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Abstract

We find a relation between the Fibonacci polynomials and arrangements
of n+ 3 points in the real projective n-space admitting an action of the cyclic
group of order n + 3. We also describe explicitly the rational curve of degree
n passing through these n 4+ 3 points, and determine the permutation of the
n + 3 points induced by this curve.

Introduction

Arrangements of n + 2 points in general position in the real projective n-space
P = P"(R) are unique up to projective transformations. Those of m := n + 3
points are projectively not unique, but they are combinatorially unique. We are
interested in arrangements of m points which admit an action of the cyclic group of
order m.

Let p1,...,pni2 be n42 points in P" in general position. We add another point
Pm, and require that the m points py, ..., puie2, P admit a projective transformation
o inducing the cyclic permutation:

. pP1—=7P2—> """~ Pnt2 7 Pm — P1.

There always exit such p,, and o, and in fact there are several choices in general.
Our first theorem (Theorem 1 in §2) asserts that such choices exactly correspond
to the roots of the Fibonacci polynomial F,(t) of degree [n/2] + 1. And moreover,
the resulting m points pq, ..., pyio, Pm are in general position if and only if the
corresponding root is “primitive”, i.e., a root of the core Fibonacci polynomial f,(t),
which is an irreducible factor of F),(t) of degree ¢(m)/2. Here, p(m) denotes Euler’s
function counting the number of positive integers less than m and co-prime to m.

On the other hand, for m points in P in general position, there is a unique
rational curve C' of degree n passing through these points. When we view the curve
C as an image of P!(R), the natural order in R determines a cyclic permutation of
these points. For the points corresponding to a root of the core Fibonacci polynomial
as above, we can explicitly compute this permutation (Corollary 2 to Theorem 2 in
§3). More precisely, let —|1 + (|72 be a root of f,(t), where ¢ is a primitive m-th
root of unity (see §1 for the description of roots of f,(t)), and p,, the m-th point
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associated to this root by Theorem 1. For each j (1 < j < m), denote by g,
the point in P! such that C(g;) = p;. Without loss of generality, we may assume
g1 = 00,q = 0, ¢ = 1. Then we show in Theorem 2 that, there exits a linear
fractional transformation R from P!(R) to the unit circle in the complex plane,
preserving the natural orientation of P*(R) and the unit circle (counter clock-wise),
such that

R(Ql) - C_17 R(CD) - 17 R(QI’)) - C: R(Q4) - C27 R R<qm> - gm—2‘

Since ( is a primitive m-th root of unity, the m points

1’ (’ C2’ ool Cm—27 Cm—lzc—l

form vertices of a regular m-gon on the unit circle. From this, if we write ¢ = ¢,
with G, = e2™V=1/™ and (1,m) = 1, we see that the cyclic permutation determined
by the curve C'is the ‘t-skip mod m’, i.e., the permutation of {1,2,...,m} given by
{0-i+1,1-i+1,..., (m—1)-i+1}, where [ denotes the residue of  mod m such
that 0 <1 <m—1.

After introducing the necessary properties of Fibonacci polynomials in §1, we
state and prove Theorem 1 in §2 and Theorem 2 in §3. In the final section §4, we
discuss fixed points of the transformation o.

1 Fibonacci polynomials
In this section, we summarize properties of the polynomials Fy(t) and fi(t) that we
need in this paper.
Definition 1. The Fibonacci polynomials Fj(¢) are defined as
Fo=F =1, Fy=Fu,+tF s k=012 ..

The degree of Fy is [k/2] + 1.
Remark 1. In the literature (e.g., [Ko]), the Fibonacci polynomial Fy(t) is defined
by Fo =0, Fy =1, F, = tFy_1(t) + Fr—2(t) (k > 2). The relation to our F(t) is
F.(t) = \/¥k+2ﬁk+3(1/\/z_f). From this, all properties described in the sequel should

in principle follow from known properties of ﬁk(t) We nevertheless supply proofs
for the convenience of the reader.

For notational simplicity, put Gy = Fj_3 (k > 1). Of course the G}’s satisfy the
same recursion with G; = G5 = 1.

Proposition 1. Gi(t) is a polynomial of degree [(k — 1)/2] and is explicitly given

“ [(k—1)/2]
—1)/2
k—1—13\ .
Gi(t) = t' k> 1.
() Z( Z. ) >

=0

Also, Gi(t) admits the following expression:

Gi(t) = o



where

1+ V144 =1+ 4t

— o
Proof. The first formula is easily proved by induction. The second can be shown
either by the generating function Y ;-  Gr(t) X*F = 1/(1-X—tX?) =1/(1—aX)(1-
SX) or by checking the right-hand side satisfies the same recurrence relation as

Gi(t). O
We introduce a new polynomial (a priori, a rational function) gx(t). The core

Fibonacci polynomial fi(t) is defined as fi(t) = gri3(t).

Definition 2. Put
= [[Gat)" ™, k>1,

dlk

where d runs over all positive divisors of k, and p is the Mobius function!. Note
that g1 = ga = 1.

Proposition 2. 1) For k > 3, gx(t) is a polynomial of degree p(k)/2, and is irre-
ducible over Q.
2) The irreducible decomposition of Gi(t) over Q is given by

t) = H 9a(?)
2<d|k
In terms of Fi(t) and fi(t), this can be written as
I fes®
2<d|k+3

3) The gx(t) is expressed as
ai(t) = B2V (a/B),

where

Op(t) = [Jt* — 1t/

dlk

1s the k-th cyclotomic polynomial.

Proof. By (1), we have

k/d) Bd w(k/d)
=] ¢ =11 { Vit 475}

d|k dk

B ( 1 >de w(k/d) H ( ﬂd) (ke /d)
v144t ik

p(k/d)
= Hd|k (ozd _ ﬁd)#(k/d) _ BZdlk du(k/d) Hd|k { <%>d — 1}
= 7Moo (a/B).

Lu(n) = 0 if n has a square factor and u(n) = (—1)” if n is a product of v distinct primes.
=1.




Here, we have used the well-known identities 3_,, p(k/d) = 0 and 3, du(k/d) =
(k). This proves 3). Since the cyclotomic polynomial @y is of degree ¢(k), gx(t)
is a polynomial in « and [ of total degree ¢(k), which is symmetric in « and [
because of the expression g, = Hd‘k (ad — ﬂd)“(k/d) as above and (—1)Zd\k“(k/d) = 1.
Therefore, gi(t) is a polynomial in ¢, of degree at most ¢(k)/2 because a + = 1
and af = —t. The formula in 2) follows from the definition of g (¢) and the Mobius
inversion formula. To prove the irreducibility of gx(t) and find the exact degree, we
look at the roots of gi(t). By the formula in 3), we have

gi(t) = B 11 (/8= ).
¢: primitive k-th root of unity
Because G(0) = 1 for all k, we have g(0) = 1 and so 8 cannot be zero (8 =0 <
t = 0). Hence,
14+ V144t
g(t) =0 & ————
1—v1+44t

1[/1=¢\° 1 1
St=— — | 1) =- =— .
4 1\1+¢ C+(¢t+2 114 ¢J?
Assume k > 3, and write ¢ = e*V~1/* with an integer I, so that ¢ + (7! =

2cos(2lw/k). Since ¢ and (™! give the same root, and ( is primitive, we see that
exactly ¢(k)/2 values

1 1 k—1
LK =1, 1§l<{—]

2COSQZTW—|—2 4COSQ%7 - 2

= (: primitive k-th root of unity

t =

give distinct roots of gi(t). Hence gi(t) is of degree ¢(k)/2 (remember we have
shown the degree is at most ¢(k)/2), and has distinct roots. Since its splitting field
is Q(cos(2m/k)) = Q(¢ + ¢™1), which is the maximal real subfield of degree ¢(k)/2
of the cyclotomic field Q(¢), we conclude that the polynomial gy is irreducible over

Q. 0
Corollary 1. The roots of gx(t) are given by
1 1 k—1
- N (i k)=1, 1<i<|—].
|1+ (}|? 4 cos? T 2

Here, ( = e2™V =1k In particular, all roots are negative real numbers, and if k # k',
roots of gi(t) and g (t) never coincide.
The roots of Gi(t) are given by

1 1 1< i< k—1
_—:_—’ _Z_ — .
11+ ¢ |? 4 cos? i 2

Examples: Factorizations of the first several Fibonacci polynomials are as follows:

Fo = fo, Fy = fi, Fy = fy, F3 = fofs,

Fy = fu, Fs = fifs, Fs = fofs, Fr = fafq,

Fs = [, Fo = fofif3fo, Fio = fo, Fiy = fafi1,
Fia = fofafi2, Fiz = fifs)i3, Fiy = fu, Fis = fof3fs/15,
Fig = fis, Fi7 = fifafrfir, Fig = fofafis, Fio = fsfio,

F20:f207 F21:f0f1f3f5f9f217 F22:f2f227 F23:f10f237---7
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whereas the ‘core Fibonacci polynomials’ are given by

f0:t+1, f1:2t+1,
fo=12+3t+1, fa=3t+1,
fi=1+6t>+ 5t +1, f5 =22 + 4t + 1,
fo=134+9t2+6t+1, fr=>5t2+5t+1,
fo =5+ 15t1 4+ 353 + 2842 + 9t + 1, fo=1t>+4t +1,

fro =10+ 21t° + T0t* + 8413 + 4562 + 11t + 1, fru =T+ 142+ 7t +1,. ..

When n = 18, we have 3,7 | 21 = 18+ 3, and the twelve numbers 1,2, ...,19,20 are
coprime to 21. So

Fig = fofa- fis, deg fis=12/2=6.
When n = 21, we have 2,3,4,6,8,12 | 24 = 21 + 3, and the eight numbers
1,5,...,19,23 are coprime to 24. So

For = fofifsfsfo- fa, deg for =8/2=4.

Finally, we give the following lemma which will be used in the proof of Theorem 1.
Lemma 1. For —1 <1i < j, we have
FF;y — FiF = (—1)"t""F;_;_3.

Proof. We proceed by induction on ¢. For i = —1, the identity becomes the recursion
of F;. Suppose the identity is true up to @ (and for all j). Then, by the recursion
and the induction hypothesis, we have

FinFjo — FiF, = (F; +tF ) Fjo1 — (Fjo1 +tFj5) F;
= ~t(FFjo — Fj1Fioq) = (1) F) .
]

2 n+3 points in P" admitting a cyclic group action

For n + 2 points py,...,pyse in the real projective n-space in general position (no
n + 1 points are collinear), we would like to add another point p,,, and require that
the m points admit a projective transformation o inducing the cyclic action:

O DL —+DP2 = = Ppya — Dm — D1 (2)

Without loss of generality, we put n 4+ 3 points in the projective n-space P" coordi-
natized by x1 : ---: 2,41 as:

Ti: Ty Ll Tyt Tpgd
pL = 1: 1 :---: 1: 1,
D2 = 1: O . : 0 y
p3 = 0: 1 0 0,
Ppr1= 0: 0 :---: 1: 0,
Ppio= 0: 0 :---: 0: 1,
Pm = 61: 62 e gn: 5n+1-



In the following, we sometimes use the abbreviation zyxs - - 2,41 for a point [z :
To ivee i Xpyq] in P

Theorem 1. There exists a one-to-one correspondence between the m-th points p,,
admitting the projective transformation o as above and the roots of F,,(t). Moreover,
under this correspondence, the m points {p1,...,Pni2, Pm} n P™ are in general po-
sition if and only if the associated root is a root of f,(t).

Proof. Since the inverse of o induces the move 0---01 — 0---010 — --- —

10---0—1---1, we have
ol dl =m A+ bixa, o, T =2+ Ty, Ty = 21, (3)

for some non-zero b;’s. Because the last coordinate of the image of 1---11is 1, we
may and shall assume &,,; = 1. Then from the move 1---1 — & ---&,1, we have

and from the move & ---§,1 = 0---01, we get a system of equations in b;:

L+b;+b1(14by) =0,
L+ by 4+ be(14b3) =0,

14 by + bp1(1 +by) =0,
14+b; +b, =0.

Set b :=b,. Then by the last equation we have
1+b=-b (5)

and by solving the other equations we obtain

b b b b
= — =— ..., b1 = = .
T+by 2 14b3 7 ™' " 14b, 14+0b (6)

by

In particular, every b; is written in terms of b (as a rational function) and so is
& (1 <j<mn)by (4). Equations (5) and (6) in terms of {;’s can be written as

e e<ji<n) @

Now define rational functions h(t) in ¢ recursively by

fl = —b and é-j =

t

ho=1t, hy=-—"—
0 k 1% hys

(k=1,2,...).
We easily see from (6) that b; = h,_;(b) (1 < j < n). The hy’s and Fibonacci
polynomials are related as

Lemma 2.

Fy, Fi—s

1+hk:F ) hk:tF )
k—1 k—1

k=0,1,....



Proof. The first identity is easily proved by induction on k. When k& = 0, the both
sides are equal to 1 4 ¢. Assuming the validity for k, we have

t Fy/Fo1+t  Fp+tE,_ F,
Lt By = 1+ _ K/ Fr1 _ Lk et Pken
1+ Ay Fr/Fr1 Ey, Fy,
The second follows from the first by the recurrence for Fj. O]

By the relations 1 4+ b; + b =0, by = h,—1(b) and by Lemma 2, we obtain

Fat) ,_ Fuld)

0=1+h,1(b)+b= Falh) = Frall)

Therefore b = —&; is a root of the Fibonacci polynomial F,(t).

Conversely, let b be any root of F,(t) and b; (1 < j < n) be determined by
b, = b and (6). Then the point p,, = & ---&,1 and the projective transformation o
determined by (4) and (3) satisfy the desired condition. That the different b’s give
different p,,’s is clear. We note that the ¢ is uniquely determined by the p,,. This
concludes the proof of the first half of the theorem.

For the second half, suppose first a root b of F,(t) is not a root of f,(t). Then
by 2) of Proposition 2, b must be a root of some f;_3(t) with d < m. This means
that b is a root of some Fj(t) with j < n. By the identity

5 J + J + ]( ) F}fl(b) ( )
we conclude that §,_; = 0, and so the points p,,, = & ---&,1 and py, ..., ppi2 are not

in general position (points other than p; and p,,_;4; are on the hyperplane x,_; = 0).
Next suppose b is a root of f,(¢t). Then b is never a root of any Fj(t) with j < n by
2) of Proposition 2, and so by (8), no &; (1 < j < n) can be zero. Also, by the same
identity (8), if &,—; = &,—; for some i < j, we have F;(b)F;_1(b) — F;(b)F;_1(b) =0
and hence by Lemma 1 F;_;_5(b) = 0 (note that b is never zero). This contradicts
to the fact that b is a root of f,(t). Therefore we have & # & whenever i # j
and hence we conclude {p1,...,Pni1,Pm} is in general position. This completes the
proof of Theorem 1. O

3 The rational curve of degree n passing through
n + 3 points

Let p1, ..., Pni2, Pm be m = n + 3 points in general position admitting a projective
cyclic permutation. Without loss of generality, we assume n + 2 points py, ..., Ppio
are as in §2, the m-th point p,, has coordinates & : --- : &, : 1 with & # 0 and
& # & (i # j), and the cyclic permutation is as (2).

It is known that there exits a unique rational curve C' of degree n passing through
m points in P™ in general position (see for example [CYY]). Thus let

C:t—xi(t): - :xpq(t) €P”



be the curve such that each x;(¢) is a polynomial in ¢ of degree n, and

Cla) =p1, Cl2) =p2, -y Clans2) = P2, Clgm) = pm 9)
for some ¢; € P'. We may normalize {¢;} so that
@1 =00, ¢2=0, ¢gz=1
Our second theorem describes ¢; explicitly in terms of the root of f,,(t) (= gm(t)).

Theorem 2. Let —|1+ (|72 be the root of fn(t) corresponding to the m-th point p,,
as in Theorem 1, where ¢ is a primitive m-th root of unity. Then, q; is given by

Ll S (1<j<m).

QJ':(1+C)'1_—O,1 <j<

The linear fractional transformation

—(1+
= a= (140 (10)
¢z —(1+¢)
from the real xz-line to the complex z-plane sends q; to (772, hence q1,qz, - . ., qm are
inverse images of (™1, 1,(, ..., (™2, vertices of a reqular m-gon on the unit circle.

Corollary 2. Take ( = ¢\, (I,m) =1 in the theorem (Cp = €™ ~Y™), then q; can
also be written as A
sin (];3” )

g =1+ — .
’ sin(%ﬂ)
If we arrange q1,qs, . .., qn acccording to magnitude as
g1 =7T1 = =00 <o <rg<<---<7Tp,

then the permutation of indices is given by

g =rG-41 (1 <5 <m),

where the index of r should be taken modulo m with value in the interval [1,m]. In
particular, if ( = (p (I =1), then ¢j = r;j.

Proof. With our normalization, the condition (9) is equivalent to the system of
equations

(21(r) =) clr—a3)(r—aq)(r —gs) - (r — qny2) =&,

(2(r) =) c(r—q)(r—aq)(r—gs)  (r = qni2) =&,
(zjo1(r) =) clr—q) - (r—q—1)(r = qj+1) - (" = quy2)  =§&-1,
(Tpyi(r) =) c(r—g)(r—ag)(r —aq) (1 — gus1) =& = 1,



with n+ 1 unknowns qq, . .., ¢ny2, 7 = ¢ and c. The value of ¢ is determined by the
rest from the last equation. From the first and the (j — 1)-st equations, by taking
the ratio, we have
r—q¢ & ,
W5 3<i<n+2
. £ ( )

qj:r%:rﬁj_g <3§j§n+2)
—

For the last equality, we have used (7) (with j — j — 1) in the previous section.
Since g3 = 1, the case j = 3 gives 7 (= ¢,,) = 1/& and so we obtain

and thus

4=92 (3<j<m) (1)
&

where the case j = m is included because &, 2 = &,.1 = 1. From this, by writing
the relation &;_1 = & /(1 —§j_2) in (7) (j being replaced by j — 1) as

1

§i—1 . 1 - 3
T _ ¢, 1 Ej—2
&1 1 =& o 2—1
we obtain the relation
1+ 7 .
gGii1=——77 ([1<75<n+2). 12
j+1 |1 I <|2 — g ( ) ( )

Here, we have used & = |1 + ¢|72 from (7) (note b is the root of f,(t)), and note
that (12) is valid also for j = 1,2 because of our normalization.
Now, let R = R(x) be the map given by (10):

ey 2= (140
=R = mTary

This gives an orientation preserving homeomorphism from P!(R) to the unit circle
(counter clock-wise) in the complex z-plane, its inverse being given by

1—2z
1—(z

Straightforward computation shows that the rotation z +— (z in the z-plane corre-
sponds under R the map

r=R(z) = (1+0)

1 +¢ -
— (=R R . 13
oo i (SR (CAW) (13)
By our normalization, R(q;) = R(co) = (~'. We therefore conclude that, by (12)
and (13), the point ¢; is the image of R of (72, which is the image of (~! under
the (j — 1)-st iteration of the rotation z — (z, and so

1 — (72

q; = Ril(gj;Q) = (1 + C) ’ 1 — Cj_l'



This concludes the proof of Theorem 2.
When ¢ = ¢!, we compute

e St St AP S
q = = =1+ —
1— ¢t 1— ¢t
s C=3)/2 _ (=(-3)/2 _ Sm(%ﬁ)
CU-1/2 — ¢=(G-1)/2 sin((j;nl)lw) ’
The other assertion in the corollary is clear from the description above. O]

Examples: When m =5 and 6, the vertices of the regural m-gon in P!(R) are

1+v5  3++5

oo?
2 2

Remark 2. We see that all ¢;’s are in Q(¢ 4+ ('), and so are the &’s. This is
a geometric explanation of the fact that this field is the splitting field of the core
Fibonacci polynomial f,,.

4 Fixed points
Let 7 be a root of f,,. We find fixed points of o (notation as in §1):
)\iL‘l =+ bliUQ, )\iL‘Q =+ b2£L'3, Cey )\.’En =x + bnanrla )\./,Un+1 = T1.

If we put z,,1 = 1, then A must satisfy

Hy(A,7) = = A" A by (N by (- (A +bpma (A 4 D)) -+ ) = 0.

If there is a real \ solving this equation, then the coordinates Ay : ---: A\, : 1 of the

fixed point are
A —1 Ao — 1

b = b
or equivalently, A\, = 1+ b, \i1/A, A1 =14+ b1 A/, ...

A=A A=A

We can express the polynomial f[n in terms of the Fibonacci polynomials. Since
b, = ho(T) = 7 and

F,_3 (7’ 2 Fn—4<7-)
b = h"fl— = y b b - hn_ hn— - I )
1 1(7) TFn_2(7_) 102 1(T) (7)) =T Fr_o(7)
FLQ(T)
b « e b pry h _ LRI h p— n
1 n n—1 0 T Fn—2(7_) )

and 0 = F,,(7) = F_1(7) + 7F,—2(7), we see that, if we put z = A\/7, f[n()\,T) is a
constant multiple of H,(z, ), where

Hy(a,t) = Fpa ()" + Fyo(t)a” + -+ Faa + Foy, Foy=F,=1

10



Theorem 3. Let 7 be a root of f,,. Whenn is odd, H,(x,T) has no real root. When
n = 2k is even, H,(x,7) has a unique real root

_Fk_g(T)
Fk_l(T)‘

Proof. Substituting
1

F,=Gij3 = ——
BT A+ 4t

( o3 — /Bi+3)
into H,, = Z?:ilZ F;2*2_ we have
— 1 1 n+1
Hn — +3 1+3 z+2 i+1 i+l .Z'i
:Z T T = g 2 e =
{ n+2 n+2 -1 ﬁn+2 n+2 __ 1}

V144t ar — 1 B Br—1

,8 n+2 ﬁn+2) n+3 ( n+3 5n+3) n+2 + o — B
V14 4t(ax — 1)(fz — 1)
Since a + 8 =1,af = —t and a — § = /1 + 4¢, we have

—tF, ()" — F,(t)2" ™ + 1
1—xz—tx?

H, =

If 7 is a root of F,(t) (which is always negative real), the equation H, = 0 in x is
equivalent to
n+3 _ 1

O TE, (1)
If n is even, this has a unique real solution, and if n is odd, since F,,_;(7) is positive
(next Lemma), it has no real solution. The theorem follows from the two lemmas
below. O

T

Lemma 3. If n is odd and if 7 is a root of f,(t), then F,,_1(T) is positive.
Proof. Recall that F,, = G, 3, and the roots of G, 3(t) are given as (Corollary 1)

1 , n
~ 4cos P
and the roots of G,42(t) are
1 1
b= =" 1§j§[n+}.
4 cos® ;15 2
Since 7; — t; < 0 if and only if
J 7
< ;
n+2 n+3

the number of roots t; such that 7, —t; < 0 (for fixed ) is ¢ — 1. So if ¢ is odd,
F,_1(7) > 0. If n is odd and 7 is a root of f,(t), we must have (i,n + 3) = 1, which
implies 7 is odd. O

11



Lemma 4. Let n = 2k is even, and let T be a root of For(t). Then we have

( Fk—2<7—) ) n+3 B 1
Fre1(7) TF, 1(7)
Proof. Recall that, if we set a = (1 ++/1+47)/2 and b = (1 — /1 +47)/2,
gl t3 — pit3
0=
V144t
By assumption, we have a?**3 = p?*+3_ We first note
Fk—z(T) ak—i—l _ bk—i—l ak+1

_Fk—l(T) T gkt2 k2 T pkt2?

because

(ak+2 _ bk+2)ak+1 + (ak+1 _ bk+1)bk+2 2k+3 __ b2k+3 —0.

=a

Hence, we have
Fk—2<7—> n+3 ak+1 2k+3 a2k+3 k a2k+3 1
<_ Fk_1(7)> - <bk+2) - <b2k+3> p2(2k+3)  p2kt3”
On the other hand, by using 7 = —ab, v/1+47 = a — b, and a3 = b**3 we
obtain

1 B —(a—10) B —(a —b) ~ —(a—=0d) 1
TF,_1(7) B ab(aZk+2 — p2k+2) o b(b2H+3 — qb2k+2) - b2E43(b — a) O p2k+3T

]
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