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T = |f\_~P|f\"l"e l;iﬂarb v 4__ sone - (.d& mPnJe ’POIHIL Vo, Vi, Va,..

C_CM’LO‘P& -‘-PQQ - node V¢|_+ is the .rr‘oo{ or o CON\.PlQ;"Q,
p<=|€0\\/€sor T binary tree ot depth n

Tn = sublree rooted at v,
'<n= leaves O'F A{Z

T

Functions on T ¢ —input from children £,
—cow\bma-l-lo/l 'FquC‘I'IOVl aJr noo(es
- ou+Pu-} ‘}70 Par\en','s

Choose {unclions G’V’ve I\in),‘ Hhis huens T indo @ funchion,
x = (x, vek,) | > Ta(x) «—oubput of reot w., on input x.
E ther o both of x owd (‘R,,Vf I\in) cen be random




1tatb

\\
pel
7

/

{(“:b)H‘*“*B with 'Pnolo. P
Laot i poob p | |

n-| n-1
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TLLC’VL ’_E(I) é # nodes ml leve( snin & Galton- Wadson {ree

. _ . 2 with probability P
er'\ csgps?mr\a o||s+. {O eoith Prolao«]oili'b 1-9 va

v

o'l‘?:; = mox (a,b)+D,

Let (Do, veT) be 11D with law w, Let {,(a,b) = max (ab)+D, T
TLEVL ’7;(5);\ Mmax imum 'PosiJrior\ n Senerocl-iov’t n-1 0? a vaﬂarl:) n-|
’or‘a\nc\/\;nj random walk with displaceweml olist /(/. l

(displacements ot Vef"l';CeS)

Let (D\,, vGT) be 1D with ’0\00 A, /(e'l' R@;LJ: OLDVJED\,], a v°+LDV'T

This is a smoo“«inﬂ fransform; fixed PO"ULS studied b?' a b
‘Durre-H- 3 Llaf)E"H (|983), Mom& oH\er‘S. ,D \O ,D \ii

Tn foc, all these ec[umLiOnS have been studied from the ’PeFSPQC‘HVC
of fixed-point equations (ometimes wish o intreduce a rescaling or shift)




Derrido-Ketaox model “Parkins on trees . Here 1{:(‘1,10) = MmaX (0t+b'|, O)
Ques'l'iomf_al‘f)e— A behaviour of ’T?(X) where Xz(XV, \/eaﬁn) nD with

some law 4
(answer of course clepends on u)

[Rel's: Hu, Mallein, Pain, 181.087a0v2 ; Hu, S, 170508792 ; Go lo{sclm;o(l,Przjkuck;, 1610.08786;
Qhen,Dc\&woL Dereida, Hu, Lifshits, Shy, 1907.0160‘1]

'qu“el connectio n

wa'owx L»;erorcl'\ical la'Hice, Series chnech;on
%L) — a+b »'lL\ cab.
Iy ={‘ with prob.
(o,b)r—> g% with prob. 1-p B /\

[Qefz HQML'J -Jo~dan 2004, ?>% - 'T:(__{) graws ercne/r({q"j; ?<zi-—> 'T':{j_) dewys QKP'J
Peman“e‘s M.‘n-Plus 4ree

[ {(«,L) — asb  uith prab. p ~

(a,b)r— min(a,b) with prob. 1-p fsq ’T;(I) 4, Bela(2,1)
(T\F“n/z,)"?- ' ‘

Pemantle coqjecl-v.red hat Je si.

[Ref: Au-m@ e - (Cable: 1700.07849
|&5T2(I) _d . Bela(z,)
cn

(Open question: universa|;1l\g: what happens for other inputs?)



As\‘olc: Exo\w\PE PPQ.N\ Tvon Carwin's coulse

(Bdox("()?)
ZHn = B ZUH-un) + (-Bn)- ZH-1,n-)

Z (o,n) = ;ﬂ-né\

(
Recorrenice for Pm\k-h'cm n of PoiA‘}-+o—JfAQ Beto Polgwnef\/
rardom. CDF of Beloo-RWRE

NI
ZA(Jt; (ﬂ.,_~—,nk)\ = IE [Z ('{';nA T Z({'n/‘)]

JrL\caV\_ : l( _ \)

k
u (tsl, (n, ) = E(J\(o& 5(Bk-j ult, (h T aa,

5=o d*P)k



H'nps-\er rorndam, o a”<

Vo s hipper vt s hipper
Fix (DVJ\/QK-) 1D . Led C\, be. Oleyir\eol loy T PP L Dv.ﬂ_ TPP
+ D Aoy
(a,b) l—r"——> oa+D, Aauy, caith prab. ¥ R+ DV./LI.UL, DAM D, |
(ab) ;—FV—> LD, Aa-t with prob. % a b a b
Tdeq Think of fime as mnnins up the iree Vo v Vo vi
1 On= of ve, vi s L\;PPU“ than ‘”\Q o‘nr\eP (chosen "W‘J“M'j)
2 T another porticle shows up, hipper child fokes off,
1
e will Sudy o symmehic sinple ipster roudon anlk 5 D ={1 b 2
Y SSHRW F V11 wiprob. 3
. ,Hq"j QSJMMQJ(,\;Q [o\zj S;Mple L:Pskr rounddm Nox.“(% Df{i :/I ::t : pe (o).
TALSHRW o
= Hipster:
For ssHRW, Ti0) 4, pyaraz)-4 \
(36n)" Beta(2.2)~ 7 . A) FRUDWE.
- B) FEEDPTIRICH DL DK
Far TALSHRW PT®X4J>B&du) Y—-Rorz-73-t-
(Ua-p) n)/

YavSITWLWB AR



Result for TALSHRW very similar fo that of Auwmnge_r-Ca\ble.
Recall Au-mnger- Coble :

={(%L) ey oo T(3) d Beta(2,1)
(@.b)— mia(ab) cwith prob. 1-p RIVAR >

(Connec‘ivg mir\/P]os w\o{ TALSH]ZUJ)
Write LR for values at children of root of T, .

T T.(3) is growing on a (strefched) exponentia| scale fhen its nadural o
compare 103 L and Xoa Rr.

Behaviour when MOSL‘XOS 'R, small
L+R = 2L log(L+R) = log(L)+] } This Qistll;:iogvm?_nww
win(LRYE L min(log L, log R) % log L

meremen

e uosl-. -Xos R ,"~" 0 {hen {

Behoviour when |{og L~ fog R| large

X | +R) € ma This is jost
P uos L~ XoS'R,z oo {hen {LA R x(L,R) YR X(,°3 L, |°3 ®) }la‘j(svalue ffc. random child)
min(L,'R\ = m;,\(L_"]Z) \c:j(mir\(l_,k)) ”"""\(I"f) L, 103 72)



Similar induition should work for the hierarchical latfice:

with Prcl:. ‘;?
Ll
Z

{(q,l,) — a+b

(ab)— 22 (il prok

_If\*'u"\'l'O’): Sumﬂbie F[::(ZS\ s Jrowil\j on o (S'l“i‘l'dr\@l) EXPOI\EV\‘]'}G-I scale.
LI rile L,TL Qof' Vc"l\les c\," C‘/\:ur@\/\ Q‘P rod'}o

This is the common value
Ph)s o §~I, 13-valued incremen‘l’

L+R = 2L |o3(LL;1Z) # log (L) + |
)Q 'o\j(L) -1

Rehoviour when \103 L-‘XOS ,R, small
g
[ll_k 2Ll ly(5R

70 JlgL- (52 small dhen {
Rehaviour when uosL-'XOS 'R, |“"3e
_ . L+ R % mox(L,R) lo9(L+R) & max(loqL, loq R){ This is just
‘l.() lagl - l R 'Ol “,\ 279 Hl (valu of o rondom child
l J 9 l 3 M .’—_% ~ m}n(L,R) )CD(‘_L:% ) :'lmif\(los L, 103 72) A )

L+

Motivates the w(‘o“ow.'ng conjecture: in the rondom hierarchical latice with p=3, Ic>o sf
foo Ta(3) .
(cn)s 2

(Dis o9rees with a co'\jtd'lme 0'() Hale\g-J;qun)

_d J Bela(2,2)




SHRW) "T(®) 4 pfaan)
(?-n)/“

vo Is Inipper Vi s l\IPFer

A+ D/ﬂ&=LT T"\* D‘,ﬂmg Dv ~ Bernoulli (’711)

v D, vV Dy
. ﬁ% wﬁi

'B\j S&MMC“P‘B, corL SSume teﬂf CLHH S qlwo\ys Cl'\oseVL,

Far ;r\?u'l's x=(x,,Vve ,,C)) usefal notation: "Ta (’C)::/T; ((xv:\/ C"oé-n))

Orﬁsinml ok\cjno\wn(cs :

a0 T G0 ~
T.o0
To0 © N\

e

(,/——~ T (=) i Tae) $# T )
Tan () =

’-]:U‘)'*DV i T (x) =T, 1x)




( To‘l-quj ms\ﬂmme{-,\;c C.MQ) ’Pn((()(h P.«(ll\) e left child=k, ij' chlod ¥k
’IZ‘P,\(l‘*l)l“" l3<!‘I'l’\ = |<", moke a skp
Lt palk) = PR =k / £ Palk)" e b=k be lazy

M

Then Prer (0 = Pa(R)(1- palk)) + 4 palkas & palh®

”ﬁearmngins qives

This is a discretization of the nviccid 'Buraers equcﬂton £ ux, l)—-é—é—a—(u(x,{)z)
| l

Ch e oce +r3in9 Yo solve the (measure-ualyed) initial-value melcw\ Uy =__i(u1)1 = U,

®

{u{a -UUy, {20 x€R
uo(x) = &(1): ﬂ’[l=0] (Dr‘o«c MaSS 0. O U\V\ngrg'lgocl o0s G Pmb meosure)

Isnomr\j SPC’I(Q "’\MQ Po:l\'k Olp O\(SCOI\.‘IW(I'IM*}’ 'HMS |S SO‘VQd on u: ’?)‘[" 09) = “2 al\ﬁ’ﬁbﬁ

2
4, osx<f2f ‘ i L + £=4
Ukt = { othenrwise E'I :
265

o 2
ulx) s always a prob. dist : the densijrg of a scaled Be+a(2,l). ¥ But 5°’U+'°A is ot

unique !




(S\jw\me‘l'l\'m siMPlQ H AW @\SQ) (Tl\(k)(l_cin(lq) « lef} chld = k, NDH chld £k
%Ctn(k“l)l‘{" bothh > k-1, wake & +1 skp

L{' " k = n o) =
t 9alk) = P(R@~h / L G0 (k) =k, make = 7l shep

NN

Thon Gaa () = Qu(O(1=Galk) + 7 qulk's £ qutlon

/ﬁe_omro\nSMS 3ives

2
This is a o{iscre+i2a+ion or Jrl'te porous membrane equﬁion —a%-U(J(,L)= 7'_-585—&(2,((;{)2)

Co e oce 'l'ffij Lo solve 4he (measure-wolyed) inibial-value Plec,vv\

{u£ = "'Z_(uz)xx) 'é? O, xX€ n?
u°(1§ = é\o(j'): ﬂ["'ﬁ]

2

Tarje'} Solltko\(\ UM = qu(i% (_ﬁf— %f.J) O) } \
'l'runc«:&@cl Pora\balq. EDQI\S(B q-P o scquO( @&Q(ZJZ)_ /




2 - : ~ o =-190 2
Taviscid Burgers' equation 00 pmlol@,m{ St U= 3 (ucxt5)
Ux,0) = d-:, () < Dirac mass O\Jf 0.

Note: uled) = 2x18 has 3 (uedf)- 2ubd: L ul= 2. x4 =

XL+ 3% ot +?  xi+l
O Uxt) = _x. xx+§
ot (xt +Y)?

<

Satisties a&,_{_ U h)=- é—ga— (u (x,{)z)

SPec{ml Coses !
=1, g = ¥= ©) 'LAO‘..'h = ’%’ X720+ S°|U—k°"\ 'ﬂQ‘H‘QV\s oUL-l- }TOJSQ"’ T o\ IM‘-Y{'W’Q 0'()
o< = F 20, ¥=1 uxd = o = 0-: -C)Otl ,\AQ_ ~)'II\QSQ 'I'UUG SG)U+J‘QAS.

x==l, g=a=] U = 1= >0 : Soluhan s%eﬁpev\s w]‘}\/\ -(-{Me_ (problem o t=1 =)
J ——'_ t

Why shoold ((pa(K), ke Z) n=0) converge fo the claimed solution?

This is Li_lj no means obviqus.

, 2,
(A)qrnifg e)!owple: solve. P’“" (m_ PA(M = _%_Qj’\ (l‘)l’P"‘ (k-l)l) con‘H'L PQ(H ={O
Teen plo)=2- L (2%-0")=0 | PO~ -2 (022 | gt palk) = {CZD kn



Heoristic "na&urq\l\j Qr.'sins“ ditterence ec[qut(o\fks Pick sut "i)l/g:js;cql "golutions

What does "selobion mean ¢ aa{ U=~ 52 (U )
,PGlQﬂ‘l"OLl so)U']-foAs' functions op Lou/\olaol vap;oc\»"d‘f\ Ulx,0) —d: (%)

l_ozmlj .r\-le rmble \punc*nof\s U w"\ose 32&&-"0\{1?20( OIEP VOCI'NQS

ore locaJ\j measures, " (\/o\per+ 196 7 )

T\’\-‘ S Wweans:

= a Kadon messvre Vg = ((Vu x,(VU){) on Rx [0, 710J<\!\3 vqlues in nz, <3
IVM\ 'S locqu\tj -P.n.-}e

° For o\v\J Coo 'I-QS'l' -[M (D:ﬂZx {6‘1 00) —_ '2 oo‘ﬂ'\ comr.w\c]" S'UPPO“‘L

jucn{)vd)(,,{) dxdd = —j(b(x,‘l) Vu (21)



\IiSCOS(b salukion odd Gaussion vaise  and lake o swall - noise lIM:l'.

O uph=- 12 (i tf) + & 2 uid
e {51 U=~ ax(U( , )) S na ) et 220 andd hpe B fle bes
U0) = J_—L—: exp (- xz/zi) (NoY Ok'r\e.lp-(’u\ PQ/‘SPQC\'{\IQ- in our Se‘PtiIB)

2rz
(%eol Solu{-ion Mml‘l\em-l-;cqlb f°”"\°“|(ges ‘H’\%'l' "in 0"\ ﬂu(d, shocks increase
diserder/ hove o SCO\'H'Er\in efloct”

Cons;Jer a Coxuc,'a\j ?rclo IQW\ o‘P ‘H«Q 'CQI‘W\ @{ g% = % A(u(x;{)) —%b'u((x,{))
U(x,0)= U, (Y IDGOI\O{QA M@\SUF\O\MQ pn.

' E nd row "/Seneml

A aenera\iied solution of (0 s o weak solution 24 st QOP all ccl®; Jhe ‘CQ\\O(,J\'I\\ﬁ helds.
Le{‘ m=se-|- of discntinuilies L u. Let V =(Ve, V) be Hhe normal to Pu .

Ther (Sionlu - <) - signur - C))((a‘ O+ buwd)-b)|so | Scattering Qm"\cl{]rior\
\ / neouw~ diseatinyifies
meon valye in direchon ) /innmd-r{ < mean value

in 'I'l\oc‘ ‘“\e 1~0l;M€VlS|'oml Ho\usolorfxe cmpaxc()-\j o{" e se,\- a{: Poir\-}s wl«ere ‘“«(s ()qils IS Zero.
Volpert (2000) : Proves Uniqueness of the SQ,V\ermliZQOl solution vrder weak condilions on AL



In \/OI‘FQF‘I"S resuH, inilial condition must be a " cont dart Prom the meosure 3.

Stod Eurjers froman smesther nitial cndhon of Hhe form Ul) = 2 10“‘ <zt

'Pm\roulpﬂis-k«&“j bJL\oJ( does ‘H/\(s wean (’H" nk of Jf as S“’“"Jn -

U, is density of 70 B where B ~Befa(2,1)
G¥drm .
Fix MSo ond define uj’(M\‘M& utodx.  fin (RES s. fﬂLsmo
J/m
Tlen JZ,U;(M)'-l , So (Z)LS(M)J 'J?o) delines o Pm\oa)o'.mb distribubion e §o,1, o (M-f74. I
Let XM=()<3,V cl) be veckr of IIDs with 'P(Yt’ﬂ‘- MS(M) (diScre\Lih&ion of U of mesh site #)
’T;L(XM) is value o-P TALSHRIW when iafiol disimbution is —,:\-mesk o!isue-‘izorlion o‘P J2i' - B,
We hove 1])(7:(5(“‘):\)) :WIMS\(MB ) w\\QPQ (u?(m))v\%o,:)’zo S o\e_pir\eo{ \;y ‘H\e
recurrence. MU= M- ’.';_' ( (U3 )1’ (uj-')1~

Pf‘oof Eusy iaduc+ion N



")

Cof\va:jQV\ce o‘F ‘HAQ -Pif\e—mesbx O\PProximorl"mr\_ ( \‘

The S‘b\‘km\ mesh. s 7\‘7\ e fake o 'lQNP‘“‘al mesh of r,"z .

Unlb) = 6500 = P (X =15M) G Lxdo. i

Call U a L — e mesh a POX:M“’{Gf\ of Buraers equahion
m M PP i) =

1

From o ’oounoleO! Va\r"»oc‘a'or\ inihial Cor\ol'rkovx, 'I'Le F‘\.—‘Pfl\e mesk O\P‘Oroximv&{on Cor\versis ‘lo
He Senermli%eol So|mliow Uu m(’ Bu{\SQFS' Qﬂuoc{']w\ qlws} eue_rdwkere on [Kx (o °");

and for ony Compock Co Rx [0,2°), L | U™ (o b)- ued| dxdt — o -

Genero«,lizeol sohﬂioﬂﬁ_]_he_ C.OP’FCC:(‘ So|u-\lion o-r our P(‘oblem (-‘-\,\;s peq,ﬁpes Vei‘ll'("fcocl\'dv/\
- but s as;CGUj 'kckm’ca\)
—

UM__> u defined LJ U (4 =£*J(° ionsm

n 'Pmc-" vae Cot\\/ersence 'for- sev\era.l MOV\B‘}DYIG 1[‘.‘/\()(& O{(WErQACQ Qpmebecko(\S d'P

CqucL\J pblems of Fhe form %{ = ,D_Z;Au((x,'m—% L)(’U(J(,{))a with sioath intial wndidtion.

Ox

Se we can 0\'36 use 'H/\e_i(‘ resuH' oohen we S’-ud\({ ‘H«e 88 HQ (/\J



Impl%co:}icn Por TALSHRW

For 250 small, if U [i-¢, 17 2] 45 iAOlQPe_r\deM of X) hen e Mo oP

T m (x™) L Bedalzo1) .
2 U M

/PPQG-P: For ow\j CoMPc\cl» C < Rx [0,22),
” | P Ty (X = 2M0) = 5 Lo ey | =t = O

Tcx|<ir\3 C - {("»4)= |{-1] SEJOSZMKM}, s Jields Ly e n'o~v~3]e_ it\QciuaLL"b J)Md'

|

[i-g,142]

(There are olscrd'&o&or\ arrors’ coming from He loors, bt s ensy 1o see frese ted
O os M9

Sice U hos Je,v\s'f_'j — ﬂ‘h‘. Uees the resolt fllows. 0

P Ty (X7) < ofzieds) M)—S ﬁ;clx

A4l — o
55 as M oo




stochostic dom}:\o&\'on.

I(’ JC’(JCV,VC—,(> ow\o! U=(jv,vc—,() areé sucl« '”\01‘} JCVEZ 3‘,6? GV\A -’cv\(fjv 'K:\r 0\” V'"ca(,
then Ta(%) 4s+’—|:fj3 Tor all a3l
(PPOO\C’ A S{'l’mta\l\‘l"?orwo\rol :r\o‘uC.‘hov/L_ E

For all n,Me N, TI(XM) - L‘SZ{OM.} <s47:(6) 45#(]/" (85
Allows ug 4o csmpore al-0 i'\PU‘} 1o romdom input wilh o(M) error (’"e@‘“ t>o is Fved bt a,~l;}'lra\ri|\'j el

For all MeIN, T _gyme (X™) S5t Tome(X ™) 4st Ty ( X*)

AlNows us s compore Prxed Fime neo~ M* o cordom fime UMT

- s o T 2 Bedacz)
Si —,—- T 2(X —i) B?-'l‘“('zz ‘)) Com“ames reldl 'l'l’\m'l' nlA J — ORTa(&1/7.
nce T MUM M) d o

S‘l’ocl'\oxg'}-'c olOM{/\ov"\'oﬂ o\rsumevt-L More Oleli CO\'}‘Q For SSHRWW as Olgv\qmics mA~Mom‘,Dﬂe)
bo} core  idea o*P tHhe oxr\:]umen-l' is the some.
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