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Consider the initial value problem
(1 — A)uy + A% — pAuy — a®Au = Af(u),
u(0) = uy, ur(0) = uy == AU;,
where p and a are positive constants, f(u) = u?, and Au = F~i|¢|d].

Problem 1. Verify that the problem (1) is transformed to the integral equation
t

ul(t) = AG(t) * Uy + H(t) % up + / AG(t— 1) % (1 A Af(w)(D)dr, (2)
0

where G(t) and H(t) are the fundamental solutions corresponding to u; and wug,
respectively.

Problem 2. Prove the following decay estimates:
IOFAG(t) * 6| 2 + (|05 H () * 6| 2
< CUA) 2D 2g 10 + e 06 12,

IOFAG(#) * (1 — A) T A S| 12

nil 1 k+1—j . (4)
<C+1) 3G9 f o + Cem |05 1,

where 1 < ¢<2,0<j<kandl>0in (3),and 1 <¢<2,0<j<k+1,

k+1—1>0,and k, [ > 0in (4).

Problem 3. Let n > 1 and s > [%]. Suppose that (ug,U;) € H**' N L' and put
Ey = ||(ug, Uy)||grs+1nrt. Let u be the global solution to the problem (2). When
F is suitably small, prove that the solution wu satisfies the decay estimate:

0¥ u(t)|| 2 < CEy(1+18) 573, (5)

where 0 < k < s+ 1.



