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Concentration under scaling limits for weakly pinned random walks
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Positivity of the Lyapunov exponent for brownian
directed polymer in random environment in
dimension 1

Pierre Bertin

November 26, 2008

The brownian directed polymer model is defined in terms of a 1-dimensional
Brownian motion ({w;}>0, {P*}zer) and of a space-time Poisson random mea-
sure 1, i.e. on Ry x R under Q). We also define the filtration

Gt =o{n(An([0,t] x R); A € B(Ry x R)}.

To define the polymer measure for time interval [0, ¢] with parameter 3, we
let V; denote a tube around the graph {(s,ws)}o<s<: of the Brownian path,

Vi = Vi(w) ={(s,2);s € (0,t],x € [ws — 1/2,ws + 1/2]}
and now we can define

. _exp(Bn(V) pe
i (dw) = TP (dw),

Zg = P* exp(Bn(V))]

The goal of this talk is to study the asymptotic behavior of Z7 and to decide
if the random environment make a qualificative difference.

Proposition 1 if we note A = e — 1, then the normalized partition function
Wt = eiAtZt
is a Gg-martingale.
The martingale W; is positive, so the following limit exits Q-a.s.:
t—o0o
and by Kolmogorov’s 0-1 law, either Q[Wo = 0] = 1 or QW > 0] = 1.
F.Comets and N.Yoshida have proved in [1] that in dimension one, whenever

B > 0 the former case Q[Wo, = 0] = 1 applies.
The purpose of this talk is to discuss a much stronger result.



Theorem 2 If 3 > 0, then there exists a non random constant ¢ = ¢(f8) such
that Q-a.s.
Wi = O(e™)

In other words, the partition function decays strictly faster than its expectation.

To prove this theorem we show that for 6 in (0,1), Q[W/] = O(e~¢"*), and
the result follows from the Borel-Cantelli lemma. In order to do that, we adapt
the same proof for directed random walk, that one can find in [2], i.e. we develop
w? .+ knowing the position of the particle at time s, and we try to show that if
s is large enough, QWY ;] < kQ[W/] where k is a constant smaller than one.
The principal difficulty is that the position at time s is a continuous distribution
on R, and in order to match the proof in the discrete case, we try to control it
by some fixed points disposed regularly.
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We consider a discrete-time stochastic growth model on d-dimensional lattice. The
growth model describes various interesting examples such as oriented site/bond perco-
lation, directed polymers in random environment, time discretizations of binary contact
path process. We first investigate the regular/slow growth phase transition in terms
of the growth rate of the total populaiton. Then, we explain that the regular/slow
growth phase transition is related to the delocalization/localization transition of the
spatial distribution of the population.

1 The set-up

Let A = (Azy)y yeza be a random matrix and let Ay, Ag, ... be its independent copies,
defined on a probability space (€2,.%, P). Here are the set of assumptions we assume
for A:

0< A, € L2(P) for all 2,y € Z%. (1.1)
Az y =0 as. if |[x —y| > 74 for some non-random r4 € N. (1.2)
(Aztzy+2)zyezd Y A for all z € Z4. (1.3)
The columns {A. y}, ¢z are independent. (1.4)

The set {z € Z; >,y aatyay # 0} contains a linear basis of RY,
y (1.5)

where a, = P[Ag,).
We define a Markov chain Ny = (Nt y)yeze, t € N, with values in [0, oo)Zd by

Nig =Y Ni1gAray, t=1.2,.. (1.6)

reZd

Here and in the sequel, we suppose that the initial state Ny is non-random, # 0, and
€ (1(Z%). If we regard N; € [0,00)%" as a row vector, (1.6) can be interpreted as

Ny = NgAjAs -+ Ay, t=1,2,...

2 Results

We look at the growth rate of the “total number” of particles:

N[ =D Ny t=1,2,...
yEZA

which will be kept finite for all ¢ by our assumptions. It is easy to show that |Ny|/|a|*
is a martingale, where

lal = ay, ay = P[Ag,], (2.1)
Yy

200800 12000000000000 OO
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so that |a|' can be considered as the mean growth rate of |[N;|. We first investigate
whether the limit:

-~ | def ..

Vool & tim [N;]/Ja (22)

vanishes almost surely or not. Our results on the positivity of (2.2) can be summarized
as follows (cf. [Yo08a]):

i) If d > 3 and the matrix A; is not “too random”, then, |[Ns| > 0 with positive
probability.

ii) In any dimension d, if the matrix A; is “random enough”, then, |[N | = 0, almost
surely. Moreover, the convergence is exponentially fast.

iii) For d = 1,2, [Ns| = 0, almost surely, under mild assumptions on A;. Moreover,
the convergence is exponentially fast for d = 1.

We will refer i) as regular growth phase, and ii)—iii) as slow growth phase. In the regular
growth phase, |IVy| grows as fast as its mean growth rate with positive probability,
whereas in the slow growth phase, the growth of | V| is slower than its mean growth
rate almost surely. There is a close connection between the growth rate of |V¢| and the
spatial distribution of the particles:

Nt,x

pr(x) = m1{|1vt|>0}, x ez (2.3)

as t /" 0o. The connection is roughly as follows (with some technical assumptions
disregarded).

(iv) The regular growth implies that, conditionally on the event {| N | > 0}, the spa-
tial distribution (2.3) has a Gaussian scaling limit togeter with the delocalization
property:

lim sup p:(z) =0, in probability. (2.4)

t—00 1 e7d

cf. [Na08].

(v) In contrast to (iv) above, the slow growth triggers the path localization (cf. [YoO8b]).
In the slow growth phase, there exists ¢ € (0,1) such that,

{|N¢] > 0 for all t € N} = {sup pi(z) > ¢, i.o.} a.s. (2.5)

x€Z4

agood
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Critical behavior and limit theorems for long-range oriented percolation
in high dimensions
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Around 1974 M.Kac et al. pointed out the relationship between the scattering length in the
scattering problem and the capacity in the probability theory. Based on the results by F.Spitzer
et al. in 1960’s they showed that the scattering length I'(f) is given by the following asymptotics
for Brownian motions if the dimension d > 3:

r(f) = lim ~ [ deE, [1 ~ exp(— / t f(w(s)ds>]

t—oo ¢ Rd

In 1974 T.Shiga and the author formulated the equlibrium process consisting of infinitely many
independent copies of a Markovian particle as the Poisson measure on the configuration space
over the path space.

If one knows these results and is familiar with the large deviation theory, it is quite natural
to guess that the scattering length will be obtained from a contraction principle for the large
deviation of an equilibrium processes.

It is true at least if the underlying process is symmmetric and transient.

Definition 1. Let (P,, * € R) be a symmetric Markov process wirh nonatomic reversible
measure A and set A(-) = [ A(dz)P.(-). The Poisson measure ma will be called the symmetric

equilibrium process.

Recall that
/ 7 (dw)e™ ) = exp (—/ (1- eF(“’))A(dw)>
Q w

(w, F) :ZF(wl) ifu):Z(Swi.

i=1

where

The symmetric equilibrium process is (naturally identified with) a symmetric Markov process on
the configuration space Q = {¢ = >_ ,,} with reversible measure 7y . The space L*(Q,my) is
isomorphic to the Fock space F which is identified with L2, (L R", A.) where A, = @ Laen,

The isomorphism I : F — L?(Q, ) is obtained by Schmidt’s orthogonalization from

1
<€n7f’rb>:m Z f’n(xilvxi27"'7xin) nZO

i1,42,...,indistinct

Let T} be the transition semigroup of the underlying Markov process (P.).cr and set 7; =

e



Theorem 2. The isomorphism I intertwines the transition semigroups T of the equilibrium
process and 7*t: for f € F
T I(f) = I(T'f).

The Dirichlet form of the underlying process is given by
1
o(f ) =lim 5 [ (@)~ )Pelt, dody).

if the limit exists where (¢, dzdy) = A(dx)p(t,z,dy) = Ady)p(t,y,dx) and p(t,z,dy) is the

transition probability.

Theorem 3. (Contraction Principle). Let p be a nonnegative Radon measure on the base space
R. Then,

in {5@, D)@ € Dom(E), @] = 1,8 > 0, /Q L, PR = p} —e(1-,1-0)

if p is mutually absolutely continuous with respect to A and its half density (i.e., the square root

of the Radon-Nykodim density) is ¢ = %. Here, the value of e(1 — ¢, 1 — ¢) may be infinite.

One of the crucial keys to the proof is the following. Let f* be the function obtained from a

function f on |J R™ by inserting « € R in the first coordinate.

Theorem 4. The Dirichlet form &£ of the equilibrium process is given by

E(I(F),I(f)) = lim |4 — £9)|%6(t, dxdy).
=0 JRxR

Theorem 5. Let p be a probability measure on Q(R) which is absolutely continuous with

respect to the Poisson measure m) and I(f) be the half density of p with respect to wy. Then

u admits a Radon measure p as its intensity if and only if (a) p is absolutely continuous with

respest to A, (b) f2 € F M-a.e.x and ||f?||+ belongs to L? (R, ) as a function of z and (c) the

half density of p w.r.t. A is given by
o) = IIf + £ ¢

Now the electrostatic capacity admits three variational formulas:
(a) cap(K) = inf{e(f,f): f > 1on K}.
(b) 1/cap(K) = inf{{(Gp, p) : u(K) =1} (Gauss).
(c) cap(K) = inf{e(1 — ¢, 1 — ¢) — [, ¢(x)*dx} (LDP).
The relationship among them can be clarified by a theorem "« = 1” by T.Shirai and the author.
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