [3]).

Lemma 3.1. Suppose N(φ− log(1+φ))µH ∈ S1 and assume that ν := N(φ2)µH + 1
2µ〈Mc〉

is a Radon measure of extended Kato class. Then there exists a locally square integrable
MAF Md of purely discontinuous type such that ∆Md

t = φ(Xt−, Xt) t ∈]0,∞[ Px-a.s.

Theorem 3.1. Assume that log(1 + φ) is bounded on K × E for each compact set K

and ν := N(φ2)µH + 1
2µ〈Mc〉 is a positive Radon measure of local and extended Kato

class. Put Zt := Exp(M)t, the solution of Doléan-Dade SDE Zt = 1 +
∫
]0,t] Zs−dMs for

Mt := M c
t + Md

t . Then (3) and (7) hold for Z and for every regular open set B. In
particular, Z is a martingale under the conditions. Consequently, {TB

t , t ≥ 0} defined by
(1) has doubly Feller property.
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ON GENERAL PERTURBATIONS OF SYMMETRIC MARKOV
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1. Main Results

Let X = (Ω,F∞,Ft, Xt, ζ,Px, x ∈ E) be an m-symmetric Hunt process on a locally
compact metric space E, whose associated Dirichlet form (E ,F) is regular in L2(E; m), and
that m is a positive Radon measure on E with full topological support. Let E∂ := E∪{∂}
be the one point compactification of E and Ω the totality of right-continuous, left-limited
sample paths from [0,∞[ to E∂ that hold the value ∂ once attaining it. For any ω ∈ Ω,
we set Xt(ω) := ω(t). Let ζ(ω) := inf{t ≥ 0 | Xt(ω) = ∂} be the life time of X. For a
Borel subset B of E, τB := inf{t > 0 | Xt /∈ B} (the exit time of B) is an (Ft)-stopping
time. The transition semigroup {Pt : t ≥ 0} of X is defined by Ptf(x) := Ex[f(Xt)] =
Ex[f(Xt) : t < ζ], t ≥ 0 Let (E ,F) be the associated Dirichlet form with X. A positive
continuous additive functional (PCAF in abbreviation) of X (call it A) determines a
measure ν = νA on the Borel subsets of E.

∫
E f(x)ν(dx) =↑ limt→0 t−1Em

[∫ t
0 f(Xs) dAs

]
,

in which f : E → [0,∞] is Borel measurable. The measure ν is necessarily smooth, in
the sense that ν charges no exceptional set and there is an E-nest {Fk} of closed subsets
of E such that ν(Fk) < ∞ for each n ∈ N. In the sequel we refer to this bijection
between smooth measures and PCAFs as the Revuz correspondence, and to ν as the
Revuz measure of Aν . We write K(X) for the Kato class smooth measures and define
K0(X) := {ν ∈ K(X) | ν(E) < ∞}. If M is a locally square-integrable (local) martingale
additive functional on [[0, ζ[[ (with respect to X), then the process 〈M〉 (the predictable
quadratic variation of M) is a PCAF, and the associated Revuz measure is denoted by
µ〈M〉. More generally, if Mu is the martingale part in the Fukushima decomposition of
u ∈ F , then 〈Mu,M〉 is a CAF locally of bounded variation, and we have the associated
Revuz measure µ〈Mu,M〉, which is locally the difference of smooth (positive) measures.

Now let M and M̂ be two locally square-integrable local martingale additive functionals
(MAFs) on [[0, ζ[[, and let A be a CAF locally of bounded variation with (signed) Revuz
measure µ. By the discussion of the preceding paragraph, there is a nest {Fk} such that
1Fk

(µ〈M〉+µ〈cM〉+ |µ|) ∈ K0(X) for all n. Our main results concern the form perturbation
Q of (E ,F) defined on ∪kFFk

by

Q(f, g) = E(f, g) −
∫

E
f(x) µ〈Mg ,cM〉(dx) −

∫
E

g(x) µ〈Mf ,M〉(dx) −
∫

E
f(x)g(x) µ(dx)

−
∫

E×E
f(y)g(x)ϕ(x, y)ψ(y, x)N(x, dy)µH(dx).(1)

Here ϕ and ψ are Borel functions defined on E×E, vanishing on the diagonal and bounded
below away from −1 such that Mt −Mt− = ϕ(Xt−, Xt), M̂t −M̂t− = ψ(Xt−, Xt) for every
t ∈]0, ζ[, Pm-a.e. Let rt denote the time-reversal operator defined on the path space Ω of
X as follows: For ω ∈ {t < ζ}, rt(ω) := ω((t− s)−) if 0 ≤ s < t and rt(ω) := ω(0) if s ≥ t.
Now define, for 0 ≤ t < ζ,

(2) Zt = Exp(Mt + Aµ
t + 〈M c, M̂ c〉t) · Exp(M̂t) ◦ rt · (1 + ψ(Xt, Xt−)),

1



wherein Exp denotes the familiar Doléans-Dade stochastic exponential. Finally, define

(3) Ttf(x) := Ex [Ztf(Xt)] ,

One of the purpose of this talk is to establish the following extension of the results in [1].

Theorem 1.1. Let µ〈M〉, µ〈cM〉, and |µ| be of Hardy class smooth measures, and let {Fk} be

an E-nest such that 1Fk

(
µ〈M〉 + µ〈cM〉 + |µ|

)
is in the Kato class, for each k ≥ 1. Suppose

that the quadratic form defined on ∪kFFk
by (1) is bounded below in the sense that there

is a constant α0 ≥ 0 such that for every f ∈ ∪kFFk

(4) Qα0(f, f) ≥ 0.

Suppose also that there is a constant K such that for every f, g ∈ ∪kFFk

(5) |Qα0(f, g)| ≤ KQα0(f, f)1/2Qα0(g, g)1/2.

The formula (3) then defines a strongly continuous semigroup {Tt : t ≥ 0} of bounded
operators on L2(E; m). Conversely, if {Tt, t ≥ 0} defined by (3) is a strongly continuous
semigroup on L2(E; m) with ∥Tt∥ ≤ eα0t for some α0 ≥ 0, then (4) holds, provided {Fk, k ≥
1} is an E-nest such that 1Fk

(
µ〈M〉 + µ〈cM〉 + |µ|

)
∈ K0(X) for every k ≥ 1.

The following Q on Fb is a well-defined symmetric form provided µ〈M〉 is of Hardy:

(6) Q(f, g) = E(f, g) +
1
2
ν〈Mfg ,M〉(E) for f, g ∈ Fb,

where ν〈Mu〉 := µ〈Mu+Mu,κ〉. Define ϕ̌(x, y) := ϕ(y, x) and N(1E×Eϕ̌2)(x) :=
∫
E ϕ̌(x, y)2N(x, dy),

and write FFk,b for the set of bounded elements of FFk
. Suppose N(1E×Eϕ̌2)µH is smooth

and let K be the local MAF on [[0, ζ[[ such that Kt − Kt− = −ϕ(Xt−, Xt) − ϕ(Xt, Xt−)
t ∈]0, ζ[ Pm-a.e. Define Λ(M)0 = 0 and Λ(M)t := −1

2(Mt + Mt ◦ rt + ϕ(Xt, Xt−) + Kt),
t ∈]0, ζ[ under Pm.

Theorem 1.2. Let M be a locally square-integrable MAF on [[0, ζ[[ with jump function ϕ

satisfying Mt − Mt− = ϕ(Xt−, Xt) for t ∈]0, ζ[ Pm-a.e. Let {Fk} be an E-nest such that

1Fk

(
µ〈M〉 + N(1E×Eϕ̌2)µH

)
∈ K0(X) for every k ≥ 1.

Then Q defined by (6) for f, g ∈
∪

k≥1 FFk,b is well-defined. Suppose that (Q,
∪

k≥1 FFk,b) is
bounded below in the sense that there is a constant α0 ≥ 0 such that for every f ∈

∪
k FFk,b

(7) Q(f, f) + α0(f, f)L2 ≥ 0.

Then the symmetric semigroup P tf(x) := Ex

[
eΛ(M)tf(Xt)

]
is strongly continuous on

L2(E; m), and the associated quadratic form (C,D(C)) is the largest closed symmetric
form bounded below by −α0 that is less than (Q,

∪
k≥1 FFk,b). Conversely, if P tf(x) :=

Ex

[
eΛ(M)tf(Xt)

]
is a strongly continuous semigroup on L2(E; m), then there is some

α0 ≥ 0 so that (7) holds.
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