ON MODULAR FORMS ARISING FROM A DIFFERENTIAL
EQUATION OF HYPERGEOMETRIC TYPE

MAsSANOBU KANEKO AND MASAO KOIKE

§1. INTRODUCTION

The differential equation that the present paper shall deal with is

k(k+1)
12

Es(m)f' () + Ey(T)f(7) =0,

6

where 7 is a variable in the upper half-plane §), the symbol ' a differential operator
(27i)~td/dT = q-d/dq (q = €*™), and Es(7) the “quasimodular” Eisenstein series
of weight 2 for the full modular group SLs(Z):

BEy(r)=1- 2450:(2 d)q".

n=1 d|n

Note that our usage of the symbol ’ differs from the standard one by the factor
1/2mi. The parameter k always stands for a nonnegative integer or half an integer
throughout the paper. This differential equation originates in the work [1] where in
some cases (k = 0,4 mod 6) solutions which are modular on SLy(Z) were found and
studied in connection with liftings of supersingular j-invariants of elliptic curves.
The purpose of this paper is to give an explicit description of (conjecturally)
all modular solutions of (f); when k is an integer or half an integer (Theorem
1 in Section 2), as well as to discuss positiveness of Fourier coefficients of some
of those solutions (Theorem 3 in Section 4). We shall also discuss an intrinsic
characterization of the equation (f); by the property that if f(7) is a solution, then

(et +d)"Ff((ar+b)/(cT+d)) is also a solution for all (Z Z) € SLy(Z) (Proposition

2 in Section 5). When k is an odd integer congruent to 5 modulo 6, an unexpected
solution occurs in contrast to the other cases: (f)x has quasimodular solutions of
weight k£ 4 1 (rather than k as in other modular solutions). We shall describe this
quasimodular solution in terms of certain orthogonal polynomials (Theorem 2 in
Section 2), and, to show that this is a solution, discuss an inductive structure of
solutions of (#), with different k’s in Section 3.
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§2. EXPLICIT DESCRIPTION OF MODULAR AND QUASIMODULAR SOLUTIONS

To describe the solutions, we need to develop notations of various modular forms
of levels 1,2, 3, and 4. Let

Ey(m) =1+ 240 i(z d®)q" = 1+ 240q + 2160¢* + 6720¢° + - - -
n=1 d|n
and
Eg(r) =1—504 i(z d®)q" =1 — 504q — 16632¢> — 122976¢° — - - -
n=1 d|n
be the Eisenstein series of weight 4 and 6 on SLo(Z),

E4(7')3 — EG(T)2

= q — 24q¢% + 252¢° — 1472¢* + - - -
1723 q q° + 252¢q 72q~ +

A(r) =

the “discriminant” cusp form of weight 12 and

T 3
i(r) = EXB

1
= P + 744 + 196884q + 21493760¢° + - - -

the modular invariant. For an integer N, let I'g(/N) denote the modular group of
level N defined by

To(N) = {(Z Z) € SLy(Z)| ¢ =0 mod N} .
Define
ESP (1) 1= 2E,(27) — Es(7)

=14+24) (D d)q" =1+24g+24¢° +96¢° + -,

n=1 d|n
d:odd
ARy 12D S d)?)q" = q +8¢> + 28¢° + 64¢* + - - -
n=1 d(:iolgd
B (r)”

1
= = 440 + 276 — 2048¢> + - - - ,
q



is the Dedekind eta function. The functions Eég) (1) and Af) (1) are modular forms
of respective weights 2 and 4 on the group I'g(2), and ) (7) is a I'o(2)-invariant
function which generates the field of modular functions on I'g(2) (the normalized
function j() (1) — 40 is often referred to as the “Hauptmodul” for the group I'g(2)).
In addition, the function

8 o0
/AELQ)(T) _ 77((27—7—))4 — Z (Zd)q% — q% _}_4qg _{_6(]% _|_8q% + ...

N n=1"d|n
n:odd

will also appear in the formula. This is of weight 2 belonging to the principal
congruence subgroup

r(2):{(z Z) €SLy(Z)|a=d=1, b=c=0 modZ},

which is of index 2 in I'g(2). (This is seen from the transformation formula of the
eta function.)
Similarly, we define

E§3)(7') = 1+62(Z (g))q":1+6q+6q3+6q4+---,

T 9 >
AP (r) = M =20 (g) (n/d)*)q" = q+3¢° +9¢° +13¢* + -+ -,

3
B (r)?

=L 2 — = 1154 54q — 76¢° —-- -,
AP ()

d
where (§> is the Legendre character. Both E§3) and AéB) (1) are modular forms

d
of weights 1 and 3, respectively, with character (§) on the group I'y(3), while the

function j)(7) is a generator of the field of modular functions on I'g(3). We also
need

1 37)3 > d 1 4 1
@) =BT = 3 (0 (5l =t +ad i o2
ngo(s M

w5

_|_...’

which, as follows from the transformation formula of the eta function (as in the case

of Af)(T)), is of weight 1 (with the same character) on the subgroup

0oy [(a b ; =0 me
9(3) {(C d)eSLB(Z)b 0 dS}



of index 3 of I'y(3). Finally, let

1
E§4)(T) =3 (4E5(47) — Eo(7)) = 1 4 8¢ + 24¢° 4 32¢> + 24¢* + - - -,

A(4) _77(4—7-)8_00 A g™ = 43 65 87
nrfo:dld d‘
(4)
E
§O(r) = %4>(T) = — +8+420g — 62¢° +216¢° — - -- .
Ay () 4

The functions E§4) (1) and Agl) (7) are both modular of weight 2 on I'g(4) and 54 (1)
generates the field of modular functions on I'g(4). Further we need

(B5V ()" = 0s(27) = 3 q" =1+2¢+2¢" +2¢" + -

nez
which is of weight 1/2 on I'y(4) and
1 47’)2 1 1 1,2 1 9 25 49
A(4) 4:77(—:_9 27) — — (n+1)2 _ 1 9 25 a9
(A37()) (7] 22( ) 2%9 2 T +q* +qF +q+ +

which is of weight 1/2 on

T9(4) = {(z Z) €SLy(Z)|b=c=0 mod 4}.

Here, 03 and 0 are Jacobi’s theta functions (we do not use this notation later on).
That the 02(27) belongs to I'§(4) is seen from the transformation formula for theta
functions or, alternatively, from the fact that 62(87) = 65(27) —03(87) is a modular
form of weight 1/2 on I'y(16) and that

rg(4)=(é g)ro(m)(% (1))

Recall the definition of the Gauss hypergeometric series F' = o F:

F(a,b,c;x) = Z %%7

n=0
where (a),, denotes a(a+1)---(a+n—1).

Theorem 1.

(i) When k is an even integer congruent to 0 or 4 modulo 6, the equation (f)k
has a one dimensional space of solutions which are holomorphic modular
forms of weight k on SLy(Z), a generator of which is given by

k k' k—4 k-5 1728
E4(T)4F(_Ev_ 12 y 6 7](7'))
(_%)i(_%)i i i k_3i
= > g L7287 A(T) By (1) 17 = 14 O(q)
0<i<k/12 (=55 )i !
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if k=0,4 mod 12, and by

k—6 k—6 k—10 k—5 1728
Ba(r) 5 Bo(r)F(— - A
a(r) F Be(r)F(= == — =5 6’j@ﬂ
<__1_26)z ——kﬁlo)z‘ , , k=6 _g;
= Ee(r) TS A () B ()
0<i<(k—6)/12 (=55 !

=1+0(g)

if k=6,10 mod 12.
(i) When k is an even integer congruent to 2 modulo 6, (#)r has a two dimen-
sional space of modular solutions: The function

(2), \E k k-2 k-5 64

E 2 f(—— — — :

2 (T) ( ) 6 7](2)(7_))

_ (_g)i _%)i iA(2) (2)/ \E—2i _

= Y e AP () EY (1) =1+ 0(g)
0<i<k/4 ( T)Z :

which is a holomorphic modular form of weight k on I'y(2) generates a one
dimensional subspace and the function

k=2 k-8 k4T 64
12 12 6’j@h)
_k=2y. _u ) B )
— Z ( 12 )7'( ' ) 64’LA(2)( ) ZESQ) (7)%722
A

0<i<(k—2)/12
k+

=¢'" +0(¢")

A(Q)( ) E(2)( )e F(—

which is of weight k on T'(2) constitutes the other generator.
(iii) When k is an odd integer congruent to 1 or 3 modulo 6, (§)x has a two
dimensional space of modular solutions: The function
k k-1 k-5 27
E(S) kF v o .
1 (T) ( 37 3 9 6 ) ](3) (T)>
_ (—§%'—%§)2WA@) iE®) (k=3 _ 1 4 0
0<i<k/3 6 /v

which is a holomorphic modular form of weight k on T'y(3) generates a one
dimensional subspace and the function

s kol ko3 kT 2

6 '~ 6 6’j@ﬁ)

B (=550 (=552)i i () (3) ksl i

= Z — 27 Ay (7') E (1) 2
0<i<(k— 1)/6 ( ’

g +0(g %)




which is of weight k on TY(3) constitutes the other generator.
(iv) When k is half an integer congruent to 3 modulo 3, (£); has a two dimen-
stonal space of modular solutions: The function
2k—1 'k k-5 16

o)

6 2 6 ()

B (——2’%‘1)@-(—5)1- in(4), i) Nk
= ————16"Ay 7/ (7)"'Ey '(1)2 7" =1+ O(q)
(-5

which is a holomorphic modular form of half-integral weight k on Ty(4)
generates a one dimensional subspace and the function

o Phol k=2 kAT 16
6 6 ' 6 j@()

(_Qkﬁ_l)i(_%)i A (4) ) NEEL o (4), \2k=1
- Z (BT 1 16°Ay 7 (1) s T By (1) S

0<i<(2k—1)/6
k+1 k47

=q v +0(@*)

4 k+1 4
A ()T BN (1) F(

which is of weight k on T'3(4) constitutes the other generator.

Remark. 1. The case (i) is contained in [1, Theorem 5].

2. We expect by numerical evidence no other modular (on a congruence sub-
group) solution to (f)g, at least when k is an integer or half an integer (denomina-
tors of coefficients of power series solution in other cases seem not to be bounded).
We however have no proof of this speculation.

Before giving a proof, we introduce the operator 0y defined by

k

— SE(n)f (7).

O (f)(7) = f'(7)
By the quasimodular property of Eo(7) which reads

a b

Es (Z:z) = (e7 + d)%Eo(7) + %c(c¢+d) ((C d) € SL,(Z)),

we see that if f is modular of weight k& on a subgroup of SLs(Z), then Ok (f) is
modular of weight k + 2 on the same group. If f and g have weights k and [, the
Leibniz rule

Okt+1(fg) = O(f)g + fOi(g)

holds. We shall often drop the suffix of the operator 0y since the weights of modular
forms we shall be considering are clear in most cases. With this operator, the
equation (f)x can be written as

k(k+2)

144
6

e Okr20k(f)(1) = Ey(1)f(7),



(use Eb = (B3 — E4)/12).

Proof of Theorem 1. Given a specific modular form in terms of known forms, it is a
straightforward task to check if it satisfies (), or not. We give a proof of the first
part of (ii) to illustrate the calculation, the remaining cases being similar. Write

A= Af), B = E§2) to ease notation. We have

2 1
04(A) = 3AB, 02(B) = 324 — EBQ’

and
E, = 1924 + B2.

(To establish these kinds of identities, it is enough to check that the first several
Fourier coefficients coincide, since both sides of these equations are holomorphic
modular forms of weight 6,4 and 4 on I'y(2).) Using the first two we obtain

82(A¢Bg—2i) — aAiB5—2it2 + pAITI g5 —2i + cAt2p5—2i—2

with
k—12)(k —12¢ + 2 8
o= i) T2 8 (i) (h—12i—4)—83), ¢ = 256(k—4i) (h—4i—2).
144 3
Hence, for
f= Y «AB Y with ¢ = 641(_%)1 ]
. (2 (2 (_@)Z 7;! Y
0<i<k/4 6
we have k(4 2)
2 _ + _ I i+l pE—2i
°(f) 144 Esf = Z AT B )
0<i<k/4
where
, (k=120 -12)(k—12i—10) 8 . o
c, = 144 Cit+1 3((k 4i)(k — 121 — 4) — 8i)¢;
k(k + 2
+ 256(1{? — 44 + 4)(]{? — 44 + 2)01'71 - %(Qﬂrl + 19261)

o 1 (k — 12i — 12)(k — 12i — 10)(k — 44)(k — 4i — 2)
_sz{_é (k—6i—5)(i+1)

— Sk — )k — 120 — 4) — 8i) — - (k — 6i +1)3

k(k +2) (k — 4d)(k — 4i — 2)
BRREVY! (_24(k—6i—5)(i+1)+192)}’

which turns out to be identically 0. [
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The next theorem describes a solution in the case of £k = 5 mod 6. Here we
come across a different phenomenon: the equation (£); has quasimodular solutions
of weight k + 1 rather than k. Recall that an element of degree k in the graded ring
C[E2(T), E4(T), E6(7)], where the generators Fs, Fy, Eg have degrees 2,4, and 6, is
referred to as a quasimodular form of weight k& (on SLy(Z)). Define a sequence of
polynomials P,(z) (n =0,1,2,...) by

Py(x) =1, Pi(x) =z, Pyi1(x) =zP,(z)+ A\Pr_1(z) (n=1,2,...)

where
(6n 4+ 1)(6n +5)

Ap =12
n(n+1)

First few examples are
Py(x) = 2% + 462, P3(2) = 2® + 904z, Py(r) = x* + 134122 + 201894, . . ..

Clearly P,(z) is an even or odd polynomial according as n is even or odd. We
also define a series of “companion” polynomials @, (x) by the same recursion (with
different initial values):

Qo(z) =0, Qi1(z) =1, Quni1(z) =2Qn(7) + AnQn-1(z) (n=1,2,...),
a few examples being
Qa2(z) = z,Q3(x) = 2% + 442, Q4(z) = 2 + 879z, .. ..

Qn(z) has the opposite parity: It is even if n is odd and odd if n is even.

Theorem 2. Letk=6n+5 (n=0,1,2,...). The following quasimodular form of
weight k 4+ 1 on SLo(Z) is a solution of (§)f :

EG(T) E&(T) _ \/mn+1Qn< EG(T) )

ARG 20 A(

Remark. Because of the parities of P,(x) and @Q,(x), the appearance of \/A(T)
in the formula is in fact superficial, i.e., it cancels out and the formula gives an
element in Q[E2(7), E4(7), Eg(7)] (note Ej(7) = (Eo(7)E4(7) — E6(7))/3).

Since the polynomials P, (z) and @, (x) are not hypergeometric polynomials, it
is not at all straightforward to show the expression in the theorem satisfies (f),. We
shall give a proof of the theorem in the next section where an inductive structure
of solutions of (#), with varying k is discussed.

A few more words about the polynomials P,(z) and @, (x): If we replace the
constant A\, = 12(6 + 1/n)(6 — 1/(n+ 1)) in the recursion of P, and @,, by 12(6 +
(=1)"/(n — 1))(6 + (—1)"/n), (the even part of) the resulting polynomials give
“Atkin’s orthogonal polynomials” (see [1, Sections 4 and 5|). In our case, the
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polynomials P, (z) and Q,(z) are connected to the convergents of the continued
fraction expansion of

1B, 1F(5 555 1, 1266, 1806960
2406 j F(y5, 15 72) J J? 53 ’

BBy 1P 15 L0 1,720 911520
Eej  jF(35,15 L2 5 52 7°

J

It should be possible, by a method analogous to that in [1], to establish properties
like a closed formula or a differential equation for our P, and @),,. We however do
not pursue this here.

§3. INDUCTIVE STRUCTURE OF SOLUTIONS

For modular forms f(7) and g(7) of weights k and [, define a modular form
[f(7),9(7)] of weight k + 1+ 2 by

[f(r),9()] = kf(r)g'(T) = 1f'(T)g(7)
(“Rankin-Cohen bracket” of degree 1). The right-hand side may also be written as

kf(T)0i(g(7)) — 10k(f(7))g(T).
Lemma. Suppose f = Fy(7) satisfies (§)r. Then we have

Ohso([Felr), Bs(m)]) = "= 2 [Fe(r), Eo(r)]

and

Onets([Fr(7), E6(T)]) = i ; 6

Here, in the Rankin-Cohen brackets, the function Fy(T) is regarded as being of
weight k.

Proof. Using 8(E4) = —Eg/3 and 9(FEg) = —E32 /2, we have

Ey(7)[Fi(7), Ea(7)]-

O([Fe, Ex]) = 0~ Fig — 40(Fy) )

k(k + 2)

k k
= ——9(F,)Eg + ~F.E? — 4
36(k)6+%3k 4 ( 144

4
E4Fk) E,+ §a<Fk)E6

k(k—4) o, k-4
— MY e 2 Y H(F)E
36 M4 3 O(Fi) Es
k—4
=" Ryl

The other identity is shown similarly. [



Proposition 1.
(i) If Fi(7) is a solution of (8)k, then [Fi(7), E4(7)]/A(T) is a solution of (§)k—¢

(ii) Assume k # 0,4,5. Given a solution Fy(7) of (§)k, put

k=5 [Fi(7), Ea(7)]
Fees() = oggvte—a) ~ A@)

and define Fiy6:(T) (i =1,2,3,...) successively by the recursion
Frtoi46(7) = Eo(r) Fipoi(T) + p” A7) Frrgimo(t)  (i=0,1,2,...)

where

(k) (k+6i)(k+6i—4)
=432 .
Hi (k+6i+ 1)(k+ 6i — 5)
Then Fiy6:(T) is a solution of (§)kte: for every i.

Proof. Noting O(A(7)) = 0 (since A" = E5A), the assertion (i) is readily shown as
a direct consequence of Lemma. In fact, we have

32([Fk>E4J) (B Ei) _ k—40(F, Bo)) _ (k- 6)(k —4)

- E [Fk‘aE4]
A A 18 A - 144 A

which shows that the function [F), E4]/A satisfies the equivalent form (f')x_g of

(#)k—6-

For (ii), we first show the following.
Lemma. If Gy and Gi_¢ are solutions of (§)r and (§)x—¢ respectively, then the
function Giie := E¢Gr + AGg_¢ is a solution of (§)k+e if and only if the relation
2
2 (

[Gk, E4] = 3 k + 1)AGk_6

holds.
Proof. Using

2 kE+6

E 1
6(E6Gk) = —%Gk -+ Eﬁa(Gk) = —E[Gk,Eg] — 19 Esz,
2 1 k+8
O(E}Gy) = —3 EuEeGr + E0(Gy) = —ZE4[G;€,E4] — 15 PG,
and the preceding lemma, we have
O (Grs) = 0*(EeGr) + AD*(Gr—g)
1 k+6
1k—6 k+6, 1 k+38
=573 Ey[Gr, Ey] — T(_ZEAL[GIWEZL] T EyEGh)
(k—6)(k—4)
AT BaGree
1 k+6)k+38 k—6)(k—4
= ZE4[Gk’E4] + ( 1)4(4 )E4E6Gk + ( 1{4(4 )E4AGI~:76'
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Hence we obtain

k+6)(k + 8)

2 (
0°(Gr+6) 1ad

E 2
E4Gk_|_6 = f ([Gk,E4] — §<k + 1)AGk_6) .

The lemma follows from this. O

We return to the proof of (ii) of Proposition 1. By (i), the function poFy_¢ is a
solution of (#)r_¢ and it is so defined that the relation

[Fi, Ea] = g(k + 1) A(poFr—6)

holds. By the lemma we have just shown, we conclude that Fy1¢ = EgFi+uoAFr_¢
is a solution of (#)x4+6 . Moreover, the pair Fji¢ and p; Fy, satisfy
2
[Fie+e, Ba] = 5(k + ) A1 Fr)
as the following calculation shows;

[Frt6, Ea] = [EcFy + oAFy_¢, E4] = [EF) + [Fk, E4], E4]

2(k+1)
= (k+6)EcF,0(Ey) — 40(EsFy)Ey
+ ﬁ ((k + 6)[Fy, Ea]0(Ex) — 49([Fy, E4)) Ea)

k+6
_ it E2Fy, + 2E3Fy, — AE,EO(Fy,)

k k
__kHE g (——EGFk - 4E48(Fk))

2(k+1) 3
6 k—4( k
— k+1E4 = (—EEka—6E68(Fk)>
C(k+2)(k+6), 5 o, 2
= 61 D) (B3 — EX)F), = 3(k+7)p,1AFk.

Thus, applying the lemma again, we conclude Fjyi15 is a solution of (f)x112. By
replacing k£ with k£ 4+ 6 in the above calculation, we see this procedure continues
inductively and the proposition is proved. [J

Proof of Theorem 2. For k=6n+5 (n=0,1,2,...), denote by Fj(7) the form in
the theorem,

Fi(r) = \/A(T)nPn(%) E;ig) - \/A(T)nHQn(%).

We see directly that Fi; = EgE)/240 — A is a solution of (f)1; and that

Ey, 11-6 [F11, E4]

T 240 288-11-(11—-4) A
11

Fj



By Proposition 1 (ii), it is then enough to show that the F}’s satisfy the recursion
in Proposition 1 (ii). Alternatively, we may start with checking that F5 = E) /240

satisfies (f)s and calculate [F5, E4] = —4A. By this, if we put F_; = 1 and u( ) =
—1, then the initial condition of Proposition 1 (11) is satisfied and also we have

Fi1 = EgF5 + ué5)AF_1, so again the task is that the F}’s satisfy the recursion in

(k) +

Proposition 1 (ii). Noticing the constant "’ in Proposition 1 is equal to

(6n+45+6i)(6n+5+6i—4)  __(6n+6i+5)(6n+6i+ 1)

432 =
(bn+5+6i+1)(6n+5+6i —5) (n+i+1)(n+1i)

- )\n+i7
we have, by the recursion of P, and @Q,,

EsFryei + 1 AFy 656

~ (VA" R () 2 - VAT ()

+ )‘n-HA <\/Zn+i_lpn+i—1 ( \L/?%) 240 \/_n—HQn-H 1 ( 5%))

Eg. Es Es \\ By
< Eg Eg
VA NA

_ \/—n+z+l
- \/_”'H"‘Q ) + )\n—HQn—i—z 1 ( 5%))

B n+i+1 E¢ | E) n+i+2 - Ee
\/_ n+z+1(\/z) 240 \/Z QnJerrl(\/Z)

Qn—i—z(

= Fri6it6-

We therefore conclude that Fjg; is a solution of (§)gye; for every i. O

Remark. The recursion in Proposition 1 is also satisfied by the modular solutions
given in Theorem 1. In that case, the recursion reduces to relations of hypergeomet-
ric series but we should point out that those relations are not in general the relations
referred to as the contiguous relations of Gauss. For instance, the first solution in
(ii) of Theorem 1 (the case of k£ = 2 mod 6) gives an identity of hypergeometric
series of the form (which is true for any k)

k+6 Ek+4 EkE+1 64

3F_ o o Lo
T F (— == 6 ’:z:)
E k-2 k-5 64
_ 3 2 v o Lo
= (2 — 5762°) F ( T I 5 ,x)
k(k —4) ) k—6 k—8 k—11 64
432 — 1282 + 4096) F (— — — -

where © = j®) = B2/A (the polynomials on the right-hand side come from the
identities
FE¢ = B? —576AB, A = AB*—128A%B? + 409643,
12



notation being as in the proof of Theorem 1). Instead of checking these sorts of
hypergeometric identities case by case in order to show the recursion for solutions
in Theorem 1, we argue as follows. By the form of the recursion in Proposition 1
(ii), if Fy has g-expansion of the form 1+ O(q) (with only integral powers of q),
so does every Fjig; (use Eg = 1+ O(q) and A = ¢ + O(¢?)). Hence, starting
with a solution in Theorem 1 of the form 1+ O(g) with 0 < k£ < 6 or k = 10, we
conclude by the uniqueness of solution of this form that the recursively determined
solutions must coincide the ones in Theorem 1. The case of other solutions with
qF+1/6 + O(g*+7)/6) is similar. Hence, the above hypergeometric identity or the
other corresponding ones may be regarded as consequences of Theorem 1.

Proposition 1 shows that if we find any solution of (#), we can construct solutions
of (#)x for larger k in the same residue class modulo 6. Conversely, any solution
“comes from” lower ones in this way. In fact, suppose [} is a solution of ().
Applying Proposition 1 (i) twice we see not only the function [Fy, F4]/A is a solution
of (§)x—e but also the function [[F}, F4]/A, E4]/A is a solution of (§)x_12. Put

kE—5  [Fy, E4]

F_ p—
PO T 088k(k—4) A

and
k—11 [Fr—¢, E4]

288(k — 6)(k — 10) A

Fi_12 =

With these we have e
F, = EgFj_¢ + M(() " F 1.

This tells us that the Fj is obtained from Fj_g as in Proposition 1 (ii). Taking
account of this consideration and the fact that if Fj is a holomorphic modular
form then so is [F), E4]/A, in order to find a modular solution of (f)x, we may
restrict ourselves to find one in the range 0 < k < 6. (Since [1, E4] = [E4, E4] = 0,
Proposition 1 (ii) is valid for £ = 0 or 4 if we take Fy =1 or Fy = E4 with F_g =0
or F 9 = 0)

Remarkably enough, in a completely different context (deformation of singulari-
ties etc.) the equation (#) (in its yet another equivalent form different from (1))
for integral or half-integral k in this range was considered by Ikuo Satake (private
communication, related works are [2,3]). There, the solutions are expressed as theta
functions associated with positive definite lattices, a table of which is given below:

kJo| 5 | v [ 2 3] 3 [ 3 |4/]3|5[5
Fr |1 | @Al @A2 - | ®D4 — | ®E6 ®E7 @ES T | o | T
@AT ®A; @DZ @Eg @E;‘

Here, ©y, is the theta function of a lattice L and A,,, D,,, FE, denote root lattices
while A%, Dy, E» are their duals. In Satake’s investigation, the existence of modular
solution in that range (e.g., we have a modular solution for £ = 1/2 but not for

k = 3/2) corresponds exactly to the existence of certain affine root system. It seems
13



to be an interesting question if the existence or non-existence of modular solution
of (#)r is explained by any number theoretical reason. Also, the meaning of the
quasimodular solution E} (for £k = 5) and the ones for higher weights should be
clarified.

§4. POSITIVITY OF FOURIER COEFFICIENTS

As remarked in the previous section, some solutions of (f); for small k are theta
series of positive definite lattices and hence have positive Fourier coefficients. For
general k, we prove the following.

Theorem 3. All the solutions given in Theorem 1 with g-expansion of the form
qF+1/6 L O(qR+7)/6) have positive Fourier coefficients.

Proof. First we prove the case kK =2 mod 6. The solution in question is
(2= 50 )i i A () N B () B2 o
> ( i) 64' A (1) TEYY (r)e 2
0<i<(k—2)/12

Since the product (—(k —2)/12);(—(k — 8)/12); in the numerator in the coefficient
is always positive for 0 < i < (k —2)/12 and the forms

B (r _1+24Z S d)

n=1 v
AP =3 (> (/d)*) g
n=1 dn

d:odd

have positive coefficients, the solution above clearly has positive Fourier coefficients.
The cases k = 1,3 mod 6 are treated similarly: The product (—(k —1)/6);(—(k —
3)/6); in the formula is positive and the forms

EW (s —1+6Z Z( )

n=1 d|n
and . -
T d
AP = 0 =S (X () i)
n=1 d|n

have non-negative and positive Fourier coefficients respectively, as shown below.
Notice that the coefficients are multiplicative and hence checking when n is a power
of prime is enough. If n = p°© is a power of prime, we have

(1, p =3,

p p? P ol <p>:
1+<§)+(§)+'“+(§): 1, (%) =1 and e = even,

p
3
by _ _
0, (—) — _1and e = odd,
( 3




and

= —1 and e = odd.

b

2 P\ 2¢-2 p2 2e—4 p°© (
ey (£ 2e— Ll e—4 (L) = 2e+2

P +<3>p +(3)p * +(3> prl (

)
) = —1 and e = even,
)

d d
From this we conclude that de (5) > 0 and de (§> (n/d)? > 0.

When £ is of the form (6n+1)/2, the product (—(2k—1)/6);(—(k—2)/6); needs
not always be positive and so we need some extra work. Put

(i) (n)a( =220,

1
5 )i _
(5ET); ! (222); !

a; =

We have to show that the form

n
2n+1

4 4 i 4 n—i
AP ()3 016480 (1) B (1)
=0

has positive Fourier coefficients. Put A = Agg (1) and B = E§4) (1) as in the proof
of Theorem 1. Note that the number a; is positive for ¢ < (2n 4 3)/4 and beyond
this the sign alternates. Suppose now a; is positive and a;11 negative (or zero).

Since Agl) =D . >10dd (Z din d) q" has positive coefficients, our proof is complete if
we show that the Fourier coefficients of

a;i(16A)'B"™" + a;,1(16A) Tt pn—i=t

(=n + i) (=2 +1) )
(2 + )i+ 1)

= a;(16A4)'B" "1 (B + 16

are positive. For this we prove the following lemma.

Lemma. For o with 0 < a < 8, the Fourier coefficients in E§4)(7') — aAé‘” (1) are
positive.

Proof. Denote the sum _,,, d by o(n). By

EW(r) = % (UB>(4r) — Ba(r) = 1+8 3 o(n)g" — 323 o (n)g™”
n=1 n=1

and

AP = Y o),

n>1,odd
15



we have

ES (1) — aAlP(7)

=148 > o(n)g" +82 )"+ Y (8 )"

n=2mod4 n>1,odd

To see the coefficient in the middle sum is positive, write n = 2°m, m:odd. Then
we have

o(4n) — 4o(n) = o(2°72m) — 40(2°m) = (0(2°2) — 40(2°))a(m)
= (2°7% =1 —-4(2°"' = 1)) o(m) = 30(m) > 0.

Thus we have proved the lemma. [

In view of the lemma, the proof of Theorem 3 is complete if the inequality

(—n+d) (=22t +4) 2n + 3

0< —16 < 8 for
- (2255 4+ 4)(i + 1)

<t <n

is shown to hold, which is readily seen. [

§5. A CHARACTERIZATION OF THE EQUATION (f)g

Consider the differential equation in the upper half-plane of the form

f'(r)+ A(n) f' (1) + B(r)f(r) =0 (1)
where A(7) and B(7) are assumed to be holomorphic in $) and bounded when

(1) — oo. Fix a non-negative integer k£ and we further assume:

b
ar d) is also a solution of (1)

If f(7) is a solution of (1), then (cr +d)~*f <

a b
for all (c d) € SLa(Z).

Proposition 2. The differential equation (8)r is essentially the unique equation
which satisfies the above conditions.

at +b
cT+d

Proof. Put g(7) = (et +d)~Ff (

from the assumption

). By an elementary calculation, we have

0= (er +d)*** (¢"(r) + A(r)g' (1) + B(7)g(7))

, [ar+0b k+1 at +0b
=f <c7'+d) + ((CT+d)2A(T) — (CT+d)) I (CT—l—d>

# (e 0B - ghcter + afac + B e v a?) ().

16



Comparing this with

,(ar+Db ar+0b\ ,, (ar+b at+b at +0b
A B =0
f <c¢+d)+ (m-—{—d)f(m'—l—d * et +d / et +d ’

we have (under the natural assumption that f and f’ are independent)

A<ZI§)=Q¢+@%Mﬂ—k;14w+d) (2)
and
ar +b\ " k k(k+1) , )
B (c7’+d> = (et +d)*B(r) — %C(CT—f—d):ﬂA(T) + WC (et +d)?*. (3)

By the quasimodular property of Fo(7) (recalled in Section 2), the equation (2) says
that A(7) + (k + 1)E2(7)/6 transforms like a modular form of weight 2 under the
action of SLo(Z). By our assumption that A(7) is holomorphic on $) and bounded
when (7) — oo, this must be 0 and hence

A@):—kglEﬂﬂ.

Putting this into (2) and using

Eé(a7+b>::(m=+df£éh)+~Lc&#%—®3Eﬂ7)+

2 d 2
cT+d ) (m’)Qc (er +d)%,

we conclude that B(7) — k(k + 1)E%(7)/12 behaves like a modular form of weight 4
on SLy(Z). Hence, we have

B(r) = D o) e

with some constant a. But an easy calculation shows that if f(7) is a solution of

k1
6

k(k+1)

7(7) =

Ea(r)f'(r) + ( Ey(r) + aE4<r>) m=0 ()

then f(7)A(7)? is a solution of (#) with 3 a solution of
kE+1
B2+ Tﬁ +a=0

and k' = k + 125. Hence we may take a = 0 without losing any generality and we
therefore conclude that (f)x is essentially unique. [

17



Remark. The above quadratic equation for 8 has no real solution when

(%)2 4o <0, (6)

However, if the equation (5) has a power series solution starting with ¢"”*+- - -, then
by equating the coefficient of ¢"™ we should have the relation

k+1
mz—%m—kazo.

Thus, if the inequality (6) holds, no power series solution to (5) can exist.

If we loosen the condition posed on the coefficients of (1), we get a variety of
similar differential equations. It may be an interesting task to seek modular or
quasimodular solutions of those equations and study their properties.

The SLy(Z)-invariance property of solutions of (#), has an interesting conse-
quence concerning the space of solutions when £ = 5 mod 6 (quasimodular case)
and the representation of SLy(Z) on this space.

We first observe that the quasimodular solution in Theorem 2 can be written in
the form

F(T)Ex(T) + 9(7) (= Fi(7))

where f(7) and g(7) are SLg(Z)-modular of weight £ — 1 and k + 1 respectively.
(We have used E) = (E4Es — Eg)/3.) Write the action of SLy(Z) of weight k on a
function F by

b
Flpy = (et +d)7*F (Z:id) for = (CCL 2) € SLy(Z).

By the transformation formula

E, <m+b) = (e7 + d)?Eq (1) + 0 (er +d),

ct +d EC
we have
Bl (¢4)

= (cT + d)*’l€ <(CT + d)kilf(T) ((CT +d)?Ey (1) + %C(CT + d)) + (T + d)kJrlg(T))

(=)

= (er + )(f(7) Balr) + 9(r) + —-cf(r)

— (rEu(r) + % F(7)) + dFy(r). (7)
18



Hence we see that the function
Fr(r) + 2 £(7)
TFL (T —f(7r
F i)

is also a solution of (#); and the space of solutions is spanned by this and the Fj (7).
Moreover, the action of SLo(7Z) on this function is computed as

(rFir) + = F) e (21)

b 6
= T F (1) + S ler + )7
at +b

— ((er + d)Fy (1) + %Cf(T)) T (et +d)~ f(7)

ct +d i

= (a7 + D)F(r) + —af(7)
= a(rFu(r) + %f@)) BB (7).

This, together with (7), shows that the representation of SLo(Z) on the space of
solutions of (#) in the case k = 5 mod 6 is faithful and in particular identical if
we choose T7F (1) + 6(wi) " f(7) and Fj(7) as a basis.

As a corollary, we conclude that when k£ = 5 mod 6, no modular solution of ()
of weight k£ on any subgroup of SLy(Z) exists because otherwise there would exist a
subspace invariant under the action of that group. As for the other cases, we have
no proof that the solutions presented in Theorem 1 exhaust all possible modular
solutions (at least when k is an integer or half an integer) but conjecture so on the
basis of numerical experiments. As mentioned in the end of Section 3, it would be
desirable to have, if any, a number theoretical reason for the existence of modular
solutions.
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