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1 What is the L-S category of a space X
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Definition 1.1

cat(X) = Min


m ≥ 0

∣∣∣∣∣∣∣
∃{U0, ..., Um ; open in X}
X =

m⋃
i=0

Ui,
each Ui is con-
tractible in X




Theorem 1.2 (Lusternik-Schnirelmann)

#{critical points of a C∞-map f : M → R} > catM.

But generally speaking, a simple definition does not suggest a

simple way of calculation.



2 Ganea’s problems

Problems [T. Ganea, 1971, (15 problems)]

[1] Compute catM for a closed manifold M .

[2] catX×Sn = catX + 1 ?

[4] Let Sr ↪→ E → St+1 be a bundle. Describe catE in

terms of homotopy invariants of the characteristic map of

the bundle. (E = Sr ∪Ψ D
t+1×Sr, Ψ : St×Sr → Sr)

· · ·

[O] For a closed manifold M , catM > cat(M − {x}) ?

Remark 2.1 If [O] is true, then so is [2] (Ganea’s conjec-

ture in L-S category) for closed manifolds.

Remark 2.2 For E = Sr∪ΨD
t+1×Sr, E−{x}'Sr∪αDt+1.
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2.1 Hopf invariants

Classically, a Hopf invariant is defined to detect the existence

of a multiplicative structure with unit on a sphere Sn−1:

H : [S2n−1, Sn] → Z, S2n−1 = Sn−1∗Sn−1, Sn = ΣSn−1,

where ΣX = {−1}∗X∗{1} and A1∗A2 = {ta1+(1−t)a2 | ai ∈

Ai, t ∈ [0, 1]}. While the homotopy set [ΣX,W ] has a natural

group structure, the induced map f∗ : [ΣB,W ] → [ΣA,W ]

from a map f : ΣA→ ΣB is not a homomorphism, in general:

f ∗(α + β) 6= f∗(α) + f∗(β), for α, β ∈ [ΣB,W ].

The difference is given by the composition [α, β]◦h2(f) of the

Whitehead product [α, β] and the Hopf invariant H1(f).

[Berstein-Hilton] H1(f) determines cat (Sr ∪f Dt+1).
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2.2 (L-S category and Higher Hopf invariants)

catX ≤ m ��
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[Whitehead]
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[Berstein-Hilton]
(1968)

Hs
m(f) ∈ πn+1(

∏m+1X,Tm+1X ;A), (f : M(A, n) → X)
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[Berstein-Hilton] (1968)

catSr∪fDt+1 = 2 ⇐⇒ H1(f) = 0, (f : St → Sr)

catX ≤ m @@
��

[Ginsburg]

(1962)

∃{Er
∗∗, d

r} Bar spectral sequence for
H∗(ΩX) such that dr = 0 for r > m.
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[Ganea] (1967)

[Gilbert] (1968)

[Sakai] (2000)

X
............................................. .......................

..........
..........
..
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∃σ
-

1X

Em+1(ΩX) ......................... -

?
eXm

pΩX
m+1 PB

Pm(ΩX) ......................... -

E∞(ΩX)

?

P∞(ΩX)

' ∗

' X

@�

I (1998)

@@I (1998)
Counter Examples to [2]

HS
m(f) = {Hσ

m(f ) |σ} ⊂ [ΣV,Em+1(ΩX)], (f : ΣV → X)
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Definition 2.3 For f ∈ [ΣV,X ], we have

eXm◦Σ ad(f) = ev◦Σ ad(f) = f = 1X◦f = eXm◦σ◦f,

ΣV

Hσ
m(f)

��

f
�� Σad(f)

��
;
;
;
;
;
;
;
;
;
;
;
;
;
;
;
;
;
;
;
;
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ΣΩX� _

�� ev
**UU

UU
UU

UU
UU

UU
UU

UU
UU

UU
UU

UU

Em+1(ΩX)
pΩX
m+1

//Pm(ΩX)
eXm

//X.

Thus the difference dσm(f) = σ◦f−Σ ad(f) defines Hσ
m(f ) by

pΩX
m+1

◦Hσ
m(f) = dσm(f) and Hσ

m(f) = Σ∞Hσ
m(f).

HS
m(f) =

{
Hσ
m(f)

∣∣∣σ is a structure
for catX = m

}
⊂ [ΣV,Em+1(ΩX)]

HS
m(f) =

{
Hσ
m(f)

∣∣∣σ is a structure
for catX = m

}
⊂ {ΣV,Em+1(ΩX)}

Theorem 2.4 HS
m : [Sn(m+1)−1, Pm(Sn−1)] → Z detects

the Am-structure of the multiplication of Sn−1 (n=1,2,4,8),

where Pm(Sn−1) is the m-th projective space.
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3 LS category of a sphere-bundle over a sphere

Let M be the total space of a sphere-bundle over a sphere:

Sr ↪→M → St+1 with structure group G,

M = Sr ∪Ψ D
t+1×Sr, Ψ = µ◦(ᾱ× 1) : St×Sr −→ Sr,

where µ : G×Sr → Sr is the action of G on the fibre Sr and

ᾱ : St → G is the characteristic map of the bundle. Thus

M = Q ∪ψ Dr+t+1, Q = M − {x} ' Sr ∪α Dt+1,

α = Ψ|St×{∗}, ψ ' [ιr, χt+1]
r a relative Whitehead product.

• (dimM ≤ 3) catM is determined completely by Singhof,

Montejano, Gomez-Gonzalez and Rudyak.

• (catQ ≤ 1) catM is well-known by cup-length arguments.
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4 An answer to Problem 4

Theorem 4.1 For E = Sr∪αDt∪ψDr+t+1 a closed mani-

fold with H1(α) 6= 0, we have “HS
2 (ψ) 63 0 ⇐⇒ catE = 3”:

Conditions L-S category
r t α Q×Sn Q E E×Sn

r = 1

t = 0 2 1 2 3

t = 1
α = ±1 1 0 1 2
α = 0 2 1 2 3

otherwise 3 2 3 4
t > 1 2 1 2 3

r > 1

t < r 2 1 2 3

t = r
α = ±1 1 0 1 2
α 6= ±1 2 1 2 3

t > r

H1(α) = 0 2 1 2 3
H1(α) 6= 0
HS

2 (ψ) 3 0 3 or 2
(1)

2
2 3

H1(α) 6= 0
HS

2 (ψ) 63 0
3

3 or 4
(2)

(1)

{
ΣnH1(α) = 0 =⇒ catQ×Sn = 2,
Σn+1H1(α) 6= 0 =⇒ catQ×Sn = 3.

(2)

{
Σr+nH1(α) = 0 =⇒ catE×Sn = 3,
Σr+n+1h2(α) 6= 0 =⇒ catE×Sn = 4.
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5 Manifold counter examples

Let us consider the Hopf (principal) fibrations

S1 ↪→ S3 η→ S2 with structure group U(1) ≈ S1,

S3 ↪→ S7 ν→ S4 with structure group Sp(1) ≈ S3.

By taking orbit space of the action of U (1) ⊂ Sp(1), we obtain

S2 ↪→ CP 3 π→ S4 with structure group Sp(1).

Definition 5.1 For β ∈ πt(S
3) = [St, Sr], we have

E(β) //

q

��

CP 3

π

��

Pull-Back

St+1 Σβ
//S4

E(β) = Q(β) ∪ψ(β) D
t+3, Q(β) = E(β) − {x} ' S2 ∪η◦β Dt+1.

If H1(β) = 0, then H1(η◦β) = β, and hence we have

cat(Q(β)) = 2 ⇐⇒ β 6= 0.
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Let p be an odd prime. Then α1(3)◦α2(2p) : S2p → S3 satisfies

H1(α1(3)◦α2(2p)) = 0. Using results of Toda and Oka on p-

primary component of πS∗ (S0), we obtain the following lemma.

Lemma 5.2 The set Σ∗HSS
2 (ψ(α1(3)◦α2(2p))) gives a map

±Σ3(α1(3)◦α2(2p)) composed with an inclusion map.

Using this, we obtain the following results.

Theorem 5.3 There is a closed manifold M such that

cat (M×Sn) = catM , for n ≥ 1.

Theorem 5.4 There is a closed manifold Np for each odd

prime p ≥ 5 such that catNp = cat (Np − {x}).

Remark 5.5 Pascal Lambrecht, Don Stanley and Lucile

Vandembroucq have also obtained manifolds which satisfy

the same property as Np in Theorem 5.4 does.
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6 Outline of the proof of Lemma 5.2

By a concrete homotopy-theoretical observation, we can show

Proposition 6.1 ∃HSS
2 (ψ(−))⊂HS

2 (ψ(−)) such that

(1) β◦γ = 0 =⇒ (Σ2γ)∗HSS
2 (ψ(β)) = {0} for all β, γ.

(2) `β = 0 =⇒ `HSS
2 (ψ(β)) = {0} for all β.

For the dimensional reasons, we have (for some a, b ∈ Z)

Σ∗HSS
2 (ψ(α2(3))) = {aα2(6) + bα1(2p + 4)}

with a = 1 by a result of Boardman-Steer, and hence

ΣE(Ω ̂α1(4p− 2)0)∗Σ∗HSS
2 (ψ(α1(3)◦α2(2p)))

= ±2α1(4p + 1)∗Σ∗HSS
2 (ψ(α2(3))) = {±α1(6)◦α2(2p + 3)}.

Then the set Σ∗HSS
2 (ψ(α1(3)◦α2(2p))) is described as

{±α1(6)◦α2(2p + 3) + x(ι1◦α1(4p + 1) + ι1◦α2(2p + 3))},
9



for some x ∈ Z. By a result of Oka, we know α1◦β1 6= 0 stably,

while α2◦β1 = 0 stably. Thus x = 0 and we obtain the lemma.

7 Proofs of Theorems 5.3 and 5.4

Let α = η2◦α1(3)◦α2(6) with p = 3. Then H1(α) = α1(3)◦α2(6)

6= 0, Σ2H1(α) 6= 0 and Σ4H1(α) = 0 by Toda. Let M3 be

the S2-bundle over S14 induced by Σ(α1(3)◦α2(6)) : S14 → S4

from the S2-bundle CP 3 → HP 1 = S4. Lemma 5.2 implies

that cat(M3×Sn) = catM3 = 3 for n ≥ 2.

Let α = η2◦α1(3)◦α2(2p) with p odd ≥ 5. Then H1(α) =

α1(3)◦α2(2p) 6= 0 and Σ2H1(α) = 0 by Toda. Let Np be the S2-

bundle over S6p−4 induced by Σ(α1(3)◦α2(2p)) : S6p−4 → S4

from the S2-bundle CP 3 → HP 1 = S4. Lemma 5.2 implies

that catNp = cat(Np − {x}) = 2.
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8 A new answer to Problem 4

Theorem 8.1 For E an Sr-bundle over St+1 with H1(α) 6=

0, we have “HS
2 (ψ) 3 0 ⇐⇒ ΣrH1(α) = 0” and

Conditions L-S category
r t α Q×Sn Q E E×Sn

r = 1

t = 0 2 1 2 3

t = 1
α = ±1 1 0 1 2
α = 0 2 1 2 3

otherwise 3 2 3 4
t > 1 2 1 2 3

r > 1

t < r 2 1 2 3

t = r
α = ±1 1 0 1 2
α 6= ±1 2 1 2 3

t > r

H1(α) = 0 2 1 2 3
H1(α) 6= 0
ΣrH1(α) = 0 3 or 2

(1)
2

2 3

ΣrH1(α) 6= 0 3
3 or 4
(2)

(1)

{
Σn+1H1(α) 6= 0 =⇒ catQ×Sn = 3,
ΣnH1(α) = 0 =⇒ catQ×Sn = 2.

(2)

{
Σr+nH1(α) = 0 =⇒ catE×Sn = 3,
Σr+n+1h2(α) 6= 0 =⇒ catE×Sn = 4.
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9 Outline of the proof of Theorem 8.1

Since E is a bundle, we obtain that HS
2 (ψ) 3 1Sr−1∗H1(α) =

±ΣrH1(α). If HS
2 (ψ) 3 Hσ

2 (ψ) = 0 for some σ, then it follows

that 1Sr−1∗H1(α) is homotopic to a Whitehead product [ιr, δ]

where ιr : Sr ↪→ ΣΩSr ⊂ P 2(ΩSr) is the bottom-cell inclusion.

The key idea to proceed is obtained by looking at the first

differential d1 : H∗(ΩSr ∧ ΩSr ∧ ΩSr) → H∗(ΩSr ∧ ΩSr) of

the Bar spectral sequence by Ginsburg. We observe that the

subspace Sr−1∗ΩSr∗ΩSr ⊂ ΩSr∗ΩSr∗ΩSr which contains the

image of 1Sr−1∗H1(α) is a retract of P 2(ΩSr)/ΣΩ(Sr). Here,

the Whitehead product [ιr, δ] vanishes after composing the re-

traction, since Sr ⊂ ΣΩ(Sr). Thus ΣrH1(α) must be trivial.

The converse is clear by HS
2 (ψ) 3 ±ΣrH1(α) = 0.
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