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§1 In-rro dluc'rim

» What does sinaulu- fiber
Y'é-per to ?

FM=aN - CFmap
% : 5ing. value
Sing. fiber over 4 means
the AP germ

: (M, £7'(9) = (M.
§: (M, £ 4)
dim 70 i} dmM > dimN



» What is the advantage of
Considering Sing. fibers ?

F(3) D Sy : set of sing. pts
~t'ﬁhiﬂ. sed
multi- germ
F: (M. Sy) = (M 3)
Contains NO INFoRMATION

o tha tepolesy of £7(y)

O GV

same muﬁ-f-aa.run
(see Fig. 1)

T
abstraed .2

5



* What do Sing. fibevs
serve £y ?
I:M o N 3%~ 49

TARGET
CM\ Jevyve 'Fbr Cohs'f-r'ucﬂna_

Certhin IMVAYT v the target.
247 CM : set of sing, of ppeZ
[gﬁm CN : set of prsin M ovey

which lies a sivg. Fber of type T

[f.m]*éH*(l‘\) HoMoTOPY IMV.

[m]’r‘: H*(V) CoBoRDISM IV,



* Any afpl;mﬁau.r ?

Yes /

' I“f'.'i'a"‘c‘-l invAriance of the
humber of cevram Sing. o{ ¢
stable f?er‘f'urlmﬁm of a
map_derm

Charocteristic ¢clascas of

S“"‘)QCL bum‘fﬂ;{




$2. (Classification y
&‘E J{, ‘M N C-vdf.fln,i

¥
J"ﬂn) omd f-‘(gl) a L‘?ﬂ.

(gy- Qm l"u'-)
L — g'l- € U HbJ i '/l:

(4, (W), £13,) )'-?fr &), £M80)

J'l ;:o L;I
('U; 3.7 — (U 31

: ¢ diffeo,
?SpCre.rp MJ
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Fi1auRe 2. List of singular fibers of proper O stable maps of crientalle

d-manifalds into J-manifolds



How to carey out ta clusrlcation?

(N Cfam‘{} the multi- germ s
[ Sing._Theary ]

(2) List up all possible topdepical
typer of sing. fibers

<~3008).

[ Q{J_M bFHﬂ.f’nr‘{g’ Af}umut ]

(3) Same topel. type D (> €guiv

[ E-I'\l'ﬂily.hh Fibrat:an neum}




_C_)r_ EIV‘ i_l_ya £E” alf

propev L= stable maps

M“"" N'H-l (N=2,3,4)
t ah'eM'MHﬂ

C” equiv. &> C equiv

#



83 Universal complen a®
§_i_h3h'ar -ﬁbers

Le:t ua considon

T : class of Sing. ﬂgﬁ
P : eguiv_velation for

Shng. fibers o T
_‘z;_ ce.rfmn set of smg L bevs
’1 ot proper: Thum maps
closed umder adfaconcy

}'(B AET © BerT



fﬁ: weaker tham C'-*‘-'?-iv

g

i
| % consisten] with Aémnnc&

F ejuiv class wet P
FF) ={deN | #'(8) € Z}
K SHbM‘FJ a‘f A/ 'f
Conat. codimemsion K(Z)
Ck('t';ﬁ) '\ g - Veltoy SFQ"-E.
spa.hhecl Iv/v e=|uivf ¢lasses
F owith K(R) =K
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What is the Jeometric. .

meaning of the akm-fn}/
H' (T, L)
Def. F:M-N proper Thew magp
Fis & T-map
© (et (Ysew)
Dl C=Z N7 el(r.F)

CH) = {3eN | F48 €T wihNgeo}

Lemma (1) ¢ : cocycle (dete)eo)
= C(F) 1 &yde (dimzdml-k)

(2) C~¢' wbgmufng_n_u
= C(:H"VC(.‘F} F\nhnfn‘gﬂ




Def 34 o= [cTeH" (T, £
F: M= N Tmep
A(F):= [CH)T € Hpx W)2y)

T HRC L) = HN (W 242)

W

ol Pﬁh:r'{&l{
of ol(#)

£uMnmrP(\F!h induced 5), _i

Ihﬂuﬂvtly

f ~» Target N is stratified
actording to sivg. sig. Fibers

~ find a c.;c.{e made wp of
Certam strota
#in".l'el"fet:ﬁnn ch.nclnt.r

b e.fmwt o H’(wz;)



15

3 Chabn i

Dl 4] v £:MaN, the map
Z# = fxidg : MxR—= VxR

i called the suspemsion of #.

(Z£)" (Ixfo}) : Suspemsion of #714)

Tnp) : class of Sing. ﬁb&‘: of
preper Thom maps Mﬂ—-!A/r

Lﬂi wo comsiden C*(TCH.-PL ﬁ.-:)

A c:r(‘t(nﬂ,fﬂ),):_htﬂ )
which one consistent wit
Susponsion




(1) suspension of any elemest
4 'CCHJ'P) bé{nha_r ﬁt{#ﬂ;ﬁl)
lf’-) equiv. w.vit. fup

16

S SUSpemsions ave efuiv Wt [, p
V7
E&# :CKﬂT 'lel’ﬂ};}:n,pu) - 6'(%-%#-4)

Cohain MmRp

. # #
1.6, JHSL. = e od'x



| "
P££ 44 T=Ttu.prv Tlutt, p+1 )

Fi ?N: >N (imen): T, p)-maps
Tclosed  [TARGET is Fixep /|

jfn & 4 are T cobordandt
& WM™ ept st WM LM,

oF W™ Nx [017
t(hﬂ.rﬂ}-w_
st Fleohar ubd of M:

= SuJ‘P&nﬂuh ﬂf Jc'l. : Ht"’#”ﬂ'}
((z0,))

A+l

n w M“‘
M. v '
‘
%o J_ J«DC:
:\Bﬁ& 1}
Nxiey NxCo.1)



Rem  Notion of T- cobordiom

was intredmced by Rimmyi~ Saiies.

N<P = Tuniversal T-map
How about the case W >P ?

Prop £ ¥ # ane T- cab

= ?}u-‘s"‘*:%.'&*:

Hl(tf"‘”-r'”);ﬁmpﬂ) - Hk(,{/jz;_)

U
T- cobovdism invarionts



(proof)
e € Hk(tfh*l,rﬂf.ﬁﬂ.w)
C = SKle)ecX(tmng, A, )

=2 9C(F) = CCAIxfty = € (H)x {0}

Nx (e} Mx{1}

D [E(F£)] = [ECF)T in Hax Wi 2y)
%, (SLe1) =% (S L)

V4
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$5 Seveval Vaviamts
51 (o-orientable Swy. Fibers

Q&.E '_-}’:13. class wrt P, F co-or
&> Normal bdle to F(£) o

“anonically " oriemted
8 c

\( — A w co-ori,
/
E

D

B

C
\A<< « A @ MOT co-ori.
X 8

D

20



Incidence coeff. [F:9)€Z, "
COM (T, P) unv. cpx of
Co-ori.  Sing. fbers
defined over Z,
T; - H(co*up)) » H W 2)

T- cobordism  invariance

ﬂ.‘!n ﬁ»ud



3.2 &,kir‘ql Slna. Fibers .
Def F: C° equiv elass of

& (£, £00) 2L (£, £7a)
il e
(V2 —— (us)

9': $P ‘fomaa.

st.{ F veverses the ori
b5 , F(£)aU  preserves the ov:,

* F o chiral
S NOT adhiva|




d 23
Univ. ¢px_of Chival_sing. Fibers
dofad over Z.
# MoN  oriewted mag
DEF
& Fibers of  f[n-si :M-SEHN
L Canﬁﬂ‘eufl)/ oriemred

Sins_ ﬂ'.ﬂ"‘" ;

¢
c_fj-_ : H (Univ. ¢px) H*w; 2.)

Semsitive. to OriemtATion of

the_ Source manipld
Oviemted T-wob. invariance helds



53 Uhivu;nl Homelogy _@4&
Ce (T, P) (Crtrr), o ),

Gt P) = @ Z<D)o(92x<P)

Co-ori. NOT Co=oivi,

ok : Ck(T,LP) = Ci- ('C.r')

Crk Ce(T.P) = Gen (T L) .

NOT well-defined in gouevel |

C(T.P) = Hom(CatT. £, Z4)
COMTP) = Hom CCr (T, £), Z)
Ca (T, P) : NOT free
use free Approximations

_!typer?mhmn!ag/y_ H*



3~ g T
% - H(Gup) 56)= H W 26)

2 cobordism invaviamea.

Mﬁ 3 Cob. invayiast
obtamed by Ca(T.f) and
wol obtaimad by C¥(T.F) or
2ot £) 2 (Hidden Simg. Fiber)

(Ahﬂ “5’)’ mc Kazarian’s

ConStruction )



$6  Example 1
Gbom{cm 5&«.? &ﬂ

ﬂH J‘H)“)Qw

J’i FU..L:TR [(0,1) Hm ',:-Htﬁah_r
:g BN ept. mfd with JW™ e Mo i M,
2F WY Rxl=1) 4 MAP

. Flnlla.r nbd n'f M. =.ﬂ-:f. l; sfi ft'se )

" M@) : set of all cob. classes F

MWI! 'nﬁhc.fs'nwj‘ an m‘dq'h. lrh‘H_\"
G.E?E(fﬂh jﬂg_ w.r.T. Ji.r}o.‘ut Un i e

M'rn(ﬂl ¢ oviented vevSion

(c.ﬁ Tkegam; [31)



'C"(H.-H-I) : 'F‘bcr.r of propev -

C*seable £Id waps M" s p/ !
(reg«lar fiber = disf. umim of arcki)
fomn (2 2 £ equiv. modals

two_civele componanty
g~foo  §#§o
List of cCo-ori. ibers v he3

k=0 o gu OO 5-1.
kK=| ~b -~|
T 3 1y
K=12 ~al " :n:
- 8 I o




Be_h; No co-ovi. fiber & ﬁ,.(y‘"

Lemma  HY(COMT (3.2, s )

(Z (gen by [0+0e1)  Kso
hlzﬂ'z (gen. by ohe-[Tp+Te)Iek;]
oy 2[-10+ 8¢, o= [T -T2

L with 2020+ ) k-ﬂ-l
Lemma, fM-lR stable Movse Jet.

stay (£)=0 "
S¥os (£) = - 5%ty (f) < o (f)-min(4)

m Ho(R; 2Z) = 2.
Corollayy
moyx (F)- min (£) @ a
cobordiom inmvariamt of £




AJ‘ a gonandln of H"(‘t‘ﬂﬂ,ﬁ,;ﬂv

ﬂl'"ﬂu"lm FELE dn

lfl(‘)c” €4, ua
cobordism invariawt o F

Theovem

#

/((z) = 2 . Z,
[;] - (m(ﬁ)—m.“rﬂ, 11°w) )

M By X, Z.
H] l-—-—-!(mf,\r{#-hu('f})

[um px of 5ing. fibers ~» COMPLETE
cob. inv. [



57 Application 1o Map Germs
Def 9,8 :(RM0)= (Roe) Cmagjoms
'fﬂFOIaanﬂ"?f A_egu (V)

E (Re) L (R

7 2:5’-‘
| & 0 42
(B0 L g,y  Temee

""'P"'a"“")' A*"%ﬂ 2 4
preserves the ovi. of R?

Ded 9:(RL0)s (R)e) gemenc
'g for O0< E<<d <<

Dh a8 (S3) ¢ €7 md with boundary
952 803 aa'(s0) : Drad (50 S'e < L™ srable
8)an} a3 (0i): 207 # 87 (D)= D : submersion




35(1;

, 2K
b e
1R¢h Now 3M|'c map gevms M

« swlivite codimemsion”

(Dl g R srable

—

_positive Cusp. hegative chsp

AN
defmire el imdel  defiisg

M A AH AU




Theorem 9 :(R,0)+ (R o) goueric
> Algebra number of cuspe of

a stable_perturbarion § of §
 am  nvaripat d{ t+ha m
As- v lous of §

() Express f-h#o!aufrq’f
in terms of the sivg. fbers of §5

(2) Show the cob. imvariance of the
Q_HMTS? ebtained v (1)




[; of Sing. Fibers Hv .

(")
3 D a 870ty Dl (D) = D;

K=l ® m d
. % e
K22 e 00 « O oo X
. T B
| 8 9 Y
l ¥y i -
Lomma_
w olg. # of cuaps of 1
= — e+ NTe (3N
= DT 80 ~NTE (204055 ()I-NEe 1339))

ay the above integer is 4 (RId)
cobeydiswm invara.t o; JJ




Probles:

(0 Find an “algebraic” frmale
for vha ally #t of cunps of

W terms of 8.

) Cam we obrawi 2 NEW
topslegical iny, of & map $otm

]n/v M«nffﬂj cerrain Sing. N-m

af O _r_fnbfa P_g,_r;@[fmﬁm {?
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3 Example 2
Evler_chavecteristic formula

}:Mt—’ﬁ smble Morse e

tﬂ:fﬂﬂ:’é ".'-HP‘jG.:_d;_

M) = # of cutical pts of F
Guler chavs. (wed 2)

= | T +Ee (Al + Tyl + 1 Se )
+ T2+ S
| -&: ool @&
On ta :If‘IEI" hnmL
h(0)=Istle+Eo+ £
S (TN +|Z560I+ Hien) +Ee R
S0 (med 2)




Theoman  £:Ms B bk Horse iz %
D ’}Q_‘\:_) l’wl (mod 2)

I foct, O (12417 wa
SWMIO"' 0‘5 H (‘5%_1},-/?.“13)

fibers of stable maps
® Tl : 2-dim. unoriented callmlt‘afhzf_

§ . n:_ —p Zl
W W
[M] = 1T A £:M=R
well- defined I\nhamarphinh

[ On -Hu. n'l'her hﬂnc’

3 . {Et £, 2&
(MY B AM) med 2
We Can check §{gp‘)=§’(wt).,‘

> 3=38"




{me.—ﬁMLR sable, Morse £t 27
e “Yelosed surdace

Fe OF = [+ T2lcH D 8.0)
Fy oS’ (o) = 1w (M)eHe (RiZ)

|. tﬁﬁ?ﬁ'l‘.ﬂ}f -n'ﬂ-. Gt 5%;—1"; zl

UR(M)EH(M52,) + 2™ Spelel-Whirwey
elagr of

4, HlW2)H (M 2)» H. (R1Z: )
Gysin_Pamo, inducad by

Cor. $:M2N™" preper,
Tlnnm-ﬁaﬂrdhwn 3%&?‘1'-:.
Feyr Oz [f: "‘f:]'EHl (T{hﬂ,ﬂl.ﬁm,“ﬂ?)“

Fresi () = $1 up (M)

[ +(F1 W, (M)}u W; (W)

Fleare cormvect vhe /' e HI (M} 2!-)

abremet !fn-mﬂm}r £3,p.1%.



Idea Br the Proof o
L e H (W3 Z)
23 S'vuS' =N (" wmagp

st 9y (S'v-vsSl, =X
lrt.mdﬂhi.i'ﬂl Oki!

may Assume § F

b — Fq.rt _}__' MH /g
stable="F] ¢ | ’
Qs Ly g
oA
By agplying the prop. fo ¥, we pek
(Fyosten , x) =(Fpest(dy), [Se-vs,)

- < F1 Wulf, (s've v 92, >

2 & (Frwn )+ wym) i),
(S'vvs']y D
c CFrvam +ffivem vy (M), x>

V4




§7  Exaumle 2 "
_S_.“w-r-uy-e_ Brmula

C* : universal complex of
CHIRAL. sing. Rbers v propes

¢ stable maps M= N

L' >
s 4 ok} rk 14

[.E‘:-“l’- H =Z generated by [n")

@ "



Why i ]Ig'ﬁber chival ¢
fimt =N
n:mr.red 4

Fix om ori. of N’ avound %

> vegulin pants of Abers gel or,

3

I i

- _C_y_c_.fr‘c. orden for thres Sing. prs

- f:N’
£

Comqare +ha induced ovi,
with tho myuﬂfb c‘tnﬂh evr,

Same oY, = +1 siam
different ovi. = =1 ¢

4o



o 4
Lesma (1) Sign dots net dopend
on tha chois of lectl ovi. of ffg

() IF we chawge tha ori. of MY,
them tha Sign_Chbnga.

Theovem (T Yamemoto ~ S')
L H"-—;A/J C” srable
¢

gl'-:m:l’ o7 BaTed

> @ (#) | = signature of M* )

Idea fv tha Proof
+Buth NG ¥ sign of M* 21

ovi. Cob. inv. i’
g,
ovi. cab. grp Sls > 2.

3 Sufdicas 1o check (X) for o gererator,

/4



C—owllnrz (T Yamamoto - S )
;: thNh-I rvortr',
Thﬂh‘ Bﬂﬂlﬂlm W’t

F 0 om oriented map
(€. Libers of :flhh__;-m ad
(.ﬂhﬁ.f'f@h'l'fy oviesmtad )

> 3[m*RI* = £ him
m H(NSZ) med. torSion

In the bllowing , fr I= (5, bn),
Wy & W™ v-v Wy,

F; 5 ﬂh Vv P:‘



oyvecd tha  AbIwwct "

() Vo{ GH’(T(W‘":_P”J Pﬂ Hl)

? P (i, wy) univ._pe fy momia
st FoS' @)=, (Fruwpm), wym)
w H'(N, Za)

o Yf: M* M prepev Tin, p)=map
2) Yol ¢ H' qumiv. epx of chrival sing. fibers)
P Fr, B) : univ_ polynemial
. B e 5% ) =Py (F1 (M), Pm)

m HYNS2Z) (med. torsian)

.[w. VJt . M"‘_, N‘P Proru' oviemted
Z-mag




§10 Aur'icd.f_im 0
Surfece Bundle s

Zg, : c[ﬂj‘ed Cohh. ori. S‘ur')Gu.
of Jorus & 20

CE-3

[M={R:Dg->R Movse lm}

¥) R Ko exactly ome Sing.

’Ehﬂ- - IE‘E-"V(‘_’i avd no
other degenerdle shy. Fbes







TC 1E -*,B C” Ty bundle
¢* mids -

FE= R "sereri At
YeB
£3 Sl m ez, - R

[(F) ={3¢B | F5¢r}

o () wa codm 2 subwfd
of B if £ is Jemeric enough

o I(4) v co-oriented if
T w oviesred.



Theovem (T Yawamoro - S')

THE) fvms 4 codim 2 opeha
% closed cupperk in tuisved

coethicets von B, hed
[FH ] eH(s.2)
toincdas with the Hret
Miller = Movire~ Momdrel
___fc[g_g,,_ €. () of T:E~B.

7



4
Defl 7 :E-B on Z5- bdde

5 ¢ verticad tamgad bl of

(over E )

€ =X(5) €H(E;2) Auler class
€, () := Ty (&™) eH" (8.2)
l:'fl-\ M.‘ller- A:'nn‘ﬂ* ”.‘IH&J Ch.i"!

We Com vegand , for 322,
¢ € H'(BD:#.Zy i Z)<H*(my;2)







	Introduction to singular fibers of differentiable maps
	1. Introduction
	2. Classification
	3. Universal complex of singular fibers
	4. Cobordism invariance
	5. Several variants
	5.1 Co-orientable singular fibers
	5.2 Chiral singular fibers
	5.3 Universal homology complex

	6. Example 1
	7. Application to map germs
	8. Example 2
	9. Example 3
	10. Application to surface bundles
	Cobordism song

