Ginibre 7 7 7 EH:
FHND 2D 7 — 1 > FERRKL 5% DR T & 1%
(Stochastic geometry and dynamics of infinite log-gases in the plane)

version 9

FH X
e NE L
2010 4 12/6/H-12/10/4x

W28 45 H9 H

B =

S D vh D SEFRAE DR FHY 2 RTT 7 — 0 VR T Y v )L (R CHE/ERT S Y
ATL%FEZAD, DIV AT L EFRT HMHRAEOEEFZIEEHE T, KenlaR T
VY IVORE (B =2) DEEEIPHEINTVWS, ZORER, FEILVI—F - AU
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s:ki
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UHFEE ZER U 720,
RPN, 7 =0 YN K BHAEFAPENT WS, - (FFRH)

2 EEEEEFEI - Btz - FERIRIEK
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5HR—F v NERE 5, MRmIETR—7 v NEMMNTRET 500, —kite BN
NI UVAMS EFLLENTWD, M, K—F v NEROKRVIVAHEBAEEIE. GRAMHEO T
T) FOR—F v REfER 5,

72770, ZORTIESIERE CHULIK[0,00) ZIINREET 5.

M(S) TS DI RVllEeAk%2Kd, 22T RUHIEL X, alHlZfM (S,B(S)) Lol
TaAVRI MVEBIZH UAROEEZISHDTHS, ZZTB(S) xS DRVIVESTK (BI%E
HEEGR/ND o NERK) KT, M(S) 12l B (Vague topology) & $5A7AH (weak
topology) &\ 5, XD 2FEFDMAMZ LIXULIXEZ 2,

E%EJ.

K DZEME LT, 2EHEOZEMPARICEZ 5ND, —DIk, TRTORFE2KIT 55
BT, TR F OB 721 S DER%E & > - EMTH 5, B 2SI MERAE DR 712, JH
121,2,3,... & TRV EMTZHEEIE SN kDb, 5D, TRTORTFZ2KAILARWV
Zeffc, EEZEM TIN5,

K7z XRIU7Z56 7 NVkiR. $EEAURWGET VI NV FRERERZ LI2T 5,

£ D IEHEIZIRR B,

78 S ND n ADRL T S™ DIt e o> TELULZRVA, MK 2056, —MIThT
2T VR S® Ot UTHD & EHpREE RELT 2 HERINE 2 ML T 2 Z L AL < 7%
5. ZZCAxORFEREIILRVEEEMZEATSHENELS.

fic & 22

dfn:21

EF 2.2. Polish %[ S EOIEEEHAE T N VI s #FLE (configuration) & W\, S DRLE
2R ST, FEAHH (vague topology) % A7z H D ZFLEZER & WD, .

EEDS s

112

s=> 4, (2.1)

EWIEELTWS, ZIZT {5} ERSNERZ2\0S DEFIT, 6, s a lZERLAZT IV
RPETH D, {si}i 1 EFSHDTRNVEMITLROVAEBOR 7R E2XRET 5. T )VHER 1%
DRIFESGLUTRIAT 4L, BR2RELDHHVME L UTRIT S & NedIZHHAT
% XD ICHRIZAAHD A D D THFTH 5,

% A€ B(S) I UTs(A) 1x ANDOR 7O ERIL L., FABKS LORRAROME &
LHEREBIC D, RENSERENS s 1ET7 FVHIERE®S, 3V 7 VESILEENDIRT
BUXHICARIZ RS, EENS.

121

S={s;5=) &, s(K)<oo (VIV} KCS)} (2.2)



r:i1

ER 21 s=37,01 £ 92, TOKsF(0,00) EOREZERDILED, [0, 00) LORLEZE
BT TRz, FBE. BRI [0,1]13 [0, 00) DI 2827 MEST, 222 5([0,1]) = 0o £ %5,
S % Polish 22 2 72 %, SHI VN2 MRS5S HIAVNT MRS,

S =R DOHF, SDHHES AW T R7 b ThBBEFHERIE, B3 EREG] {a,)
WIEAEL AC {se€S;s(D,y) <a} (VreN) 232 TH53. %#72L D, = {|jz| <r}.
S DWALIIZ DOWT, ROFENLLHISNT NS,

1:21

HE 2.1. AcB(S). A LOEEZEME A LT 5, BAHDE & TRPELLT 5,
(1) A DY Polish ZE[#72 5 A % Polish ZEHITH 5,
(2) ADHIEGRS ASHEATH 5,
B) ARaAY NI N AHa VT NTH D,
1

1:22

W 2.2. AcB(S). A LOREENEA LTS, d% SO, syeSEL B, = {d(r, s) <
P} EB L, ADKBE T AY R THBBHHDRMERD BN T2 MESORAF] {K, )
BFAE L

122

Ac{seS;s(B,) <a, (¥r)} (2.3)

(S, B(S)) LOHEHHE % =BT (point process) & % W IIHER 585 (random point field) &

W,

Poisson ABR m % (S,B(S)) ®7 KV HELT 5. S L0 LGHE j 13D R E 73
IR, BREEMIE m D Poisson rlifE & XN 5.

S(A) 1% j1 D FTFE m(A) ® Poisson HAHES, 772U m(A) <oo  (2.4)
(Ar, o A BEWEE S, [s(A)),...,s(A,)} 13807 (2.5)

KFIZ S = RY THREEHIFE m A° Lebesgue HIE DI, (B3 % Poisson fUlFE &k~ 7o AV
b5, BLEZEM LD Lebesgue HIE D% E % R -,

B SBIE S=R?I$5, dEDOHNIZRY ML {vy,...,05} TROEND dIRTE b —F A
T={zeR;z="" quv, 0<a <1} LO—BNHE N T, G TS %
(@) =3 ,c00 0aqznv CHZXBo 72UV = (v1,...,0q)s - ZR! DFFENFTH L, ZDL
EGME N 2 AN AR W D,

Lebesgue I % 58 HIE & 3 2% Poisson sUHEFE A & BN AGRFEIX & 12 RY O E 22
D EOVATRBEAL L fGEREZA, HEITEBIGE TH D, AITED T VX LRAERETH LD
LT, AR RGERE I, AREIZ d IRTED Lebesgue f{IED T ¥ X L AU DFi 270\,
ARRRTGH 72 ORI TH 5,

I DML G L LT, TORENGEGEEERL TN,
VRILL TS, RY 250WAL K=Y REMELESLES




FERAREE - MR m 2 S oI NUHIEE 35, R RAT AR B p — [0, 00)
(2.6) &2 7= I, RUBRE © O m 2 % n SHBIBIEL (n point correlation function) & I

Eha.
. o s(A)!
/ g o) [t = / T sca S (2.6
ZIZTA,...,A; CSIEHEWVZERAHES, k... kjldk+ - +k =n%2hizdHR
BT 5. s(A)— ki <0 D, s(A)/(5(4;) — k)l = 0 2 BAT. WD (27 % 7= 91,
{p" bnen ZAHBEREEIZ B D i#E’Cﬁ)éT i
Z{n,/ (1, .. ,xn)[[lm(dxi)}—% =00 (VA:m(A) < ) (2.7)
p(s(A) < 00) =1 235, MFRIFEEB T A" > [0,00) 1 (28) &30, AU L
X425 A EDn BEERE (n density function) & kiXh 3
m(da:) (2.8)
Z n! /u;l(B) 1
ZZTpa=pomy, 2EULAEB(S)ITHLT, 14:S =Sk
ma(s) =s(-NA)
AET. FIZ, Blx A LORBEMOTHRAES, X, = (@1,...,20), Uy A" > SI&
Up(xp) = Zi:l 0y, THD. EENPOS
1= Z p / o (xn) | | m(dz;) .(2.9)
ZOIEFIZ & 2 EERBEIE, Janossy BE L XN S, HEBEBKOEELS,
> 1 . i :28f
) =35 [ o ) [T ) (€ A7) (210)
i=0 /A j=1
HBEB 1 >0, co < LIZHU sup,,cysupgn p"(Xpn)cin= 2" < co Zim/ztlX, i
Z / " (Xpgs) Hm (d2ntj) (228g11)
=0 ! Jj=1
ROBE DR EA]IR, Lem. 11.1] &, FHRMEIH L TANTH S
W 2.3. S = R OF, SGHFE u,, 0 OHBIBE (o0}, {pm) 48 ($12) (513) 2 #7412 ()
pIZHINRT 5., 22 Te; >0, c0<1THB.
sup sup sup pp (X, )cfn= " < oo (Vr € N) (228h12)
n neN Dn
(2.13)

lim pp(x,) = p"(x,) fora.e. x,, YneN

n—o0



BB E T - D8 (f.s) = [ fds =3, f(s:) £&T. 77 Ls=3,06, €S. f€Co(S)
HBHWNIE, & V)*ﬁﬁkﬁﬁ?ﬁ‘,ﬁ'\ﬂ*’i’?ﬁgﬁ, RIPENL T 5.

5] = / F@)p! (x)m(da) (2.14)

AL = [ 1@ @mide) + 2f(af)f(y)pz(ar,y)m(dw)m(dy) (2.15)

Vart((/,5) / (@) [ S@FOT @ ymdnm@) 10

:@T@qum%w—fwm(wummna%ﬁa@wné.ﬁﬁﬁﬁ%@ﬁ%@ﬁ%
PGE D). p DY Hermite NI K (z,y) 20 6 BT N 275 RBEZ 51,

Var((£.9)] = [ @K@ aym(do) ~ [ 1) f)|K @.0)Pmdz)m(dy)

Palm I - Campbell BIE  u, Hx = (21,...,7) TR 72 4 O Palm #IE & 1%, &
THEAOND p DRMNESHERDZ L2\ D,

k 126f
=Y bl s{wi}) = 1fori=1,....k). (2.17)

i=1

w B k-Campbell JIE & 1%, RATEHRIND SF xS LOPWEDZ L&V S.

k :26e
k = k X m Ti). ( .
p <AxB>—/Aux<B>p (x) [ m(dz) (2.18)

j=1

3  GibbsAIE - 177IVAIE

R—7 v P2 S Nz EF) T SR 12, BHAT Yy &:S - RU{oo} THES LH#
HEAL, £TBRETYYYIL U :SxS — RU{oo} THFMOHEEAZT 275 5.
U(z,y)=V(y,z) &3 5. ZOK, KA HamiltonianH 13

His) = ®(si) + > U(si,s)) (3.1)
i i<j

THEZ SN, Mnd 2RFROVH DM, ERMIZIRKATREENS.

p(ds) = 71— H(s) H ds; = 7 lem i P(si) =25 Yisirsy) H ds; . (3.2)

U USERRIKRE OIS, HIZIES =R T [ge Pds = oo DI, FKRIT Lebesgue HIFE O MR E
Meatzd, B2)RZTOFETRESLTERY. TR E MR TR %M DR T
ERMUARVEEZHOTE UTHRAS. T, BREFROFHENEE BT 2 =204k
E BT 5.



Gibbs HIE  SfEA EHeRE VT (32) 2 EXLT 5 HEIZOWTHERS. BT, S=RY
D, ={lz| <r} &9 5. m(s) =s(-ND,), ni(s) =s(-NDg) &HBL.

T

=N o)+ > Usisy) (33)
s; €D, 1<j,8i,5; €Dy
Heels) =Ho(s)+ > W(si&y) (= 6, €5) (34)
s;€D,, £,€DE i

RY 10 AGHAE 1 A (B, U)-H1/ =H)L Gibbs I £ & Vi m € N, peas. £ 128 L
w(my € |m(Dy) = myme(s) = me(§)) = Z_le_H“(s)ls;n (s)A(ds) :(3.5)

Z2Z2TS™ = {s(D,) =m}, Al Lebesgue I %58% & 95 Poisson MBIETH 5. (§45)
DDA EHER L KT V¥ v L OEIOMFEN%Z DLR AR (Dobrushin-Lanford-Ruelle
equation) &\ 5. W IIEZED D Ruelle DEETIEHIDRE, Ruelle 7 7 ADKRT V¥ viL &
(A%s) '[]1 Ruelle 7 7 ADRT V¥ v )V % £FD Gibbs & X, Poisson sUEFEIZE WS % £
DIITATHD. —1, dik5t Coulomb RT ¥ ¥ IViE, n>d—2 DR R IZBWT Ruelle
DOEWOEMEZG- S0\, 2O, u WETBEIAL RGBS, pas 126U T
(3:4) DBAEDFH L, DLR ARERICERA DD\, fE>T, H ./ =77L Gibbs JIHE & 72

5720,

THXAE miE2SOTNVHIE, K:S2—>Ce35. mIisxd 2HEEBEN

:detl

P (%) = det[K (a7, 2,)]] (3.6)

ij=1

THAOND AR p & (K, m) TERINSITHIXME (determinantal measure) & 5.
FTHIARGERE, ATHER N & BIFIEN 5.

218 3.1 (P9 (K m) 25 (37505 & i = 30, (K, m) 4B B 47 AR 1 A
BITIET 5. £/ 378 389 K 2%, 175IRME % EHT 2 -0 D BEA4 %

i (305 TH 5.

e

:det-a

K(z,y) = K(y,z) (K & Hermite X¥5) (3.7)
K1 L2(S,m) b, BT trace 2 5 AfEFI% 3.8)
0<K<Id (2% Spec(K)C [0,1]) 3.9)
ZITKf(z) = [(K Fm(dy). 38YIE K LD I 287 MES A CHIR U 78,

K 73 LQ(A,m) LD trace 7 5 AT B I L 2 EEKT 5.

72 S DR EE A EOREZEM%Z Sy & KT, Sy ZHRICS OFREALART.
FTHIRBIE D Sq ~OFIRIE, BOFARNMEIC RS, FEE, wd (K,m) CTERI W17
FIRIE DRy, GRHEE pon " 1& (Ka,ma) TERINDS (A L) F7HIRHE L 25, 1272
U Ka(z,y) =1a(x)K(z,y)1a(y), ma(dx) = 1a(x)m(dz). F7z Palm HIEHF75]H[E T
H5.



oo

:d

w8 3.2 () (K, m) 25 -G a3 2 U, & (K, m) TERENBITHIRHE - 3

5. ZOW, mae€S TRIAMNITE PamBE p, 13 (Ko, m) TEBRINBITFIRMEIR 5.

722U K, BIRATHEA 6N 5.

K(z,0)K(ay) (‘§ff“6“5
BB OEELR Y 7 AER OERLZEATEZONS. w:R—=[0,00) &35, {pn}h

% monic (B EIR DRI 1 )E& HADHIT py,, 1 & m IRZIEX, £HE wd ﬁb’ClEﬁ&

THLTEH. IO

Ka(z,y) = K(z,y) -

n—1 -poly
KO (e,y) = fwau()t Y Loim) (1)
yEy, KO emsToftziizl, (KM, de) TERS BT REESGFET 5.
W@ﬁ@ﬁun—Mm%ﬁﬁﬁéﬁttéﬁrﬁ

l:icd

EH 3.3 (Christoffel-Darboux D A=).

M (2, y) = {w(x)w(y )}% .pn(m)pn71<y) — Pn—1(2)pa(y) cdt
K y) [ po1(t)2w(t)dt v —y (3.12)
(B12) 2 S MBI S DERE RS

K(e,0) = fpt”dt @)~ pha@m@} B1)

SBIEE DTHMS - ¥ Gibbs BIE  MERARE Gibbs HIEE % Coulomb HF > ¥ ¥ VIZHEIET %
HDIZ 20D EBEATS. AT S =R, pldS EOf#HREE 5.
o dt = (d) ey, g DSRDEM ARSI, 1 OB 2 W5 17 -

4" € (L (1)} (3.14)
/ d* fdpt = —/ Vofdul (Y € C5°(S) ® Do) (3.15)
SxS SxS
72720 Vo f = (8f = S))m 1.4 ptiE (5?18)’6‘%%2‘%% 1-Campbell #llE, D, 1S EDRF
FrEI DM & PR ERTH 5. WS IE, EREKIZIE d* =V, dlogp! THH, —DD
ki ¥ x (tagged particle) 2%, MMOMERMEDK T s =8, O ED KSR %EZIT 5% KIS
LTWa. puh (P, 0)-F /7 =7)b Gibbs 7 5 1,

:26n

d“(z,s) = -V, ®(z Zv U(z, s;) (3.16)

IEREﬁﬁﬁbkﬁtb,1®§ﬁd@ﬁ%hMmbﬁ%yvaT%ﬁ@ﬁ%%Kﬁbf
ERERDH9 5. sine A2 Ginibre FUAE DG & 2B TEHET 5.

o 1 PIRDGM % W7 T W, (@, U)-%E Gibbs JE 2 WS [18] : & 2 HRKDBEAS] {b,} &
HEDOFH {ur} BEAEL, & rom e NITH U p7y, 2R E #7223 -

1qgl

o < iy (VK)o limopl = p(-0SEY) - weakly, (3.17)



BizvVr,m,keN & pyy-a.e. s €S LT,

:qg2

e e e 0 Tgm () A(dx) < pl o(dx) < cre” Mo 1gm (x) A(dx). (3.18)

ZZT C1 (= r,m, kaﬂ{\x|>b7«}(s) czﬁkﬁj—éﬂzﬁﬁ, %5:

o) = T (1<t € x| 710150, (5). (3.19)
A, ST, Hy, (x) 1 Gibbs MO TEHINT WS,

717 =71)v Gibbs HIE 1X#E Gibbs £ Td 5. Lebesgue il & % ZHEOHIE 123 24751 Al
FE 19 R CHE Gibbs WE TH 2 L WX NE AN ZHEH I A TWAY. Yool?] iz & bk K 43
0<K<1, DXvEHMEL ZRLVE, [7HXAMED Gibbs HIETH 5 Z LAVRINTY
5. LU I VX LFHNCERT 25 OIXERARICBWT 1 2EHEE ULTED. 1, sine
ROEFEX Ginibre fUBFRIZ DWTIE, ¥ Gibbs AR I N T WS, A (B, U) ¥ Gibbs HIE
ThHb, (0,0) 5 R}k 5IXHAR %R Dirichlet 2% FHWT p Al AR SEHGHRE A HERL T &
3[18).

4 _2D Coulomb Potential

s

EH R?2 = C =: S fERME DR+
*1 2D Coulomb potential

:40a

U(z,y) = —ploglz —y| (4.1)
*2 S A (BB
1 0 0 140b
mg(dz,...) = 7 H |z — y;]° H dxy, (4.2)
B i<j k=1
...non rigorous LA L., BRI,
*3
X = (X}, X2,..)es" (4.3)

T 4.1 (118]). pain & (0, Blog |z — y|)-quasi-Gibbs JEE,

pin DHE Gibbs HIEETH 5 Z L IZ 0D o720 5, RIZ, TORBURS 2 F#HE 3 %, Gibbs
HEDLGE. DLR ABRATRT VY vy L OMGBE@ERHREINS, UL, Z2—arRT
YUy LOEEE, DLR RN, ZOXETCREKREZFE 285, UL, B
=R ERD,
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1:42

2 4.2 ([17]). paim OREBS drom 13,

iz, H 20K 2D,

drein (g, s) = =22 4+ 2 lim Z 7‘ i

Z0 k>, Ginibre sl R, NBUIHD | ©. mmcxs, Hio, ML HDH
. —fER17 5. Ginibre T 7 5 7 VEB £ LR T 5. MRVGTHERMS HFEAHTR
x5,

Zhik, T, RIS, FHOR X LB DId. MEIRME D A % T
Dirichlet ZSHI DS 2 M 2 Z £ TH 5, ZORD, Pz, WOF vV LHETSH 3,

dfn:51

EE 4.1 p D E-F ¥ UNLHIEL X, SxS LoRHET, RATEZHN5,

:5la

u[k] = ,ok(xl, e TRy oz (dS)dxy, L dTg (4.4)

ZZT PRI p Dk SAHBEREER. F7z. p OER Palm JIETH 5,

5 SDE XIR & o #mo
5.1 Ginibre F$H 759 VEFHOERMO ARARIR

1 Ginibre s#EFE
F(u) = (€, D", L*(n))

I 5.1, (X)) RROERKEHEREA HER 0O —ERRT S 5,

. . Xl _ XJ :61a
dX! = dB! + lim E: 4—4———%5dt (i € N) (5.1)
e |Xi—X]|<r, i#j i — &7

B DHREADPFET B,

X Xj :61a
Lt gt (ieN) (5.2)

dX} =dBj — X{dt+ lim > XioxIP
t t

r—oo
| X7 |<r, i#]

6 PalmBIEDEFEM

s:7
dfn:71

T 6.1. — BT, AOERE u A o TERAAHI 7255 Palm JIE (reduced Palm measure) & I,

:71la

e = (- — 8, 1s(x) > 1) (6.1)

TEHIND, PR EHRTHEILTHE, TIT, - —0, LWVWIHIE, s(z)>1&
FERFTWE RS, BERADH S,
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PSS 6.2. (1) o & p b FOICHUHERED?  2h2 s, KEEA 2
(2) pw & py \E BWITHOSERED ? e b, FEP?

Bl 6.1 (Poisson £UEEL). Ay = A & D, H\ S,

B 6.2 (Gibbs HIEE). THET > v )b U %% Gibbs HIEDBE. BRMN )
pio = const. e~ 221 V(078 =2ic; Wsimsi) : (6.2)
X0 p TR U THEEERE, B, Radon-Nikodym %5 13

:71b

dio = const. e~ 2 V(0=s0) (6.3)
dp

BZENP O, VIR oFRITR S, £, BATHMDZ» 6, 20, IE4{ETE S,

(6.3) % BTS2 2Lk, AR THZ, £z 2, 00— s) — 3, Ulsi — s55) B
R U AR DS NL S AT, 2D F EREICHk S, B Ruelle 7 7 ADFHBART ¥y
Vg, ZOABEAMEPRIEEI N T WS

MBART VYL TR, Z2230RR0VD7ENR, L1, ALEIITEXTAS, OF
D, ZOEKNLEE % Ginibre RUBRROSEEIZHEA L TA X S, FEBE. [Lebesgue HIFE DK
RER Z2HVWSE. O HHIX

-z H |si — S]| H dxy, (6.4)

1<J

LR B, R0 IR A H R,

Lo = Z/H|O—sl|2H|sl—s]\ Hdmk (6.5)

1<J

== H|sl|2H |s; — 5] Hdwk

1<J

=z H|Sz\ dp

VB, ZAE. STRCELETEZ S IR0, EE o ¥ g REV IS, KT B HA,
Osada-Shirai(#25 6.1) TREFH S Nz,
AU &S57%, EXEET, DD Palm JIEDEE X, Ginibre mUBFEDLGE.

Z/;Z = constw JE%.G)
(6.5)% (6.6)hE0kT 5 D%
(1) po & pid. K,
(2) pa & pp t&. BTN L,

- Gibbs & 1EB M5, sample Z 2HBUAIT 5 £, Palm 2° full o5,
cTio DDk TR REERMPEZT NS |
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I VRLD ) AR, periodic mean (ZUTW
k M D sl TR T 7248 Palm Il 2 LN TR T,

Py rooan () = (- = 0gy — oo = 0g | s(25) > 15=1,...,k) (6.7)

1:71

EIE 6.1 (dichotomy). (1) k #1725 tay, . wp & Hyr,y  (SFREE
(2) k=17251% px = fay .z, & by = [y, (SO EE, BIZZ D Radon-Nikodym B
BRTHI-zo6N5,

BIZESLERIE, RTHEZ 505,

z_ ‘ Ay) | det[K (zi,25))F ;-
A)| det[K (yi,y7)]F,_,

AERIE, (23] 2 2. GEBTIR FLAA, 5%, MRS N OO LA b A D %
TWVWOT, KT D),

o Palm I 1y, o, D5 O, FHARHFEIZRD ZEAHONT WS, /2, O
b, Bk snhTng, (23]

o (V)DFEHDL DML XX, Palm HIEIX, AT, A% BT 2 &0 WEE
Lebesgue #IE 12N UTEEEZ S D, 72, @A T, jHOMUEOHBIREE L. Palm HIEDHH
BIBRUL, HEEENTE D 2o NT WD, IZEhb 56T, HWZ, RRERTHLI L%
FEH LW E W RWRTH D, HEBRIIZIED <] L nS 0k, Ak FA—LTRWE S %,
HWNNRTH D, BV ME HLETHENIE, HBEBEKRE WS, Ak, FUafR e 5 5 IR
LR EHRIGTIZEE LIZERTH S, HEBEIZDWT O, THEERIE &) 720
5T, KITOMERIFRATRTH 2 TR [T oTE HHRELTHTEE15TH S,

ZDEDIZ, (1) 2T L&, &< DS T linear statics . HDWVWIEFLHA < f,s > < 5
WTIE, 2D LR, singularity 2R 3121, KEFROEHRVLLE, 8L b
M, INSDAEREORBHELIEX., HHTH D Z Wi INT Wz, (Thid, BoLiEH L
72). £, HHOARST, AM—Ths I i s, UAE2S, KEHREMADT,
RO LD KRE 2R & 5 RBBMOME CREEZ RIS RV EWIT RN L2305,

mB, fF. FEETIE, Kolmogorov @ 0-1 JLANZIRE T Aikim % FH\ W 72,

e Ghosh-Peres 1. [FRFHIZ, Ginibre DRIMEZ/R U7z, Z OFERIT. FEE S A3, Osada-
Shirai &, AEWIZFEETH 5, 512, MUK FDELE % ST 72K, DR+ D1
BOR—RITRELZLEZRLEZDTH D, o 2 EHOMIMEDFEYEIX, Bufetov X Ghosh
IZ& o TmEINns,

S ERIEA, ABRE (G R T Gibbs HIEDAZAY) IZHWT, B4 Rl X
%, Bufetov ® Ghosh 7251, 5. BAIZHZEL TW5,
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7 Tagged MLFERE: p-¥381k & p-a8 1k

$ﬁ77r7/@§b’@5§ He 5TV X LEENORFOEHNZDWT, 3 DDOFEMEDILEI A
=1 v OMBREEERBNT 5, Tk, —RAREEEH, T 2Tl BT Ginibre BT
T VBN OWTEZTAS, X % Ginibre T 757 VEH), D% 0, YRD ISDE O
T3,

dX{=dBi+ lim 3 K- Xi (7.1
t — t R—oo — |Xz XJ|2 ’
Ixi-x]|<r
Xo ~ UGin (72)

0T, RUBRE TR TBT T VIR E R B,

A3k, Dirichlet B THEEL L 727 v T ROV, % DR 2 KAIL TWRWA, IR
VIZRODEDED, BRTFICARZMT S, ZTDT AL i ERICEET 5 Z L ICA A KA
T2, ZoERMbid. ARED. P CHI T 5 ET. BUSA KT 2HT (tagged KLT) A
S R BREE (Y B @BRED, IEMEERTH % tagged M ORREH L WS BT, WEET
RSN TV,

PAFX Ginibre 2D T, d =2 ThH 2, —MRITABRD, £z, —O p a[HRTFHET T
VBB OBEE. pom & p IO Z B Z T, FARROERICR S,

Tl 1)-3) 1, HENRKERTH D, SMRORE, 1) THIHRETH]. 2)-3) (G35
BATHI) DX, T TV (FUEFE p) ITHRIFE L. T0h, RSN, £/, AUBFEL IR
JETCRIARTAXINT WD E LT, MHEBZETLENCHKRLED D, . FERIE o
DET 27 FA, Ruelle fli, 72— VKTV v I)VOWE, Ho AREFTBEROE S 5725
OB Y, BEISUTIEIETH S,

1) tagged K 7RI ([21] @ version TidR3): KieZITHLT

lim EXt/ez =o0(s)B; in pgip-probability. (7.3)

e—0

DFED, TRTD F € Cy(C([0,00);RY)) & a >0 12K LT

:81p

lim piin (| B[ F(eX') )] — E[F(o(s)B)]| 2 a) = 0. (7.4)

ZITE & IS Ic o THRED, (T1) DO E B FEHETH S,
MR DEREL o (s) o (s) DA Palm #IEIZ DWW T DI

:81d

afiigin] = /S 0 ()0 ()bt o (75)
% ugin O HOHLBREE WS,
2) pGin,o- B 1 s % paino TEOFEL, s=3,0,, 6. TV X LRGRE

b(z,s) = lim TS
R—00 |z —s;]?
Jile—s;|<R
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ZRUR L. T HMHERMD TEAZE X S,

B . Xt _ sj :81e
nggdet+J£E;4 > K;:E'Edt (7.6)
Jil Xe—s;I<R
Xo=0 (7.7)
D X 122\ T
:81g
251’(1] EXt/ez = O'(S)Bt (78)

DED, TRTD F € Cy(C([0,00);RY)) & a >0 128 LT,

:81p

1 i (| Bs[F(€X.j2)] — B[F(0(5)B)]| > a) = 0. (7.9)

1

IITE R TYRLEESIcE->THhES, (T6)DRDHTEIC L BFEHTH B,
voljscin] = /S ()"0 (5)ditpcn (7.10)

% ugin D pain-BREEEREE VWS,

3) pain- I 1 s % pom TIES £ <, 2) LAMIC, HERMH HBREER B, FNEEE

T 5 AUERE 0 Y 2) EIZEA ST WD,

_ . Xt _ Sj :83e

dxg__dBt+j£3;‘ > LXt—sﬂth (7.11)
Jil1Xe—s;|I<R

:83f

Xo=0 (7.12)
DffE X 1220V T

:83g

ll_r}r(l] EXt/€2 = J(S)Bt (7.13)

DED, TRTDF € Cp(C([0,00);RY)) & a>01ZH LT,

:81p

lim pigin (| ES[F(€X /e2)] = E[F(o(s)B)]| = a) = 0. (7.14)

IITEW. FYRLREEsICE-oTHES, (T.6)DMOHTEIZL BT TH B,

:83h

gm0l = /S 0(9)'0(S) e o (7.15)

% pcin D pein-HNEEITH (effective conductivity matrices) &9,
—HIT, MEBRERE DA R 5

v[trcin0] < afpgin]

7o, RAHIREI NS
FRL: yucn] EIEEE

0 < v[KGin]
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ZOERE. pom A KBEICIZEBIRE L ARE 52, BROL R AGER 1 1TH L
T, Zha SV RLBBEE T 52D 27— 0y T TFET 2K T OEELTIE. BESIERLT
BB, LWHSHETTELTWS,

HEREBHTIR, WERLE,

R 2: y[ucmo) =0. Thit, TOWKETZO6 0 TH 5,

1:82

;F.IEIE 7.1. ’Y[:U‘Gin,O] =0

BT LA, 20/ — b TR, ARG, EHT2 LS PSTHD, T4
DI, FElOEHE 7.2 O L O EHETH B,

F (BR)3: afucn] = 0.

2010 4EDREE T, FRZ A% 2015 LRI haB0, 5, EHTHZ, DD,

1:81

EE 7.2 (M 2015 [20)). afugm] =0

e Z O preprint (&, HEHEEL 2%, EHFIZART 5,
o PRI L FR/MERINVEDBITMLT 2720DIT1E, pigin & paino DEWICHE TR 5720
EWFRn,

FEE HIZ. B U pgino P pain SN U THIERZR 51X, [p-#ERIPOR] 2 T BEDCR] 12
BEHMZONDLELLE. DR THRAMITIE,

0 < 7ylpain] = 0 < ¥[pGin,o0]
MWD, BT, REBDENRBU & 2 —fGhn 5.
Y[1Gino] < afpcin]
RS (Zhid, 2L —NRFEETH D), TOFEE, TN o DRNEFE»S
0 < afucin]

DS,

MiGin & fGino WHWIZKRR] WS BHEUE, @E D Gibbs I (D% D Ruelle [ED T
EF Vv vl) CREEHAETESZ 2 TEAY, LhL, 6= TRTE 7% & 512 Ginibre £
WETEBLTWS, 20512, Hifd Palm FIED dichotomy (L 6.1) &\ > i
WML, BHLECE 2\ 5 Ginibre SUBFED I F IO TH 5,

o SRMTHIMED S JFMIME (BILEME) 2EE U 20D kbik, LI, JIFRENE % GE
WI9 28T, BAMEIMEICZ Y0 D0nT W5, DE b, EH 61 OEREEENDWNZ0N,
Ginibre @ tagged Wi TRV > I TH 5,

2007 £ 5, MRAGE(ET S, DFE D, Ginibre T 7 7 v VEEBVBILRNTH S, &\
S FMENT, MAEEIEAL 2] Y, #ERVDENTHREOND, S T Rd o7z, [E
PRBU7%, BiZhoCiiv kS Lzt &, Z0FFEOTLESDEMLVOT, 14
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ILEE TR DEES>TVWD Z L 2L T, (kDb Z2iTliz, 22T, K<HEZxB L. b
EOBR» S, ZOMEIR. Tugin & pamo PVEWVICRRNGD] IZRES S Z EPHETE
72o WO, Tugin & pgino PWEWIZRR] 23T 5 Z L AHRZO T, HikEtEz2 viE2H
EHOT, BT 2015 £ F THIF TREAL 72,

BTEATAD L, 1 ERZTNETITIHHLTWEZLSTH S, WEDRNIE L7258,
RWRGEAZR DT, ¥R E /2 &, /= NMIEDP RS ZEHORA v M2 ENTLEWV, H
K- E R CHMMTET, fiE->TVWbdelEoTLE-2& 57,

LUZOMGEEHLTLE > TWB L, 6 EDOFHIE. EXTWARY, 225, HLAEME 5
=0b L, (REEOMA, SWbiTRoTTN, EHVELHES),

8 Kipnis-Varadhan 5

Kipnis-Varadhan #iG & 1%, 15 5 A 1986 £EIZFR U7z, A48 Markov 3&F2 O hnike L EE
OB T2~ CH B (8], Ii4 IZBMHLERLD tagged K T-RIMIZ IEHT 5 728
ZPES Nz —fGR T, IEFITHEARFENAS, TNETH o2 2fER %2, BHICLTULE
S HRE LA TH B,

T T 5 EB O tagged K FRIFEIX. Guo-Papanicolou 5] THIZEh A% 72, T 75
v VBB, AR DL A D, T TIVIINIGT B, 5 OFEIIL, Tartar O
BRI L 2EFTH D, RBLORBWEDTIRARW, M, B i1E, THET Y v a3 0l
BEBO, HIZ, MEOREOIERMMEEZ [FEH] ULTWaH, HB(LMEDGERIC IEABER 72
HY (WD TR HARHI) 255, (LIEWZR, HOODHLIE. 8 IcbkALE. 20
HOESITOMHTHY, REHEETH D),

DeMasi 3% [1] 12 & %, FEHICBERASE R 2R T, IBBIMEZ, FHHET o vl b Ruelle
. &7z, N—RaATEEL, ZEKIE 2 RIEE e WS R I EEo R e, (T4 T
FEHE Nz, ORI, RIEBOMEBEZFH . RE-MRNLRE TIEHI W TW5, Thvz
BEZBE, THEFY YUY AR, 2—0vitho2Baic, BbT5 2L 2HHTEZDIE
Exchs 20,

BiRf T, BITKY B Ginibre T 75 W V#BIZOWT, MIEE 5 B L T Alder BT
BPRAETLEZZ L2 PRLTED, INEMIRT DD, BN TOELLHED—DT
H5,

De Masi 1%, Z 0@ %, Kipnis-Varadhan B % I CH- 72 {1], Kipnis-Varadhan ¥
Fi 2 W 2121%, BARIIC Dirichlet ERZZA LW E W20, LA L, 15 D Dirichlet
EADT N, EDELBRTHEMEDIEHS, A0 T 7z, IREUERZ RS 5 7202
7 THETERIME] 12 DWTiE, G237, O 2 HEWZRA TR, £72, BRIt O%
1EH] Dirichlet TEAD —#&&fid, BRI L TWaD>72D T, MEEHLWVDED,

2T, 9. AR Kipnis-Varadhan HEw %28/ L. £ D%, % O Dirichlet iK%
DRL, ZO—fBAb /TG bix. TET I Y VH#EEO tagged b FRIEIZATH S, (L LA,
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ZDEDIZDL o~ TH D), BHHEBROKHTIZB RN o208 (LW KD IEREF
FELURWRERTH - 72A%), Rk, BEe2 FH 777 VEEBNCHEHRTS L& K ERLER
RT3 72D AE D < 5721, Theorem 3.7, ZHIZDWTH, T/ — F TR
5,

Y: Polish ZE[#]

w (Y, B(Y)) ORI

M = ({P,}nez, {n(t)}): Y ED p Al#7% Markov #F%E

X: M OHEHPLEIEL (additive functional)

1:91

EI 8.1 (Kipnis-Varadhan).

1
lim £, X = o(n) € (Y, p) (A1)
1
/ 9B, p) <00 (A2)
0
M & ergodic. (A3)

ZDEE, EBITH o BFIEL. ARIRITCAMDEKRT, 5D, u in probability T
lim €X, 2 = 7By “(8.1)
THICMOEREHZEEZ LEBE, a=(1/2)dtc B L,
o = (=L i, 05) L2 (v ) 'gz}é.z)

o Iz, ARV Tk B UL, XHIGT B XFRZ Dirichlet EADH 0, HH LD~
L3 7 EFE, Dirichlet BERTEHEZX S5NEHDE —HT 5, 755 ZEKT, Kipnis-Varadhan
DIEHTIE, §TIZALERIZ Dirichlet EADFEMME X T W5, RHEY ofifo0 &
DDHRA Y ME, Dirichlet EX» S HIFE L, FOEAOSNLZERO (V7 M) 2okE 51E
FAFIZBET % 2 5% KD % L\ Dirichlet Z RO (HSRIC Dirichlet EXD 7 v 7Y > 7
ERZB) X, ElRD (Al)E (A2)IFMRELRS TRVWERTH S, 20, (AD)IEAH
B, HHEERD - EFWEKRT, U2 UEBOFEHIZIZHaRE T, BENIZKSLT 5, £
7. (A2)1X. HEIKICHNLT 5. (A3)IX. KERBERFETH - 7,

e Kipnis-Varadhan OE# % Ty 7 7 7 V#EENEA T 2456, HERMS AR X2 RS
MRV E EiE, (AD)ZRTOANH L, £ I T, Dirichlet JERGRDOHAAAMFEIT U 72—
18] 2132, BHLAZL B0, M EDOZME, Dirichlet BRD [Hy 7V v 2| 125hiE %
ATW53,

o [13f Ti. 88+t 2 % —%fF £ T, Dirichlet BRAOMFMEAED TS, ZOHHE, 23]
THIOTHS Nz,
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8.1 DIC&kBHEE

PR DR Y 12, EATHRE OEBIENEZ A A -V U D e WO EREZHANIT S
v Y OMRIEE TS, p&—HLTW»aRBEIZMEN,

D= (Dy,...,Dy), D;:D—L*S,v) (8.3)

a= (aw)”' —kREM, AR
D;1 =0, #E5#. D iXlocal

:92b

EL(f.9) / S sy D1t Dygu(dn) (8.4)

i,j=1

(B1) &L & €21, L2(S, ) LOBIER

:92b

Ey = &L + &2 (8.5)

772U E2 121, Dirichlet IERTH 5 Z L PN, FHTMH G % E L 72\,
e R x Y E® Dirichlet ERZEAT 5, f,g9€ CFRY) @D

0
&s g / aij( —))f(D; — =—)gdxv(d
xv(f:9 RdeQHZ:l J ; ) (D; 8xj)g (dn)
Fro, EEABRIIRIXY ITHRERL7ZE D% E2, L BE, LTFTOXSITED B,

gXY = 8)1(Y+ 5)2(\(

REARET B
(B2) 2N 5DHRZ (O (RY@D, L2(REXY, dex ) EATH, B2 OFIEIFHETEH Dirichlet
EATH S

L35,

ZOfEk. Dirichlet BRDA Y ) v J 2 FiRT 2B DA, Zhds, (Al)k (A2)D
RO TH S, WE, (B2)TASNETILI 7L (X,Y) BELbobT, Y%kt

(Xo,Yo) = (z,m)

1:93

= 8.2 ([13)).

1in(1) eX.je2 =0B  weakly in C([0,00); RY) in pu-MIEE (8.6)
e—

DFD, TRTDa>0IZ/LT

:93b

i (s | F(eX.e2) — F(o()B)| > a) =0 (8.7)
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MR D -1 %

a=4dm%wmm>
BL, a OIFRBICEIEDH B,
ROVATZERBIZ D L WHHEEZEAL SR E UT, BEBOHRK o % Exy DRE Dirichlet
JERTERET S, ZORFEEHIL, Ginibre SERE DO ZMMYE (Ginibre FH 7 5 v v EED
PUEE) 2RT LT, R B,

Eo={f=(D1f,....Daf, [); f € D} C L*(S, )" x (D/&2)
&G0 = [ Z S0 DI Djgv{dn) +E4(5, 0
o DZORRE BT BEMIbE = KT, ZIT. I,
E# L*(S,p)? x (D/&7)

THDHILITERT S, BULA, T, —ET 5000 THIRORIL/FERILA, BESH
%, 2D,

218 8.3 ([150). WIEOHFITH 0 & a = (a1,...,00) X2 FLTET. e = (e,0) €
LXS, )i xD/E2 ¥ F 5, 2T, el RED i HHDHMARY MUIZfEiR L B, LA(S, p)d
DILTHD, (EFRDoEHEB)., ZoL &,

a;=0<=¢;, € E.

FEHTHIRIN 2B Z DS, T hE RIS T 5 2 L kS,

o 1 TTHRI DM ETHT 7 7 VEBOBAD o DRI, 21 cRahrs, fle 2, &
NEBDT, ZTEFIW,

e Ginibre T#7 7 7 ViEB O LHLHIE DI H . REMIZH -7z, ZHid, preprint D
e k&b, upload U £ 9,

oo ld, BRRRERD,

S0 ={f=(Dif,....Daf. f); f € D}

Eotzii, E=(£,0) £EL L, ay FRTHRRTE 5,
1< s
3 ”z; @ij&i&j = nf E(E€—F.¢ 1)
g, [T4) OIHOBTH B, EHERFREANETA T T, EHIZE 5T, Spohn DA
DT AT T7IZ&%, Spohn & W BENZ, HLPHNTWZDNE LR,
o THT 5T ViEED tagged KT 120 F 2 ALJFELDREEACIZBAT S HGE D, G [Self-
diffusion constants of non-collision interacting Brownian motions in one spatial dimension |

. M5,
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Self-diffusion constants of non-colliding interacting
Brownian motions in one spatial dimension

By

HirRoruMI OSADA *

Abstract

We prove that self-diffusion constants of interacting Brownian particles in R always vanish
if the particles do not collide with each other. We represent self-diffusion constants by additive
functionals of reversible Markov processes as obtained in [13].

§1. Introduction

We consider infinitely many Brownian particles X = (X%);cz moving in RY with
interaction ¥ and inverse temperature 5 > 0. Intuitively, X is given by the infinite-
dimensional stochastic differential equation (ISDE)

(1.1) dX! = dB! — g > VU(X] - X])dt, (i)

JEL, jFi
and is called an interacting Brownian motion in infinite dimensions [9] 10} 24! 2, 27, 17|
23]. We set the configuration-valued process X, called unlabeled dynamics, to be

(1.2) Xy =Y dx:.
i€
The dynamics in the present paper are quite general and not necessarily given by ISDEs

of the form ([.T]). We later present the unlabeled dynamics X using Dirichlet form theory
(Z:2) where the labeled dynamics X are an (R%)%-valued additive functional of X (2.9).
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We suppose that the system is in equilibrium in the sense that

X = Xo  for all ¢,

a

and that X is a p-reversible diffusion, where p is the distribution of Xy. Thus p is the
equilibrium state of the unlabeled dynamics X. By definition, u is a probability measure
on the configuration space S over R%:

(1.3) S={s=) ds ;s €R s({[s;| <r}) < oo forallreN)}

We equip S with the vague topology under which S is a Polish space. Throughout the
paper we assume that p is translation invariant:

(1.4) pobt =p  for each z € RY,

where 6, :S—S is the shift 0,(s) = >, 5,4 for s = >, d5,. By definition, 6_, = 6,1,
and 6, is a homeomorphism for each x.

We tag a particle X? = {X?}, say, and study its asymptotic behavior. In particular,
we investigate the diffusive scaling limit. The celebrated Kipnis—Varadhan theory [§]
asserts that tagged particles of reversible systems converge to (a constant multiple of)
the Brownian motion B:

lim eX_O/Ez =o(s)B,

e—0

where o(s) may depend on the initial configuration s of environment seen from the
tagged particle, that is, s = Z#O 5X3—X8' The average afu] of o'c with respect to the
reduced Palm measure po = p(- — do|s({0}) > 1) conditioned at the origin is called a
self-diffusion matrix (see (B.8)).

It is known that afu] is always positive definite if d > 2 and that the interaction
VU is of Ruelle’s class with hard core having positive volume [14]. It is expected that
self-diffusion matrices for point processes with Ruelle’s class potentials are always pos-
itive definite in multiple dimensions. The only known degenerate example in multiple
dimensions is Ginibre interacting Brownian motion, in which an infinite-particle system
interacts via the two-dimensional Coulomb potential ¥(z) = —log|z| with 8 = 2 [20].
We remark that the two-dimensional Coulomb potential is not of Ruelle’s class because
it is unbounded at infinity.

In one dimension, there are degenerate examples such as hard rods (Harris [6]) and
Dyson’s model (Spohn [25] 26]), which have scaling orders such that O(t'/4) in [6] and
O((logt)'/?) in [26], respectively.

The main purpose of this paper is to give a sufficient condition for the degeneracy
of the self-diffusion constant in one dimension. We prove that af[u| = 0 if particles do
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not collide with each other (Theorem 2.7]). Let
A ={x=(x;)iez € RZ; z; < x4, forallie 7}.

Then the non-collision condition (2.6]) requires that X; € A for all 0 < ¢ < o for all
labeled particles X = (X%);cz that start at Xy € A. The set A is very tiny compared
with the whole space R%, which is the state space of independent Brownian motions
B = (B%);cz and interacting Brownian motions X with Ruelle’s class potentials but
without non-collision condition. Intuitively, such a small state space of interacting one-
dimensional Brownian motions with the non-collision condition results in sub-diffusive
behavior. Briefly, smallness of the state space implies sub-diffusivity. To some extent,
this phenomenon resembles the sub-diffusivity of a simple random walk in the incipient
infinite cluster, which is a random domain enjoying a fractal structure at the critical
point of Bernoulli percolation.

Another purpose of this paper is to give a statement of the main theorem in a
more natural fashion than previously (Theorem B.7). Traditionally, these problems are
stated for tagged particles {X?} as functionals of the stationary environment process
Y = {3 i400xi—xo}, with the reduced Palm measure po as the invariant probability
measure [, 5, 8, 14]. One statement of the result is that, for any F' € C,(C(]0, 00); R%)),

(1.5) tim 1o ({s; |EY [F(eX )] — B[F(0(s)B)]| > k}) =0 for each x> 0.

Here, the expectation EY is with respect to the distribution PY of the environment
process Y = {3, ,, 0x:_xo} starting at s, and o is the initial distribution of the whole
environment process Y. Furthermore, B = {B;} denotes the standard d-dimensional
Brownian motion and E[-] is the expectation with respect to B. This reduction of the
problem through the idea of “tagged particle and environment seen from the tagged
particle” is a key idea in Kipnis-Varadhan theory for tagged particle problems.

We define a label I(s) = (I;(s))icz = (8;)icz for p-a.s. s € S, and construct the
labeled process X = (X%);cz = lpatn(X) from the unlabeled process X = > icz Oxi (see
239)). A refinement of statement (LLH]) is that, for each i € Z,

(1.6) 6li_r)r(l),u({s; |E5[F(6X,i/62)] — E[F(o(s)B)]| > k}) =0 for each k > 0.

Here, Es is the expectation with respect to the distribution Pg of the original u-reversible
diffusion X =, _, dx: given by (L2) starting at s.

We thus state the theorem in terms of the scaling limit of each tagged particle
X of the original unlabeled dynamics X = . dy: (Theorem B.7). To formulate the
statement as ([LO]), we need to prepare a label [ to choose tagged particles from the
unlabeled system.
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We remark that the equilibrium state for the unlabeled dynamics is p. Note that
o 18 not necessary absolutely continuous with respect to . Indeed, the Ginibre point
process is an example where p and po are singular each other [22]. We nontheless deduce

claim ([L6]) from (L3H]).

Example 1.1 (Ruelle’s class potentials).  Typical examples of the interaction ¥
in ISDE (1)) are Ruelle’s class potentials, where the point processes p are translation
invariant canonical Gibbs measures with interaction potential ¥ and inverse temperature
B. If d > 2 and ¥ has a hard core with positive volume, then «[u] is positive definite
for any 5 > 0 [14]. If ¥ does not have a hard core, then the positivity of a[u] has only
been proved for ¥ € Cy(R?) and sufficiently small 8 [1]. This result is valid for d > 1.
It is plausible that the positivity of «[u| holds for all Ruelle’s class potentials without
any hard core condition or restriction on 3 if d > 2. This problem is still open in this

framework.

Example 1.2 (Ruelle’s class potentials: d =1).  Let W be of Ruelle’s class. Sup-
pose that ¥ € C3(R%\{0}) is non-negative with bounded support and satisfies the
non-collision condition (ZX). The point processes p are translation invariant canonical
Gibbs measures with interaction potential ¥ and inverse temperature 3. In [26], Spohn
showed that a[u] vanishes and that the correct scaling is €X£/E4.

Example 1.3 (Hard rods in R).  Consider Brownian motions B = (B%);cz in R,
and pose the reflecting boundary condition for the set of multiple points I" = U;;{s =
(s;); si = s;}. Harris proved that a[u] = 0 and that the correct order is 6XE/E4 [6].

Example 1.4 (Dyson’s model).  Another interesting example is Dyson’s model

in infinite dimensions [25]:

(1.7) dX! = dB! + R“féog Z ﬁdt.
jFilxil<r Tt T
The ISDE was solved for § = 1,2,4 in [17, 18] (weak solution) and in [23] (pathwise
unique, strong solution). The case § = 1,2, 4 fulfill the assumptions in Theorem 211
For general 1 < 8 < oo, Tsai [28] solved ([ILT) at the level of non-equilibrium, pathwise
unique strong solutions. He did not, however, prove the p-reversibility of the associated
unlabeled diffusions. Hence, these diffusions have not yet been shown to be associated
with Dirichlet forms. The problem is thus still open for cases other than g =1, 2, 4.
In [26], Spohn proved that E[| X — X0|?] ~ const.logt as t — oco. This suggests
that X, ~ (logt)'/? as t — oo, which is also an open problem.

The organization of the paper is as follows. In Section 2] we set up the problem and
state the main result (Theorem 2.1]). In Section[3] we prepare an invariance principle and
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state Theorem In Section M, we present a representation of self-diffusion constants.
In Section [Bl, we prove that the self-diffusion constant vanishes under the non-collision
condition in one-dimension. In Section [6] we complete the proof of Theorem 2.1l

§2. Set up and the main result

In this section, we set up and state the main theorem (Theorem 2.1]).

Let S be the configuration space over R? as in (L3)). Let p be a point process
on R? supported on a set consisting of infinitely many particles. We assume that p is
translation invariant as in (L.4).

A symmetric and locally integrable function p™ : (R%)™ — [0,00) is called the n-
point correlation function of a random point field 1 on R? with respect to the Lebesgue
measure if p™ satisfies

p”x,...,xndaz---dxn:/ —————d
/A’fl><~~~><A,'§{" ( ! ) ! Rd 11;[ (S(A1> - k‘z)'

for any sequence of disjoint bounded measurable sets Aj,..., A, € B(R?) and some
sequence of natural numbers kq, ..., k,, satisfying k1 + -+ -+ ky, = n. If s(4;) — k; <0,
according to our interpretation, s(A;)!/(s(A;) — k;)! = 0 by convention.

For a function f on S, we denote by f the symmetric function defined on a subset
of {U2 (R} U (RY)? such that f(sy,...,) = f(s), wheres = >, 6, € S. We say that
a function f on S is smooth if f is smooth, and local if f = f o 7, for some r, where
mr:S—S such that m,.(s) =s(- N {|z| < r}).

Let D, be the set of all smooth, local functions on S. Let I be the square field on
S such that, for f,g € D,,

(2.1) D[, {Z gfz aai}

We use the square field D in (2] to define a function Fp from the space of point

processes to the space of bilinear forms on the configuration space S. Indeed, we set
F]DJ(“) = (gli’ Dg):

where the bilinear form (€#, DY) on L?(S, i) is such that

(2.2) E4(f,q) = / DLf, glu(ds),
S
Dt = {f € Do: f € L2(S, ), E*(f. f) < oo}

If Fp(p) = (E#, DY) is closable on L2(S, i), and its closure (£#,DH) is a quasi-regular
Dirichlet form, then by the general theory of Dirichlet forms there exists a u-reversible
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diffusion associated with the Dirichlet space (£#,D*, L?(S, ) [11]. Hence we assume
that

(2.3)  (EF,DH) is closable on L2(S, ),
and

(2.4)  the n-point correlation function p" of p is locally bounded for each n € N.

We can deduce from (2.4]) that the closure (£#, D) of (E#, DY) is a quasi-regular Dirich-
let form [12], 18]. Thus the associated diffusion (P, X) exists [I1], where P = {Ps}scs is
the family of diffusion measures and X = {X;}+c[0,oc) denotes the canonical process. By
construction, (P, X) is a p-reversible diffusion.

If 1 is a Poisson point process with Lebesgue intensity, then the associated diffusion
is an S-valued Brownian motion B = ). dp:. In some sense, this correspondence is
natural. If u is a (0, ¥)-quasi-Gibbs measure with upper semi-continuous potential ¥
in the sense of [18], then (2.3)) is satisfied [18, [19]. We also remark that a (0, ¥)-Gibbs
measure is a (0, ¥)-quasi-Gibbs measure by definition. We present the ISDEs associated
with these unlabeled diffusions at the end of this section.

We assume that

(2.5) Cap(N1) =0,

where N7 = {s € S;s({z}) > 2 for some z € R%} and Cap is the 1-capacity of the
Dirichlet space (£#, D*, L(S, i1)). Assumption (Z.5) is equivalent to

(2.6) Po(X!# X/ foralli#j, te[0,00) =0 for q.e.s,

where X; = ), 0y, and g.e. indicates quasi-everywhere (see [11} [3]).

We refer to Inukai [7] for the necessary and sufficient conditions for (2.5) in terms
of W. This result is for finite-particle systems, but can be used to obtain a precise
sufficient condition for (ZX) because the limiting Dirichlet form is a decreasing limit of
finite-particle Dirichlet forms [12]. We also refer to [15] for the non-collision property
of unlabeled diffusions associated with determinantal point processes.

We remark that the translation invariance of p yields the non-explosion of each
tagged particle X* [16, Theorem 2.5]:

Ps( sup |X/|<ooforallicZ, T c[0,00))=0 forq.e.s.
te[0,T]

Let u be a function on (R%)% such that u((s;)) = >, ds, and let

(2.7) Sei={seS;s({x}) <1 forall z, s(R?) = co}.
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From (2.5) and the translation invariance of p we see that

(2.8) 1(Ssi) = 1.

Let [:S,;— (Rd)Z be a measurable map such that uo [ =id. We call [ a label and write
Las [(s) = (Ii(s))icz = (8i)iez, Where s = ., 0s,.

Example: Let [ = (s;);cz be alabel. The label [ is well defined for alls = ). 65, € S5
from the following.

(1) When d = 1, a typical example of the label [ is as follows: s_; < sg < s1 and

S 9 <SS 1 <0< s <8y <
(2) Another example for d > 1 is:
|80‘ < |81‘ < ‘S_1| < ‘82| < ‘S_2| < .-

We can lift the map [ to [yam : C([0,00); (R)Z) — C(]0, 00); (RY)?Z) in an obvious
fashion. Indeed, once [ is given, the dynamics X; =, 6 xi can keep the initial label for
all t € [0,00) because the particles neither collide with each other nor explode. Hence

we write
(2.9) Xy = (XZ)ieZ = lpatn (X)s-

We assume that a label [ = ([;(s))iez = (Si)iez is given and fix this throughout the
paper. If Xg =s and X satisfies (2.9), then Xo = (l;(s))iez by definition. We study the
diffusive scaling limit of each tagged particle X* of the labeled process X = (X*);cz.

Let i, = p(-—,|s({x}) > 1) be the reduced Palm measure conditioned at x € R,
Let pll(dzds) = p'(z)u,(ds)dz be the one-Campbell measure of . Note that p'(z) is
constant in x because y is translation invariant by (L4). Let V, be the nabla in z € R<.
We regard D as a square field on C$°(R?) ® D, in an obvious fashion. Let

eN(f,9) = /R S {%vxf : ng+D[f,g]}u[1](dmds),

DI = {f € C°(RY) @ Ds; f € L2(S, 1), EVI(f, f) < o0).
We assume the following:
(2.10) (5[1],1)([31]) is closable on L2(R? x S, ul1).

Recall that from (2.3) and (2.4]) we obtain a p-reversible diffusion (P, X). Using the
label [, we can write X; = 3, dx;. We thus obtain the labeled process X = (X*)ez.
Our main theorem is the following:



8 HiroruMI OSADA

Theorem 2.1.  Assume (L4), 23)-25), and 2I0), and assume that d = 1.

Then, for each i € Z, we obtain
21_1}1(1) eX_i/Ez =0 weakly in C([0,00);R) under Ps in p-probability.
That is, for any F' € Cy(C([0,00);R)) and for each k > 0,
lim pi({s; |Es[F(eX)e2)] — F(0)| = K}) =0,
where 0 in F(0) denotes the constant path with value 0.

The Dirichlet forms describing (X, Z#O dxi_xo) and Z#O dxi_xo will be given
in Section Bl Assumption (2.I0) is necessary for this.

We emphasize that our framework does not require any ISDE. Indeed, only a Dirich-
let form constructing the unlabeled diffusion is sufficient.

If the point process pu satisfies the geometric condition below, then the unlabeled
diffusion given by the Dirichlet form is a solution of the ISDE [I7]. Suppose that pu has
a logarithmic derivative d* = d*(s,s) in the sense of [17]. Then the labeled dynamics
X are described by the infinite-dimensional stochastic differential equation

‘ 1 , ‘
dXj = dB; + 5d" (X}, X&) dt,

where, for X = (X});, we set

X?’i: Z (ng

JEL, jFi

If 1 is a canonical Gibbs measure with inverse temperature 8 and potential ¥, then
d(2,5) = =B V,oU(x,s) (s=> ds,).

If 1 is a Ginibre point process or a Sineg point process, then d* is given by
T — 8
d~ _ 1; %

(z,5)=p lim >

~ |si|<R |l‘ B Si|2‘

This justifies the intuition such that the interaction potentials of these point processes
are logarithmic function ¥(z,y) = —log |x — y|.

We remark that our framework [13] is very general, and contains many examples
beyond Gibbs measures and point processes with pairwise interactions. For example, if
i is a distribution of the zero points of planar Gaussian analytic functions (GAF), then
its logarithmic derivative would not be given by a two-body potential ¥. We can still
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apply our result to this model. We plan to study this problem in a forth coming paper.
We refer to [4] for discussion of GAFs.

§ 3. Invariance principle and self-diffusion matrix

In this section, we quote a general theorem on an invariance principle for additive
functionals of reversible Markov processes from [I3], and present a refinement corre-
sponding to ([L6l).

Throughout this section, we assume ([4]), (23)—(2.5), and (2I0). That is, we
make the assumptions in Theorem 2.1l except d = 1. We suppress this in the statements
of the lemmas in this section.

Let (P, X) be the diffusion given by the Dirichlet form (E#, D*) on L?(S,u) as in
Section 2 Let [ be a label, and write X = ., dxi. Let X = (X");cz be the associated
labeled dynamics.

A standard device for the tagged particle problem for interacting Brownian motions
is to introduce processes of the environment seen from the tagged particles [11 [5, 8, 21}, 13,
14]. Following this, we define a change of coordinates for X as follows. Let Z* = Z\{0},
and set

(3.1) X=X YVi=X"-X (icz").

Then X denotes the tagged particle and Y = (Y?);cz- is the (labeled) environment
seen from the tagged particle. Let Y = {Y;} be the unlabeled process associated with
Y = (Yi)iez*:

i€Z* i€Z*
Then Y is the process representing the (unlabeled) environment seen from the tagged
particle X = X% We call Y the environment process. We also call the pair (X,Y) the
tagged particle and environment process.

Remark.  1f X is given by ([LL1]), then from (B.I]) we see that (X,Y) is given by

/8 .
dX, = dBY — 5 Z VU (Y )dt,
JEL*
i 5 D i p ] s g :
dY{ = V2dB' = SVU(Y)dt + 5 Y V(Y )dt— 5 YT Uy — Y )dr,

JEL* JEL*
where {B"};cz+ are d-dimensional Brownian motions given by
1

B = s (5i - BY).



10 HirorFuMI OSADA

We remark that {Bi}iez* are not independent but only identically distributed random
variables equivalent to standard Brownian motion.

Using (B.I)) and (8.2]), we have constructed dynamics Y, (X,Y), Y, and (X,Y)
from X. We now specify the Dirichlet forms associated with Y and (X,Y).

We remark that, although Y and (X,Y) are also diffusions with state space (R%)%
and R? x (R%)Z, respectively, there exist no associated Dirichlet spaces because of the
lack of suitable invariant measures. For example, if i is a Gibbs measure with interaction
U, then such measures fip and dx X fip for Y and (X,Y) are loosely given by

fo=gewl-6( Y Wyi—u) - S w0 -30)) [T

i<j,4,j€EL kez I€Z

This cannot be justified because of the presence of the infinite product of Lebesgue
measures | [,., dy;. In contrast, Y and (X,Y) are diffusions with invariant measures o
and dx X g, respectively. As a result, they have associated Dirichlet spaces. This fact
is key to analysis in the Dirichlet form version of Kipnis—Varadhan theory [13].

Once the Dirichlet forms describing the processes Y and (X,Y) have been estab-
lished, we can dispense with ISDE (IL1l), which yields the generality of our result. In
fact, the process X in Theorem 2] is not necessary given by ISDE (I.1I]). Thus our
framework is much more general than the classical one in [1] and [5].

Let DS = (D5, ..., D5, where D3 : D, — D, is such that

Ditf(s) = lim - {f(Beer () — F(5)],

e—0 €

and ey is the kth unit vector in R%. We set

1
Dsft [f, g] — §DSftf . DSftg.

Let D be defined as in (21]). Let Dy be the square field on D, such that

(3.3) Dy[f, 9] = D*"[f, g] + D[f, g].

Let (€y, Dyo) be the bilinear form such that
& (f,9) :/S]D)Y[fag]dﬂo,
DYO = {f € L2(57ﬂ0> N D, ) gY(f: f) < OO}

The next lemma is a special case of a result for translation invariant diffusions on
S in [16], and gives a Dirichlet form for Y.
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Lemma 3.1 ([I6, Th. 2.6 (1), Th. 2.7 (2.33)]).
(1) (Ey, Dyo) is closable on L*(S, o).
(2) Y in (B2) is a diffusion associated with (Ey, Dy) on L3(S, i), where (Ey, Dy) is the
closure of (£y, Dyo.) on L3(S, o).

We next specify the Dirichlet space associated with the coupled process (X,Y). We
naturally regard V, and D as operators on C§°(RY) ® D,. For f,g € C5°(RY) ® D.,
we set

(Vo= D)f, 9] = 5(Va = D) f - (T, = DF)g,
DXY[f?.g] = (vm - DSft)[f7g] + ]D[fng

Exv(f.g) = /R .. Dxvlfgldedye

Applying a general result in [16] to translation invariant diffusions on S, we obtain:
Lemma 3.2 ([16], Th. 2.6).  (Exvy,Co(R%) ® D,) is closable on L2(R x S, dxdpuyg).

We denote by P the distribution of the diffusion Y = {Y;} starting at s given by
the Dirichlet form (£y,Dy) on L?(S, ug). We denote by P‘();j(s) the distribution of the
diffusion (X,Y) = {(X},Y:)} starting at (x,s) given by the Dirichlet form (Exy, Dxv)
on L?(R x S,dxdug). By the general theory of Dirichlet forms [3], PY and P@(s) are
unique up to quasi-everywhere starting points. The next two lemmas show the existence
of suitable versions of these diffusion measures.

The next lemma explains the relationship between Y and (X,Y) and recalls the

identities involving PY and Pé\;). We set
X — Xo = {X; — Xo}te[0,00)-

Lemma 3.3 ([13, Lem. 2.3]).  The diffusions PY and P*()Q(s) satisfy the following:

PZ = P@(S)(Y €.) foreachze RY,
Pgéjg)((X —Xo,Y) €)= Pfg\;)((X — Xo,Y)€:) for each x € R%.

We next clarify the relationship between the original diffusion X and the diffusion
(X,Y). Let Sg; be defined as in (2.7)), and let

S; ={s € Ssi;s({z}) =1}
For s € S, and a label [(s) = (s;)iez, we set i(s,x) € Z such that

(3.4) Si(s,x) = L-
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Let P = {Ps}ses be the distribution of the original unlabeled diffusion X given by the
Dirichlet form (E#, D) on L?(S, i) as before. Because p is translation invariant, there
is a version of P such that

Psof,' =Py () forallzeR?andseS.

Lemma 3.4 ([16, Th. 2.7 (2.32)]).  Let i(s,z) be defined as above. Then, for each
r € R? and s € S,, (a version of) PXYS) satisfies

(3.5) Po(X'™9 € ) =P, (s (X €.

We use an invariance principle obtained in [I3]. Applying [13| Th. 1, Lem. 5.5] to
PY and PXY, we obtain:

Lemma 3.5.  There exists a non-negative definite matrix-valued function a such
that, for each z,

(3.6) lim (eX. /2 — eXo/e2) = Va(s)B  inlaw in C([0,00); RY)
under P‘();j(s) in pio-probability. That is, for any F € C,(C([0, 00); R?)) and each x > 0,
(3.7) tim o ({5t |EXY, [F(eX. 2 — e Xoyea)] — BIF(/a@B)]| > x) = 0.
From Lemma B.5] we introduce the self-diffusion matrix afu] given by
(3.8) ol = [ als)polas)
Lemma 3.6. Let x € R? and set fi, = p(-|s({x}) = 1). Then
hm 5X1(m o = = /a(s)B  in law in C([0, 00); RY)
under P in ji,-probability. That is, for any F € Cy,(C([0,00); R?)) and each x > 0,

(3.9) lim 1, ({s; [E,[F (X} 57)] - E[F(Va(s)B))| = r}) = 0.

Proof. Note that eXé(/z’;) = x for Ps-a.s. and €Xg/.2 = x for P‘();j(e_z(s_ém))—a.s..
From this and (B.5) in Lemma [34], we see that
(3.10) Poo (eX/5Y —eX ) = PXY, (o 5 0 (eX e —eXgpe2) !

We easily see that

(3.11) fio 0 {0-u(s = 6:)} ' = po-
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Using (3.10) and (3.I1) and applying (3.7) in Lemma [3.5] we obtain, for each z,

(312)  lim (s [E[F(EX)] - BIF(/a()B)]| = x})

= lim /i, ({5 ES[F@X?;:;S) S e E[Fw@fm\ > k})

= lim /i, ({s; ESY (oo F(eX.je2 — eXg/e2)] — E[F(v/a(s)B)] ’ > K})

= Iim pio({5; [ EXY) [F(eX.jco — X)) - JT B))| = v})

=0.
We immediately deduce (8.9) from ([B.12). O

Theorem 3.7.  Assume ([L4), 23)—(25), and 2I0). Then, for eachi € Z,

(3.13) Eh_r)r(l) eX,i/ez = Va(s)B  weakly in C([0,00); RY)

under Ps in p-probability. That is, for any F € Cy(C([0, 00); RY)),

(3.14) 6li_r)r(l),u({s; Es(F(eX’2)) — F(\/a(s)B)| > k}) =0  for each x > 0.

Proof. Let i(s,z) be as in (3.4). Set i, = p(-|s({x}) = 1) as in Lemma 3.6l Recall
that 1(Ssi) = 1 by (2.8). Let [(s) = (I;(s))iez be the label as before.

Without loss of generality, we can and do assume i = 0 in (3.13)). By a straightfor-
ward calculation, we have

(3.15) w(Xx% e :/d (X
/

€ -[lo(s) = z) o 5 (da)

=

( (
wX° € - lo(s) =z, s({z}) = 1) po g (da)

d

=

[ X759 €} {is,2) = 0} lo(s) = ) o 5 ()
/ [l (X% € lo(s) = x) po I (dx).

d

=

=

Let F € Cy(C([0,00); R?)), and set
1

GL(s) = Es[F(eXY..)] — E[F(/a(s) B,
G2(s) = E[F(eX!120)] — E[F(v/a(s)B)).

For each k > 0, we see from (3.I5]) that

(3.16)

(3.17) p({s;|G2(s)| = k}) = /Rd fio ({51 1G2(5)| > i} [lo(s) = z) pro I5* (d).



14 HirorFuMI OSADA

Let Sg = {z;|z| < R}. For any v > 0, take R = R(v) such that
polyt(Sk) <w.
Then

(3.18) / fio ({81 |G2(s)| = w}]lo(s) = @) oIy (dz) < w.

St

It is not difficult to see that, for each i, R € N,

1 —1 1
————pol; da::/ prdxr < oo.
/sR fiz(Li(s) = ) ) Sn

Using this and Lemma [3.6], we apply the bounded convergence theorem to obtain

(3.19) 1imsup/ fro({s:1GZ(s)| = K} [lo(s) = z) po Iy (dw)
e—0 Sr
1
glimsup/ (1 ({S; Ggs >kp)— ol l(dx
wswp [ ({51620 > ) s e )
1
= lim sup [, ({s; G? ) >k )— pol(dx
s (5 G26)| 2 8w )
=0.
Putting (B.16)-(B.19) together we have
(3.20) lim sup p({s; |GL(s)| > k}) < v.

e—0

Because v is arbitrary, we see that the left-hand side of ([B:20]) equals zero. Together
with (B.10), this yields (8:14]). We have thus completed the proof. ]

Remark. (1) When using Kipnis—Varadhan theory, one has to assume the exis-
tence of the mean forward velocity ¢ € L?(jug) of tagged particles and that

| [[esdul <Ce(r.NV? torall f e Dy
S

for some constant C. Roughly speaking, the existence of the mean forward velocity is

captured by the condition
1 .
lim — Eo[X{ — Xg] =t o(s)  in L*(S, o),

the average of which must vanish with respect to the reduced Palm measure pg. It is
often difficult to check these conditions for interacting Brownian motions with singular
or long range potentials. Indeed, one essentially uses the fact that the dynamics are
given by a strong solution of an ISDE ([I.T]).
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In [13], we developed a Dirichlet form version of Kipnis—Varadhan theory that
allows us to verify these conditions and generalize the results themselves. In fact,
only the existence of the coupled Dirichlet form (£xv,Dxy) on L3(R x S, dzdug) was
necessary as a substitute for the mean forward velocity condition above. This follows
from (L4), 23)-(25), and (2.I0) as we see in Lemma 3.2
(2) In [13], Dirichlet forms are assumed to satisfy the strong sector condition, which is a
generalization of reversibility. It is easy to see that Theorem [3.7 holds under the strong

sector condition.

§4. Representation of the self-diffusion constant o[y

Before quoting a representation theorem for the self-diffusion matrix «/[u| from [13],
we introduce the quotient Dirichlet form associated with (Ev, Dy). Although the ideas
in this section are valid for d > 1, we restrict our discussion to d = 1 for simplicity. We
refer the reader to [I3] for the general case.

Recall the decomposition Dy = D%+ D in (B3), and choose bilinear forms on Dy,
such that

EL(f.g) = /S D[f, gldpo.  E2(f.q) = /S DL, glduo.

We can naturally extend the domain Dy, of the operator D5 : Dy, — L2(S, i) to Dy,
where these bilinear forms are represented by the Dirichlet form &Ey.

(4.1) Ey =&y + &3,

Let D2 = Dy /EZ be the quotient space of Dy with the equivalence relation ~ez given
by 2, that is, f ~g2 g if and only if EX(f—g,f—g)=0. Let Dy, be a vector space

Dyo = {f = (D™f, f/ ~ez) € L*(S, pu0) x DY; f € Dy}
with inner product

gY(f7 g) = (DSftfv DSftg)LZ(S,uQ) + €$(f7 g)

Let f?y be the completion of f?yO with inner product éy as above. Note that éy(f, g) =
Ev(f,9). Hence (Dy, Ey) gives a representation of the quotient Hilbert space of Dy with
inner product Ey.

Let (£}, Dy) and (€2, Dy) be the quotient bilinear forms of (£), Dy) and (2, Dy)
defined in the same manner as (v, Dy). By definition, the domain of these bilinear
forms is Dy, and (4J)) yields the representation

gy = é\l( —1-5\2(
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For f = (f1,fy) and g = (g1,82) € Dv, we have Ev(f,g) = E4(f1, 1) —|—~g\2((f2,g2).
For (f1, f2), (91,92) € L*(S, o) x DE we extend the domain of & so that

Ev((f1, f2), (91, 92)) = (f1,91) 12(5.0) + E¥(f2, 92).-
We quote the following lemma from [13]:

Lemma 4.1.  There exists a unique solution y € Dy of the equation

(4.2) Ev(x,g) = & ((1,0),g) for all g € Dy.

Proof. Because F(g) = &v((1,0), g) can be regarded as a bounded linear functional
of the Hilbert space Dy with inner product £y, Lemma 1] is obvious from the Riesz
theorem. 0

Lemma 4.2.  Let x = (x1,x2) € Dy be the unique solution of equation ([Z3).
Then the self-diffusion constant «|u] is given by

(4.3) alp] = E¢(1— x1,1 — x1) + EF(x2: x2)-

In particular, if (1,0) € Dy, then afu] = 0.

Proof. Applying [13| Theorems 1,2] to X, we deduce that X has the scaling limit
in (3.6) with the self-diffusion constant a[u] given by (43]). This completes the proof of
the first claim. If (1,0) € Dy, then y = (1,0). Hence the second claim follows from the
first. O

In the rest of this section, we explain the back-ground of the representation formula
(@3). To prove the convergence of €X. /.2, we use the technique of corrector [§], that is,
we use a function y., called corrector, for which

eXit/e2 — X€(6€Xﬁ/52 (s)) = a continuous local martingale +o(e),
and for which

lim sup E[|xc(0.x.  ,(s))])] =0 for any R € N,
€_>O|$|<R t/e

lim Vst(ex(S))|x:o = lim DSfth(s) = w(s) in L2(57 NO)'
e—0 e—0

Then we have

ll_l;% ‘5‘)(1&/552 = gi_l;%{gXt/sz - Xs(eaXt/Ez (5))} = M.
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Very roughly, using Fukushima decomposition (the Dirichlet form version of the Ito-

Tanaka formula), we see that the quadratic variation of the limit martingale M is given
by

(4.4) (M) = &v(z —x, 2 — X)t,

where y is a formal limit x = lim._,o x(s). In practice, x. diverge as ¢ — 0 and x is not
in the domain of the Dirichlet space (Ey, Dy); nevertheless, we can still justify (4.4]) from
formula (.3) by introducing the quotient Dirichlet form (€y, Dy) and regarding 1 as an
element of Dy. In fact, & (z—x, z—x) can be replaced by 5\1((1—)(1, 1 —X1>+5~\2((X27 X2),
where y corresponds to (x1, X2)-

To apply Fukushima decomposition to the function z—x.(6.(s)), we use the coupled
Dirichlet form (Exy,Dxy) because x — x:(0.(s)) belongs to Dxy locally. We remark
that © — x(0.(s)) cannot be in the domain of (€y, Dy) even locally.

8 5. Vanishing self-diffusion constant in one dimension

In this section, we prove that afu] =0 for d =1 and p satisfying (2.5).

Theorem 5.1.  Suppose that d = 1, and assume ([L4), [2.3)—(23), and 2.10).

Then the self-diffusion constant afu] vanishes.

Lemma 5.2. Let No = {s;s({0}) > 1}, and let Capy be the capacity of the
Dirichlet space (Ey, Dy) on L%(S, uo). Then we obtain

(5.1) Capy (N1 UN3) = 0.

Proof. Recall that Cap(N7) = 0 by assumption, which implies the non-collision

property of X. Because Y =, ;. 0ys = >, 7. Oxi_xo is given by (8.1 and (8.2), Y
inherits the non-collision property from X. Hence we deduce Capy (N;7) = Capy(N2) =0

from Cap(N7) = 0. This implies (5.1]). O

Let ¢n be the function on S such that

1
en(s) = N{Sl +---+sn}

where we write s = Ziez* Js, in such a way that s_1 <0 < s; < s9 < s3,.... We note
that ¢y is neither continuous on N7 nor smooth on N7 U N5; nevertheless, ¢y is an
element of the domain of the Dirichlet form. Indeed, Lemma implies the following.

Lemma 5.3.  For each N € N,
(5.2) on € Dy.

Furthermore, {¢n}nen is an Ey-Cauchy sequence.
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Proof. By Lemma [5.2] we have Capy (N7 UN2) = 0. The points of discontinuity
of ¢ are included in N7 UNs. Away from the points of discontinuity, ¢ satisfies

1 1
D < {1+ —1%
vien,on] < 2{ + N}

Combining these, we see that

1 1

< {14+ =1
Ev(pn,on) < 2{ + N}

Hence we obtain claim (5.2)).
A straightforward calculation shows that D*%[¢as — on, @ar — x| = 0. Recall that
Dy = D + D by ([B.3). Then,

Dv[em — en,om — on| =Dlom — N, om — ¢n|

1 1
<2{D[pnr, r] + Dlen, onl} = {M + N}'
Thus we have
M}j{jﬂ_lm Ev(pnm — N, oM —pNn) = 0.
This completes the proof of Lemma [5.3] O

Lemma 5.4. Let ¢n be the element of 1~7Y whose representative is . Then

(5.3) lim ¢n = (1,0) in &.

N—o0

In particular, (1,0) € Dy.

Proof. By Lemma B.3] {¢n}nen is an Ey-Cauchy sequence. Hence we easily
deduce that {¢n}n is a Cauchy sequence in the quotient Dirichlet space (éy, f)y).
By a direct calculation we see that, for all N and pg-a.s. s,

D*'on(s) =1, Dlpn,pn](s) = 1/2N.
Hence we have £2(¢n, @n) = 1/2N. Combining these we obtain (5.3). ]

Proof of Theorem [ From Lemma [5.4, we see that (1,0) € Dy. Hence we obtain
afu] = 0 from Lemma O

§6. Proof of Theorem [2.7]

Theorem 2.1] follows immediately from Theorem [B.7 and Theorem [5.11



[

EONS)

SELF-DIFFUSION CONSTANTS OF NON-COLLIDING INTERACTING BROWNIAN MOTIONS IN R 19

References

De Masi, A., Ferrari, P.A., Goldstein, S., Wick, W.D., An invariance principle for reversible
Markov processes. Applications to random motions in random environments. J. Stat. Phys,
55, Nos. 3/4 (1989) 787-855

Fritz, J., Gradient dynamics of infinite point systems Ann. Prob. 15 (1987) 478-514.
Fukushima, M., Oshima, Y., Takeda M., Dirichlet forms and symmetric Markov processes
2nd ed., Walter de Gruyter (2011).

S. Ghosh and Y. Peres, Rigidity and Tolerance in point processes: Gaussian ze-
roes and Ginibre eigenvalues, to appear in Duke Mathematical Journal, available at
http://arziv.org/pdf/1211.2381v2.pdf

Guo, M.Z., Papanicolaou, G.C. Self-Diffusion of interacting Brownian particles in “Proba-
bilistic Method in Mathematical Physics”, Proc. Taniguchi International Sympo. at Katata
and Kyoto (1985), eds. K. Ito and N. Ikeda, 113-152, (1987) Kinokuniya.

Harris, T.E., Diffusions with collision between particles J. Appl. Prob. 2, 323-338 (1965)
Inukai, K., Collision or non-collision problem for interacting Brownian particles Proc.
Japan Acad. Ser. A Math. Sci. 82, (2006), 66-70.

Kipnis, C. and Varadhan, S.R.S. Central limit theorems for additive functional of reversible
Markov process and applications to simple exclusions Commun. Math. Phys. 104 (1986)
1-19.

Lang, R., Unendlich-dimensionale Wienerprocesse mit Wechselwirkung I Z. Wahrschverw.
Gebiete 38 (1977) 55-72.

Lang, R., Unendlich-dimensionale Wienerprocesse mit Wechselwirkung II Z. Wahrschverw.
Gebiete 39 (1978) 277-299.

Ma, Z.-M., Réckner, M., Introduction to the theory of (non-symmetric) Dirichlet forms
Springer-Verlag 1992.

Osada, H., Dirichlet form approach to infinite-dimensional Wiener processes with singular
interactions, Commun. Math. Phys. 176, 117-131 (1996).

Osada, H. An invariance principle for Markov processes and Brownian particles with
singular interaction Ann. Inst. Henri Poincaré, 34, n° 2 (1998), 217-248.

Osada, H., Positivity of the self-diffusion matrix of interacting Brownian particles with
hard core Probab. Theory Relat. Fields, 112, (1998), 53-90.

Osada, H., Non-collision and collision properties of Dyson’s model in infinite dimensions
and other stochastic dynamics whose equilibrium states are determinantal random point
fields in Stochastic Analysis on Large Scale Interacting Systems, eds. T. Funaki and H.
Osada, Advanced Studies in Pure Mathematics 39, 2004, 325-343.

Osada, H., Tagged particle processes and their non-explosion criteria J. Math. Soc. Japan,
62, No. 3 (2010), 867-894.

Osada, H., Infinite-dimensional stochastic differential equations related to random matri-
ces. Probability Theory and Related Fields, 153, 471-509 (2012)

Osada, H., Interacting Brownian motions in infinite dimensions with logarithmic interac-
tion potentials. Ann. Prob. 41, 1-49 (2013)

Osada, H., Interacting Brownian motions in infinite dimensions with logarithmic interac-
tion potentials II : Airy random point field. Stochastic Processes and their applications
123, 813-838 (2013)

Osada, H., Ginibre interacting Brownian motion in infinite dimensions is sub-diffusive

(preprint)



20

[21]
[22]
[23]
[24]

[25]

HirorFuMI OSADA

Osada, H., Saitoh, T., An invariance principle for non-symmetric Markov processes and
reflecting diffusions in random domains Probab. Theory Relat. Fields 101 , 45-63 (1995)
Osada, H., Shirai, T., Absolute continuity and singularity of Palm measures of the Ginibre
point process Probab. Theory Relat. Fields DOI 10.1007/s00440-015-0644-6

Osada, H., Tanemura, H., Infinite-dimensional stochastic differential equations and tail
o-fields. (preprint) arXiv:1412.8674

Shiga, T. A remark on infinite-dimensional Wiener processes with interactions Z.
Wahrschverw. Gebiete 47 (1979) 299-304

Spohn, H., Interacting Brownian particles:a study of Dyson’s model In: Hydrodynamic
Behavior and Interacting Particle Systems, G. Papanicolaou (ed), IMA Volumes in Math-
ematics and its Applications, 9, Berlin: Springer-Verlag, 1987, pp. 151-179.

Spohn, H., Tracer dynamics in Dyson’s model of interacting Brownian particles J Stat.
Phys., 47, 669-679 (1987).

Tanemura, H., A system of infinitely many mutually reflecting Brownian balls in R¢
Probab. Theory Relat. Fields 104 (1996) 399-426.

Tsai, Li-Cheng, Infinite dimensional stochastic differential equations for Dyson’s model
Probab. Theory Relat. Fields (published on line) DOI 10.1007/s00440-015-0672-2


http://arxiv.org/abs/1412.8674

	inv3-arxive.pdf
	§1. Introduction
	§2. Set up and the main result
	§3. Invariance principle and self-diffusion matrix
	§4. Representation of the self-diffusion constant  []
	§5. Vanishing self-diffusion constant in one dimension
	§6. Proof of Theorem 2.1
	References


