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60 Introduction

A topological space E is called a generalized Whitehead space (a GW-space, for
short) if every generalized Whitehead product on E is trivial. As is clearly seen,
this notion is a stronger notion of a Whitehead space. Thus a GW-space is a simple
space.

The following three are well known:

(0.1) E is a GW-space if and only if the loop addition of QFE is homotopy
commutative, i.e., poT ~ pu where p is the loop additionand 7': X xY — Y x X
is a switching map.

(0.2) E is a GW-space if and only if, for a space W, the homotopy set [XW, E| =
[W, QFE] is naturally an abelian group with respect to W.

(0.3) E is a GW-space if and only if for given maps f : ¥X — F and g : XY
— FE there is an ’axial’ map H : ¥X x XY — E with axes (f,g).

Here we must designate a loop structure (a classifying space) of a loop space,
when we say something about the homotopy commutativity, because there exists
a space with two different loop structures: One is homotopy commutative but the
other is not.

As is well known, the loop addition of the loop space of an H-space is always
homotopy commutative. Thus an H-space is a GW-space by (0.1). In other words,
the notion of a GW-space is a weaker notion of an H-space. For a suspended space,

however, the two notions are equivalent. In particular, S™ is a GW-space (at 2) if
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and only if n = 1, 3 or 7, by [Ad1]. Kachi has studied in [K] GW-spaces with two
or three cells (other than the base point 0-cell). He showed that there are no GW-
spaces with two cells unless the space is contractible and restricted the possibile
type of a GW-space which is a total space of a spherical bundle over a sphere.

In this paper, we consider a three cell CW complex E whose cells are in dimen-
sions 0, ¢, n and m with 0 < ¢ < n < m, for example, the total space of a spherical
bundle (or fibration) over a sphere which is studied in [K]. We call such a complex

a complex of type (q,n,m). The purpose of this paper is to show

Theorem. If a complex E of type (q,n,m) is a GW-space (at 2), then E has the

homotopy type of either a sphere of dimension 1, 3 or 7, or a Poincaré complex

of type (q,n,q +n) where {g,n} € {1,3,7} or (q,n) = (1,2), (2,4), (3,4) or (3,5).
Moreover E has the homotopy type (at 2) of one of the following spaces (See [H-R]
and [Z] for further details on Ej,, ).

5% x 8" for {g,n} €{1,3,7},

L*(p,€) for (q,n) = (1,2),
CP(3) for(g,n)=(2,4),
ST for (g,n) = (3,4),
SU(3)  for (g;n) = (3,5),
Er. for (qg,n) = (3,7)
St fort e {1,3,7}

where p > 1, and { is a unit of a group ring Zw/(1+ 7+ ...+ 7P V), 7 = Z/pZT
and k Z 2 mod 4.

Remarks. (1) Since ma(S' Uy, €2) 2 Zn/(1+7+ ...+ 7P (1 = 711(ST U, €?)
= Z/pZ7), { determines a 3-dimensional (general) lens space L3(p,¢) = S' Uy,
e Uged. L3(p,£) is an H-space if and only if p = 1 or 2. In each case, L3(p,¥) is
homotopy equivalent to S® or RP3, respectively. A standard lens space L3(p,T) is
a GW-space (see Appendiz). Moreover it is a Gottlieb space (see [I-Y]).

(2) CP(3) is a well-known example which is a Whitehead space but not an H-
space. Moreover it is a GW-space (see Appendiz) but not a Gottlieb space.

(3) The manifold Ey., is determined by k € Z/12Z. In particular, Eq = S3 x S7

and Ey, = Sp(2). It is known that Ey,, is an H-space if and only if k # 2 mod 4.
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(4) A T-space in the sense of Aguade [Ag| is a GW-space and also a Gottlieb

space. But we do not know the converse.
Let us propose the following
Conjecture 1. FEwvery connected finite complex GW-space is a Poincaré complez.

Conjecture 2. The rational cohomology of a connected finite compler GW-space
s a tensor product of monogenic polynomial algebrae truncated at height greater

than 2 and exterior algebrae on odd dimensional generators.

Conjecture 3. If E is a connected finite GW-space such that H*(E;Z) has no

even dimensional generators, then E is an H-space.

This paper is organized as follows. In §1, we study a space whose mod 2
cohomology is a truncated polynomial algebra of height 3 on two generators. In
62, we study a GW-space whose rational cohomology is a polynomial algebra on
one generator truncated at height 4. In §§3-5, we study a GW-space whose integral
cohomology is an exterior algebra on two generators. In the last section, §6, we
prove the main theorem.

Throughout the paper, G stands for QF whose loop addition is denoted by pu.
The abbreviations H*(X) and K*(X) will be used for H*(X; Z(2)) and K*(X; Z(9)),
respectively. H* and K* denote the augmentation ideal. PH*(X;R) is the sub-
module of primitive elements and QH*(X; R) is the quotient module of indecom-
posables for any coefficient ring R. R{a,b, ¢, ...} means that it is an R-module with
generators a, b, c, ....

The first and second authors thank the Department of Mathematics of the Uni-
versity of Aberdeen for its hospitality and the third author does MSRI. The authors
thank Hideyuki Kachi and Yutaka Hemmi for suggestions on removing a technical
condition in the first draft of this paper and for discussions which helped them to
get their ideas in order. The first author thanks the third author and Hisami Iwase
for translating and typing the first draft of the manuscript.

§1 A stable GW-space

Suppose that there is a space X satisfying

(1.1) H*(X;7/27) = Z/2B[ug4 1, vpq1]with ¢ < n
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where the right hand side is the polynomial algebra truncated at height 3 with 2
generators vg41 and vy,41 of dimension ¢ + 1 and n + 1, respectively.

Hence A = H*(X;Z/2Z) is a truncated polynomial algebra over the mod 2
Steenrod algebra A4(2). Then from Theorem 2.1 of [Th1] it follows that ¢ = 2" — 1
andn=2"+2—1(r—1>s>0)orn=2"—1 (¢t >r). Again from Theorem 1.4
of [Th1] it follows that

(1.2) QA™ C Im S¢’ N Ker S¢’if (Z ; 1) =1 mod 2

where QA* indicates the quotient module of indecomposables.
Furthermore if one replaces Po F with our X in the argument given in §4 of [Th2]
and the result [Th2, 4.5] due to Browder with (1.2) in the above which does not

suppose the existence of an H-structure, one can obtain
Theorem 1.3. ¢ = 1, 3, 7or 15 and if ¢ = 15 then X has 2-torsion.

If X has 2-torsion in its homology, then n is even and n = ¢+ 1 and hence v, 11
= Sq¢'vg41. In particular, if ¢ = 15, then n = 16 and Sqlvig = vi7.
If X has no 2-torsion in its homology, then one can define John Hubbuck’s
operations as follows: We have
H*(X) = Z([g]) [D(q+1)/2> Uint1) /25
K*(X) 2 Z35 [w(gs1)/2: win1)/2)-

Hence there is a ring isomorphism J : H*(X) — K*(X) given by
J(v;) = w;,fori = (¢+1)/2 and (n+1)/2.

Now the Adams operation ¢* decomposes through Hubbuck operations R’}(k:)

(see [Hu] for details) for an element x,, € H"(X), as follows:

TR ) = 30 SR )
where R"(k)(z,) increases dimension by h. The multiplicativity of Adams opera-
tions is expressed by using Hubbuck operations in the following ” Cartan formula”:

QIO R)y(k)(v").

Ry(k)(v-v') =)

Set R" = - R"(3) and P" = R'}(2) so that the reduction mod 2 of P" is S¢*".
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The relation ¥31)? = 1293 of Adams operations is expressed by using the Hub-
buck operations as follows:
n_ n " an—igipipn—i _ " 52 pn—i pi
(1.4) (3" —1P"+) ~ 3"T2RIP > PR

Furthermore, the relation 1?(x,) = 22 mod 2 is interpreted as

P"(z,) =0 mod 27" and
(1.5)
P"(z,) =22 mod 2 in H*(X).

Note that the above formula is independent of the choice of the splitting J.

Following (1.3), we check the cases ¢ = 15, 7, 3 and 1, one by one.

Consider the case ¢ = 15. By (1.3) one has n = 16 and Sq'vig = v17. By (1.2)
one has v17 € Im S¢®, since (9g1) =1 mod 2, but it contradicts H°(X; Z/27) =
0. Thus g # 15.

Consider the case ¢ = 7 and n = 7+2° with s < 2. If s = 0, then Sqlvg = vg9. By
(1.2) vg € Im S¢*, since (°,") =1 mod 2, but it contradicts H*(X;Z/2Z) = 0.
If s =1, then n = 9 and viyp € Im Sq?*, since (621) =1 mod 2; but it contradicts
HS(X;Z/2Z) = 0. Thus s = 2 and then n = 11 and vi» € Im Sq*, since (*,') =
1 mod 2. We have

H*(X) 2 Z{3[t4, 5],
K*(X) 2 Z{5 [ws, we),

since the homology of X is free of 2 torsion.
Thus P°% = R°44 = () and P?vy = v¢ mod 2. Then it follows from (1.4) that
R?=2P? mod 4 and P°R? = R*P* mod 4. Hence by (1.5) we obtain

208 = 2P%(t¢) = 2P°P%(04) = P°R*(v4) = R*P*(v4,)  mod 4.

Also from (1.5) it follows that P*(4) = A2 mod 4 for some odd integer \.

Hence by the equation R? = 2P? mod 4 with the Cartan formula, one obtains
0 # 202 = AR*(0?) = 2\04R*(04)  mod 4.

It is a contradiction, since the right hand side does not contribute 23,

Thus n # 7+ 2° with s < 2.



Consider the case ¢ = 7 and n = 2 — 1 with ¢t > 3. If t = 3, then (¢,n) = (7,7).
If t =4, then n = 15. We have

H*(X) = Z3) [0, Ts),

K*(X) 2 Z{5) [wa, ws].
Thus P = p2?°dd — (). Then by (1.4) one obtains that
(1.6) 2P% = P*P* mod 4 in H*(X).

By (1.5), one has that

and hence
P*(4) = \v3 + 207,

for some «, 8 and A € Z(5), where A=1 mod 2.
Then from (1.6), it follows that

202 = 2P% (1) = P*P*(vg) = aP*(v403) mod 4

= aP*(04)0s = 20302 mod 4.
Thus af =1 mod 2. By using (1.5), however, it follows from (1.6) that

0 = 2P%(v4) = P*P*(v4) = P*(\0? +2608) mod 4

= 2)\174P4(174) + 2ﬁP4(178) = 25P4(178) = 2afv408 mod 4,
which contradicts a6 =1 mod 2. Hence t # 4. If t > 5, we have
H*(X:;7/27) = Z /2P [0y, Dge—1].
Then from the main result of [Ad1], it follows that

t t—1 i
Sq2 = Zi:O Sq2 v,



modulo the total indeterminacy which is in the image of Sq¢* with 2! > i > 0. Now
the formula gives a contradiction. In fact, the left hand side gives Sth"UQt =0

mod 2 while the right hand side and the total indeterminacy are trivial, since
72 (X) = 0fori < t— 1.

It is a contradiction.

Thus (¢,n) = (7,7), provided that ¢ = 7.

Consider the case ¢ = 3 and n = 3 4+ 2° with s < 1. If s = 0, then n = 4
and Sqlvy = vs. We have vs € Im Sq? by (1.2), since (3;1) =1 mod 2. This
contradicts H?(X;Z/2Z) = 0. Hence s = 1 and then n = 5 and (g,n) = (3,5).
Moreover we have vg € Im Sq? by (1.2), since (451) =1 mod 2.

Consider the case ¢ = 3 and n = 2" — 1 with ¢ > 2. If ¢ = 2, then (¢,n) = (3,3).
If t = 3, then (¢,n) = (3,7). If t > 4, then we will be led to a contradiction as in
the case when ¢ = 7 and n = 2! — 1 with ¢t > 5.

Thus (¢,n) = (3,3), (3,5) or (3,7), provided that ¢ = 3.

Consider the case ¢ = 1 and n = 1 4 2% with s < 0. We have s = 0 and hence
(g,n) = (1,2). Moreover by (1.3), Sq'vy = vs.

Consider the case ¢ = 1 and n = 2! — 1 with ¢t > 1. If t = 1, then (¢,n) = (1,1).
If t = 2, then (¢,n) = (1,3). If t = 3, then (¢,n) = (1,7). If t > 4, then we will be
led to a contradiction as in the case (¢ = 7 and n = 2! — 1 with t > 5).

Thus (¢,n) = (1,1), (1,2), (1,3) or (1,7), provided that ¢ = 1.

Therefore we have shown

Proposition 1.7. If there is a space X such that
HY(X;Z/27) = Z/2[3] [Vg+1, Vnt1]
with ¢ < n, then {q,n} C {1,3,7} or (¢,n) = (1,2) or (3,5). Moreover if (q,n) =
(1,2), then Sqlve = v3; if (q,n) = (3,5), then Sq?vy = vg.
To apply this, we introduce the following notion.

Definition 1.8. Let E be a complex of type (q,n,m). E is said to be stable if n <
2q.

We have



Corollary 1.9. Let E be a Poincaré complex of type (q,n,q+n). If E is a stable
GW-space (at 2), then {q,n} C {1,3,7} or (g,;n) = (1,2), (3,4) or (3,5). In case
(q,n) = (3,4), E has the homotopy type of ST (at 2).

Proof. By the hypothesis, ¢ > 1 or a = 0. Let ) be the subspace S? U e™ of
E. Then, from the hypothesis, it follows that () is desuspendable and the mod
2 cohomology of F is an exterior algebra except the case when n = ¢+ 1 and o =
kg, k odd.

(Case 1: n =g+ 1 and a = kug, k odd). E has the homotopy type of a (2¢+1)-
sphere at 2. Hence by Adams’ theorem [Adl], ¢ = 1 or 3. Thus (¢,n) = (1,2) or
(3,4).

(Case 2: The mod 2 cohomology of E is an exterior algebra). There exists an
axial map p: @Q x Q — E with axes (j,7) where j is the inclusion Q — E. Let Q(2)
be the mapping cone of the Hopf construction of u. From a direct computation
using [Th3], we obtain that the mod 2 cohomology of Q(2) is the polynomial
algebra truncated at height 3 on the generators in dimensions ¢ + 1 and n + 1.
Hence {q,n} C {1,3,7} or (¢,n) = (3,5).

In case (q,n) = (3,4), one may assume that there is an odd prime p such that
k =0 mod p. Then the mod p cohomology of F is again an exterior algebra.
Hence a similar construction of Q(2) can be performed and one obtains that there
exists an element of dimension 5 in its mod p cohomology whose square is non-
zero. It is a contradiction, since a square of any odd dimensional element of mod p
cohomology must be 0 when p odd. This implies the corollary.

2 A GW-space whose cohomology is a truncated polynomial algebra

Let E be a Poincaré complex of type (¢,2¢,3¢q) such that H*(E; Q) = Q[:z:q]/(m‘ql).
So we have

E = S1U,e*ue’ o€ my, 1(59).
In this section, we will show
Proposition 2.1. If, moreover, E is a GW-space (at 2), then q¢ = 2 and H*(E; Z2) )|}
= Z(z)[x2]/ (23).

The remainder of this section is devoted to proving the proposition.

By the assumption on the cohomology ring, g is even > 2. It is easy to see that

H*(E; Z(3)) = Z(2){q, 24, T34},
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where acg = axzq and wyToy = T34 With a € Z(y).

Since F is a GW-space, the Whitehead product of the inclusion ¢z : S? — FE
vanishes, and hence i,[iq, tq] = 0 where ¢, € 7,(59) is the class of the identity. Let
us denote by 7 : F — S$7 the homotopy fibre of 7. Then there is a map f : §24~!

— F such that i o f ~ [1,,1,]. One obtains
F  ~y S% ' U (higher dimensional cells)

so that i |g2—1 = a. One may compress f to the (2¢ — 1)-dimensional skeleton
S24=1 of F, one has [14,t4] = a o f, where f = Aigg—1 : S?971 — §2071 with \ €

z:
qu_l [tq>tq] g4

el
§2¢—-1 % . gq
Then it follows that [t4,t4] = o f = Aa. Taking the Hopf invariants of the both
hand sides, one has 2 = AH (a), whence a = £H () = £1 or £2.
If H(a) = £1, then ¢ = 2, 4 or 8 by [Ad1] and we obtain that [¢,,t,] is divisible
by 2. According to [To], this holds only when ¢ = 2 and then we have H*(FE) &
Z(2)[x2]/(x3). Thus the following lemma implies Proposition 2.1:

Lemma 2.2. H(«a) = +1 and hence ¢ = 2, 4 or 8.

The remainder of this section is devoted to prove the lemma.
Suppose H (o) = £2 so that a = £2, a = [14,44] and Ya = 0. This assump-
tion leads us to a contradiction. Now the 2¢-skeleton of G has the following cell

decomposition:

Gkl ~, gi1 U 212y 2971,

tg—15tg—1]

Thus putting Q@ = 2(GP%), we have
Q ~9 (Sq \/SQq_l) U@ €2q,

where @ is in ma,_1(59 V S2971).
Let [ denotes the composite map of the canonical inclusion () — G and the

evaluation \; : ¥G = XQF — E. To proceed, we need to show the following
9



Proposition 2.3. a corresponds to (o, £2i94—1) under the isomorphism mwoqu—1(SV

S2171) 2 a1 (S) ® mag—1(S*7Y).

Proof. By calculating the cohomology Serre spectral sequence associated with

the path fibration G — PE — E, one obtains

Hq_l(G) = Z(g),
H(G)=0, for1 <j<q-—1,
H*"Y@) =2Z7/22.

Hence the composite map ps o & is homotopic to £2u9,—1, where p; indicates
the projection to the t-th factor. Moreover ¢ induces the following commutative
diagram for some integer A:

S2a-1 %, §ayg2-1 .,

)‘L2q—1l J/{Lq:*}zpl lﬁ

S %, S —— F.
Here both the ¢—1 and the 2¢—1 dimensional generators in H*(G) are transgressive
and therefore ¢ induces a surjection of cohomology groups in dimensions < 2gq.
Hence A = 1 and p; o & is homotopic to a.

This implies Proposition 2.3.

By Proposition 2.3 one obtains that I* : H(FE;Z/2Z) — H’(Q;Z/2Z) is an
isomorphism for j = ¢ and 2¢g. So one may assume that [*z; = y; for j = ¢ and
2q, and that

H™(Q; Z2)22) = Z/2Z{yq, y2q—1, Y2q}-
Let us recall that @ is a suspended space and F is a GW-space. Hence by (0.3)
there exists an axial map

B:QxQ—FE

with axes ([,l). So the Hopf construction of u gives rise to a map

H(p) :ZQNQ ~Q+xQ — XE

so that

H(p)" (X y2q) = B'yq @ yq,

H(N)*(Z*?J?’q) = X"Yq @ Yaqg + X Y2q ® Yg-
10



One can see that (@) satisfies
YQ o~ (ST v S%) Ugg 20T

By combining Proposition 2.3 with >a = 0, one obtains that Xa& corresponds to
(0,42t2,) under the isomorphism s, (S V S529) 2 5, (S9T1) & m9,(S5?7). Hence
we obtain

YQ o~y XNSIVEM,
where M?? = §29—1 U5, €?9. Thus we obtain
YQAQ o~ XN(S1V M)A (STV M),

which contains ¥ (M?2? A M27). We denote by H(u) the restriction of H(u) to the
subcomplex Y(M?2? A M?7) and by Q(2) the mapping cone of H (). Then we have

an exact sequence associated with it:
s H Y S(M? A M?9); 2/27) 5 H*(Q(2); 2/22) — H*(SE; Z/22) — - - -
For dimensional reasons, the sequence splits and we have

ﬁl*(Q@)? Z/22) = Z/2{vg41,V2q+1, V3g4+1} ® Im 0,
Im 6 =~ H*(S(M?1 A M?); Z/27)

= 7 /2{y2q-1 ® Y2q—1,Y29—1 @ Y2q: Y2q @ Y2¢—1,Y2q @ Y24 }-
Then from [Th3] it follows that
U§q+1 = 05" (Y2q ® Y2q) # 0
and hence 0 # Sq¢*7 vy, 1. Let us recall the Adem relation
Sql8qit! = g2t (;1 : ;) Sq®1Sqt + ... + <(%)>Sq3q/2+15qq/2,

for ¢ even. For j with 1 < j < ¢/2, we have deg Sq¢7vag+1 = 2q+j+1 < 3¢+1 < 4q.

Thus we obtain, for dimensional reasons,

Sq¢7vagp1 = Ofor 1 < j < q/2.
11



Hence Sq?t1vg,41 # 0. The Adem relation Sq?t! = Sq'Sq? (g even) implies that
Sqvag+1 # 0 and therefore Sq9vaq41 = v3441. Hence Sq1v3q+1 # 0 where deg
Sq'vggr1 = 3¢ +2 < 4q. Thus 3¢ + 2 = 4q and hence ¢ = 2.

Even when ¢ = 2, one has

Sq'v3gr1 = 65" (Y2g-1 ® Y2q-1)
and hence

0= 59¢"'Sq v3441
= 0" Sq (Y2g-1 @ Y2g-1)

= 62*(y2q X Y2q—-1 + Y2q—-1 X y2q) 7£ 07

which is a contradiction. This implies that Y« # 0. Thus H(a) = £1 and hence g
= 2,4 or 8.

This implies Lemma 2.2 and it completes the proof of Proposition 2.1.
83 A GW-space whose cohomology is an exterior algebra

Throughout the section let E be a (non-stable) Poincaré complex of type (¢,n,q+
n). Let us assume that E is a GW-space at 2 (or at p for p odd) such that

H*(E;R) = Nxg,zpn), 1<qg<n

where the coefficient ring R is Z(9) (or Z/p, respectively).

We adopt the abbreviation H*(E) for H*(FE; R) if it does not cause a confusion.

If g =1 and R = Z (), then the universal covering space F of E has the homotopy
type (at 2) of S™, which inherits the GW-space structure. Let us recall that a sphere
is a GW-space (at 2) if and only if it is an H-space. Hence n = 3 or 7.

We will prove that both ¢ and n are odd integers, when ¢ > 1.

Let ¢ > 1. First we show
Proposition 3.1. ¢ is odd.

Consider the cohomology Serre spectral sequence with R coefficient associated
with the path fibration G — PE — E. Since the element z, € H?(FE) is in the
image of the transgression, we have 0 # o*x, € H"1(G) = R, where 0* : H*(E) —

H*71(QG) is the cohomology suspension. So u,_1 = o*z, is transgressive, and hence
12



is primitive. Thus the element ¥*u,_; € H?(XG) is extendable to the projective
plane P2G and the extension is given by the image of z, under the induced map of
the composite map

Ao : PG — PG ~F

since 0¥z, is represented by a loop map whose delooping is given by x,. Hence we

obtain

T2 = 0in H*(P*G),

where the element i'g is given by :ECQI = £ 525" (ug—1 ®uy—1) and 2 is the connecting
homomorphism of Mayer-Vietoris exact sequence given in [Th2]. So it follows from

the triviality of :7:3 that ug—1 ® ug—1 is in the image of p* = p* — pj — ph :

pr= = pi = py s HY(G) — HY(G) ® H(G).
So by (0.1) we obtain that the element u,_1 ® us—1 is T™*-invariant where T is
the switching map. If ¢ is even, then T (uq—1 ® ug—1) = —ug—1 ® ug—1. Hence
Ug1 @ Uy is not T*-invariant, since it is a generator of H24~D(G A G) =
H? (@) ® H9'(G) which has no 2-torsion. Thus ¢ has to be odd and this implies
the proposition.

Next we show
Proposition 3.2. n is odd.

Suppose that n is even. Then n—1 (> ¢—1) is odd and is not divisible by ¢ — 1,
because ¢ — 1 is known to be even. Let us recall the following exact sequence for
bicommutative biassociative Hopf algebra over Z/p the prime field of characteristic
p:

0— P(Z/p(&H*(G; Z/p))) — PH*(G; Z/p) — QH"(G; Z/p).

Then by the Serre spectral sequence associated with the fibration G = QF — PFE
— B, it follows that u,,_; = o*x, generates H" '(G) = R and hence is primitive
indecomposable. As in the proof of (3.1), the element ¥*u,,_; is extendable over

P2@G. Denoting the extended element by Z,,, we have
2 = 0in H*(P?Q),

since T2 = \3(x,,).

13



It means that the element u, 1 ® u,_1 is in the image of p*. On the other
hand, u,_1 ® u,_1 generates the direct summand ]EI”_l(G) ® I:I”_l(G) >~ R in
ﬁ2”_2(G A G), which cannot be in the image of p*. It implies that u, 1 ® u,_1
Z Im p*. It is a contradiction. This implies that n is odd and this implies the
proposition.

Thus we have shown

Proposition 3.3. (1) Letq = 1 <n and R = Z3y. If E is a GW-space at 2, then
n=238or7 (2)Let1<q<mnandaring R be Zy) (or Z/pZ forp odd). If E is a
GW-space at 2 (or at p, respectively) with H*(E; R) = N(xq,zy), then both q and

n are odd.

In the remainder of this section, assuming ¢ > 1 and R = Z(3), we study further
on the dimensions ¢ and n using the cohomology structure of G. We remark that
g+ 1 < n, since ¢ and n are odd.

Now we choose an inclusion map j : S? — E such that j*z, is a generator of
HI(S9) = Z). Recall that we do not assume the existence of a fibration S9 «—
E — S™. Let F be the homotopy fibre of j. Thus F — S9 — E and Q59 —
G — F are Serre fibrations. Then by the Serre spectral sequence associated with

F — 59 — F one sees

H*(F) = H*(Q8™)

which is concentrated in even dimensions. Hence the Serre spectral sequence asso-

ciated with the fibration 059 — G — F' collapses and we obtain
(3.4) H*(G) =2 H*(257) @ H*(©2S™)as modules.
In particular

(3.4°) H*(G) =2 H*(Q2S?)for x < n — 1.

Here a system of ring generators of H*(£259) is given by

(3.5) Ug—1 = Y1Ug—1,Y2Ug—1s s ViUg—1, -

where j > 1 and uy—1 = 0" 24.
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One obtains from (3.4) the following extension of bicommutative biassociative

Hopf algebrae:
Zgy — H*(QS") — H*(G) — H*(QS?) — Z(9)

The following is a commutative diagram of exact sequences:

(3.7)

0 — 5 PH*(QS™ Z/2Z) —— QH*(QS™; Z/22)

0 —— P(Z/2(&H*(G; Z)22))) —— PH*(G;Z/22) ——— QH*(G:Z/2Z)

0 — PH*(0S9,2/22) —— QH*(QS% Z/27)

0

where PH*(QS"; Z/27) = Z/2Zt,—1 (and PH*(Q5% Z/27) = Z/2Z 41, resp.)

in which the element ;1 is the modulo 2 reduction of u;_; for ¢ = ¢ and n.

Proposition 3.6. The first non-trivial relation in the algebra structure of H*(QG)

can occur in dimension n — 1 when n —1 = 2(q — 1). The possible relation is

Proof. It follows from (3.4’) and (3.5) that @,_1 is primitive and hence PH*(G; Z/2Z)}}
is generated by 4,1 and @,—1. By (3.5), the first non-trivial relation in the algebra
structure can occur in dimension n — 1 only when n — 1 = 27(¢— 1) for some integer

7 > 0. Then the possible relation is

Gin—1 = (Yailig—1)>

Since w41 is the only primitive element in H*(S9; Z/2Z), we obtain that j must
be 1. This implies the proposition.

We show the following
15



Theorem 3.8. (i) ¢ =3 mod 4,
(ii) If n = 1 mod 4, then &, = Sq¢* Z, and (q,n) = (3,5),

where Ty is the modulo 2 reduction of x; fort = q and n.

The remainder of this section is devoted to proving this theorem. First in the
general situation, we will construct a space and compute its cohomology ring. The

cell structure of the n-skeleton of G is as follows:
G~y (QsHPyentt,

Thus putting Q@ = 2(GM), we have

L=
Q ~ (\/ s Vhuer
=1

The module QH*(E) is mapped injectively into H*(Q) by the homomorphism
induced from the composite map ¢ : () — E of the canonical inclusion Q C G
and the evaluation A\ : ¥G C P*G ~ FE.

In fact, as was already seen, PH*(G) = Z9){ug—1,un—1} with u; transgressive,

and /* gives rise to the cohomology suspension. Thus we obtain
Im (50)" = Za){vg+1, vn+1}
which is a direct summand of H*(XQ). Hence we have
H*(2Q) = Im (X0)* & D,

where D is the module generated by elements v;u,—1 with ¢ > 2. Since @ is a

suspension space, there exists an axial map
p:QxQ—FE
with axes (£,£). So the Hopf construction of u gives rise to a map
H(p) :YQNQ ~Q+xQ — XE.
We denote by Q(2) the mapping cone of H(u), and then we have a cofibre sequence

(3.9) SE L Q@2) — 2Q A XQ.
16



The elements x4, ¥, € H*(E) are primitive with respect to u in the sense of

Thomas, since H°%(Q A Q) = 0. Hence we have

i*(x;) = 0for i = g,n,

fr(rqan) =0y @0 x, —0xy, @z,
So the image of j* induced by the inclusion j : X E < Q(2) are given by
Im j* =2 Z{X 2, X 2 }.
Also the image and the kernel of the homomorphism ¢ induced from the collapsing
map Q(2) — 2Q A XQ = T4(GM A GI™) is given by

Ker § 2 (%) Zy {ug—1 @ un_1 — tp_1 ® ug_1},
(3.10)
Im 6 255N * Zip{ui ®ujsi,j=q—1orn—1} &S,
where Sy 2 §(D ® H*(2Q)) @ §(H*(2Q) ® D). Therefore by (3.9), we obtain the

following short exact sequence:
0—Imd— H*(Q2)) — Zo{X g, X 0} — 0.

Thus denoting by v;41 the extension of ¥*z; over Q(2), i = ¢ and n, we obtain
the following ring isomorphisms by virtue of [Th3]:

H*(Q(2)) 2 Z3) [g 11, 0n11] © S,
(3.11)

where v;41 Vit = 5(24)*(%;_1 (%9 Uj_l).

We remark that these results are independent of the choice of v441 and vy,41.

Proposition 3.12. (1) Q(2) has no torsion and hence Sq" H*(Q(2); Z/2Z) = 0.
(2) A(2)(Z)2{0gs1,0ns1}) C Z/2B D411, Dns1] @ (So ® Z/2Z), where ¥y is the
modulo 2 reduction of vy fort =q+1 and n+ 1.
(3)0(6 @ Z/2Z) = (6 ® Z/2Z)0, for any 0 € A(2).

The following two propositions imply Theorem 3.8.
17



Proposition 3.13. Ifn =1 mod 4, then Z,, = S¢*%, and (qg,n) = (3,5).

Proof. By (3.11), H*(Q(2); Z/2Z) has a direct summand Z/2B)[,41, 9,1 1],
where v, is the modulo 2 reduction of vy fort = g+ 1 and n+ 1. If n = 4k + 1 for

some k > 1, we have

~2 4k+2
07 0,41 = 5S¢ O

Since Sq¢***+2 = S¢2Sq** + Sq*Sq**Sq', one obtains that 13721“ € Im Sq?, since Sq*
=0 on H*(Q(2); Z/2Z). Then it follows that 92, = 6(X*)*(Gp—1 ® Un—1) € S¢?
Im ¢, where u; is the modulo 2 reduction of us, t = ¢+ 1 and n+ 1, for dimensional
reasons. Hence one obtains that @, ® @,_1 € Im Sq¢? in JEI*(G[”] A Gl Z/27)
modulo the kernel of § ® Z/2.

By (3.10), we have Z/2{t,—1 ® U,—1} N Ker § = 0, which implies that @, 1 ®
fin_1 € Im Sq¢?. Thus we obtain that @,_; € Im Sq¢? in H*(G"; Z/22).

There are two cases: u,_1 is indecomposable or not.

If @,,_ is decomposable, one obtains #,,_1 = ﬁg_l by Proposition 3.6, and hence
(@4—1)*> € Im Sq*. Then for dimensional reasons, then (i,-1)* = Sq¢?a,—1 and
hence ¢ — 1 = 2. This implies that (¢,n) = (3,5) and @,—1 = Sq¢*@,—1, and hence
In = S¢PT,.

If @,_1 is indecomposable, then there exists a non-negative integer » > 0 such
that Sq®vyartig—1 = Up—1 with 2 < 27(¢ — 1). Comparing the dimensions of both
hand sides, one obtains 2 + 2"(¢ — 1) = n — 1 = 4m, whence one has r = 0, since
q — 1 is even by Proposition 3.3 (2). This implies that S¢?*i,—1 = @,—1 # 0 and
hence n = ¢+ 2 > 4 and Q ~3 S?Ue". Then the mod 2 cohomology of Q(2)
satisfies the condition given in §1. Hence from Corollary 1.9 it follows that (¢,n) =
(g,q + 2) have to be (3,5) which contradicts 2 < 2"(¢ — 1).

This implies the proposition.
Proposition 3.14. ¢ = 3 mod 4.

Proof. We consider H*(Q(2); Z/2Z) which is given in the proof of the above
proposition. We have 97, ; # 0 in H*(Q(2);Z2/22).

Assume that ¢ =1 mod 4. Then one has 6§+1 € Im Sq¢?. Also deg 172+1 —2=2q
=2 mod4. f n=1 mod 4, theng=3%#1 mod 4, which is a contradiction. So

n =3 mod 4, whence 2q # n+1. Thus, one has that @2+1 € Sq? Im §. By a similar
18



argument to that given in the proof of Proposition 3.13, we obtain that ;1 ® U1
€ Im Sq* in H*(GIM A G, Z/27). This implies that @, 1 ® g1 = S¢%in_1 in
H*(GIM), since G is (¢ — 2) connected. Then by comparing dimensions, we have
2(q—1) = (n—1) 4+ 2 and hence n = 2g — 3 < 2¢q. Hence from Corollary 1.9 it
follows that (¢,n) = (¢,2¢ — 3) have to be (3,5) which contradicts ¢ = 1 mod 4.
This implies the proposition.

84 Non-stable GW-spaces

Let E be a GW-space Poincaré complex of type (g,n,q+n) such that H* (E; Z/QZ)I

= A(z4, Tn) with 1 < ¢ < n. E has the homotopy type of S? U, e™ Ug e"*? where
a € mp—1(S9) and B € mp_g—1(STUS™).

Definition 4.1. F~ S7U, e" Ug e s said to be non-stable if 2¢ < n. In other

words, « is not in the stable range.

By Proposition 3.3 (2), we have that both ¢ and n are odd integers. So 2¢ < n,
if E is non-stable.

We will show

Theorem 4.2. If the above E is a non-stable GW-space, then (q,n) is one of the
following: (1,3), (1,7), (3,7), (3,11) or (7,15).

The remainder of this section is devoted to proving Theorem 4.2.

Let j : S — E be the inclusion of the bottom sphere S?. Consider the map
{j,j} : S1v S? — E. We have that the Whitehead product [j, j] is homotopic to
zero, as F is a GW-space. Hence the map {j,j} is extendable over S? x S?7 — E.
By the assumption that 2q < n, the image of u is compressible into S? so that S
is an H-space, whence ¢ = 1, 3 or 7 by Adams’ theorem [Ad1].

[The case ¢ = 1] The universal covering space E of E is easily seen to be a
GW-space having the same homotopy type as S™, which then becomes an H-space.
Again by the theorem of [Adl], n = 1, 3 or 7. Omitting the case n = 1, we have
(g,n) = (1,3) or (1,7).

[The case ¢ = 3 or 7) Put e = 1 or 3 according as ¢ =3 or 7,i.e. € = (¢ —1)/2.
If n =1 mod 4, we obtain, by Theorem 3.8, that (¢,n) = (3,5), which contradicts
n > 2q. Hence n = 3 mod 4. If the element u,, 1 = o*x, in PH""Y(E; Z/27) is

decomposable in H*(G; Z/27), then by the commutativity of 3.7 it is in the image
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of & : PH*(G;Z/2Z) — PH*(G;Z/2Z). Tt is impossible by the fact that n — 1 =
2 mod 4. Thus u,_; is indecomposable in H*(G; Z/2Z).

Proposition 4.3. If S¢> # 0 on H*(G;Z/2Z), then n = 2i%2¢ + 3 for some i >
0.

Proof. Put u,—1 = o*z, and u,,—1 = 0*x,,. Let w € H*(G; Z/2Z) be an element
of the lowest dimension such that Sq?w # 0. Then Sq¢?w is primitive, and so Sq¢?w
= Ug—1 OF Up—1. It follows from H?3(G;Z/2Z) = 0, that S¢*>w = u,—1. Thus
w is a generator of lower dimension than n — 1, whence one can express it as w =
Ygiy1Ug—1 for some i > 0 (, since y1uy—1 = uy—1 is not mapped to u,_1 by Sq¢?).
Comparing the dimensions we have 2°71(¢g—1)+2 =n — 1, and so n = 271e + 3
for some 7 > 0.

This implies the proposition.

Proposition 4.4. If S¢®> = 0 on H*(G;Z/2Z), then quiH*(G; Z/27Z) = 0 for
any © > 0.

Proof. Suppose Sq¢! = ... = Squ_l = 0 and Sq2j # 0 on H*(G;Z/2Z). By
assumption we have j > 2. As in the proof of Proposition 4.3, one can conclude
that

Sq2j72i+1uq_1 = U,,_1for some 7 > 0,
since yi1uqg—1 = Ug—1 is not mapped to u,_1 by any squaring operation from the
fact that 2(¢ — 1) < n — 1. Comparing the dimensions one has 2¢*1(qg — 1) + 27
=n—1;it givesn —1 =0 mod 4, since j > 2 and ¢ —1 =0 mod 2. This
contradicts n = 3 mod 4.
This implies the proposition.

Corollary 4.5. Ifu,_1 € Im Sq2j in H*(G; Z/2Z), then j = 1.

We will discuss the two cases, whether Sq? acts trivially or not, by using the

methods given in §3.
Theorem 4.6. If S¢> = 0 on H*(G;Z/2Z), then (q,n) = (3,7).

Proof. It follows from Proposition 4.4 that every mod 2 Steenrod operation

acts trivially on H*(G; Z/2Z). Let Q(2) be as in §3, then we have

H*(Q(2); Zi2)) = Z{3)[vg11,vn11] & Sa,
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To proceed, we need the following proposition, which is an immediate conse-

quence of (3.10), (3.11), Proposition 3.12 and Corollary 4.5

Proposition 4.7. If v, € Im Sq' in the algebra H*(Q(2); Z(2)) for some t > 0
and if Sq® = 0 on H*(G;Z/2Z) = 0, thent > n + 1.

Now we will examine the decomposition of Sq2k+1 (k > 0) through secondary
operations on the space X = Q(2), which is the main result in [Adl]. If n + 1 is
not a power of 2, then by the Adem relation

0 7& U721+1 = Sqn+1(vn+1> = Zaibi<1}n+1)7 0 < deg a; <n + 1’

which contradicts Proposition 4.7.

When n = 2t4 — 1, k > 0, there holds

0# 02, =5¢" " (vht1) = Zaijq)ij(vnﬂ), 0<degaj; <n+1
i,

modulo a;;1Q*" 2744, 5,k)(Q(2); Z/2Z) where 0 < (i, j, k) = deg aijr < n+ 1.
Thus the element v2 41 belongs to the image of a certain Steenrod operation a with
0 < deg a < n+ 1. This also contradicts Proposition 4.7. So, if n 4+ 1 = 2*, then k
=0,1,2o0r 3.

The equation 2¢ = 4e + 1 < n = 2¥ — 1 implies that n = 7 if ¢ = 3 and that n
does not exist if ¢ = 7.

This completes the proof of Theorem 4.6.
Theorem 4.8. If S¢*> # 0 on H*(G; Z/2Z), then (q,n) = (3,7), (3,11) or (7,15).

Proof. It follows from Proposition 4.3 that n = 2¢+2.¢ 4 3 for some i > 0.

If i = 0, then (¢,n) = (3,7) or (7,15).

We assume ¢ > 1. Then n4+1 = 2*2 .24+ 4 =4 mod 8. So by the Adem
relation we have

Sq4Sq2i+2.a — Sqn—l—l + Sq2i+2.5—|—25q2 4 Sq2i+2.s+38q1
— Sq"t! 4 Sq2+2i+2-ssq2 + Sq35q2i+255q1.
Again by (3.10), (3.11) and Proposition 3.12, we obtain

SqPvpir € 6(ZH*H*(QSTAQSY) C6(ZH*H (G AG),
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since deg Sq*v, 11 = 2 + deg vpp1 = 4 + deg u,_1 (= 4 + 2172 . ¢ + 2). Thus the

. o . 142
following conditions are necessary for Sq?*2

€5¢?v,41 to contribute to vaH =
5(24)*(un_1 ® up—1): There are elements u;, and 4;, of degree i1 and is, respec-

tively, such that

SqQUnJrl = 524(2 fbil ® ’llw),

Sq2+2i+25(z Uiy @ Ujp) = Up—1 @ Up—1 + independent terms

modulo decomposables, where the summation ranges over the pairs (i1,iz) with
i1+io = deg Sq*vp i1 - 4 = deg up_1 = 2 + 2722, Therefore Sq2+2i+2‘€(ﬂ1 Q) =

2i+2. 2
€Sq vn41

43 ® 43, which contradicts the indecomposability of u,_;. Thus S¢?*
does not contribute to v2 +1, and hence Sq4Sq2i+2'Evn+1 has to do contribute, since
Sq'v,1 = 0 for dimensional reasons. Here we have

it2
Sq®  Cupye1 € Im 6.

So the following two cases can be considered:

i+2,
2 g1 = 08 (Yai g1 @ YaiaUg_1) + other terms

(1) Sq
Sq4(72i1uq,1 ® Ygiz Ug—1) = Up—1 @ Up_1 + Other terms,
(2) Sq

Sq472iluqf1 = Up_1 + other terms.

2i+2lsvn+1 — 524(,}/211 uq—l ® un_l) —l— othel” teI‘HlS

But the case (2) does not occur by Proposition 4.3. So the only possibility is in

(1). For dimensional reasons we obtain

2i+2.5

(a) Sq Upi1 = 524(721-1%_1 ® Ygi1 Ug—1) + other terms.

(b) Sq? (V2i1Ug—1) = Up—1 + other terms.

Comparing the dimensions we obtain i; = i from (b). We also have 7,i, ug_1 €
H*(Q8%) C H*(G), as deg Yaiuq_1 < n — 1. Hence the element y:u, 1 does not
belong to the image of any squaring operations on H “(G;Z/27).

Now we divide the arguments into the two cases, ¢ = 1 and ¢ = 3.

[The case ¢ = 3] The Adem relation

) ] ) i+2
Sq21+25 = Sq2 Fogorte = Z SthCLt, ag € A(Z)
t=0
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implies that ypiug—1 @ Yaiug—1 € qutat for some 0 < t < i+ 2. On the other
hand, one can deduce from a;(vy,41) € Im § that yoiug—1 @ Yeiug—1 € Im Sth in
H*(G NG;Z/2Z) for some t, which contradicts the fact that vsiug,—1 is not in the
image of any squaring operations.

[The case ¢ = 1] If i = 1, then (¢,n) = (3,11).

Suppose i > 2. By [Ad]] Squ+2 is decomposable through secondary operations,
that is, the following holds:

i+2 .
Sq? (Upt1) = Zaij¢ij (Un+1),0 < deg a;; < 9i+2
,J
modulo the total indeterminacy aiij2i+3+4_l(i7jvk)(Q(2);Z/2Z), 0 < l(i,g, k) =
deg aijr < 2+2 This leads us to a contradiction similarly to the case when € = 3.

This completes the proof of Theorem 4.8. Thus we obtain Theorem 4.2.
§5 The non-existence of types (3,11) and (7,15)

Proposition 5.1. (q,n) # (3,11)

Proof. If (¢,n) = (3,11), then E ~ S3U,, e!! Ug e!* where a € m1(5?) = Z/15.
So E ~5 (83 v S1) Ug e!. Since Q@ = $2 v S is desuspendable, the Whitehead
product [4,i] of the inclusion i : ) < E vanishes by assumption. So the map {i,i}
: Q V QQ — FE is extendable over Q) x (). We denote the extension by p: Q X Q) —
E. If we put Q(2) = Cgy(y), the cofibre of the Hopf construction of u, then Q(2)
satisfies the condition of §1. It gives a contradiction, and so (¢,n) # (3,11). This

implies the proposition.
Proposition 5.2. (q,n) # (7,15)
Proof. Suppose (¢,n) = (7,15) so that E ~5 S7 U, e'® U e?2. Then we have
H*(E) = A(x7,715)
K*(E) = A&7, &15)-

The 15-skeleton of G is given by

G119l ~o S6 UlLg,26] el?Uett.

Now we put Q = X(G1); then

Q o (57 V 513) LJ 615,Where a € 7T14(S7 vV 513) = 7T14(S7) D 7T14(513).
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The generators of H*(F) (and K*(F)) are mapped monomorphically to H*(Q)
(and K*(Q), resp.) by the induced homomorphism of the composite map ¢ : @ C
YG C P*G ~ E. In fact, as was already seen, PH*(G) = Z){ug,us} with u;

transgressive, and £* gives rise to the cohomology suspension. Thus we obtain
Im (X0)" =2 Zg){vs,v16} € H*(EQ) = Z(9){vs, V14, V16},
Im (34)" = Zg){ws, ws} € K*(XQ) = Z2y){ws, wr, ws}.
Then the Adams operation ¥* in K*(XQ) is given by
VFwy = krwg + a(k)ws
(5.3) YFwr = E"wy 4 b(k)ws
wkwg = kBws

Since (Q is a suspended space and since E is a GW-space, there exists an axial map

p:QxQ — K

with axes (4,£). We denote by Q(2) the mapping cone of the Hopf construction
H(p) of the map p so that we have a cofibre sequence

(5.4) SE <L Q2) - $Q ATQ.

The elements x7, 15 € H*(E) are primitive with respect to p in the sense of

Thomas as H1(Q A Q) = H(Q A Q) = 0. Hence we have

p*(z;) =0 for i = 7,15,

W (xr,w15) =07 QL w15 — 0215 @ 27
So the image of j* induced by the inclusion j: ¥ E — Q(2) is given by
Im j* == Z(Q){E*$7,E*l’15}.

Also the image of § induced by the collapsing map Q(2) — XQ A XQ is given
by
Im 5 = Z(g){é(@g X ’1)8), 5(1)8 X 7116) = 5(1)16 X Ug), 5(1)16 X 016)} D Sg

where Sy = Z(z){5(U8 ® v14),0(v14 @ v8), (V14 ® V14), 6 (V14 @ V16),0(V16 @ v14)}.
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Therefore by (5.4) we obtain the following short exact sequence:
0= Im 6 — H*(Q(2)) L Zipy{S w7, 5210} — 0

Thus, denoting by 74 and vg the extensions over Q(2) of ¥*z7 and X*x15, respec-

tively, we obtain the following ring isomorphisms by virtue of [Th3]:

. H*(Q(2)) = Z(5) [0, 5] @ S,
' H*(Q(2))-Im §=0, Sy CImé.

We remark that these results are independent of the choice of v4 and vg.
Similarly one obtains

(5.6)

K*(Q(2)) = Z;5)

K*(Q(2))- 85 =0,

VMK (Q(2)) - K7(Q(2)) € K*(Q(2)) - K*(Q(2)),

Im 6% = Z(2){5K(W4 X ’UJ4>,5K(IU4 X wg) = 5K(w8 X w4),5K(w8 X wg)} D S2K,

[0, W] B S,

Sy = Z(z){5K(’w4 ® wr), 6% (wr ® wy), 6% (wr @ wr), 6 (wr @ ws), 6™ (ws ® wr)},
where the elements w4 and wg are the extensions over Q(2) of ¥*&7 and ¥*&;5,

respectively.

Furthermore, by (5.3) one obtains
Proposition 5.7.
YF 6 (wy ® wr) = k6K (wa ® wr) + k*b(k)6™ (ws ® ws)
VESE (wr @ wy) = k16K (wr @ wy) + k20(k)6™ (ws @ wy)
modulo higher CW filtration > 14.

Now (5.5) and (5.6) imply that K*(Q(2)) and H*(Q(2)) are isomorphic as rings.

So we define a ring isomorphism J : H*(Q(2)) — K*(Q(2)) by the following
J(v;) = w;for i = 4 and 8

(5.8)
J(0(ve; ® v25)) = 0(w; ® w;)for i,j = 4,7 or 8.

By virtue of these relations we introduce Hubbuck operations following [Hu|. Then

one obtains the following by using (1.5) as in the case (¢,n) = (7,15) in §1:

P3(5g) =73  mod 2

)
(7s)
(5.9) o ,
P*(v4) =v; mod 2
(04)
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where A\, a, 8 € Z(3y and A =1 mod 2. (Note that J depends on the choice of w;
and hence, so do the exact values of P* and R’. But these relations do not depend
on the choice of J.)

Next, we will derive a contradiction from the relations of these Hubbuck opera-

tions. The relations
H'(Q(2)) = Ofor i = 10, 12, 14, 18, 20, 26

and Proposition 5.7 imply the following

RY(vg) = PY(vg) = 0,P(v4) = R'(v4) = 0,

R*(vg) = P*(vg) = 0,P?(1y) = R*(v4) = 0,

(5.10) P3(v4) = R3(14) = 0,
P?(wg) = 0,P°(1,) = 0,
P%(w4) = 0.

Further, by (1.4) together with v5(3% — 1) = 1 (by ignoring the odd multiple) one
has

2P3 () +2R' P2 (Ug) +22 R P (15)+ 23 R3(0s) = 22 P2 R (18)4+2'P' R*(5s) ~ mod 2°f
and hence by (5.10) one obtains the following

(5.11) 2P3(tg) + 2°R3*(5g) =0 mod 2°.

In particular

(5.11%) P3(tg) =0  mod 2°.

Also, (1.4) implies

4
(2*P*+) 2'R'P*)(vy) = 2°PPR' (04) + 2'P°R*(ty)  mod 2°

=1

and hence one obtains the following
(5.12) PY(vy) + R*(04) =0  mod 2°

Moreover one obtains
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Proposition 5.13.
PS(vg) = 23 R%(wg) mod 2%,

Proof. The equation (1.4) implies

6
23 PO(g)+ ) 2'R'P(vs) = 2° P°R' (v)+2' P*R*(0s) +2° P’ R*(vs) ~ mod 27
=1

Recall that P*(vg) € Z(2){047s}, where we have
R? (’174@8) = R2(774)@8 + R! (774)R1 (@8) + 174R2 (@8) =0

and hence R?P*(vg) = 0. So by (5.10) and (5.11) the congruence equation above

reduces to
23 PO () + 2° R R® () + 2°R%(vg) = 2°P3R*(vg)  mod 27

where R3(0s) € Z(2){6(vs ® v14),8(v14 ® vs)}. Hence by (5.10) we have R>R>(vs)

= P3R3(vg) = 0. Thus the congruence equation above reduces to
PC(vg) +2°RS(vg) =0 mod 2%.

This implies the proposition.
Proposition 5.14.
2P%(tg) = R*P*(tg)  mod 4.
Proof. The equation (1.4) implies
5 . . .
2P"(vg) + Y 2'R'P"'(vg) = 2°P°R'(vs) + 2 PP R*(0s)  mod 2.

i=1

So by using (5.10), (5.11’) and Proposition 5.13 one obtains
2P (vg) + 2*R' RS () + 22R3P*(1g) =0  mod 2°,

where P*(s) € Z(9){v40s = 6(vs ® v16)} C H*(Q(2)) - H*(Q(2)), and hence

R3P4(1_)8) € Z(g){Rg (1_}4178)}.
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By (5.10) and the Cartan formula we have

R?(v405) = 04 R*(0s)
with R3(g) € S2. So by (5.5) we have R3P?*(73) = 0. Therefore we obtain
(5.15) 2P (vg) + 2*R'R%(0g) =0 mod 2°.

Also the equation (1.4) implies

5
(5.16) 2°P%(vs) + Y 2'R'P* ' (vs) = 2°PTR'(vg) + 2'POR*(B5)  mod 2°
=1

Then by (5.10), (5.11’), Proposition 5.13 and (5.15), one obtains
(5.17) 2°P3(vg) + 2*R*R*RS(vg) + 2° R*RS(vg) + 2*R*P*(vs) =0  mod 2°.
From (1.4) it follows that
2P + 2R' = 2°R!, mod 23
and hence P! = £R! mod 22. Also from (1.4), one has
2°P? 4+ 2R'P' + 2°R* =2°P'R' + 2'R*>  mod 2°.

Then it follows that
R'R' = 2R? mod 22

Hence
R'R'RS(vg) + 2R*RS(58) =0  mod 2.
Substituting this into (5.17) one obtains
2°P8%(vg) + 2*R*P*(tg) =0  mod 2°.
By dividing by 2%, we obtain Proposition 5.14.

Proposition 5.18. Let 3 be as in (5.9). If 3 # 0 mod 2, R*P*(v4) = 0 mod
4
Proof. The equation (1.4) implies
5
2°P%(vy) + Y 2'R'P*7(ny) = 2°P"R'(ty) + 2'P°R*(y)  mod 2°.

=1
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So by (1.5) and (5.10) one obtains
(5.19) 2?R'P"(t,) + 2*R*PY(5,) =0  mod 2°.
Furthermore (1.4) implies

5
2P"(v4) + Y 2'R'P"'(vy) = 2°P°R'(v4) + 2*P°R*(0y)  mod 2.
=1

So by (5.10) one obtains
(5.20) 2P7(Ty) + 2°R3P*(54) =0 mod 25.
Recall from (5.9) that

P*(v4) = \o? + 207s.

So by (5.10) one has
R3P*(v4) = 28R3(tsg).

Suppose 8 # 0 mod 2. By (1.5), one has P7(#4) = 0 mod 2% and hence by
(5.20) one obtains

(5.21) BR3PYv,) =0  mod 2°,
so 213R3(vg) =0 mod 2°. Thus
(5.22) R}(5g) =0  mod 2.
Then it follows from (5.11) that
P3(5g) = 2°R*(13) =0 mod 2.

So by rechoosing the ring isomorphism J appropriately (or more precisely, re-
choosing the extension wg = J(vg) appropriately) one obtains the following lemma

(due to [Hu]).

Lemma 5.23. One can choose a ring isomorphism J which satisfies P3(vg) = 0,

if 6 %0 mod 2.

Proof. If P3(vg) # 0, we can choose v1; € H?*?(Q(2)) so that P3(vg) = 2301;3.

The element w§ = wg + vwy; with v = 1_17, where w1 = J(011), is an extension of
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¥*¢15. Then from J, we define a new ring isomorphism J' : H*(Q(2)) — K*(Q(2))
by setting

J (vg) = wg, J'(v4) = w04

JI(CS('UQZ' & Ugj)) = 5K(wi & wj).
Then one obtains the following formula modulo higher filtration > 11:

P2 (J(vg)) =2%J(vs) +2%J(v11) mod (higher filtration > 11)

V3 J(011)) 22" J(011)  mod (higher filtration > 11)

V(I (0s)) = *(J (vs) + v (011))
= *(J(0s)) + v9*(J (011))
>~ 28 J(vg) + 2% (011) + 2" vJ(011)  mod (higher filtration > 11)
=~ 28(J(vg) + (2°v + 1)J(v11))  mod (higher filtration > 11)

= 28/ (vg).

Thus P3,(vg) = 0. (Note that the operation P3, with respect to J' is different
from P? = P3$ with respect to J). The operations P!, and R, satisfy all the
formulae given above for the ones with respect to general ’J’. So, we may assume
that our ring isomorphism J satisfies P;’ = (0. This implies the lemma.

Hence from (5.11), (5.21) and (5.20) it follows that

R3(5g) =0 mod 23

R3PY54) =0 mod 2%,

2P"(v4) =0 mod 2°
Substituting them into (5.19) one obtains
2'R*P*v,) =0  mod 2°.

That is, if 3 # 0 mod 2, then R*P*(7,) = 0 mod 4. This completes the proof
of the Proposition 5.18.
Now these two propositions, Proposition 5.14 and 5.18, will give us a contradic-

tion in the folloing manner:
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By Proposition 5.14, we have the following equation
0 # 203 = R*P*(0g) = R*(at40s) = aR*(04)0s + av,R*(Tg) mod 4

by (5.10) and the Cartan formula, where R*(9s) € Im ¢ and hence 94 R*(5) = 0
by (5.5). Furthermore, using (5.10) together with (1.4), one obtains the following
relation:

24P () + 2*R*(v4) = 0 mod 29,
which implies
(5.25) R*04) = —P*(v4) = —\v3 —2B0s  mod 4.
Hence from (5.24) it follows that

0 # 203 = —2a03 mod 4.
Then it follows that
(5.26) af =1 mod 2;in particular, =1 mod 2.
Since # # 0 mod 2, Proposition 5.18 implies
(5.27) 0= R'P*v4) = R*(\0? + 200s) = 2\04R*(04) + 28R*(75) mod 4
by (5.10) and the Cartan formula. Here, by (5.25), we have
2)\174R4(174) =0 mod 4.

Also by (1.4) using (5.10) and Lemma 5.23 we have

24P (tg) + 2'R*(5s) =0 mod 2°
and hence

R*(vg) = —P%(t3) = —aiuts  mod 4.

Substituting them into (5.27) we obtain

0= R4P4(174) = —2afv408 mod 4,
which contradicts (5.26).

Thus we have shown that there exists no Poincaré complex with GW-space struc-
ture whose cohomology ring is an exterior algebra of type (7,15). This completes
the proof of Proposition 5.2.

§6. Proof of the main theorem
In this section, we always assume that E is a complex of type (¢,n,m). Let

us assume that E has a cell structure S? U, e™ Ug e™ with a € 7,_1(59), 8 €

Tm—1(59 Uy €™). At first, we look at cohomological structure of E.
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Proposition 6.1. Let E be a GW-space at I1 where 11 is a set of primes. If a =
0 at II, then E ~ S* with t odd or S x S™ with q¢ and n odd. If further 2 € 11, we
have t € {1,3,7} and {q,n} C {1,3,7}.

Proof. We will prove here the integral case. The localised version can be obtained
by a quite similar manner and is left to the reader.

Since a = 0, £ =~ (S7Vv S™) Ug e™. We denote by i1 : S9 — E and iy : S™
— F the canonical inclusions. Since a sphere is desuspendable, by (0.3), there is
an axial map v : S? x 8™ — E with axes (i1,i3) by the assumption. We remark
here that the attaching map of the top cell of S9 x S™ is given by the Whitehead
product [iq,is].

Since E has cells only in dimensions 0, ¢, n and m, there are three possibilities
on its cohomology: H*(E; Z2) 2 Z & Z & Z, Z & Z/rZ (for some r > 1) or Z. In
the last case, m has to be ¢ + 1 (n + 1, resp.). Then H*(E;Z) is isomorphic to
H*(S™;, Z) (H*(S%; Z), resp.) which is given by i% (i], resp.). Since F is simple, E
has the homotopy type of S™ (57, resp.).

Let us recall that a sphere is a GW-space (at 2) if and only if it is S, S or S7
by [Adl]. Thus n (g, resp.) =1, 3 or 7.

In the other cases, 71 and i induce non-trivial homomorphisms of cohomologies
for some coefficient ring Z/pZ, p a prime. Then v* is a surjection, since the gener-
ators in H*(S7 x S™; Z/pZ) are in its image. Thus we obtain that H9""(F; Z/pZ)
# 0, and hence m = q+n >n. f H*(F;Z) =2 Z ® Z/rZ, then the action of some
higher order Bockstein operation is not trivial on H*(FE; Z/pZ) for some prime p,
but is trivial on H*(S? x S™; Z/pZ) for any p. It is a contradiction and we have
H*(E;Z) = Z® Z & Z. Hence v* is an isomorphism. Since E is simple, F has
the homotopy type of S? x S™, which is a Poincaré complex and a stable GW-
space. Also the mod 2 Steenrod algebra acts trivially on H*(E; Z/2Z). Then by
Corollary 1.9, one has {¢,n} C {1,3,7}.

This implies the proposition.

Proposition 6.2. Letn > q > 1 and p a prime. If HY(E; Z/pZ) are non-zero for
j = q and n, then E is a Poincaré complez of type (q,n,q+ n).

Proof. Let @ be the following suspended subspace of XQF and [ : Q — E be
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the composite map Q C XG C P>*G ~ E:

Q — Q[n—l] Ue™ C E(QEw)[n—l]7

(53]
Q[n—l} ~ \/ Si(q—1)+1 gE(QE)[n—Q}

=1

Then by the Serre spectral sequence for the fibration G — PE — FE, one obtains,
similarly to the proof of Proposition 3.3 (2), that o*x, and o*x,, are non-zero
primitive generators in dimensions ¢—1 and n— 1 in H*(G; Z/pZ). Since [ induces
the cohomology suspension, [* is an isomorphism in dimensions ¢ and n.

Since  and S9 are suspended spaces, there exists an axial map p : Q x S?
— E with axes ([,l|sq). Then g induces a homomorphism p* : H*(E; Z/pZ) —
H*(Q x S Z/pZ) = H*(Q; Z/pZ) @ H*(S9;, Z/pZ). We have

/i*(xq) = l*(fﬂq) ®1+1® l*(x(I)a

p(n) = (xn) @1+ yp—q @ 1" (24).

for some y,,—, € H""UQ; Z/pZ).

Then we obtain that p*(x,xq) = " (z,) @ " (2q) +1* (2q)Yn—q @ ¥ (24) = 1" (2,)®
I*(x,) # 0, since @ is suspended. Thus z,x, # 0 and hence H**"(E; Z/pZ) # 0.
This implies that m = ¢ +mn > n + 1 and we obtain

E =~ 87U, e" Ugelt™.
Moreover we obtain that

HI(E; Z/rZ) = Z/rZ{z;}for j = q, ¢+ 1 and 2¢ + 1,

HY(E;Z)=0, H"(E;Z)~ Z/rZ, H""™(E;Z) = Z,
if n = ¢+ 1 and a = ri; with » # +1 nor 0, and that
H)(E;Z) = Z{z;}for j = ¢, n and q + n,

otherwise.

Let us turn our attention to the top cells of ) x S? and E. We have shown
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6.3. In the case a = riy with r # £1 nor 0, p* is an isomorphism of mod r
cohomology in dimension q + n. In other cases, by comparing integral cohomolo-
gies by p* similarly to the above, we obtain that p* is an isomorphism of integral

cohomology in dimension q + n.

This implies that E has an (orientation) class in dimension ¢ + n which induces
a Poincaré duality. Thus E is a Poincaré complex of type (¢,n,q + n).

This implies the proposition.

We can now state the key lemma to our main theorem, which is first known to

H. Kachi for simply connected case.

Lemma 6.4. If E is a GW-space (at 2), then it has the homotopy type (at 2)
of either a sphere of dimension 1, 3 or 7, or a 3-cell Poincaré complex of type

(q,n,q +n) of exactly ¢ +n dimension.

Proof. Let ¢ = 1. When n = 1 or n > 2, it clearly holds that « is trivial.

If « is trivial, it follows from Proposition 6.1 that E has a homotopy type of
either S or a product of S' and S™ with n € {1,3,7} which is a Poincaré complex
of type (1,n,14n).

If n =2 and @ = +¢1, then E ~ S§™ with m > 2, which must be a GW-space
(at 2), and hence m € {3,7}.

If n =2, @ = pt; and p # %1 nor 0, then 7 (E) = Z/pZ. Then St U, e? C E
is nothing but L?(p), the 2-skeleton of the standard lens space L3(p), and is not
2-simple (nor 2-nilpotent) ; The universal covering space of L?(p) has the homotopy

type of a wedge sum of (p — 1) copies of 2-spheres:

m(L*(p)) = Z/pZ,

p—1
772(L2(p)) = Z Zoy.

Let 7 = m (L%(p)) & 7 (E) = Z/pZ7. The action of a generator 7 € 7 on mo(L?(p))

is given as follows:
(6.6) (L (p) 2 Zr/(1+7+ .. + 7)), 7oy = iy, fori < p—1,

_ _Nwp 1l
where o, = — ) =1 0y
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If m = 2, a similar argument given in above yields that F is not simple. It
contradicts the assumption that E is a GW-space (at 2). Thus m > 2 and we have

the following exact sequence:
m3(E, L*(p)) — m2(L*(p)) — m2(E) — 0.

Since FE is simple, 7 acts trivially on m2(E). Then it follows that m3(F) is a quotient
group of mo(L?(p))/m = Z/pZ. Thus m3(E, L?(p)) # 0, and hence m = 3.

Then it follows that H*(FE; Z) = H*(L3(p)) as modules.

Let us consider the Serre spectral sequence associated with the fibration E —
E — B(Z/pZ), where E — E denotes the universal covering. Since E is simple,
so is the fibration and Hy(F;Z) = mo(E) is finite. A routine computation on the
FE5 term of the Serre spectral sequence shows that the only non-trivial differential
is dy, which yields that H*(E; Z) = H*(5%; Z) as algebrae.

Since E is simply connected, Eis a homotopy 3-sphere. Hence the boundary
homomorphism 8 : m3(E, L?(p)) — m2(L?(p)) is onto and preserves the actions of

7 € mon m3(E,L*(p)):

p
m3(E,L*(p)) = Y Zp; = Zm, 7f; = Pis1, for i < p,
i=1

where 8,41 = (1 which corresponds to the 3-cell of E. Thus 8 = 9/, is a
unit in m(L*(p)). We remark that the direct summand generated by >°_, 3;
in m3(E, L?(p)) is the kernel of 9, since there is no element in wy(L?(p)) other
than 0 to be stable under the action of 7 by (6.6). Again by the Serre spectral
sequence mod p associated with the fibration E — E — B(Z/pZ), it follows that
H*(E;Z/pZ) = H*(L3(p); Z/pZ) as algebrae. This implies that F is a Poincaré
complex of type (1,2,3).

Conversely, let £ be a unit in mo(L?(p)), which is also a unit in mo(L?(p))/7 =
Z/pZ. Let L3(p,f) be the space given by attaching a 3-cell by £ on L?(p). Then
its cohomology ring mod p is isomorphic to H*(L3(p); Z/pZ), since the universal
covering space is a homotopy 3-sphere. Thus it is a Poincaré complex of type
(1,2,3).

Let ¢ be odd > 1. Unless n = ¢ 4+ 1, « has a finite order.

If « is trivial, it follows from Proposition 6.1 that E has the homotopy type of

a g-sphere (q € {3,7}, since ¢ is odd > 1) or S x S™ ({q,n} C {3,7}).
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If n = ¢, then « is trivial and E has the homotopy type of either S? or §7 x 59,
q € {3,7}.

If n = ¢+ 1 and a = +¢,, then E has the homotopy type of m-sphere with ¢+ 1
<m=171.

If n = q+1and a = pi, with p # +1 nor 0, then H’(E; Z/pZ) are non-zero when
j = q and n. Then by Proposition 6.2, we obtain that E is a Poincaré complex of
type (¢,n,q +n).

If n > g+ 1 and a # 0, then « has a finite order > 1. Hence by Proposition 6.1,
we obtain that E has the rational homotopy type of a sphere S? or the product of
spheres S? x S™. In the former case, we have m = n + 1 and the homomorphism
Tn(S70Ue™) — m,(S™) induced from the collapsion to the n-cell sends 3 to an integer
= 0 mod p where p is the order of . Thus H?(E;Z/pZ) is non-zero when j = n
(and j = ¢). Then by Proposition 6.2, we obtain that E is a Poincaré complex of
type (¢,n,q +n).

Let ¢ be even > 0. Unless n = ¢+ 1 or 2q, « has a finite order.

If « is trivial, it follows from Proposition 6.1 that E has the homotopy type of
a q + l-sphere and n = m = ¢+ 1 € {3, 7}, since ¢ is even.

If n = q, then « is trivial and hence n = ¢ + 1. It is a contradiction.

If n=q+ 1 and a = +¢1, then F has the homotopy type of an m-sphere with
qg+1<me {37}

Ifn=q+1and a = pt1, p # £1 nor 0, then by Proposition 6.2 we obtain that
E is a Poincaré complex of type (¢q,n,q + n).

If g+1 < n # 2q or a has a finite order, then E has the rational homotopy type
of either an odd sphere or a product of two odd spheres. It is impossible.

If n = 2¢ and « has an infinite order, then E has the rational homotopy type of
J2(S7)Uge™, where we denote by J;(X) the James’ (¢-fold) reduced product space
of X.

Let us recall that 7 (J2(S57)) ® Q@ = 0, unless t = g or 3¢ — 1. Thus [ has a finite
order, unless t = ¢q or 3¢ — 1.

Let us assume that (8 has a finite order and hence E has the rational homotopy
type of J2(S?) Vv .S™. We can choose maps i1 : S? — E and is : S"™ < FE which are
rationally the canonical inclusions. Since a sphere is desuspendable, by (0.3), there

is rationally an axial map pu : S? x S™ — E with axes (i1,i2) by the assumption.
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By the definition, we have that i; and 75 induce non-trivial homomorphisms
of rational cohomologies. Hence p induces a surjection, since the generators in
H*(S7 x S™;@Q) are in its image. This implies that the product of generators in
dimensions ¢ and m is non-zero in H9"™(FE;Q), but it is impossible. Thus (3 is
rationally non-trivial. Since m > 2¢, it follows that m = 3¢ and [ is rationally
non-trivial, £ has the rational homotopy type of J3(S7%). Hence by Proposition 6.2,
we obtain that F is a Poincaré complex of type (¢,2¢,3q).

This completes the proof of the theorem.

Using the above, we show the proof of the main theorem.

We may assume by Lemma 6.4 that E is actually a 3-cell Poincaré complex of
type (¢,n,q +n) of exactly ¢ +n dimension, except the spheres S, S3 and S7 (at
2).

[The case ¢ = 1.] By the proof of Lemma 6.4, E has the homotopy type of either
a product of spheres S! x S™ with n € {1,3,7} or a (general) lens space L3(p,¥).

[The case n = ¢ > 1.] Then E has a cell structure (S?V S%) Ug €2?. Thus by
Proposition 6.1, One obtains that E has the homotopy type of S¢ x §? and ¢ is in
{3,7}.

[The case n = g+1 > 2.] Then E has a cell structure S7U,, e?t! Ue??t! where
pLy € my(S9) = Z. By Corollary 1.9, we have that (¢,n) = (3,4) and E ~ S7 (at 2).

[The case 2¢ > n > ¢+ 1 > 2.] Then F has the cell structure S?U, e™ Ug e" 1.
By assumption, n < 2¢ and « is a suspended element, that is, Q = S? U, e" is
desuspendable. There is a map pu : Q X Q — FE since E is a GW-space. Quite

similarly to the above cases, one can construct a space (Q(2) satisfying
H*(Q(2):2/22) = Z/2¥ 0,41, vn].

From Proposition 1.7 and Corollary 1.9, it follows that (¢,n) = (3,5) and Sq%v 41
= VUpy1. Thus H*(E;Z/2Z) = H*(SU(3); Z/2Z) as algebrae over the mod 2
Steenrod algebra. This implies that the 5-skeleton of E has the homotopy type of
YCP2. Thus f lies in 77(XCP?) = Z, whose generator is given by the attaching
map of the 8-cell of SU(3). Since F is a Poincaré complex, (3 has to be a generator
and hence F has the homotopy type of SU(3).

[The case n = 2q > 2.] Then F has a cell structure S? U, e?? Ug €37, ¢ > 2.

Thus H*(E; Z) = Z{xq, ©aq, T34} With x3 = 24224 If 27 = 0, one has H*(E; Z) =
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A(24, Z2q) which contradicts Proposition 3.3 (2). Thus x2 # 0 and hence H*(E; Q)
>~ Q[zq]/(z;). Then from Proposition 2.1, we obtain that (¢,n) = (2,4) and

H*(E;Z) =~ H*(CP3; Z).

Thus the 4-skeleton of E has the homotopy type of CP2. Hence the attaching
map of the top cell lies in m5(CP?) = Z, whose generator is the attaching map
of the 6-cell of CP3. Since E is a Poincaré complex, S must be a generator in
75(C P?). This implies that E has the homotopy type of CP3.

[The case n > 2¢ > 2.] Then E has the the homotopy type of S U, e U edt™
with a € m,-1(59). By Proposition 3.3 (2), one has

H*(E;Z) = Nxg,xy),q, n odd.

Then from Theorem 4.2 and Propositions 5.1 and 5.2 it follows that (¢,n) = (3,7).
Hence we obtain

H*(E; Z/2Z) = NZq, n)

with the trivial action of the mod 2 Steenrod algebra. Since (¢,n) = (3,7), the
attaching element « of the 7-cell in F is of the form a = kw, where w is the Blakers-
Massey element in 76(S3) = Z/12Z. We have that k is odd or k = 0 mod 4. In
fact, if A\ =2 mod 4, a is desuspendable at 2 and so is the space Q = (S3U,, 67)(2).

Then one can construct a space @(2) from which one can deduce a contradiction
to the result of Sigrist-Suter [S-S] (since the result in [S-S] is essentially a result
localised at 2).

If AMisodd or A =0 mod 4, the pull-back Ej,, by kt7 from the principal bundle
Sp(2) — S7 is known to be an H-space and thus it is a GW-space (see [H-R] and
7).

In case k = 0 mod 4, the 6-skeleton of E has the homotopy type of S3 Vv S7.
Thus E has the same homotopy type with S2 x S7 and hence with Ej,,.

In case k =4 or 8 mod 12, the 6-skeleton of E has the homotopy type of S3V S*
at 2 and of S3 U,, €7 at odd primes.

Thus 79 (@) is isomorphic with Z[i3,t7] @ (2 torsion) and E has the homotopy
type of S3 x ST at 2, and hence the attaching map of the top cell of E is the same

as that of Fj, at 2. At odd primes, mg(FE) is isomorphic to mg(Sp(2)) = 0. Let
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us consider the homotopy fibre FF — @ of the inclusion ) — Fy,. By using the
Serre spectral sequence associated with the above (homotopy) fibration, we deduce
that mo(F) = Z at odd primes. Since Fy, has the rational homotopy type of the
product of odd spheres, m19(E}gy) is finite and hence m9(Q) is isomorphic to Z at
odd primes. Thus 79(Q) is isomorphic with Z & (2 torsion) in which a generator of
the free part is given by the attaching map of the 10-cell of Fy,,, and the attaching
map of the top cell of E is in the free part. On the other hand, § has to be a
generator, since F is a Poincaré complex. Thus F ~ Ey,,.

In case k odd, a similar argument as above shows that 7g(Q) is isomorphic to
79(S3 U, €7) = Z and the generator is given by the attaching map of the 10-cell of
Ei.,. Thus F ~ E},,, since F is a Poincaré complex.

This completes the proof of the main theorem.

Appendix

Let E and B be connected CW complexes and consider a fibration
(A1) FSESB

with fibre F" a (not necessarily connected) CW complex. It gives rise to the following

two fibrations:

(A.2) OBLFYE

(A.3) QEYZ OB L F

Now suppose that ¢ is null homotopic. It follows from (A.2) that ¢ has a right

inverse s : F' — QB. So the homotopy exact sequence of (A.3) splits and we obtain
T (2B) 2 7w, (QF) & 7. (F),

where the above isomorphism is induced by the map h = po (Qm xs) : QE X F —
QB with p the loop addition of 2B. Thus h is a homotopy equivalence, since 2B
and QF have the homotopy type of a CW complex. Hence we obtain

(A.4) h:QF x F~QB

Thus the following hold for any space W:

1 — [W,QE] i [W, QB]Jas groups,
(A.5)

(W, QB] = [W,QFE] x [W, F|as sets.
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Here Let us introduce a notion of a GW-action. A GW-action of E along 7 : E

— B is a map
(A.6) v:YXOF x ¥QB — B

with axes ¥QF — E 5 B and QB — B, where the map ¥QB — B is the
evaluating map.

Then we have

Theorem A.7. If . is null-homotopic in (A.1) and if B admits a GW-action of
E along m (see (A.6)), then the following four statements hold:

(i) E is a GW-space and F is an H-space.

(ii) If B is a GW-space, then F is a homotopy commutative H-space.

(iii) B is a GW-space if and only if the Samelson product (s, s) is trivial for a
right inverse s of q.

(iv) If there is an H-map s which is a right inverse of ¢ and if F' is homotopy

commutative, then B is a GW-space and (A.4) is an H-equivalence.

Proof. (i) By [O, Theorem 2.7], the image of Qm, of (A.5) is contained in the
center of [W ,QF] = [¥W E] for any W, since a map from a suspension space to a
space X can be decomposed through the evaluating map QX — X. Furthermore
Qm, is a monomorphism by (A.5), and hence [W QFE] is an abelian group for any
W, which implies that E is a GW-space by (0.2). Since F' is a retract of a loop
space 2B, it is an H-space.

(ii) Let us define the multiplication g of F' by putting i = go po (s X s), where
we denote by u the loop addition of 2B. As pu is homotopy commutative, so is fi.

(iii) Suppose that B is a GW-space. Since X.F' is a suspension space, the White-
head product [ad(s),ad(s)] is trivial for the adjoint map ad(s) : ¥ F — B of s. Recall
that [ad(s),ad(s)] = +ad(s,s), where ad(s,s) denotes the adjoint of the Samelson
product of s. Thus we obtain ad(s,s) = .

Conversely, suppose that ad(s,s) = . For simplicity we write u(z,y) = = - y.

Then by the homotopy associativity of u, we obtain the following homotopy:

h(z,y) - h(z,5) = (Qr(z) - 5(y)) - (Qr(Z) - (7))

=~ (Qn(z) - (s(y) - W (2))) - 5(9)-
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The image of Qm, is contained in the center as is seen in (i), and so we obtain
s(y) - Qm(z) ~ Qn(x) - s(y).
Also from the homotopy commutativity of QF and F', it then follows that
h(z,y) - h(z,7) ~ (Qr(x) - (Qm(z) - s(y))) - 5(9)

~ (Qr(x) - (7)) - (s(y) - ().

Recalling that the loop map Q7 is an H-map, one has

(A.8)

Qr(x) - Qn(z) ~ Qn(z - T)

where we use the same symbol - to denote the loop additions of Q2B and QF. Let

us recall that QF is homotopy commutative by (i), and hence
Qr(x - 7) ~ Qn(T - x).

Thus we obtain
Qr(x) - Qn(z) = Qn(z) - O (z).

—1 -1

~ %. Hence it follows

The hypothesis (s, s) = % implies that s(y)-s(7)-s(y) " "-s(7)

that

Summing up we get

h(z,y) - h(z,y) = (Qr(x) - Qn(z)) - (s(y) - ()

that is,
po (hxh) >~ poT o (hxh).

Since h is a homotopy equivalence in (A.4), it then follows that
o~ poT,

that is, 2B is homotopy commutative. Thus B is a GW-space.

(iv) Let s : FF — QB be an H-map which is a right inverse of g. Then the
H-deviation H D(s) of s satisfies HD(s) ~ *, where the H-deviation HD(s) : FAF
— (1B is given by

HD(s)(zAy) = s(x)-s(y)-s(z +y) "
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where + denotes the multiplication of F'. It follows that
HD(s)(yNx) = s(y)-s(x)-s(y +a) 7.
Since F' is homotopy commutative, we have s(z + y) ~ s(y + ). Thus we have

HD(s)(zAy)-HD(s)(yAz) ™" ~ s(z)-s(y)-s(z +y) sy +x)-s(z) " s(y)
~ s(z)-s(y)-s(z) " s(y)
= (s, 5)(zNy).

This implies that (s, s) ~ *, and hence B is a GW-space by (iii). Further, by (A.8)

we have

po (hxh)((x,y), (,9) =~ h(z,y)-h(z,7)
~ (Qr(z) - Qn (7)) - (s(y)-5())

which, by using the H-structure of maps s and Qm, changes up to homotopy into
the following:

~ Qn(x-z)s(y+7y)
=h(z-Z,y+79).

This implies that h is an H-map and hence Q2B is H-equivalent to QF x F'. This

completes the proof of the theorem.

Corollary A.9. (i) The standard lens space L(p) = S®/(Z/pZ) is a GW-space for
allp > 1.
(ii) CP® = S7/T' is a GW-space.

Proof. (i) Put F = Z/pZ, E = 83 and B = L(p). They satisfy the conditions
of Theorem A.7. So it suffices to show that s : F — QF is an H-map. The H-
deviation of s is in the set [FAF,QFE] & [FxF.E] = [V,S.,93] & &,71(5%) = 0.
Hence HD(s) =~ %, that is, s is an H-map. From (iv) of Theorem A.7, it follows
that B = L(p) is a GW-space.

(ii) Put F =T', E = S” and B = CP3. They satisfy the conditions of Theorem
A.7, since CP? is a Whitehead space and YXQCP? has the homotopy type of a
wedge sum of spheres. The H-deviation of s : ' — QF is in the set [FAF,QFE] =
73(ST) = 0, whence s is an H-map. From (iv) of Theorem A.7, it follows that B =

CP? is a GW-space. This implies the corollary.
42



Remark. It is well-known that 052 has the same homotopy type of QS x T and

the latter space is homotopy commutative. If we put F =T', E = S3 and B = 52,

they satisfy the conditions of Theorem A.7, but a splitting s : T — QS? cannot

be an H-map. In fact, its H-deviation is the adjoint of the Hopf map n : S® — S2,

and S? is not a GW-space. Thus the space Q52 has two completely different loop

structure: One is homotopy commutative and the other is not.

[Ad1]
[Ad2]
[Ag]

[B-T]
[H-R]

[He]
[Hu]
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