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1 Sierpiński gasket& carpet in different geometries

(self-similar)SG

(self-similar)SC

Constr./Analysis of “B.M.”
SG: Barlow–Perkins ’88,
Goldstein ’87, Kusuoka ’87
SC: Barlow–Bass ’89, ’99

( )

≃
homeo.

Apollonian
gasket

≃
homeo.

round SC



1/10
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Dirichlet form&B.M. on self-similar SCs

•A self-similar regular Dirichlet form (E,F) exists.
(Barlow–Bass ’89, ’99, Kusuoka–Zhou ’92)

BB ’89: ∃1τ >1, {Law({Bref ,Dn

τnt }t≥0)}∞
n=0 is tight.

• Such a regular Dirichlet form (E,F) is unique.
(Barlow–Bass–Kumagai–Teplyaev ’10)
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2 Results for Apollonian gasket:Kα,β,γ ↪→ Charmonic

embedding

Thm(K., cf.Teplyaev ’04). ∃1(Eα,β,γ ,Fα,β,γ): non-zero,
str. local, regular symmetric Dirichlet form over Kα,β,γ ,

Re, Im are Eα,β,γ-harmonic on Kα,β,γ\V0!

α

β
γ

r
r rRmk.Choice of a reference measure is irrelevant:

Cα,β,γ :=Fα,β,γ∩C(Kα,β,γ) and Eα,β,γ |Cα,β,γ
are unique.

Thm(K.). LIP|Kα,β,γ is a core of (Eα,β,γ ,Fα,β,γ), and
∀u∈LIP, Eα,β,γ(u,u)=

∑
C⊂arcKα,β,γ

rad(C)
∫
C
|∇Cu|2dvolC.

▷µα,β,γ :=
∑

C⊂arcKα,β,γ
rad(C)volC : volume meas.

(NOT doubling!)
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Thm(K.). ∃c0 ∈ (0,∞), ∀α, β, γ ∈ (0,∞),

limλ→∞#{n ∈ N | λα,β,γ
n ≤λ}/λdAG/2=c0H

dAG(Kα,β,γ).
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3 Some Kleinian groups Gm with ∂∞Gm a RSC

▷m>6 (π
2
+ π

3
+ π

m
<π)

▷{ℓk}3
k=1: B2-geodesics,

form △, angles π
2
, π

3
, π
m

▷Γm :=
⟨
{Invℓk}

3
k=1

⟩
⇝B2=

∪
τ∈Γm

τ(△ℓ1ℓ2ℓ3)

•S=Sm :=∂BB2(0,∃1rm):

angle(S, ℓ2) = π
3
.

▷G=Gm :=⟨Γm, InvS⟩
⇝∂∞Gm is a round SC.

▷∂∞Gm :=
∪

g∈Gm
g(∂B2): limit (i.e., min. cpt inv.) set ofGm
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4 Laplacian on the limit set ∂∞G of G = Gm

cf.Eα,β,γ(u, u) =
∑

C⊂arcKα,β,γ
rad(C)

∫
C |∇Cu|2 dvolC ,

µα,β,γ
=

∑
C⊂arcKα,β,γ

rad(C)volC .
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4 Laplacian on the limit set ∂∞G of G = Gm

▷G := {g ∈ Möb(Ĉ) | g−1(∞) ∈ Ĉ \ B2}
▷K0 := B2 ∩ ∂∞G, Kg := g(K0)

(
g ∈ G represents
choice of initial△

)
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▷G := {g ∈ Möb(Ĉ) | g−1(∞) ∈ Ĉ \ B2}

▷K0 := B2 ∩ ∂∞G, Kg := g(K0)

For each g ∈ G, on Kg = g(K0) DEFINE:

▷ νg :=
∑

C⊂arcKg
rad(C)volC (NOT doubling!)

▷ ∀u∈LIP|Kg , E
g(u, u) :=

∑
C⊂arcKg

rad(C)

∫
C
|∇Cu|2 dvolC
(cf.Osada ’07)

Prop. On L2(Kg, ν
g), (Eg,LIPc(Kg)) is closable & its

closure (Eg,Fg) is a strongly local regular Dirichlet form.

Prop. The inclusion map ι : Kg ↪→ R2 is Eg-harmonic.(
uniqueness
NOT known

)
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|∇Cu|2 dvolC
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Prop. On L2(Kg, ν
g), (Eg,LIPc(Kg)) is closable & its

closure (Eg,Fg) is a strongly local regular Dirichlet form.

Prop. The inclusion map ι : Kg ↪→ R2 is Eg-harmonic.(
uniqueness
NOT known

)
Prop.∆(Kg,νg,Eg,Fg) has discrete spectrum.
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▷ g ∈ G (represents choice of the initial B2-△)

Prop.∆(Kg,νg,Eg,Fg) has discrete spectrum.

▷{λg,U
n }n∈N: the eigenvalues of −∆Dirichlet

(U,νg,Eg,Fg)

▷Ng,U(λ) :=#{n∈N | λg,U
n ≤λ} (∅≠U⊂Kg open)

Thm (K.). ∃cm∈(0,∞), ∀g ∈ G, ∅≠
∀U ⋐Kg open,

H
d(∂KgU)=0⇒ lim

λ→∞
λ−d/2Ng,U(λ) = cmHd(U).

Rmk(K.). νg ⊥Hd|Kg (for Hd(arcs) = 0 by d > 1).
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d(Br(x)∩Kg)≍rd, so H

d|Kg is finite& full support.
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∀U ⋐Kg open,

H
d(∂KgU)=0⇒ lim

λ→∞
λ−d/2Ng,U(λ) = cmHd(U).

Rmk(K.). νg ⊥Hd|Kg (for Hd(arcs) = 0 by d > 1).

Rmk.
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ne
−tλg,U

n =
∫
U
pg,U
t (x, x)dνg(x)

t↓0∼ cHd(U)t−d/2

⇔Thm, BUT pg,U
t (x, x)≍cx,tx t−1/2 for νg-a.e.x∈U !
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5 Case of non-circle-packing self-conformal fractals?

•CLEκ-carpet,κ∈(8
3
, 4], of Sheffield–Werner ’12?

•SLEκ-curve, κ∈(0, 4]? (cf. Lawler–Rezaei ’15)

•f(∂∞G) (∂∞ of quasiconf. deform. fGf−1 of G)?

• Self-conformal quasi-circles γ (work in progress):

▷Resistance on γ := harmonic meas.ω on INT(γ)

• ∃1dw ≥ 2, with df := dimH γ, ∃µγ : meas. on γ,

µγ([x, y]γ) ≍ (|x − y|df )dw/ω([x, y]γ). (cf.Makarov ’90)

⇝ For the Laplacian on L2(γ, µγ), we should have:

Conj. ∃cγ ∈ (0,∞), ∀x, y ∈ γ with x ̸= y,

limλ→∞#{n ∈ N | λ(x,y)γ
n ≤λ}/λ1/dw =cγH

df((x, y)γ).
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