Relative L-S category and categorical length

Norio IWASE

Faculty of Mathematics, Kyushu University

ALGEBRAIC TOPOLOGY: OLD AND NEW
M.M.POSTNIKOV MEMORIAL CONFERENCE,
Bedlewo, Poland, 18-24 June 2007

Norio IWASE (Kyushu Univ) Postnikov Conference 1/21



L-S category

Definition (Lusternik-Schnirelmann)
A{Ag, ..., Am; closed inM}

cat(M) = Min {mzo

Norio IWASE (Kyushu Univ) Postnikov Conference 2121



L-S category

Definition (Lusternik-Schnirelmann)
A{Ao, ..., Am; open inM} }

where eachA; is

cat(M) = Min {mzo o
M = i s . .
Uizo A contractiblein M.

Norio IWASE (Kyushu Univ) Postnikov Conference 2121



L-S category

Definition (Lusternik-Schnirelmann)
Ao, ..., Am; in M} }

h P
M = Ui":‘oAi where each4 is

cat(M) = Min {mzo
> contractiblein M.

Norio IWASE (Kyushu Univ)



L-S category

Definition (Lusternik-Schnirelmann)
Ao, ..., Am; in M} }

h P
M = Ui":‘oAi where each4 is

cat(M) = Min {mzo
> contractiblein M.

Remark:

Norio IWASE (Kyushu Univ)



L-S category

Definition (Lusternik-Schnirelmann)
Ao, ..., Am; in M} }

here eachh is
M=ym A, WY act
Uizo A contractiblein M.

cat(M) = Min {mzo

Remark:

We don’t have any means
to know how good is the given covering.

Figure 1

Norio IWASE (Kyushu Univ) Postnikov Conference 2121



L-S category

Definition (Lusternik-Schnirelmann)
Ao, ..., Am; in M} }

here eachh is
M=ym A, WY act
Uizo A contractiblein M.

cat(M) = Min {mzo

Remark:

We don’t have any means
to know how good is the given covering.

That is why,

Figure 1

Norio IWASE (Kyushu Univ) Postnikov Conference 2121



L-S category

Definition (Lusternik-Schnirelmann)
Ao, ..., Am; In M} }
here eachA; is
M=Um oA, W
Uiz A contractiblein M.

cat(M) = Min {mzo

Remark:

We don’t have any means
to know how good is the given covering.

That is why,

this definition
gives only an upper bound for cat(M).

Figure 1
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Theorem (Whitehead)
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Let us recall the following classical result: if an n-sphere is a Hopf space,
then there must be a Hopf invariant one element in 7r2n+1(S”+1). The first
non-trivial case, when n = 15was solved in negative by Toda and

Theorem (Adams)

Element of Hopf invariant one exists in won.1(S™?) if and only if
n=0,137.

In other words,

“Hopf invariants detects Hopf structures.”
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Let us consider the following 2-cell complexes:

@ RP?, CP? HP? 0P? — (projective planes)

Q Q,=S%u, e c Sp(2) — James’ quasi projective plane.

©Q Stue cL3(p,q) — the 2-skeleton of a lens space L3(p, q).
Q etc. -

We may write them as X = S" Uy %L,
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cat(X) = 2 = Hy(f) # 0in ng.1(S'xS", S'VS')

Norio IWASE (Kyushu Univ) Postnikov Conference 5/21



Higher Hopf invariants

Definition (Berstein-Hilton)
For a map f from SY to a space X with cat(X) = m,

H(f) € mqen (TT™ X, T™1 X)),
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Higher Hopf invariants

Definition (Berstein-Hilton)
For a map f from SY to a space X with cat(X) = m,

H(f) € mqen (TT™ X, T™1 X)),

where sis a compression of the m-old diagonal A™1 : X — [[™* X into
the fat wedge T™! X.

Theorem (Ganea)
g (1™ X T™EX) 2 mg(E™ A™ Q(X))

What does it mean?
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An-structure on a space

As a Hopf invariant detects a Hopf structure,

A higher Hopf inavariant should detect an An-structure
a higher homotopy associativity,

Here we can recall that

© A; space is just a space with a base point.
@ A, space is a Hopf space with strict unit 1.
© A3 space is a homotopy associative Hopf space with strict unit 1.

© A, space is a ‘higher’ homotopy associative Hopf space with strict
unit 1.

Norio IWASE (Kyushu Univ) Postnikov Conference 7121
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A..-structure on a space

Theorem (Stasheff)

For any X, the (based) loop space Q(X) of X admits a natural A, -structure,
a sequence of fibrations over projective spaces P"Q(X) with fibre Q(X),

P E™IQ(X) - PMQ(X), E™Q(X) ~ 2 A™LQ(X),

and natural classifying maps €5, : P"Q(X) — X.

Theorem (Ganea,l,Sakai)
catX) = m < Jo : X —» P"Q(X) such that €{o ~ 1x.

One of the advantage to consider projective spaces is that a higher Hopf
invariant can be defined on the well-studied projective spaces.
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Projective spaces and a higher Hopf invariant

Let X be a space of cat(X) = m> 1. Then for any f : £V — X, we have

Hin(f) € [ZV, E™1Q(X)] = ker{(eX). : [ZV, P"Q(X)] — [ZV, X]}.

Moreover, we can show the following
theorem using this definition.

If an An-structure of an Am-space S can be extended to an An.1-Structure,
then there is an element [ f] € [E™(S), P™(S)] of higher Hopf invariant
one, where E™1(S) = sm A™1 S,
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Definition (Rudyak, Strom)

For an element u € H*(M),

wgt(u) = Min {mzo

(Ao, ..., An; closed inM} s.t. }
M = UMy A, & Ul =0 H'(A)
= Min {m>0|3f : A—> M s.t. catr) = m& f*(u) # O}

which can be characterised by using projective spaces:

Proposition
wgt(u) = Min {m > 0|(ef)"(u) # O}
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(unstable) cohomology operations on h*,
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Let h* be a generalised cohomology theory and h*h be the set of all
(unstable) cohomology operations on h*,

Definition (I-Kono)
Mwgt(X; h) = Min {mzo‘(e)n(])* is a split mono of h*h-modules}

For example, a computation of module weight yields the following.

Theorem (I-Kono)
Mwgt(Spin(9);F2) > 8 while wgt(Spin(9)Fz) = 6.
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Later, Arkowitz and Lupton introduced yet another version of relative L-S
category cat’-(h), which can be difined as follows:

Definition (Arkowitz-Lupton)

Foramaph: X — Y, let L be the homotopy fibre of h. Then cat(h) is the
least number m > 0 such that X is covered by m+1 open subsets V O L
andUj, 1 < j < mwhereV is compressible into L and each Uj is
contractible in X, where we regard L as the subspace of X.

Then we may notice that this definition gives a similar but different version
of Fadell-Husseini's relative L-S category for the pair (X, L). Let us denote
it by caf*" (X, L), which is an extended version of Arkowitz-Lupton’s relative
L-S category caf'- (h).
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categorical sequence, we introduce a unified version of a relative L-S
category, which explains when the categorical length goes up by one.

Let (X; K, L:A) be a triad in the category of maps from A. Then

cat(X; K, L:A) is the least number m > O such that the restriction of the m+1
fold diagonal map of X to K, A™1|x : K — [[™* X, is compressible
relative A into T™(X, L) = Lx [T™X U Xx T™ X the relative fat wedge.
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cat(X; K, L:¥) < caPC®(X, K) < caP®(X, L) + cat(X; K, L:x),
cat(X; K, L:¥) < caf’- (X, L) < caf’t (X, K) + cat(X; K, L:x).
@ For a pair (X, L:A) of maps from A, we obtain
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A categorical sequence and a cone decomposition 1

Let us go back to Fox’s paper on L-S category of a space X:

Fox introduced a notion of categorical sequence ‘catlen{)’ to give an
upper bound to the original L-S category cat(X).

Definition (Fox)

A sequence {F;; 0 <i < m} of subspaces of X is called a categorical
sequence (of length m) for X if they satisfyFoc ---cFjc---cFn=X
and, for anyi > 0O, F; \ Fj_1 is contractible in X, where F_; = 0.

[GoToGanea]

According to Fox, the smallest length catlen) of all categorical
sequences of X is equal to cat(X).
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A categorical sequence and a cone decomposition 2

Quite similarly, Ganea introduced a notion of cone decompostion.
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Definition (Ganea)

A sequence {F;; 0 <i < m} of subspaces of X is called a cone
decomposition (of length m) for X if they satisfy
Foc---cFjc---cFy=Xand, foranyi > 0, F; has the homotopy type
of Fi_1 Uy, C(K;) for some h; : K; — Fi_1, where Ko = F_1 = 0.

[GoToFox]

We denote X U C(0) = X/0 = XTI {x}.

According to Ganea, the smallest length Cone) of all cone
decomposition of X is equal to Ganea’s strong category Cat(X).
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Categorical length and relative L-S category

Then we obtain the following result.
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Categorical length and relative L-S category

Then we obtain the following result.

caf™(X, A) = catleni, A) the smallest length of categorical sequence of
the pair (X, A).

Corollary (Fox)
cat(X) = catlen) the smallest length of categorical sequence of X.

Also the higher Hopf invariant determines when a cone decomposition
becomes a categorical sequence.
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Categorical length and higher Hopf invariants

Theorem

Let (X; K, L:A) be a triad of maps frqm A, V be a co-loop co-H-space and
a:V — K beamap suchthat X > K = KU, CV > K.
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Categorical length and higher Hopf invariants
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Categorical length and higher Hopf invariants

So, using the inequalities among relative L-S categories, we see that the
higher Hopf invariant determines when a cone decomposition gives a
categorical sequence.

For example, we can obtain a sharper upper bound of L-S category of
Spin(9)

Proposition (I-Kono)
catlen(Spin(9)x 8 while Cone(Spin(9)xk 9

Thus we eventually get

Theorem (I-Kono)
cat(Spin(9))= 8.
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Thank you.
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