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Abstract
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1 Introduction

This paper mainly study the Kaneko-Zagier differential equation. We construct exact solu-
tions that correspond to the classification of conformal field theory given by S. D. Mathur,
S. Mukhi and A. Sen (MMS classification for short) [6], and extend it to the case of solutions
with logarithmic terms.

The MMS classification is based on modular invariance property of the space of characters
of simple modules for rational vertex operator algebras. The point of their approach is the
use of modular differential equations [5], i.e.

d2h(7')
dr?

dh(T)
dr

+ a(T) + b(1)h(1) =0, (1.1)
where 7 is the variable in the complex upper half-plane, a(7) is a constant multiple of the
quasimodular Eisenstein series Fy(7) and b(7) is a modular form of weight 4 on the mod-
ular group I' = SL(2,Z). Solving (1.1) by the Frobenius method, Mathur, Mukhi and Sen
obtained the list of all possible ¢g-graded characters and gave the corresponding rational con-
formal field theories.

The differential equation (1.1) is, as it turns out, equivalent to the differential equa-
tion introduced by Kaneko and Zagier [4] for number theoretical motivation; the study of
j-invariants of supersingular elliptic curves. After the work [4], Kaneko and Koike [3, 2]



extensively studied this differential equation (the “K-Z equation” for short) and explicitly
constructed solutions which are modular or quasimodular forms of various levels and weights.

In this paper, by using these works, we describe exact solutions that correspond to the
MMS classification, and develop further their classification and our exact description to the
case of solutions with logarithmic terms. In the theory of rational vertex operator algebras,
any g-graded character of simple module is a holomorphic function (in ¢ = €*™7). There-
fore, these solutions that we find are candidates of pseudo-characters of non-rational vertex
operator algebras.

As an application of the existence of solutions with logarithmic terms, we prove a non-
existence theorem of rational vertex operator algebras with two-dimensional space of pseudo-
characters.

The paper is organized as follows. In section 2, we recall the concept of pseudo-characters
which generalizes ¢-graded characters for a rational vertex operator algebra. We study the
K-Z equation and the MMS classification as well as its generalization in section 3. The final
section is devoted to an application of our main results to the theory of vertex operator
algebras.

2 Pseudo-characters

2.1 g¢-graded traces of simple modules for vertex operator al-
gebras

Let V =@,V be a vertex operator algebra. We write as n = |v| for an element v in V},.
We say that V satisfies Zhu’s finiteness condition if the codimension of the vector subspace
that is linearly generated by a(_n)b (a, b € V,n > 2) of V is finite. Suppose that V' satisfies
Zhu'’s finiteness condition and let M be a simple V-module. Then, we have

o0
M= Myn, M #0, Myyp={meM: Lym=(r+n)m} (2.1)

n=0

and dim¢ M,4, < oo for any nonnegative integer n, where r is a complex number called a
conformal weight . It is well-known that any conformal weight r of a vertex operator algebra
satisfying Zhu’s finiteness condition is a rational number ([7]). Let ¢y be the central charge
of V. Then cy is also a rational number (see [7]).

We define the g-graded trace x/(—,q) of a simple module M by

X (v, q) = trag o(v)gho—v /2 (2.2)
for any homogeneous v € V, where o(v) = v(y|—1) : Mytn — My, for any nonnegative
integer n. Note that for the vacuum element v = |0), we have

o0

xar(9) = xar(10), @) = traridar g0V =Y " (dime Myyn)g™ V2, (2.3)

n=0

which is called the q-graded character of the simple module M.



2.2 Modular invariance of the space of ¢g-graded characters

Let V be a rational vertex operator algebra satisfying Zhu’s finiteness condition and let
{M*', ..., M*} be the complete list of inequivalent simple modules. Suppose that an element
v € V is a homogeneous singular element of weight k& = |v|, i.e. L,v = 0 for all positive
integers n and v € Vi, where {L,,, cy id},ez is the Virasoro algebra associated with V.

For any singular vector v € Vj, we denote by M, the vector space linearly spanned by
Xt (0,q)y ooy Xars(v,q). Then, it is well-known ([8]) that the vector space M, is invariant
under the action of the slash operator |; of the modular group I' = SL(2,Z), which is defined
by

fle(r) = (cr+d)_kf(Z:i—2) for (Z Z) erl.

Here, 7 is a variable in the upper half-plane and ¢ = 2™,

2.3 Pseudo-characters of vertex operator algebras

We recall the definition of one-point functions and the concept of pseudo-characters.
Let Eo (k > 2) be the normalized Eisenstein series of weight 2k on the modular group T’
defined by

Ezk(T):% Z (1 (2.4)

2k
mne” mT + n)
(m,n)=1
so normalized that its Fourier series
2k
Ey(r)=1— — ook_1(n)q" 2.5
() =15, 3 owa(w (2:5)

starts with 1. Here, By is the Bernoulli number and o9j_1(n) is the sum of (2k — 1)-st power
of positive divisors of n. Recall that the ring of holomorphic modular forms of integral weight
for T' is identified with the polynomial ring C[Ey, Eg].

Definition 2.1. Define the linear space Oy(V) as a C[Ey, Egl-submodule of C[Ey, Es] @ V
linearly generated by elements

U(0)V (VU, NS V), (26)

U(—2)V + Z 2(2k - 1)C(2k>E2k(T) ® U(2k—2)V, (VU, v E V)7 (27)
k=2

where ¢(2k) = 32°° , 1/n?" is the value of the Riemann zeta function at 2k.

n=1
Definition 2.2. Let H be the upper half-plane. A functional S(—,7) : C[Ey4, Eg|@V@H — C
satisfying the following conditions is called a one-point function on the torus:

i) For any v € C[Ey, Eg] ® V, the function S(v,7) of 7 is holomorphic in H;
i) SO, filt) @ v, ) =3, fi(1)S(vi, 7) for any v; € V and f;(7) € C[E4, Egl;
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iii) S(v,7) = 0 for all v € Oy(V);

iv) For any v € V},, one has

S(L_gv,7) = 0S(v,7) + Y _ 2¢(2k) Eoi(7) S (Log—ou, 7), (2.8)
k=2

where we define @ by
2

0S(v,7) = 0, S(v,T) = 2772'%5(0,7’) + %EQ(T)S(U,T) (2.9)

for any homogeneous v € V,, and extend it by linearity. Here, the function Es(7) is the
(quasimodular) Eisenstein series of weight 2 defined by

Ey(r):=1-24 Z o1(n)q".
n=1

We denote the space of one-point functions (on the torus) by C(V).

Definition 2.3. Let V be a vertex operator algebra. For any one-point function S(—,7): V —
C, the function S(|0),7) is called a pseudo-character of V.

The following theorem is well-known.
Theorem 2.4. Let V be a rational vertex operator algebra satisfying Zhu’s finiteness condi-
tion. Then the space of pseudo-characters of V' has a basis {xp1 (=), ..., xmr(—)}, where

{My, ..., M,} is the complete list of inequivalent simple modules. In other words, any
pseudo-character is a linear combination of trace functions of simple modules.

2.4 Differential equations for pseudo-characters

The space M, (v € V) is invariant under the action of the slash operator |,. There is a
canonical way to obtain ordinary differential equation of which the space of solutions is M.
To see this, we prepare several preliminary definitions and lemmas on derivatives of modular
forms.

Definition 2.5. Introduce the first order differential operator D acting on modular forms by

d 1
=qg— — —F . 2.1
qdq 12 2<T) w, ( 0)

where w(f) = kf if f is of weight k.

The following lemma is well-known.

Lemma 2.6. Let f be a modular form of weight k on I" or its subgroup. Then Df is modular
of weight k + 2 on the same group.



Definition 2.7. Let {fi, ..., fn} be a set of linearly independent modular forms of weight k,

and let
A fn
Dfi ... Dfy
W; =det | Di7tfy ... DLf, (2.11)
DL L. DFLf,
DfL .. D,

for any integer 0 < ¢ < n, and introduce functions ¢; (0 <i <n — 1) by
$i(1) = (=1)" Wi/ Wi, (2.12)
Lemma 2.8. The functions ¢;(7) (0 < i <n — 1) are modular forms of weight 2(n — 7).

Proof. By the definition of determinant and Lemma 2.6, it follows that W; (0 <i <mn—1) is
a modular form of weight

k4 (k+2) 4+ (k+2n) — (k+2) =nk+n(n+1) — 2i (2.13)
and thus ¢;(7) (0 <i <n —1) is a modular form of weight

nk+nn+1)—2i—nk—n(n+1)+2n=2(n-—1). (2.14)

2.5 Two-dimensional case

We study the case that the vector space M, is two-dimensional. Let x1(7) = x1(v,7) and
X1(7) = x2(v, 7) form a basis of the vector space M,. Then, x1(7) and x2(7) are solutions
of the second order ordinary differential equation

(1 (M)xa (1) = x2(7)x1 (7)) (X4 (T)x2 (1) = X5(T)x (7))

7(r) - o 7o) + e fr) =0, (215
where W (7) is a wronskian, i.e. W(7) = x1(7)x5(7) — x2(7)x;(7), and / means the derivative
D. Let

() = D0 e o X6 — 60 ), (2.16)

W(r) ’ Wi(r)

Then, the modular invariance property of x1(7) and x2(7) implies that aq(7) and as(7) are
(meromorphic) modular forms of weights 2 and 4, respectively.

Proposition 2.9. Let V' be a vertex operator algebra satisfying Zhu’s finiteness condition,
and suppose that the space of pseudo-characters of V is two-dimensional. Let {x1(7), x2(7)}
be a basis of the space of pseudo-characters of V', then a1(7) and az(7) given by (2.16) are
(meromorphic) modular forms of weight 2 and 4, respectively.



3 MMS theory and Kaneko-Zagier equation

3.1 The Kaneko-Zagier equation

Let k be a rational number. The so-called Kaneko-Zagier equation (K-Z equation for short)
is the second order ordinary differential equation

, k1 kk+1)
7o) - e e+ Y gy i =0 o
where
, 1d _ d
i lag

A particular solution of this equation, which is a modular form of weight k, was studied in
[4] from a viewpoint of number theory (in relation to j-invariants of supersingular elliptic
curves), and then various modular or quasimodular form solutions were found and described
in [3] and [2].

Suppose f(7) is a solution of (f); that is modular of weight k£ (on some congruence
subgroup). Then, the quotient f(7)/n(7)?* is a modular function (of weight 0), where

n(r) =g [ -q" (3.1)
n=1

is the Dedekind eta function. What Mathur et al. did in [6] is, in our framework, to list
all possible solutions f(7) with which the quotient f(7)/n(7)?* has positive integral Fourier
coefficients. Let us reformulate their argument in our setting.

Put g(7) = f(7)/n(7)?*. By the well-known formulas

1

W)= gDEx(r) and Eyr) = (B(r)? - Bu(r), (3:2)

where -
Ey(r)=1+240) (Z d3) ¢" =1+ 240q + +2160¢> + 6720¢° + - - -
n=1 djn

is the Eisenstein series of weight 4 on I', the equation (4) is transformed to the equation for

g(7) as
k(k+2)

L Bu(r)g(r) = 0. on

§'(r) ~ Ba(r)g' () -

Now, we find a solution g(7) of the form
g(r) =" (1+ ) ang"), (3.3)
n=1

where « is a rational number and a,, (n € N) are positive integers.



Remark 3.1. Recall that any ¢-graded character of a vertex operator algebra is of the form
(3.3) (with o = r — ¢y /24), because if V satisfies Zhu’s finiteness condition, the conformal
weight r and the central charge cy are rational numbers. Moreover, because the coefficients of
a g-graded character is dimensions of the homogeneous spaces, numbers a,, are non-negative
integers. The lowest part My of V-modules is assumed to be one-dimensional.

Before proceeding further, we state a duality between the solution spaces of (#); and
(#)—2—k, from which we can restrict our discussion to the case k > —1.

Proposition 3.2. Suppose that f is a solution of (§)g. Then, f/n*** is a solution of
(#)—2—k-

Proof. The proof is straightforward computation with (3.2). O

The vector spaces Vi, and V_s_j of solutions of (4)x and (#)_o_j respectively are mutually
isomorphic by the map
Vs fro f/m* Tt eV

and its inverse
/\7727k 5 g g/774(—2—k)+4 _ g774k+4 e vk

From this duality and the following equality

FIms = (F ™) P20, (3.4)
we conclude that, in order to study weight 0 functions f/n* for f € Vj, it is enough to
consider the case k > —2 — k, i.e. k > —1. The equation (f); with k¥ = —1 becomes the
trivial one f' = 0. Therefore, we assume k > —1 in the following.

3.2 Mathur-Mukhi-Sen classification

We resume our search for solutions g(7) of the form (3.3) with a rational o and positive
integral a,. Substituting (3.3) into (b); and looking at the coefficient of the lowest degree,
we find that « satisfies the quadratic equation

1 k(k+2)

2 - - _——m =
a’ =@ 11 0, (3.5)
ie. a=—k/12, (k+2)/12.
We first consider the case @ = —k/12. Rewrite the Fourier series of Eisenstein series as
o)
Ee(m) =14 erng" (k=2,4), (3.6)
n=1

and set ex o = 1. Then, looking at the coefficients of ¢**™ of (b), we find the relation

1 — , k(k+2) —
(n+ oz)gan ~ 5 ; e2i(n —i+a)ap—; — (144) ; eqin—; =0,



or equivalently (o = —k/12)

k+1 1 « ok k(E+2
n(n — )an =— Z {eg,i(n -7 — E) + (24)6471} An—i (3.7)
i=1

for all positive integers n. In particular, for n = 1 we have

k+1 1
(1- ha Jar = < (2K + 10k(k + 2)), (3.8)
6 6
Lo 2k(5k 4 11)
+
ay = W (39)

Note that when k = 5, we know from [3] that the equation (#); has no modular solutions (it
has a quasimodular solution that is studied in §3.3). Hence, we can suppose k # 5.
Now, by our assumption, the quantity

_2k(5k+11)
e

is a positive integer, and hence the equation
10k* + (22 +m)k —5m =0 (3.10)
in k (which is rational) has an integral square discriminant:
(m + 2)% 4 200m = ¢2.
This equation can be rewritten as
(m+ £+ 122)(m — £ + 122) = 14400.

This shows that integers m £ ¢ + 122 are divisors of 14400, and it is not difficult to list all
possible solutions (m, ). For such (m,¢), we find the following values of k£ with which the
coefficient a; is a positive integers:

11 .7 513 _16 17 7 19 41 21 22 9 23 47 24 49
=, 21,52, 2,283, =2, =, 2, g, = = 22 2 2 11
57 2) 75) 727 57 757 5727 57 7107 57 5727 57107 5710 (3 )

Setting n = 2 in (3.7), we have

k

(11 — k)ag = (5k* 4+ 11k — 12)ay + 45k* + 93k.
Then among the values of k in (3.11), the followings give positive integral as:
11 7 13 5 7 19 22 47
_57277577577275775710'
We find by using (3.7) that k = 22/5 gives non-integral a4 and k = 47/10 gives non-integral
as, so the final candidates for k are

k

13
k= il
57

3,

N

19
= =4 3.12
Y 27 J 5 Y ( )

ot =



Remark 3.3. The list of k in (3.12) coincides with Table 1 in [6] where (¢ =)cy = 2k.

For each k in (3.12), the explicit solution g(7) = f(7)/n(7)* of (»); can be obtained by
using results in [2] and [3]. To describe this, we need the following functions. Note that we
use a slightly different notation from that in [2].

Let

o0
B (1) = 2B5(27) — Bo(r) = 1 + 242( 3 d>q" =1+ 24q + 24¢> + 96¢° + - - -
n=1 d|n
d: odd
be the Eisenstein series of weight 2 and level 2, and

E%S)(T) = 1+GZ(Z <g>>q” =1+ 6q +6¢> + 6¢"* + - -

n=1 d|n

d
the Eisenstein series of weight 1 and level 3, where <3> is the Legendre character. Further,
let

q+3¢°+9¢° +13¢" + -+,

A:())3) (1) = 77(37')9

n(r)3
@, nr)® n_ 3. 605 1807 4 ...
A, (T)_"?(2T)4_ ; (;d)q =q+4¢° +6¢° +8q' +
niodd

be the cusp form of weight 3 and level 3, and of weight 2 and level 4, respectively. We also
use the theta series

O3(7) =3 " =1+2¢+2¢" +2¢° + 24" + -
ne”

and
1 1)2 1
Oo(7) := EZq(”J@) =q1 (1+q2—|—q6+q12—|—q20—|—--~).
nez

Finally, we introduce the Ramanujan-Rogers modular functions of level 5:

. 1/60 - 1
¢1(1) = ¢ TH) (1— @) (1 — gty
> 1
P2(T) = q11/60 H (1 — ¢ +2)(1 — ¢on+3)’

n=0

For each k in (3.12), we denote by gi(7) the (unique) solution of (b); of the form (3.3)
with a = —k/12.



Theorem 3.4. For the values of k in (3.12), the functions gx(7) are given by

T (3) T
as(r) =) auplr) = 2 ) = EL ) = )+ TP
)

g2(7) = w, g13/5(1) = 1(7)"? + 39¢1(1)>ha () — 26¢1 (1) pa(7) "7,

EP ()3 + 5400 (r 0(r)7 + 11245 (7)0(r)?
gs(r) = 2 )n(t)ﬁ 3 (D) gy = A e (nbr)”,
919/5(7) = ¢1(1)"? + 17161 (1) ha(7)° 4 24761 (1) 2 (7) "0 = 5791 (1) (1) "2,

Ey(7)

NTOL

Remark 3.5. Clearly, the Fourier coefficients of gi(7) in the theorem are integers, and the
positivity of the coeflicients are immediate from the definitions for gy/5, g1/2, 97/5, g2, 97/2

and g4. For g1 and g3, the positivity follows from the positivity of the coefficients of E%B) (1)

and As’) (7) which was shown in the proof of Theorem 3 in [3]. The rest, for gi3/5 and gy9/s,
at the moment, we are not able to show the positivity directly. It is enough to show that the
function ¢ — @3 has positive coefficients, which is plausible from numerical experiments.

3.3 Beyond MMS classification

Next, we consider the case a = (k + 2)/12. In this case, instead of (3.7), we have

kE+1 _1 n o k+2 k:(k+2)
n<n+ G )an_62{6272(n—2+ 19 )+ 24 64,z}an—u (3.13)

and in particular for n =1

(1 + i :; 1)(11 = é(—z(k +2) + 10k(k + 2)), (3.14)

e b A DER-1)
k+7

We require that this quantity is a positive integer, and obtain as before, a finite list (22 in

total) of possible values of k. Among them, the values that give positive integral ag that is

determined by (n = 2 of (3.13))

(3.15)

(k4 13)ag = (5k? + 9k — 14)a; + 45k + 87k — 6

are

1
k=g 51,2358 11,17, 23,29, 53, 113. (3.16)

N |

11
For k = 3L 1,2, 3, 8, we know from [3] and [2] that there are corresponding modular

functions as solutions of (b);x. They are described as follows. Denote by hi(7) the (unique)
solution of (b)x of the form (3.3) with a = (k +2)/12.

10



Theorem 3.6. For k = é, %, 1, 2, 3, 8, the functions hi(T) are given by
02(7) n(37)% n(27)°
hi/5(1) = ¢a(1), hysp(r) = , hi(r) = ,  ho(r) = )
1/5( ) 2( ) 1/2( ) 77(7-) 1( ) 77(7—)3 2( ) 7](7-)8
E(3) 3 6 E(Q) 2 24
h3(7‘) —_ 1 (T)né T) ’ h8(7—) P (T)WgsT) ’
n(7) n(7)

which are respectively of level 5, 4, 3, 2, 3, and 2.

Remark 3.7. It is proved that the Fourier coefficients of these functions are positive integers.

For the remaining values of k in the list (3.16), the solutions h(7) are not modular but
“quasimodular”. Let fi(7) be the normalized quasimodular solution of (§) given in Theorem
2 in [3]. Then, for k = 5, 11, 17, 23, 29, 53, 113, we have hy(7) = f.(7)/n(7)*. Apart from

the function
1 Ejy(7)

T)=— ,
(") = 319 n(r)10
the explicit formula in [3] gives no clue how to prove the positivity of coefficients of hy(7).
For instance, we are unable to prove the positivity of the coefficients of

1 1 Ej(1)Es(7)
= I <77(T)2 - ZTOW

There is one more aspect concerning to these quasimodular solutions. Let us consider
solutions of (b); of the form

h11(T) > = 1312 1 7812 4 250947712 4 ...

9 = g1logq+ g2, (3.17)
o0 o0

g =q" (1 + anq">, 92=4"> bug". (3.18)
n=1 n=0

Substituting (3.17) into (b)g, we obtain
1 k(k+2) 1 k(k+2)
n 7E !/ E > 1 2 n 7E A E —
(91 gl29 — = Fagr)logq+ 291+ 927 — 2(91 + 92) —ag Fag2=0,

and we see that g; is a solution of (b);. Hence, if we require the coefficients a,, being positive
integers, the weight parameter & must be in one of the lists (3.12) and (3.16).

However, we know from [3] and [2] that the only values of k in the lists that allow solutions
with logq terms are k = 5, 11, 17, 23, 29, 53, 113. More explicitly, it is shown in the final
section of [3] that if we write the quasimodular solution f;(7) of (#)r (which is proved to be
non-zero) as

(™) = V@) Ea(r) + £ (7)

where f,gl)(r) and f]EQ)(T) are modular forms of weights k — 1 and k + 1 respectively, then the
function

fi(m)log g + 12" (7) (3.19)
is a solution of ().

Remark 3.8. When k is a natural number satisfying £ = 5 mod 6, the differential equation ()
always has a quasimodular solution, and hence a solution of the form (3.19) with fi(7) # 0.

11



3.4 The MMS equation and the K-Z equation

In this section, we reveal a relationship of the MMS equation to the K-Z equation.
Recall that the MMS equation is

2
L)~ sriBa(r) () + pr Ba(r)g(r) = 0. (3.20)

The solution in question is of the form

g(1) =¢" (Z gnq"). (3.21)
n=0
Substituting (3.21) into (3.20), we find
2
p=4a* — o (3.22)
Let V = ,2, V. be a vertex operator algebra satisfying Zhu’s finiteness condition

and ¢ = dimV/C(V') — 1, where C5(V) is the vector space linearly spanned by elements
a(—ab(a, b € V). Note that the quotient space V/Cy(V) is finite-dimensional because of
Zhu'’s finiteness condition. Then, it was proved by M. Gaberdiel and A. Neitzke [1] that

chy ¢ =) (dimV,)q" < [J(1+¢")" (¢ =dimV/Co(V) - 1). (3.23)
n=0 n=1

Now, the right-hand side of (3.23) converges for 0 < |¢| < 1 and clearly

chy ¢ ~ 1 (3.24)
as 7 — 100. Therefore, we find
and thus we have o = —c/24. By solving (3.22), we find
1+£+1+36
P e (3.26)
12
Because o = —¢/24 is a rational number, the number 1 + 36u must be a perfect square, say,

1+ 361 = (k + 1)2. Then, the MMS equation (3.20) becomes

§'(7) — L Ey(r)g(r) + HET D)

5 Tid Ey(1)g(1) =0. (3.27)

4 Application to non-rational vertex operator alge-
bras

We give an application of the discussions in § 3.3.

12



Theorem 4.1. Let V' be a vertex operator algebra satisfying Zhu’s finiteness condition. Sup-
pose that the space of pseudo-characters is two-dimensional. If the value of the central charge
c is given by ¢ = 2k, or — 4 — 2k with k =5 (mod 6), k € N, the vertex operator algebra V
s not rational.

Proof. Suppose on the contrary that V is rational. Then, it is known that any pseudo-
character is a linear combination of g-graded characters of simple modules, and that these
g-graded characters are holomorphic functions of ¢ on the domain |g| < 1 ([8]). However, for
k satisfying the condition in the theorem, the equations (#); have solutions involving log ¢ as
shown in §3.3. O

Conjecture. For the values of ¢ = 2k, —4 — 2k with k = 5, 11, 17, 23, 29, 53, 113, there is
a non-rational vertex operator algebra V with central charge c.
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