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Abstract. We review several occurrences of poly-Bernoulli numbers in various contexts, and dis-
cuss in particular some aspects of relations of poly-Bernoulli numbers and special values of certain
zeta functions, notably multiple zeta values.
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1. INTRODUCTION

The poly-Bernoulli numbeBﬁk) and its modificatiorCr(,k) are defined for any integers
k € Z andn > 0 by the generating series

le (1—e X Lig(1—e™)

— ZOIB% and e 1 = nic.&k)’;—T

respectively. Here Lix(z) denotes the formal power serig$,_; z"/mK (thekth polylog-

arithm whenk > 0 and the rational functiofiz d/dz)"‘ (z/(1—12)) whenk < 0). When
k =1, these generating series become

xet and X B xek Ly
eX—1 eX—1\ e—1 ’

and hence botBE,k) andCr(lk) generalize the classical Bernoulli numbBgsvia choosing
one of the conventions of the signBf = +1/2.

These numbers were introduced in [11] and [4], and studied further in [5], [16], [1].
Most of these investigations are in line with the classical results of Clausen, von Staudt,
and Kummer, or pursuits of connections with values of zeta functions. Recently however,

the numbeﬁB%S,k) with negativek appeared in rather unexpected ways in [8] and [12] as
cardinalities of some combinatorial objects.

In the present article, we take up yet other appearances of poly-Bernoulli numbers,
namely Hoffman’s multiple harmonic sunmodp and special values of certain types of
zeta functions, and discuss some aspects of relations between poly-Bernoulli numbers

1 We use the notatioR&k) instead ofBﬁk), which is often used for Carlitz's Bernoulli number of higher
order.
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and multiple zeta values. We also review in the final section the above mentioned
combinatorial interpretations of poly-Bernoulli number with negative index.

2. SPECIAL VALUES OF A CERTAIN ZETA FUNCTION AND
MULTIPLE HARMONIC SUMS modp

In [4], we studied the functiody(s) (k > 1) defined by

1 o tS*l ) ¢
Ek(s) = @ 0 —et _1|_||((1—e )dt
The integral converges for Rg > 0 and the functiory(s) is meromorphically contin-
ued to the wholes-plane. We obtained in [4] the following expressionégfs) in terms
of the (single variable) multiple zeta functions:

_ (1K1
&(s) = (D) *[{(s21,...,1)+{(s1,21,...,.)+---+{(s1,...,1,2)

k—1 k—1 k—1
k—2
) —1)] —_i).
where 1
(19 %)= Y o 2

SL 2 . en
m>mps>my>0 My My -+ MM

is the multiple zeta function (this is meromorphically continuedCtb([2]), but we

only need the single variable version with all arguments except for the first one fixed).
In particular, the values ofy(s) at positive integer argument% (2) can be written as

a linear combination (oveZ) of multiple zeta values (= values at positive integers of
{(s1,%,---,5n)). As a by-product of his study of so-called Ohno’s relation [14], Y. Ohno
deduced from the above expression the following simple formula (welshiftl for a
reason explained later)

& a(m=0"(k 1.1 (kn>2) (3)
n—1
where 1
ke k)= Y e

KK
my>mp>m>1 Mm% - -y

Is the “non-strict” multiple zeta value (or multiple zeta-star value).
As for the values at negative integers, we obtained in [4] the formula

& 1(-n) =(-1)"'cY (n=012..) )

in terms of the modified poly-Bernoulli number.
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Now, let p be an odd prime number. Following Hoffman [10], we denote by
n- — 1) the finite sum obtained by truncating the seriesdofk, 1, ...,1) right
Sk (P—1) y g Jof : ) rig
nf
before the primep enters into denominators:

1
k-1 (p—1) = o
S( | ) p—1>my>mp>--->my>1 m'imzmn

If we use a closed formula for the modified poly-Bernoulli num@éﬁ),

n || n+1

(k) _ n i
Cn —(_1) i;(_l) (I ++]iL)k

({f‘j:ll} = Stirling number of the second kind = the number of ways to partition a set of
n+ 1 elements into + 1 nonempty subsets), which can be proved in a similar way as in
[11] for the parallel formula foBQ‘) , we easily see that Hoffman’s congruence (Theorem

5.4) in [10] is equivalent to the following congruence.

Theorem (Hoffman [10]). Fork,n> 1and any prime > n, we have

Sian1(p—1) = (-1)"c Y mod p. (5)

Combining this with the formula (4) fof_1(—n), we obtain
Sikan-1)(P—1) = &1(—p-+1-+n) modp. (6)

In view of the formula (3), this is quite amusing. That is to say, the valug of(s) at
positiven is the multiple zeta-star valug (k, 1,...,1), and if we truncate this series to
n—1

getS(kjlnfl)(p— 1) and reduce it modul@, then the resulting value is congruembdp
to the value ofy_1(s) atn— (p— 1), the shift ofn by p— 1!

Through his study [10] and numerical experiments, Hoffman conjectures the sums
S(k71n_1)(p— 1) are the “building blocks” of multiple harmonic sunmsodp. To be more
precise, he considers multiple harmonic sums of general type

1 1
Tate ot O e e k=1,
p—1>my >Np>->my>1 My My - - - My p—1>my >Mp>-->my>1 My My~ - - My

and he conjectures that all these general sums are congmmdy to a polynomial
(with rational coefficients, independent pf of “height 1” sums, i.e., a polynomial of
Si1n-1)(p— 1) with variousk andn.

Hoffman also proved the duality

(~1) S 1) (P~ 1) = (~1)"Sp g 1)(p— 1) mod p.
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This can be deduced via (5) from the duality Zinnot only modp)

G =G 7 (kn=1)

of the modified poly-Bernoulli numbers of negative index (similarly proved as in the
case oy, ™, BL ¥ =Bl " (k,n> 0), given in [11]).
Recall the (easily proved) congruence of truncated Riemann zeta values
1 1 1
1+?+§+~-+W =0 modp
which is valid for allp > n. The above mentioned duality of Hoffman follows from this
(as many of the congruences in [10] do) if the difference

(=D Syan-1y(P—1) — (=) " 23y (P~ 1)

Is expressed as a polynomial in the truncated Riemann zeta values (Hoffman proved
the duality in another way and we do not know if this is the case). Inspired by this and

suggestive formulas (3), (6), we surmised that the difference of two multiple zeta-star

values

kK 7% nzx
(D (kL. )= (-1)"¢*(n1,...,1) (7)
n—1 k—1
may be written as a polynomial in the Riemann zeta values, and did numerical exper-
iments which were in favor of this. Soon after the author had informed him of this
speculation, Yasuo Ohno kindly pointed out that this was indeed the case. In fact, using

(3) and (1) together with his main result in [14], we obtain

k 7% n7x
(—)kZ*(k,1,...,1) — (~1)"¢*(n,1,...,1)

n-1 k—1
= (n—l)Z(n+1,1,I;..2,1)—(k—l)Z(k+1,1,r.]._.2,1)
k—2 n—2
— (D¢ (=1D)IZkk=NZ(n,... )+ (-D)" S (=1)IZ(n—j)Z(k 1,...,1).
<)le<)(1>(n j_1)(>jzl(>(nl)( ,-_1)

Since the multiple zeta values of hight 1 (= of typém,1,...,1)) are polynomials in
the Riemann zeta values ([3], [9], see also [15]), we conclude that the quantity (7) is a
polynomial in the Riemann zeta values.

Note that the duality

J(k+1,1,....1)=(n+1,1,...,1)
1 k—1
n— —

of multiple zeta values of height 1 does not hold forvalues as it stands, and no
duality-like formula for{* is known so far. The assertion

k 7% n 7%
(_1) Z (kalvr;'_'l?l)_(_l) Z (n7lvl'("1ﬂl> GQ[Z(Z)aZ(3)7Z<5)7]
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may be regarded as a kind of duality (modulo the ring of Riemann zeta values
Q[¢(2),(3),4(5),...]). It may be of interest to note that the correspondence of indices

(k,1,...,1) «—— (n,1,...,1)
—— ——
n-1 k-1

here is different from the duality of usual multiple zeta values. (For this reason we shifted
the index in (3).)

3. CENTRAL BINOMIAL SERIES

In this section we review another case of appearance of poly-Bernoulli numbers as
special values of a certain type of zeta function.
Let {cg(s) be the following Dirichlet series:

This converges absolutely everywhere. It is shown in [6] that the \@g€k) for each
positive integelk > 2 is written as aQ-linear combination of multiple zeta values (of
height 1) and multiple Clausen and Glaisher values. The latter two are real or imaginary
parts (according to the parity of weights) of values at 6th root of unity of the multiple
polylogarithm
Li 2 z zm
iy, K (2) i= _.
' my>-->my>0 mlil e Wﬁn
On the other hand, the valdeg(k) for k < 1is always aQ-linear combination of 1
andr//3. This is a result of D. H. Lehmer [13], who used the formula

2xarcsinx) & (2x)2"
I i)

and its successive differentiations to derive it. More precisely, his result is as follows.
Define two sequences of polynomidlgk(t)} and {ok(t)} (k= —-1,0,1,2,...) by
p_1(t) =0, g-1(t) = 1 and the recursion

Prea(t) = 2(kt41)pg(t) +26(1—1) p(t) + ak(t),
Ok+1() = ((k+Dt+21)ok(t) +2t(1-t)qe(t) (k> -1).

x| <1

The first few arepo(t) = qo(t) = 1, pa(t) = 3,01(t) = 2t + 1, po(t) = 8t + 7,0(t) =
424+ 10t +1,.... Then we have fok > —1

00 k 2m —
Zl <2m)(25“2)X) - (1- x;() k+3/2 (X 1—x% pk(xz) +aresir(x) qk(X2)>
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and consequently

k k+1
cal-0=3(3) +3(3) W@ k=-n @

This means that the valuégg(—k) (k > —1) all lie in the two dimensionaQ-vector
space spanned by 1 amgl/3. This is reminiscent of the result of Euler fg(s). The
values of¢ (s) at positive integers give variety of (conjecturally) transcendental numbers
including powers ofit (at even arguments), whereas the values at negative integers all
lie in a one dimensionaD-vector spaceQ itself) and are explicitly described by the
Bernoulli numbers.

Now, R. Stephan [17] observed that the rational part of this evaluation (8) is nothing
but (the third of) the anti-diagonal sum of poly-Bernoulli numbers of negative indices:

gt

This observation is still conjectural. A possible approach to a proof is to use an explicit
formula given in [7].

We do not know whether the coefficient af /3 in (8) has any connection to poly-
Bernoulli or allied numbers.

4. COMBINATORIAL INTERPRETATIONS OF
POLY-BERNOULLI NUMBER WITH NEGATIVE INDEX

The numberﬁﬁ,—k) with k,n > 0 are positive integers ([11], [5], see also [16]). We end

this article with two beautiful combinatorial interpretation%fk) due to C. Brewbaker
and S. Launois.

A lonesum matrixs a matrix with entries 0 and 1 whose row-sums and column-sums
10

determine the matrix uniquely. For instance, the mafrik 1| gives!(1,2,1) and
10

(3,1) as row- and column-sums respectively, and from these two vectors, the original
matrix is recovered uniquely. The theorem of Brewbaker states that the number of
lonesum matrices of a given size is equal to the poly-Bernoulli number.

Theorem (Brewbaker [8]). For k,n > 1, the number ok x n lonesum matrices is
equal to]B,(fk).

The second interpretation mﬁ;” concerns the number of special type of permuta-

tions. Let&,, denote the symmetric group of ordgrwhich we identify with the set of
all permutations on the s¢f, 2,...,n}. S. Launois proved the following.
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Theorem (Launois [12]). Letk andn be positive integers. The cardinality of the set
{0 €6kn|—k<a(i)—i<n1<Vi<k+n}

is equal toIB%ﬁ_k).

Incidentally, either of these interpretations makes the aforementioned duality formula
BN = ]B%f;”) (k,n> 0) apparent.

REFERENCES

1. A. Adelberg,Kummer congruences for universal Bernoulli numbers and related congruences for
poly-Bernoulli numberdnt. Math. J,1, 53-63 (2002).

2. S, Akiyama, S. Egami and Y. Tanigawanalytic continuation of multiple zeta-functions and their
values at non-positive integeracta Arith.,98-2 107-116 (2001).

3. K. Aomoto, Special values of hyperlogarithms and linear difference scheftiesis J. of Math.,
34-2 191216 (1990).

4. T.Arakawa and M. Kanekd/ultiple zeta values, poly-Bernoulli numbers, and related zeta fungtions
Nagoya Math. J153 1-21 (1999).

5. T. Arakawa and M. KanekoDn Poly-Bernoulli number€Comment. Math. Univ. Sanct. Paulig-2
159-167 (1999).

6. J. Borwein, D. Broadhurst and J. KamnitzEentral binomial sums, multiple Clausen values, and
zeta valuesExperiment. Math.10, 25-34 (2001).

7. J.Borwein and R. Girgensohgyaluations of binomial seriegequationes Math70, 25-36 (2005).

8. C. BrewbakerLonesum (0,1)-matrices and poly-Bernoulli numbers of negative jnidester’s
thesis, lowa State University, 2005.

9. V. G. Drinfel'd, On quasitriangular quasi-Hopf algebras and a group closely connected with
Gal(Q/Q), Leningrad Math. J2, 829-860 (1991).

10. M. Hoffman, Quasi-symmetric functions and mod p multiple harmonic sum®print,
arXiv:math/0401319v2 [math.NT] 17 Aug. 2007.

11. M. KanekoPoly-Bernoulli numbers]. de Théorie des Nombr8s199—-206 (1997).

12. S. LaunoisRank t Z-primes in quantum matrice€omm. Alg.,33-3 837-854 (2005).

13. D. H. Lehmer/nteresting series involving the central binomial coefficigdmer. Math. Monthly
92-7, 449-457 (1985).

14. Y. Ohno,A generalization of the duality and sum formulas on the multiple zeta valu®&wumber
Th. 74, 39-43 (1999).

15. Y. Ohno and D. ZagieMultiple zeta values of fixed weight, depth, and heigiidag. Math. 12 (4),
483-487 (2001).

16. R. Sanchez-Peregrindnote on a closed formula for poly-Bernoulli numhbeksner. Math. Month.,
109-8755-756 (2002).

17. R. Stephan, Sequence number A098830 On-line Encyclopedia of Integer Sequences
http://www.research.att.com/ njas/sequences/Seis.html

A note on poly-Bernoulli numbers and multiple zeta values November 30, 2007 7



