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Consider the initial value problem

(1−∆)utt +∆2u− µ∆ut − a2∆u = ∆f(u),

u(0) = u1, ut(0) = u1 := ΛU1,
(1)

where µ and a are positive constants, f(u) = u2, and Λu = F−1[i|ξ|û].

Problem 1. Verify that the problem (1) is transformed to the integral equation

u(t) = ΛG(t) ∗ U1 +H(t) ∗ u0 +

∫ t

0

ΛG(t− τ) ∗ (1−∆)−1Λf(u)(τ)dτ, (2)

where G(t) and H(t) are the fundamental solutions corresponding to u1 and u0,

respectively.

Problem 2. Prove the following decay estimates:
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where 1 ≤ q ≤ 2, 0 ≤ j ≤ k, and l ≥ 0 in (3), and 1 ≤ q ≤ 2, 0 ≤ j ≤ k + 1,

k + l − 1 ≥ 0, and k, l ≥ 0 in (4).

Problem 3. Let n ≥ 1 and s ≥ [n
2
]. Suppose that (u0, U1) ∈ Hs+1 ∩L1 and put

E1 = ∥(u0, U1)∥Hs+1∩L1 . Let u be the global solution to the problem (2). When

E1 is suitably small, prove that the solution u satisfies the decay estimate:
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where 0 ≤ k ≤ s+ 1.


