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Abstract

We define the multi-poly-Bernoulli numbers slightly differently from the similar
numbers given in earlier papers by Bayad, Hamahata, and Masubuchi, and study their
basic properties. Our motivation for the new definition is the connection to “finite
multiple zeta values”, which have been studied by Hoffman and Zhao, among others,
and are recast in a recent work by Zagier and the second author. We write the finite
multiple zeta value in terms of our new multi-poly-Bernoulli numbers.
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1 Introduction

For any index set (ki,...,k,) with k; € Z and r > 1, we define two kinds of multi-poly-

Bernoulli numbers B and C%**) by the following generating series:
Likl ok (1 — €7t) - t"
ey — B(kl,...,kr)_ 1
1—et ; " n!’ 1)
Likl k (1 — €_t> - "
yeens R — C(k17---,kr')_ 2
et — 1 nz% n n!’ 2)

where Lig, 1, (2) is the multiple polylogarithm series given by
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Lig,,. ke (2) = Z 1

ek
mi1>-->my>0 my my

(3)

When r = 1, the numbers BT(Lk) and Cflk) are “poly-Bernoulli numbers” defined and studied
in our previous work [7, 1]. When r = 1 and k; = 1, the multiple polylogarithm is just the

usual logarithm —log(1—z), and thus both B and C" are the classical Bernoulli numbers
(with B! = 1/2 and " = —1/2).
The finite multiple zeta value is the collection of truncated sums

1
Z R ke

“ e ™
p>my>-->mye>0 my my

modulo p for all primes p, considered in the quotient ring Hp Z7/pZ)] @p Z/pZ. (For more
details on finite multiple zeta values, we refer the reader to papers by Hoffman [6], Zhao [10],
and Kaneko-Zagier [8], among others.) In §4 we show the congruence

1 (k

_ 1—L1k2,....kr)
§ —— = ~C)7 (mod p),
p>mp>-->me>0 71 r

which reveals that each component of a finite multiple zeta value is a multi-poly-Bernoulli
number.

2 Recurrences and explicit formulas for the multi-poly-
Bernoulli numbers

In this section, we first prove a simple relation between Bk and ) and proceed
to give recursion relations and explicit formulas for the multi-poly-Bernoulli numbers. Since



the two generating series (1) and (2) differ only by the factor €', two obvious relations
(k17"'7k:7") (k‘la"'vk?")
between By, and Cy are

B(k17...’k,r) — n C.(kl,...,kr) d C(kl,...,k‘r) — _1 n—i n B(kl;-..,kr).
n ; Z 7 an n Zz:(;( ) Z 7
A simpler relation expressing ngl""’k” in terms of Cflkl""’kr) is the following.
Proposition 1. For anyr > 1,k; € Z and n > 1, we have
B(kl’ o C(kl’ o —l—C’ kl Lo, kr)

Proof. From the obvious identity

d . 1

- Lig,  x(2) = Z Lig, —1 k.. ke (2)

(note that we allow the first index to be 0 or negative), we have

d Lin, (1 — e*t) _ Lik,—1 4y, k(1 —€7) et Lip, 15y (1 — €7

dt 1—et et —1 ’
and hence
£y —t
(kl 1k2,.. C(kl 1,k2,... kr)t dt / le1—17k2,--~7kr(1 —e) dt
> cf - [x (Lot
t
I PR _¢ e 1
= Lig, (1 —e")=Li x(l—e") (et oo 1)
o Likl,...,kr(l — e‘t) Likl,...,kr(l — €_t>
N 1—et et —1
_ (kl’ »kT) _ (kl’ 7kT)
= DBt ) G
n=0 n=0
This proves the proposition. ]

Proposition 2. For any ky,..., k. € Z and n > 0, we have

n—1
Bq(lklw-akr) — 1 (Bgﬁ Lka,... ( ) m1,-~~,kr)>
n—+1 —
and

n n—1
(ktedr) _ ()" }: 1y [ T otk —Lka, k (1,0 kr)
Ca n+1 ( 7( 1 (m)c —~ ( )Cm )’

m=0

where an empty sum is understood to be 0.



Proof. For B e multiply the defining equation (1) by 1 —e™" and differentiate with
respect to t to obtain

eit Ll (1 —e t _ i B kl, -k (1 _ €7t> i B(kl"'wkT)L
1 — et k1—1,k2,....kr - o — n (n — 1)!’

and from this we have

tn—l

ZB(’“’ g ZB(’“ Lkz,....k (el — 1) S;Bkh et

Comparing the coefficients of ¢ /n! on both sides, we obtain the desired relation for By, (ko).
The relation for C,(lkl’ “kr) is obtained similarly. O

We make a remark on the following point: since we allow k; to be positive or negative,
the recursions above need never ‘stop’. However, by the identity

ok (2)7

LiO,kz,...,kr<2) =

the BOk2e-k) o o0k2ebr) oo he written as simple linear combinations of Bkzek) o)
Clfzrohr) (0 < m < n). The proposition therefore gives a way to express B(kl’ R o

C%=k) i terms of numbers with smaller n and lower “depth” (length r of the index set).
Next, we write our multi-poly-Bernoulli numbers as finite sums involving Stirling numbers

of the second kind. Recall that the Stirling numbers of the first kind [n} and the second
m

kind {n} are the integers uniquely determined by the following recursions for all integers
m

n (see Knuth [9]):

-2 -0 wmen 2L Joolz] onmen

Q-2 o (-l o

Theorem 3. For anyr > 1, ki, ky,--- k. € Z, and n > 0, we have

(=)™~ (m - DY,
3 S

B7(Lk17---7k7") = (—1)” mlkl coom,kr

n+1>mi>mo>--->m,>0

and
(_1)m1 1 {n+1

o — p ) :

. ky
n+1>mq>mao >+ >m, >0 my U




Proof. Using the well-known generating series (cf. Graham et al. [3, §7.4])

n=m

we have

f: B(k"ly"'vkr)ﬁ _ Lik1,“~,kr(1 — e_t)
" n! 1—et

- Z (1 _ e—t)ml—l
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mi>mao > >mye >0 m ' My
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mi>mo > >mye >0 r n=mi—1

> —1)ym—1 my — ! nl n
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mlkl .« mrk'r n'
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Comparing the coefficients of ", we obtain the formula for k),

To obtain the formula for Ch, (k) , we proceed similarly by using the equation

which follows from equation (4) by differentiation:

i C(kl,...,kr)ﬁ _ Lig, g (1 —e™")
" 'n/' et —1

eft(l - eft)mlfl
- Z mlk‘l “ e mrk‘r

mi1>mo>-->myp >0

N R

n=0

mi>mao>-->my >0 n=mij—1
1
= f: (-1)" >, (=)™ m = DR } "
B kl < e M kr ’
n=r—1 n+1>my >mo>->my >0 T
O
We end this section by giving formulas for the special case by =--- =k, = 1.

Proposition 4. For anyr > 1 andn > r — 1, we have

T T

1 n —l— 1 1 / N 1 n —I— 1 1
pEL.D _ B o@L..h _ o
n n -+ 1 r n—r+1 n n -+ 1 n—r+1




Proof. Use the identity Li;__;(2) = (—log(1l — z))"/r! to obtain
N

S pEDL et S ol
— " n! rl 1—et d — " nl
and i
Zoﬁf.,\nﬁ LA S el
— " n! rl et —1 7! — " nl
The proposition follows. O

3 Multi-poly-Bernoulli numbers with negative indices

Proposition 5. 2 We have the following generating series identities for multi-poly-Bernoulli
numbers with non-positive upper indices:

1)

kr.

0o 0o n k
S Y Bkt DI
" Wl k]

kot kr =0 n=0
(1 _ 6—t)'r—1
(emt+et—1)(em224et—1) - (emr— "o 4 et — 1)’

2)

eft(l _ eft)rfl

(e +et—1)(emr22 4 et — 1) (em1— % et — 1)

Proof. Use the defining identity

0 n
2 —k1,yey—ky —t\—1 k1 k- —t\m

B}I 1 )ﬁ (1—e) E myt--emyr (1 —e )™
n=0 ’ my>-->my>0

2This proposition and the corollary below are also pointed out by Genki Shibukawa.



to obtain

. . (—k1,... —k,.)tn 1.1161 €z, . —t\—1 —t\m1 _mixT1+-+mez,
D 2 BT g =Ty e

k1,.,kr=0 n=0 mi > >my>0
o0
_ (1 _ eft)fl Z (1 _ eft)n1+---+nre(nl+---+nr)x1+(n2+---+nr)x2+---+nrxr

ni,...,nr=1
00

= (1 _ e—t)—l Z ((1 _ e—t>6x1)n1 ((1 . e—t)6x1+x2)”2 o ((1 . e_t)exﬁ'"““)m

n1,...,np=1

Z1 T1+T2 14+,
—i\r— € € €
(1 e t)r 1

1= ((1—et)em)1— ((1—et)emte) 1 (1 — e t)erattor)
(1 . eft)rfl
(e et —1)(em 224 et —1)---(em1— "% et —1)

The identity for O k) readily follows from this because the defining generating series
differ only by the factor e™. O

Corollary 6. For any integers kq,..., k. > 0 and n > 0, the multi-poly-Bernoulli numbers
B Rk g R TR e positive integers.

Proof. The right-hand sides of 1) and 2) of the proposition can be rewritten as

ex1 exl +xo ex1+"'+$r

elle —1) " 1— (et —1)(emr —1) 1— (el — I)(emte2 —1)  1— (ef — 1)(emrt-+or —1)

and
e’l eT1tT2 Tty

A ey =y gy § R =y R e T

respectively, from which the positivity of B 7R) and 7R s obvious. That both
are integers follows from the explicit formulas in Theorem 3. O]

We can give some explicit formulas different from Theorem 3 for special indices.

Proposition 7. Forr > 1, k>0 and n > 0, we have

1)

r—1
e~ cory g {0
j=0 AR
r—1
A ” : ' n+1
g cr e 2O



2)

r—1 min{n+1—rk} n 4 1 L n 1
B(O ..... 0,—k) _ r+17—1 151 ,
: ; (r+3=DYN L1
Tl min{n+1—rk}
~ N kL1
C0-0.-8) Z (7"+j—1)!j!{ " }{+ }
= r+7—1)7+1
Proof. Set 9 =--- =z, =0 in 1) of Proposition 5 to obtain
e LN
g nl k! (e +et—1)
From this we have
r—1
o n ok o N
Sy BRI e L S (= ol
— =" n! k! (e +et—1) = \e"+e'—1
B 1 1
G =y
B 1
e m4et—1—(1—et)y

=0
R SRS YIRS
- . j ) n!
J=0 n=j
SR . . tn
= LS 1
, j)n!
n=0 j=0
(—k,0,...,0)

Comparing the coefficients of %%yr’l on both sides, we obtain 1) for By,



Similarly, we compute

r—1
Sy k0 o‘)ﬁx_kyr—1 _ ot e’ :
— —= n! k! I—er(14+y)(1—e?)
- Z eUtDE(1 4 y)et(1 — ety
=0
_ (+1Dz il n+ }_
= e 1+ .
S -1 z r{s
O 2 A . 1)
— (J+1):v(1 L) (=1)"1i 41 AL
: DUCT
s 7+ 1) n!
and obtain the formula for C§ %0,
For 2), we set 1 = -+ = x,_; = 0 in the formulas in Proposition 5 and have
r—1
3 B domttet (e -1t
PR o " n! k! eT4et—1
t+x
— t 1 r—1 €
A s (.
_ Zet(et _ 1)r+j—1e:t(€x _ 1)j
=0
= = (n+1 k41
- Sevi-n 2 DTG G
|
= i r+7)n! j+1
and
r—1
=~ Stk - - n " k+1
I N N L LID VR M ) v (e o
n A ) —
— = n! k! = iy T +7-1 J+1
Comparing the coefficients of £ 197 on both sides, we obtain 2). O]

4 Connection to the finite multiple zeta values

As recalled in the introduction, the finite multiple zeta value (4(k1, ..., k,) is an element in
the ring A := [[,Z/pZ/ D, Z/pZ represented by (Calkn,. .., kr)(p))p € [, Z/pZ where

1
Calks, . k) = > - mod p.

.ok
p>mi>->my>0 my my



Theorem 8. For anyr > 1 and k; € Z, we have

Calkr, o k) = =G5 M mod p.

p—

More generally, we have for anyr > 1, j >0, and k; € Z

k1—1,kz,... Ky
CA(l,.“.,1,/{1,...,1@)@) = _C;(ajja k) mod p.
J
Proof. By the explicit formula in Theorem 3, we have

- —1
C(klfl,kz,...,kr) . (—1)m1 1(m1—1)!{€m
p—2 - Z k1—1_ ko "

p—1>mi1>mo>-->my >0 my My™ === Ty
—1
— Z (_1)m1m1!{€m }

p—1>mi1>mo>-->my>0

By the well-known formula (cf. Graham et al. [3, §6.1])

m p—1 ! i 1

— 1 | — _ 4

(—1) ml.{ . } g (—1) ( ] )l :
1=0

we see

iy} Er ()

the sum on the right being equal to (1 — 1) — 1 = —1. This proves that

CZ()]il2_Lk27-“7kT') mod p = —CA(kl; R kr)(p)

For the second identity, we proceed as follows. First note
Z !
p—1>i1>>0;>m1 > >me>1 (41 (LG myr

ok
p—j>my>->me>1 my m.

1
Top—12i1>-->1>m 1 J
By changing i; — p — 7;, we see that

Z il'%‘ij = (—1) Z ; 1 - (mod p).

1
p—1>i1>>0;>my p—mi>ij>>i1>1 1 J

Using the formula

p—m1>1;>->112>1

10



and the congruences

[n} E{p—m} (modp) (1<m<n<p—1)

m p—n
(see Hoffman [6, §5]) and

1

o —m 1) (=1)™*my! (mod p),

we obtain (for odd p)

(_1)j+m1+1m1!{17—nzl—1

CA(L.;;L P b = p—j>m;>mr21 mllfl Sy modr
— _015111j—_12,k2 """ k) mod p.
This concludes the proof of the theorem. O
Combining the theorem with Proposition 4, we see that
f—k/_\L ’;/_1\1 1 p—1
Ca(2,1,...,1) = (—CI()_"Q"’ ) mod p)p = (_2: (k B 1) B,_;, mod p)p

= (Bp—x mod p),.

(We used (?-}) = (—1)*7! (mod p) and (—1)*"*B,_j, = B, for large enough p.) As is
discussed in Kaneko-Zagier [8], the element (B,_j mod p), on the right is regarded as an
analogue of k((k). (Note that the obvious analogue (4(k) of {(k) is 0.)
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