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We shall study some explicit connections between (1) the Vandiver conjecture on
the class number of the real cyclotomic field Q(cos(2n/l)) and (2) the images of
various Galois representations induced from the power series representation
(constructed and studied by Ihara, Anderson, Coleman, etc.) of Gal(Q/Q(ux))
which describes universally the Galois action on the Fermat curves of /-power
degrees. One such connection was first discovered by Coleman. In the case of the
original power series representation, we shall also describe the difference between
the “expected image” and the actual Galois image in terms of a certain invariant of
Iwasawa type. © 1989 Academic Press, Inc.

INTRODUCTION

In his study of Galois representations arising from the pro-/ etale
coverings of P!\ {0, 1, o0}, Y. Ihara [6] constructed for each element p of
the absolute Galois group Gal(Q/Q) over the rationals an /-adic power
series F,(u, v) in two variables which was shown to be universal for Jacobi
sums. Some properties of the power series F, have been investigated by
Y.Thara [6], G. Anderson [1], R. Coleman [4], and Ihara, Kaneko,
and Yukinari [7]. Especially, F, for peGal(Q/Q(us)) satisfies some
non-obvious functional equations [1, 7].

The aim of this paper is to study the image of the homomorphism
p— F, from Gal(@/Q(u;=)) to the multiplicative group Z,[{u,v]]™. We
first show that the functional equations mentioned above characterize the
image and its reduction modulo / if and only if the Vandiver conjecture at /
is valid (Theorem 1). This means in particular that the Galois image is
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completely described when the class number of the field Q(cos(2x/])) is not
divisible by / (e.g., when / is regular or less than 125,000). Also the theorem
might present a new aspect of the Vandiver conjecture. Next we look at the
“Vandiver gap,” i.e., the difference (if any) between the expected image and
the actual Galois image. We give an explicit description of this gap in terms
of a certain invariant of Iwasawa type (Theorem 2).

There are two other versions of Theorem 1. The first is due to
R. Coleman and is concerned with the image of the homomorphism
pr—g,, where g, is the “twisted log” of a factor of F, [4, Th. 7.3]. The
second is related to the reduction modulo / of the coefficient A ,(u) of v in
the v-adic expansion of F,(u, v). As is pointed out in [7, Sect. 4], 4, mod /
satisfies a certain differential equation in characteristic . As the power
series 4, and g, are closely related with each other, g, mod / satisfies a
similar type of differential equation. We shall show that the image of the
homomorphisms p — &, mod / and p +— g, mod / are characterized by these
differential equations if and only if the Vandiver conjecture is valid
(Theorems 3 and 3').

We thank Y. Thara for his advice and encouragement.

1. THE MAIN RESULTS

1.1. Preliminaries

Let Q be the algebraic closure of the rational number field Q in the com-
plex number field. Let / be a fixed prime number, p,. be the group of /"th
roots of unity in Q, and put po=),., npm Let {=({,),», be a fixed
generator of the l-adic Tate module T,(G,), ie, {,epm\pm-1 and

L .1=C, In [6, Th. A], Thara constructed a homomorphism (associated

to {)
F: Gal(Q/Q(p;=))2 p = F (u, v) € Z,[[u, v]]*

for which the power series F,(u, v) describes “universally” the action of p
on the l-adic Tate modules of abelian varieties of Fermat type of I-power
degree. According to the work of Anderson [1], Coleman [4], and Ihara,
Kaneno, and Yukinari [7], we have an explicit formula for F, as follows.
For any odd integer m=1 and any integer n= 1, put

e(m)= [] (a—1)""
(whei
Define a Kummer character y,,: Gal(Q/Q(n,«)) = Z, by the relations

(e (m)/"yp=1=( ) forall peGal(Q/Q(p,x)), n=1.
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Then, we have an expansion

¥ (A=1""1"" xulp)

m!

Fp(u,v)=cxp{ (Ur+vrm+ Wm)},

mz3
odd

where U =log(l +u), V=Ilog(l+v), W=1log(l +w), and w(eZ,[[u,v]])
is defined by (1 +u)(1+v)(1 +w)=1. Put

gi0= 2 X:;(_vp)T'"’ T=log(1 +1).
mz1 :
odd

The power series g, is the “twisted log” of a “factor” of F, and is an
element of Z,[[¢]]. (See [7, Cor. 2 of Th. B] and its proof.) Further, put

v ={gelz[[t]]; Y gll+n-1)=0,g((1+0)""=1)= —g}-
=1

Then, Coleman [4] proved the following

THeOREM C (R. Coleman). Assume [ is odd. Then,
{2, peGal(@/Qn,=))} ¥,
and both sides coincide if and only if the Vandiver conjecture at 1 is valid.

1.2. The Main Results
In the following, we always assume that / is odd. Through the
isomorphism

Z,[[u, 011~ 2Z,[[u v, w])/((1 +u)(1 + o)1+ w)—1),

we often regard an element of Z,[[u,v]] as a representative in
Z,[[u,v,w]] modulo the ideal ((1+u)(1+v)(1+w)—1). For each
F=F(u,v)eZ,[[u, v]], define F « F to be the element of

Z([u, v, 0, v TY((L +u)Y1 + o)1+ )1 +0)—1)

represented by the product F(u, v) F(u', v') (cf. [7, Sect. 1]).
Let & be the multiplicative group of all F= F(u, v)e Z,[[u, v]]™ satisfy-
ing the foilowing five conditions:
(i) F=1 (mod uvw),
(iily FF=1, where F=F(1+u) '= L (1+v)"' =1L, (14+w)"'=1),
(ili) F is symmetric in u, v, w,
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(iv) F= Fis symmetric in u, v, u', v/,
(v) Tlg= FC(I+uw)—1LI(1+v)—1)=F((1 +u) =1, (1 +v)—1).

Further, let § be the multiplicative group of all F= F(u, v)eF,[[4, v]]*
satisfying the same type of conditions as (i}-(iv). Note that the reduction of
the relation (v) modulo / or rather modulo the prime element of Q,((,) is
trivial. It follows from the results recalled in Section 1.1 (or more precisely,
from [7, Prop. 1] combined with Theorem C) that F, and F,mod!
(p € Gal(Q/Q(p,=))) belong to § and &, respectively. Our first result is the
following.

THEOREM 1. The following conditions are equivalent:

(i} The Vandiver conjecture at 1 is valid.
(iil) ImF=g.
(iii) Im F modulo /= .

Especially, if / is a regular prime or less than 125,000 (see e.g., [12, p.
157]), the equalities (ii) and (iii) hold. We note here that there is an
analogous result of K. Iwasawa [9, Th. 8] which relates the Vandiver
conjecture with a module generated by Jacobi sums of exponent /.

The second result is a “quantitative version” of Theorem 1. The group
ring A=27Z,[[Z]] acts on the multiplicative group Z,[[#,v]]* in the
usual manner, ie., the element j,e A corresponding to a€Z acts as
Jou=(1+u)*—1, j,-v=(1+v)*—1. Then, § is a A-submodule and
furthermore the cokernel §/(Im F) turns out to be a A-module (see Section
3.1). Let (F/Im F)(—1) be the “Tate twist” of the cokernel. It will be
shown in Section 3.1 that the modules §/(Im F) and (§/Im F)( — 1) are
finitely generated and torsion over A. For each integer n> 1, let 4, be the
[-Sylow subgroup of the ideal class group of Q(p;»). Put A =lim,_ A4,
and let A} be its “even part.” It is well known that the module
Homg, (43, Q,/Z,) is a finitely generated torsion 4-module. Here, j,€Z*
acts on feHom, (4}, Q,/Z,) by the rule (j,-f)(a)=f(j, "' a). Regard
(§/Im F)(—1)and Hom, (4%, Q/Z)as A, =Z,[[1 +1Z,]] (= Z,[[*]])-
modules, Then,

THEOREM 2. The two torsion A,-modules (F/ImF) —1) and
Hom, (A%, Q/Z,) have the same characteristic power series.

The third result is formulated in two ways. Let h,(u) be the coefficient of
v in the v-adic expansion of F,(u, v);

F(u,0)=1+h,(u)o+ ---.
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Let 2 be the differential operator on F,[[¢]] as follows. For geF,[[t]],
define

2(g)=D"""'g—D'"'gl,_o—g+glt),

where D= (1+1t)(d/dt). In [7, Sect. 4], it is pointed out that 4, mod !/
satisfies Z(h,(t) mod /)=0. Further, it is easily seen that £,(¢) is “even,”
ie, h,((1+1)""'=1)=h,(t). Then

THEOREM 3. We have an inclusion

{h, mod [; p e Gal(Q/Q(p,«))}
< {heF,[[11); 2(h)=0,h((1+ 1)~ = 1)=h(1)}.

Further, both sides coincide if and only if the Vandiver conjecture at / is
valid.
This result can be reformulated as

THEOREM 3'. We have an inclusion

{8, mod [; p e Gal(Q/Q(n,=))}
c{geb,[[11 (D' '—1)g=0,g((1+1) '=1)= —g(1)}.

Further, both sides coincide if and only if the Vandiver conjecture at | is valid.

This is a “modulo / version” of Theorem C.
Theorems 1, 2, and 3 are proved in Sections 2, 3, and 4, respectively.

1.N. Notations

We identify G, = Gal(Q(p,~)/Q) with Z via the action of G, on the
Tate module T,(G,,). For ae Z, j, denotes the element of G, such that
Ja0)=0%

Set 4=Gal(Q(p,)/Q). Let o denote the Teichmiiller character;
w:4-Z7. For an integer i and a A-module M, M= pMmodti=1)
denotes the w'-eigenspace of M. Further, M~ (resp. M*) denotes the
maximal subspace of M on which j_, acts as ( — 1)-multiplication (resp.
j_, acts trivially).

Set I'= Gal(Q(p,=)/Q(n,)). We choose j; , , as a generator of I. We iden-
tify A, =2,[[I']] with the ring Z,[[¢]] by j; ., o1+

The Galois groups G, I, and 4 act on the multiplicative groups
Z,[[u,v]]%, Z,[[t]1]* and the additive groups Z,[[u, v]], Z,[[¢]] by
J1+u)=(1+u) etc.

Suppose X is a Galois group with Z *-action. For each integer m, we
denote by Hom ,x (X, Z,(m))(Z,(m): the Tate twist) the Z~module con-
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sisting of all continuous homomorphisms f: X — Z, satisfying B(j,-p)=
a”f(p) for all ke Z* and pe X.

2. PrROOF OF THEOREM 1

2.1. Relations between ¥"~, §, and &

We deduce Theorem 1 from Theorem C. For this purpose, we investigate
relations between ¥, §, and & With the natural action of Z on the
rings of [-adic power series or their reduction modulo / (see Section 1.N),
we consider §, §, and ¥"~ as A-modules. We shall prove in Sections 2.2
and 2.4 the following propositions.

PRrOPOSITION 1. The map

v > &
v w
- l_lm—l -1 m
m?lm' m>3 m!
odd odd

is well defined and gives a A-isomorphism from ¥~ to §.

PROPOSITION 2. The reduction modulo | from & to & is a A-isomorphism.

Since the power series g, is mapped to F, by the homomorphism in
Proposition 1, Theorem 1 follows immediately from Theorem C and
Propositions 1 and 2.

Let A~ be the “odd part” of 4, ie, A~ =((1—j_,)/2)A. Since ¥ " is a
free A ~-module generated by the power series Yoms1, oqd (1/mY)T™ (see
[3]), we get from the above propositions the following

COROLLARY. § (resp. &) is a free A~-module generated by F(u,v)=
exXp(2,, >3, oaa ({1 — " YT YmYUT + VT + W™)) (resp. F(u, v) mod /).

2.2. Proof of Proposition 1
By [7, Prop. 1], the module § coincides with the multiplicative group of
all power series Fe Z,[{u, v]] > such that
F(0,0)=1,

log F= ¥ %(U”’+ Vre W™ with a,eZ,
mz3 ‘
odd
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and
n FUl+u)— L1 +0)—)=F(1+u) —1,(1 +v) —1).

f=1
Let §' be the additive group of all power series Ge Z,[[u, v]] such that
a
Glu,v)= Y, —";(U'"+ Vr+ W) with a,¢€Z,

mz3 .
odd

and
Z GUl(l+u)—1L{(1+v)—1)=0,

f=1
which admits, in the natural manner, a 4-module structure.
Lemma 1. The map
1
8‘3F+—>logF—7logF((1 +u)—1,(1+v)-1)eF

is well defined and gives a A-isomorphism from § to §'.

This lemma follows immediately from the lemma of Dieudonné and
Dwork (see, e.g., [7, Lem. 4]).

LEMMA 2. The map

¥ - > F
W W
am m Am m m m
gny= % T Gylu, v) = Y —=(U"+V"+ W)
mz1 ) m=3 -
odd odd

is well defined and gives a A-isomorphism from ¥"~ to §'.

Proposition 1 follows immediately from Lemmas 1 and 2.

Now, we prove Lemma 2. It is clear that the map in the lemma is well
defined and is a 4A-homomorphism. First, we prove the injectivity. For
€= 51 oaa (am/m)T"€ ¥ ~, assume G,=0. Then, a, =0 for all odd
integers m > 3. Therefore, g(¢)=a, log(1+1)e Z,[[t]]. Hence, a, =0 and
g=0. Next, we prove the surjectivity. Let G=Y, . 44 (@m/m!)
(U™ + V™ + W™) be any element of §'. Let 9, = (1 +u)(d/0u)=0/0U and
d,=(1+v)(8/dv) = 3/dV be the differential operators on Z,[[u,v]]. By a
simple calculation, we get

fm ™2
a, 6"6‘,,,2;3 T w2,
odd
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From this, we see that the power series A(f) =3, .3 oaq (@m/(m—2)) T 2
is an element of Z,[[¢]]. Since Ge §', G satisfies the relation

Y Gl +uw)—1,{(1+v)—1)=0.

t=1

By letting @, and d, act on both sides, we get
Y (0,0,G)l(1+u)—1,{(1+v)—1)=0.
=1

When 1+ u and 1+ are replaced respectively by {(1+u) and (14 v),
T+w=(1+u)""(1+0v)"" is replaced by {~%(1+w). Since [#2, we see
from the above that }._, A({(1+¢)—1)=0. Hence, he ¥ ~. But since
D*¥"~ =v"" (see [3]), there exists ge ¥~ such that D’g=h. We easily
see that G, = G. This proves the surjectivity.

2.3. Some Lemmas for the Proof of Proposition 2

In this subsection, we prove some lemmas which we need in the proof of
Proposition 2.

Let 2% be the ring of integers of the completion @ of the maximum
unramified extension of @,, and let ¢ be the Frobenius automorphism of
@ over Q,. Put

2¢[[1]11°={Ge 2 [[t]]1*;g(0)=1 (mod I)}.

LemMa 3. If (14 t)*e 2*[[t]] for ae 2, then aeZ,.

Proof. By the lemma of Dieudonné and Dwork (see, e.g.,, [7, Lem. 4]),
(14 t)*€ Z2*[[+]] implies that

1
7 log{(1+ )*)'/((1 + 1))}
=(a—a®)log(l+1)e Z«[[]1].
Hence a —a® =0, ic., a€Z,.

LeMMA 4. If G(t)eZ¥[[1]11° satisfies G(u) G(v) G(w)=1, then
G{t)=(1+1)* for some aeZ,.

Proof. Write

G(t)=exp{z %T“}, T=log(1+1), a,ely.
m=0 :
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Then, by the condition,

exp{ Y %(U’"+ ym+ W’")}=1.

m=20 *

Hence a,=0 for m#1. Therefore, G(¢)=exp{a,T}=(1+1¢)". By
Lemma 3, a,eZ,.

LEMMA 5. If (1+¢t)*=1mod! (xeZ,), then a=0.

LEMMA 6. Let F, be the algebraic closure of F,. If Ge F,[[t]]* satisfies
G +uw)(1 +v)—1)=G(u) G(v), then there exists ceZ, such that
G(t)=(1+1)mod L

Proof of Lemmas 5 and 6. Let Endg (G,,) denote the endomorphism
ring of 1-dimensional formal multiplicative group G,, over F,. It is well
known that the homomorphism

Z;3¢ (1+1)°—1 (mod /) Endy (G,,)

is an isomorphism. Lemma 5 follows from this. On the other hand, the
condition in Lemma 6 implies that G(t)—1 is an endomorphism of G,
over F,. Hence, from the above, G(t) = (1 + t)¢ (mod /) for some ce Z,.

LEMMA 7. If F(u,v)€ §, then there exists G(t)e Z¥[[t]]* such that
G(0)=1,
G((1+1)'=1)=G(r)",
[T GEA+1)—1)=G*((1+1)'—1),

=1

and
F(u, v) = G(u) G(v) G(w).
Similarly, if F(u,v)e§, then there exists G(t)eF,[[t]]* such that
G0)=1, G+ '-1)=G(1)"",
and
F(u, v)=G(u) G(v) G(w).

Proof. We easily see that the conditions (ii) and (iii) for § (or &)
(Section 1.2) imply that

Flu,v) ((1+uw)(1 +v)— L, w')=F(u, (1 +v)(1 +w')—1) F(o, w')
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(u, v, w'; independent variables). Hence, from the conditions (i)-(iii) for §¥
(resp. &), we can define' for each element F(u,v)e & (resp. &) a two-
dimensional formal group G over Z, (resp. F,) by the law

(Xy, X5)[ + 16, (Y1, Y3)
=((1+X)1+Y)FX,, Y,)—L(1+X,))(1+7Y,)—1)

The formal group G, is an extension of G,, by G, and F(u,v)—1is a
2-cocycle of this extension. But since there exist no non-trivial extensions of
G,, by G,, over 2 (resp. F,), it must be a 2-coboundary, i.e., there exists
G(t)e2#[[t1]" (resp. F,[[t]1]*) such that G(0)=1 and F(u,v)=
G(u) G(v)/G((1 + u)(1 + v) —1). Further, because of the condition (iv) for &
(resp. &), we get G((141) "' —1)=G(¢)~'. Hence, F(u, v) = G(u) G(v) G(w).

In the following, let Fe & and G{¢) be as above. Noting that / is odd and
F¢=F, we see from the condition (v) for § that

IT G +u)—1) G +v)—1) G((1+w)—1)

=1

=G°((1 +u) = 1) G°((1 + v)' — 1) G*((1 + w)' = 1).
Put
G'(t)= H GUl(1+1n-1).

¢'=1

Then G'(t)e 2*[[¢]] and
G'(1)=G(t)'=G*((1+u) — 1) mod .

So if we put
H()=G'(1)/G*((1 + 1)) = 1)(e Z;[[1]1]7),

we have
H($)=1mod!/ and H(u) H(v) Hw)=1.

From this, we conclude by Lemmas 4 and 5 that H=1, ie.,

IT G +1)—1)=G?((1+1)' - 1).

¢=1

LemMa 8. If G e Z}"[[t]] satisfies G(t)=1 mod! and
Moo GE(T+ 8- 1)=G((1 + 1) —1), then G(1)=1.

! This construction of G, from F was pointed out to the authors by G. Anderson. We are
very grateful to him.

641/31/3-6
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Proof. Applying [2, Lem. 13(i)] successively to G, we get G =1
mod /'** for all i>1. Hence G=1.

LEMMA 9. Pur

M={GeZr[[111% [1 G+ —1)=G*((1+1)' = 1)}
g=1

and
M ={GeM;G(1+1)'—1)=G(z) '}
Then, ~
M mod/=1+1tF,[[]]
and

M- mod!=(1+1F,[[]])"

def

= {Gel +tF,[[L: G+ ' —1)=G(t)"'}.

Proof. Let A4 be the Coleman norm operator on Z;"[[t]]o. The power
series /G (Ge 2¥[[t]]°) is characterized by

[T G +u)—1)=(H#G)? (1 +u)—1)

=1
(see [2]). The condition for .# is none other than A4°G =G*. Take any
GeZ¥[[t11° By [2. IV], the limit #"*G=lim,_ . (A#'G)* 'eZ*[[¢]]
exists and it satisfies

N(HG)=(#G)* and  H*G=Gmodl

The first part of the lemma follows from this. Next, let Ge (1 +¢F,[[1]]) "
and take Ge.# such that Gmod/=G. Then G((1+1)~'—1)=
G(t)"*mod I Put H(t)=G((1+1) ' —1) G(t). Then H(t)=1 mod /. Since
[Ty G +1)—1)=G*((1 +1)' —1), we get [To_, HC(1+1)-1)=
H?((1+1t)'—1). Hence, by Lemma 9, H(¢) = 1. Therefore, G(¢)e .# ~. This
proves the lemma.

2.4. Proof of Proposition 2

It is clear that the reduction modulo !/ from § to fs is a
A-homomorphism. First, we prove its surjectivity. Take any Fe . By
Lemma 7, there exists G e F,[[¢]] such that

G(0)=1,
G+ '=1=G() ",
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and
Flu, v) = G(u) G(v) G(w).
Further, by Lemma 9, there exists G 2*[[¢]]° such that
G(1+6) '=1)=G()™",
[T G +0-1)y=G((1+1)'—1),

=1
and

Gmod/=4G.

Since / is odd, the conditions G(0)=1mod /and G((1+¢)~'—1)=G(1) !
imply G(0) = 1. Because

G(u) G(v) G(w) mod /= F(u, v) e F, [ [u, v]],
we have

G*(u) G*(v) G*(w) = G(u) G(v) G(w) mod /.
Then, if we put H(t)=G*/G, we have by Lemma 6,

H(t)=(1+1t)*mod! for some ceZ,.

Write
Ht)=(1+1)°H'(t), HeZv[[t]].
Then,
H'(t)=1mod !
and

[T HCQ+0)—1)=H"*((1+¢t)—1).

=1

So by Lemma 8, H'=1. Hence G?(t)=G(t)-(1+1¢)". Then if we put
F=G(u) G(v) G(w), we get F*=F, ie, FeZ,[[u,v]]> and Fe . Since
Fmod I = F, the surjectivity holds. Next, we prove the injectivity. Let Fe §
satisfy Fmod /=1. By Lemma 7, we can write F=G(u) G(v) G(w) where

G(t)e 2¥[[t]]* such that
G0)=1,
G+ '=-1)=G,
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and

[T G(1+n-1)=G6°((1+1)'=1).

t=1
Since F=1 mod/, we get G(u)G(v)=G(w) 'mod! and hence
G(u) G(v)=G((1 +u)(1+v)—1)mod I Therefore, by Lemma 6, G(t)=
(1 +¢)*mod ! for some ce Z,. If we put G'(1)=G(¢)(1+1¢) *, then

[1 GC1+n—-1)=G"*((1+1)—1)

=1

and

G'()=1mod L

Hence by Lemma 8, G’ = 1. This shows that F=1 and completes the proof
of Proposition 2.

3. PROOF OF THEOREM 2

3.1. Relations between Im F, Ker F, and Ideal Class Groups

In this subsection, we state two propositions on the image and the kernel
of the homomorphism

g: Gal(Q/Q(p,=))2pog,€¥

(cf. Section 1.1). Theorem 2 is then an immediate consequence of these
propositions and Proposition 1.

Let Q, be the maximum pro-/ abelian extension over Q(p,«) unramified
outside / and Q;/Q(p,») be the “odd part” of Q,/Q(p;-). Put
® = Gal(2; /Q(p,«)}). It is known that the Galois representation F (resp. g)
factors through ® and the induced homomorphism F (resp. g): ® — &
(resp. ¥"7) is compatible with the action of 4 (see [6, Th. 1]). Here,
j.€Z[ acts on G by conjugation and on "~ in the natural way (see Sec-
tion 1.N). Hence, the groups ¥~ /(Im g) and Ker g ( = &) admit 4-module
structures. We easily see that the modules ¥"~/(Im g) and Ker g are finitely
generated and torsion over A, and further that Ker g ="Tor ® by using (1)
a theorem of Iwasawa on the structure of ® as a A-module (see, e.g., [12,
Th. 13.31]), 2) ¥ " ~A " [3, Th. 3] and (3) @, is unramified over the
intermediate field of 2, /Q(p,-) fixed by Ker g [5, Prop. 2]. In Section 3.3,
we shall prove the following

PROPOSITION 3. The torsion A,-modules Ker g and v" ~(Im g) have the
same characteristic power series.
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In Section 3.4, we shall prove the following

PrROPOSITION 4. The A-modules (Ker g)(—1) and Hom(A4}, Q/Z)) are
isomorphic.

3.2. Realization of g, as a Coleman Power Series

The purpose of this subsection is to realize the power series g, as an
“additive Coleman power series” (i.e., the “logarithm” of a usual Coleman
power series). First, we recall some facts and introduce some notations.

Let U, be the group of principal units of the /"th local cyclomotic field
@,(¢,) and U=lim U, be the projective limit w.r.t. the relative norm.
Coleman [2] constructed a natural embedding [Col] from U into the
multiplicative group Z,[[t]11°={GeZ,[[t]]*;G(0)=1 (mod/)} which
is associated to the fixed basis { of T,(G,,). For us, the composite
homomorphism A1.[Col] is more convenient. Here, A1 is the
homomorphism from Z,[[¢]]° to the additive group Z,[[1]];

1
G»—»lG=logG—710gG((l +1)'=1).

Put

V={gez,[m]; 5 g(c(1+z)—1)=0}.

=1

Coleman proved that the image of 1o [Col] is contained in ¥~ and further,
completely described the image 3, Th.4].

For each integer m>0, we denote by §, the mth Coates—Wiles
homomorphism (associated to the fixed basis { of 7,(G,,)): U = Z, (see,
g, [12, p. 137]). Since 4,({*)=s, we have a decomposition

U™ ={ecU™;d,(e)=0}D{¢5s5€Z,}.

Let T be the inertia group of an extension of / in Q; /Q(p,=). By class field
theory, T is isomorphic to the group U~ modulo the closure of the group
of global units (see, e.g., [12, Cor. 13.6]). Hence, we may identify ¥ with
the group {eeU~;4,(¢)=0}. In the following, we regard the
homomorphism 1. [Col] (resp. 4,,) as one from I to Z,[[¢]] (resp. Z,).

For an odd integer i with 1<i</-2, let f;(t) (e @,[[¢t]]) be the
power series corresponding to [-adic L-function L,(s, »'~‘), namely,
fil(l+1y =1)=L,(s, ' ~*). Recall that for i #£ 1, f,€ Z,[[¢]] and for i =1,
H=fY/=1) with fieZ,[[t]]*. We regard f,(i#1) and f;' as an
element of A, =2Z,[[1+1Z,]]1~2Z,[[¢]]

Now, the power series g, is realized as an additive Coleman power series
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as follows. Recall that (as in Section 1.N) & and (i) are the
w'-eigenspace of ® and T, respectively.

PrOPOSITION 5. (1) When i#1; f6PcIT" and for pe®Y,
At)=A-[Col}(fip) (2) When i=1; 6V=I" and for pe®,
fil*g,=Ac[Col](p). (+ denotes the usual action of A; on Z,;[[t]].)

Proof of Proposition 5. The proof is based upon [6, Th. 10] which
asserts that for pe X',
g (t)=4-[Col](fip), i#1,
fit*g,(t)=4-[Col](p), i=1.

The assertion (2) follows immediately from the above because &) =3I
by the Stickelberger theorem (see, e.g., [12, Prop. 6.16]). Assume i # 1. By
a theorem of Mazur and Wiles [11], f; is a characteristic power series of
the torsion A,-module &/T. But since /T has no non-trivial finite
A,-submodule (see, e.g, [12, Prop. 13.28]), we see that f,6") =T
Therefore, we can consider the homomorphism

63 p Ao [Coll(fip)e Z,[[t]].

Now, by [6, Th. 10], this homomorphism coincides on T@ with the
homomorphism g’ =g|®. Hence, they coincide on the whole Galois
group G, ie., g, = Ao [Col](fp) for all pe &, by the following

LEMMA 10. The inertia restriction

Hom, (6", Z,[[1]]) - Homz-(T", Z,[[1]])

is injective for any odd integer i with 1 <i<[-2.
Proof of Lemma 10. Let /e Homgx (6©, Z,[[1]]). We ecasily see that
for pe ®'”, the power series 7, can be ‘Written in the form

a,(p) T
m!

/ p(t )= Z »
with a,, eHomz (&, Z,(m)). Here, the summation is taken over all
integers m (>0) with m=i (mod /—1). Assume that £#0 but /| T =0.
Then, a,,|T" =0 for all integers m=i (mod /—1). From a theorem of
Mazur and Wiles [117], the inertia restriction

Hom, (6", Z,(m)) - Hom (T, Z,(m)) ~ (m=i (mod /1))
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is injective if and only if L,(m, ®'~’)#0. But since there are only finitely
many m such that L,(m, o' ~')=0, a,, =0 except for a finite number of m.
Let M be the largest m such that a,, # 0. Then,

fin= 3 B ez

=i

ms<sM

Hence, DY '/, (1)=ay(p)TeZ,[[+]]. This is a contradiction because
T=log(l+t)¢7,[[t]] and a,(p)#0 for some pe G, This proves the
lemma.

Now the proof of Proposition § is completed.

CoroLLARY 1. [4, Formula (5.4), VII].

fit*{g,pe®V}=Ao[ColT") and Imgcy¥v .

Proof. This follows immediately from Proposition 5 and [3, Th. 4].

Let  denote the action of A4, on Z,[[¢]] such that jff=a-j, *xf
(jaerafezl[[t]])'

COROLLARY 2. Let i be any odd integer with 1 <i<I—2 and p be any
element of G,

When i#1, h,(t)= — D log[Col](f;p)(2).
When i=1, f'Th,(t)= — D log[Col](p)(2).

Proof. By the coefficient formula of F, (see Section 1.1), we get
h,((141t)'—1)—h,(t) = Dg,(1).
When i# 1, we see from the above and Proposition 5(1) that

hy(1) + (D log[Col ](fip))(1)
=hy((1+1)' = 1)+ (D log[Col 1(f;p))((1 + 1)' = 1).

From this, we see that the left hand side is a constant. Since F,=1
(mod uvw), h,(0)=0, and since i # 1, we see that (D log[Col](f;p))(0)=0
(see [3, Th. 4]). Therefore, &,(t)= — (D log[Col](f;p))(¢). Next assume
i=1. Noting that f~'tDg,=D(f{'+g,), we get the assertion from
Proposition 5(2).

From Corollary 2, we immediately obtain
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COROLLARY 3. When i#1, {h,;pe®"} < Dlog[Col(T").
When i=1, fi 't{h,; pe ®'V} = D log[Col }(T").

3.3. Proof of Proposition 3

Let i be any odd integer with 1<i</—2 and g'’ be as before the
homomorphism

g6 Vspg, e

It suffices to prove that Ker g and ¥"?/(Im g'”) have the same charac-
teristic power series.

First, assume i=1. By the Stickelberger theorem (see, e.g., [12,
Prop. 6.16]), G is torsion free over A4, and hence Ker g” = {0}. On the
other hand, we see from Theorem C and the Stickelberger theorem that
Im g'"’ = ¥"()). Hence, the assertion is valid when i= 1.

In the following, we always assume i> 1. Put

Q4: the subextension of Q; /Q(p,=) fixed by P, ., 6",
M) the maximum unramified subextension of Q{/Q(u;~),
C: the subextension of Q; /Q(p,~) fixed by Ker g,
CO:=00nC,

LY:=M9AC,

9= Gal(C/Q(p,=)).

Note that since 2(7/C*” is unramified (see [5, Prop. 2]), C?M " =Q{? and
the inertia group T (<=$™) of an extension of / in CY/Q(p,=) is
canonically isomorphic to T, Let h; be a characteristic power series of the
torsion A,-module Gal(L?/Q(p,»)). Then, by using a theorem of Mazur
and Wiles [11], we see that f,/h; is a characteristic power series of
Ker g = Gal(2{)/C") =~ Gal(M ?/L"). On the other hand, we see that

“V“’/(Im g(i)) ~ I(i)/fi(ﬁ(i)

from Proposition 5(1) and the fact that (since i# 1) the homomorphism
Ao[Col]: TP - ¥ @ is an isomorphism (see [3, Th. 4]). Since Q{/C?
is unramified, the restriction & — $® induces an isomorphism:
TN,6V ~TV/f,9D By using [12, Th. 13.31] and Ker g" =Tor &%
(see Section 3.1), we see that ) is pseudo-isomorphic (in the sense of
[12]) to A4,. Hence, by the very definition of h,, the A,-submodule
IO A h,HD of P is of finite index both in T and in 4, Y. From this, we
see that T?/f,9? is pseudo-isomorphic to #,H”/f,H. But since H? is
pseudo-isomorphic to A,, fi/h; is a characteristic power series of
v /(Im g). This proves the proposition.
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3.4. Proof of Proposition 4

Proposition 4 is more or less known. So, we shall only sketch the proof
briefly.
Let X be the submodule of @(p,»)* ® Q,/Z, such that

Q,=Q(p;, a'”; all a®! "eX).

Then, we have the Kummer pairing:
Gal(2/Q(p/=)) x X > py=.
We easily see that

C=Q(p;», e"; all units ¢ of Q(p,=) and all n=1)

from [4, Section 4; 7, Cor. 1 of Th. B] and the fact that forn>1, [E,: C,]
is finite. Here, E, (resp. C,) denotes the groups of units (resp. the group of
circular units) of Q(p,=). Therefore, we obtain from the above Kummer

pairing, a A-isomorphism
Gal(Q/C)(—1) =~ Hom(X/(E,,®Q/Z,), Q/Z)).

Here, E,, =), E,. Taking the “even part” of both sides, we obtain the
proposition because X/(E, ® Q,/Z,)~ A4, (see, e.g., [12, p. 293]).

4. PROOFS OF THEOREMS 3 AND 3’

4.1. (Additive) Coleman Power Series Modulo |

Coleman characterized completely the image of the homomorphism
Ao [Col] from the group U of local units to the additive group Z,[[¢]] by
means of his “trace” operator [3, Th. 4]. In this subsection, we shall deter-
mine the structure of the image of 4o [Col] mod ! by means of a certain
differential operator on F,[{¢]].

PROPOSITION 6. Put ¥ =¥ mod l. Then

(i) there is an exact sequence of A =F,[[Z}]]-modules,
15 TG T/(G,) - UW — {ge ¥ Dg|,_o=0} -0,
w W
g —Ao[Col]l(e)mod !
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(i) 7 ={geF [ '—1)g=0},
(iii) ¥ is a free A-module generated by 1+ 1.

PRE)POSITION 6. Put F(t~)=2m2,((1 ~I"™Y"Ym!)T™. Then, Fe Z,[[]].
Put F=Fmod!and W =A-F+F,. Then

(i) there is an isomorphism of A-modules,
WU = {geH ;D" 'gl,o=0} ®f,_,,
w w
e — Dlog[Col](¢) mod /®#n

here, ji,_, denotes the group of (I—1)st roots of unity in F, and n is its
generator, and on fi,_, j,€ Z acts by w*=1n",

(i) #={geF,[[t]]; D(g)=0} (see Section 1.2 for the definition
Ofg),

(i) the A-torsion submodule of W is F,.

Proofs of Propositions 6 and 6'. Since ¥ is a free A-module generated
by 1+¢ [3, Lem. 2] and Z,[[t]]1=% +Z,[[(1+1)'—1]] (direct sum)
[3, Th.3], we get ¥ =A-(1+¢) and F,[[t]]=7 +F,[[¢]] For
g<F,[[¢]] and j,e Z), we see that

(lel - 1)(jag)=a[_ljaDl_lg_jag=ja((Dl‘l_ I)g)

because «' '=1 (mod /). Hence, for any we A, (D'"'—1)(o(l +1))=
w(D'~'—1)(1 + ). But since D(1+1)=1+1, we see that (D'~'—1)¥ =
{0}. On the other hand, since D(') =X1+1)1'"' =0, we get
(D'~'—1)(g(t))= —g(¢"). This proves (ii) of Proposition 6. Let we A
Assume (1 + t)=0 (mod /). Then, we see that (1//)((w(1+1¢))e¥ by [3,
Lem. 2]. Hence, (1//)(w(1 +1))=w'(1 +¢) for some w’ € A. But since ¥" is
free over A, we obtain w=Iw’. This proves (ili) of Proposition 6. The
assertion (i) of Proposition 6 follows easily from [3, Th. 4]. We easily
see that F(t)— F((1+1)—1)=t Using this relation, we see that
F(t)e Z,[[t]1]. By a method similar to the proof of [3, Th. 3], we obtain
Z,({t]]1=A-F+2Z,+(1—-0)Z,[[t]]; here a(¢)=(1+ t))—1. Then, the
proof of (ii) and (iii) of Proposition 6’ goes through similarly to that of
Proposition 6. From [3, Th. 4], it follows that the power series
Dlog[Col](e)(t) is an element of Z,[[¢]]. The relation (D' '—1)
(Ao [Col](¢) mod /) =0 implies that

2(Dlog[Col](¢) mod /) =0.
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Hence, the map in (i) of Proposition 6’ is well defined. Further, by using
[3, Th. 4] again, we see that the map is bijective A-homomorphism.

4.2. Proofs of Theorems 3 and 3’

Theorems 3 and 3’ follow from Proposition 5 (and its corollaries),
Proposition 6, 6’, and the following

PrROPOSITION 7. The following conditions are equivalent.

(1)  The Vandiver conjecture at I is valid.
(2) For any odd integer i with 3<i<!—2,

{g,mod ;pe G} =1o[Col](TV)mod I
(2') For any odd integer i with 3<i<[-2,

{h,mod l; pe &} = D log[Col](T?) mod /.

Proof. (1)=(2), (2'): Assume the Vandiver conjecture at /. Let i be
any odd integer with 3<i</—2. Then, under the assumption,
GY/TD~ A,/(f) (see, e.g., [12, Th. 10.16]) and 6P ~ A, (see, e.g., [10,
Th. 4.1]). From these, we obtain f;- & =3I, The implication (1)=(2)
(resp. (1)=>(2')) follows immediately from this and Proposition 5 (resp.
Cor. 2 of Prop. 5).

(2)=(1): Let i be any odd integer with 3 <i</—2. By Proposition 6,
Ao[Col](T)mod ! is a free A, =F,[[1+/Z,]1]-module generated by the
power series

1 1,
ZWT"’modl=ﬁt’+--- mod /.

Hence, under the condition (2), there exists pe &' such that y,(p)=1
(mod /) for each odd integer / with 3 <i</— 2. Therefore, the condition
(1) follows by [5, Prop. 4].

(2')=(1): This can be proved similarly as above.

Remark. Our differential operators D'~'—1 and 2 on F,[[¢]] are
closely related to the Coleman trace operator & on Z,[[¢]] as follows.
Since £ (g)=0 (mod /) for any ge Z,[[¢]] (see [3]), (1//)& induces an
operator on F,[[¢]]. Put

9:60((%#) mod l),
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where o(t) =t Then, by using some results in [3, Sect. 2], we can prove
that D'~'—1= — % and

2(g)= -~ () +(F—1)gl,_o+0(g) for geF,[[:]].

APPENDIX: INTERPRETATION OF THE POWER SERIES “g,”
AS A MEASURE ON Z,;, AND AN ALTERNATIVE
PROOF OF THEOREM C

As is shown in the proofs of [7, Prop. 2; and 5, Prop. 31, we can inter-
pret the power series Dg, as a certain Z ~valued measure on Z, (see also [1,
Sect. 3]). We first recall this interpretation and then as its application, we
give an alternative proof of the latter half of Theorem C which is somewhat
more direct compared with Coleman’s proof.

Let {=({,), be the generator of T,(G,,) fixed in Section 1.1. For each
n=1 and p e ®, define a map

Opn: Z/" - Z/1"
by
{(Cz_l)l/l"}pwlzé'zp,n(a) if aE(Z/[")X

d,n(@)=0  otherwise. (*)

Then, the system {d,,}, defines a Z-valued measure on Z, Identify
Z,[[t]] with lim,(Z/I")[Z/I"] by 1+t ]imy, where y, is a fixed
generator of Z/I" (written multiplicatively) such that y,, , corresponds to
v, under the natural map Z/I"*'— Z/l". Then, we easily see that the
measure {d,,}, corresponds to the power series Dg,,.

Before we begin describing an alternative proof of Theorem C, we need
the following claim. Let ¥"* be the “even part” of ¥, ie, ¥ *=
{ge?;g((1+1t)"'—1)=g(t)}. For geZ,[[t]], denote by {,,}, the
measure (distribution) corresponding to g.

CLAIM. A power series g belongs to ¥"* if and only if the distribution
{0, }n satisfies

bpul@)=0  if Ila
5g,n(—a)=5g,n(a) (**)

forallnz1.
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Proof of Claim. Assume ge¥ * and let g,=g mod((1 +¢)"—1). By
the isomorphism

ZLUINA+ )" =) =Z,[Z/I"] (1 +tey,),

g, corresponds to 7' -1 5, (a)y2. Here, §,, is a function from Z/I" to Z,
which reduces to J, , modulo I". Noting that (1 + ¢)~' corresponds to y !,
we get 6,,(—a)=0,,(a) from the identity g((1+¢)~'—1)=g The
equality »._,g({(1+t)—1)=0 implies ¥,_,g.({(1+¢)—1)=0 in
Z,1L,001/((1 + 1) —1). Therefore, in Z,[{,][Z/I"], we have

mn—1

Y ¥ 5@y

=1 a=0

Z @( ¥ c“) (eu)

=1

Here, ¥ ,i_, {“=1if/|a and =0 otherwise. Hence, (*#*) implies 6, ,,(a) =0
if {a. Obviously, we can reverse the above arguments. Therefore, the proof
of the claim is completed.

Now, we begin our alternative proof. Let

n

” 1
Cy= O, (2= )5 1 <a<imt (@ n=1)

and H,=Gal(C,/Q(un;»)). Then, C=),C, is the field corresponding to the
kernel of the Galois representation F. Put $ = Gal(C/Q(p,~))=1lim H,,.
First, assume the Vandiver conjecture at / By the analytic class number
formula and a theorem of Iwasawa [8], this conjecture is equivalent to the
condition that for all #>1, the Junits {2—1 (1<a<(I"—1)/2,(a,)=1)
are multiplicatively independent modulo (Q(p,») *)". Take any ge ¥ ~. We
want to show that g=g, for some p € §. Since the differential operator D
induces an isomorphism from ¥"* to ¥'~ [3], g=Df for a power series
f€¥ ~. From the assumption, we can define an element p, e H, for each
n by the formula

n

7 1
{Qa—1)/}pra—t = yae, 1<asg ,(a, [)=1.

By the distributive relation

Y b..@)=8,,(a) mod!”,

aez/int!
a=a(mod /")
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we get p; 4 1lc, = Pr..» Which assures that {p,,}, defines an element p, of
$. By the very definition of p,, and what we have recalled above, the
power series f is nothing but D( gp/). Hence, N Conversely, assume
{g,;pe®}=v"". Then, we have {Dg,;p€®}=v"". This means that
any measure satisfying () in the claim is of the form {§,,}, for some
pe®, where 6,, is defined by the formula (). In particular, for any
8,: ZJ/1 - Z/I satisfying (**), there exists some p, € H, such that é, =4, ,.
This implies that {¢—1 (1 <a< (/- 1)/2) are multiplicatively independent
modulo (Q({,) )" and hence the Vandiver conjecture holds. This completes
the proof of (the latter half of) Theorem C.
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